Agwu et al. Journal of Inequalities and Applications
https://doi.org/10.1186/513660-024-03120-6

(2024) 2024:58 ® Journal of Inequalities and Applications

a SpringerOpen Journal

RESEARCH Open Access

Fixed point results involving a finite family of

Check for
updates

enriched strictly pseudocontractive and
pseudononspreading mappings

Imo Kalu Agwu', Huseyin Isik**” and Donatus lkechi Igbokwe'

“Correspondence:
isikhuseyin76@gmail.com
’Department of Engineering
Science, Bandirma Onyedi Eyltl
University, Bandirma 10200,
Balikesir, Turkey

*Department of Mathematics and
Applied Mathematics, Sefako
Makgatho Health Sciences
University, Ga-Rankuwa, Pretoria,
Medunsa 0204, South Africa

Full list of author information is
available at the end of the article

@ Springer

Abstract

In this study, we introduce a method for finding common fixed points of a finite
family of (1;, k;)-enriched strictly pseudocontractive (ESPC) maps and (1;, B)-enriched
strictly pseudononspreading (ESPN) maps in the setting of real Hilbert spaces. Further,
we prove the strong convergence theorem of the proposed method under mild
conditions on the control parameters. Our main results are also applied in proving
strong convergence theorems for n;-enriched nonexpansive, strongly inverse
monotone, and strictly pseudononspreading maps. Some nontrivial examples are
given, and the results obtained extend, improve, and generalize several well-known
results in the current literature.

Mathematics Subject Classification: 47H09; 47H10; 47J05; 65J15
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1 Introduction

The process of finding solutions to real-life problems has continually defied human in-
tellect. To develop an approach for solving nonlinear problems, fixed point algorithmic
technique has emerged as one of the indispensable tools. Consequently, it has drawn the
attention of well-established mathematicians all over the world (see, for instance, [1-9]
and the references therein), considering the vast applications of results obtained through
this means in diverse fields, from pure mathematics to engineering to applied mathemat-
ics.

In this paper, we assume that 7, with inner product (-,-) and induced norm || - ||, is a
real Hilbert space, and ¥ #  C H is closed and convex; A and R will represent the set of
all positive integers and the set of real numbers, respectively. If ¥ : 2 — Q is a nonlinear
map, then F(J) = {gp € Q: Ip = g} will denote the set of fixed point of J.

Definition 1.1 Recall that the map J: Q — Q

1. is known as nonexpansive if

Sy -Jpll <Y -pll, Y¥,¢ €2 (1.1)
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2. is called quasi-nonexpansive if F(J) # ¥ and V(v, %) € Q x F(3), we have

I3y =P < llYy -2 1; (1.2)
3. is called nonspreading [10] if Vi, g € 2, we have

2037 ~3pl” < I3 - pl* + INp ~ v 1% (1.3)

4. is called B-strictly pseudononspreading [11] if there exists 8 € [0, 1) such that
Y, 0 € Q,

ISy =3pl” < ¥ = o> + BIY =S¥ — (9 - Ip) + 2{p - Jp, ¥ = ). (1.4)

It is not difficult to show that (1.3) is equivalent to

IS¢ - 3pl* < 1Y - pl* + 2(p - Ip, ¥ - ). (1.5)

Remark 1.1 It is easy to see from Definition 1.1 [(3)and(4)] that
(a) if (1.3) holds and F(3) # ¥, then (1.2) surfaces immediately for all 9 € F(3);
(b) if (1.3) holds, then (1.4) holds with 8 = 0. However, the opposite is not true, as
shown in the following example.

Example 1.1 Let J: R — R be defined by

Nlp _ Wr W € (—O0,0],
_va’ 1// € [01 OO),

with the usual norm. Then, J satisfies (1.4), but not (1.3). Thus, the class of maps satisfying
(1.4) is more general than that of (1.3).

In 2011, Osilike and Isiogugu [11] initiated the concept of B-strictly pseudononspread-
ing (SPN) maps and established weak convergence result of Bailion-type similar to that
obtained in [10] and [12]. In addition, using the notion of mean convergence, they ob-
tained strong convergence results similar to the those established in [10] and thus resolved
an open problem posed by Kurokawa and Takahashi [10] for the case where the map J is
averaged.

A map J: K — H is called ¢ -inverse strongly monotone if there exists a positive num-
ber ¥ such that

(¥ -39, v —p) =3¢ -Ipl%, Yy, pek. (1.6)

Finding fixed points of nonexpansive, nonspreading, strictly pseudononspreading, and
strictly pseudocontractive maps is an important topic in fixed point theory, and they have
far-reaching applications in applied areas such as signal processing [13], split feasibility
[14], and convex feasibility problems [15]. Subsequently, as an important generation of
the above-mentioned maps, the notion of enriched nonlinear maps was first introduced
by Berinde [16] (see also [17] and [5]) in the setup of a real Hilbert space. This concept
was later extended to the more general Banach space by Saleem [18].



Agwu et al. Journal of Inequalities and Applications (2024) 2024:58 Page 3 of 34

Definition 1.2 A map J : Q@ — Q is called Wy-enriched Lipschitizian (or (1, ¥y)-
enriched Lipshitizian) (see [18]) if for all ¥/, ¢ € 2, there exist € [0, +00) and a continuous
nondecreasing function Wy : Rt — R*, with W5(0) = 0, such that

In(w — @) + 3¢ - 38| < (0 + DU (1Y - $l). (1.7)

The following special cases emanating from inequality (1.7) are worth mentioning:
(i) if » =0, inequality (1.7) reduces to a class of maps known as Wy-Lipschitizian;
(i) if n =0and W(¢) = Lt, for L > 0, then (1.7) reduces to a class of maps called
L-Lipschitizian with L as the Lipschitz constant. In a more special case where 1 =0,
W, (¢) = Lt and L = 1, Wy-enriched Lipschitizian map immediately reduces to the
class of nonexpansive maps on €2;

(ili) if Wx(s) =1, then inequality (1.7) becomes

In(y - ¢) + 3¢ =3¢ | < + DIy -9, (1.8)

which known as an n-enriched nonexpansive map. This class of maps was first
studied by Berinde [5, 17] as a generalization of a well-known class of maps called
nonexpansive.

Note that if Wy is not necessarily nondecreasing and satisfies the condition
Wx(t)<t, t>0,
then we have the class of -enriched contraction maps.

Definition 1.3 A map J is known as (1, k)-ESPC (see [18]) if for all ¥, ¢ € 2, there exist
n € [0, +00) and (Y — ¢) € J(¥ — ¢) such that

(1 =) + 3y =3¢,j((n + V(Y - 9)))

<+ 120 - ¢1” — kv - ¢ - v -39)]”, (L9)
where k = %(1 — A) for some A € [0,1).
In the setup of a real Hilbert space, inequality (1.9) is equivalent to the following:
[n(w =)+ 39 =30* = (0 + 11y - @I + 2| ¥ - - 3y - 39)|”, (110)

where A =1 - 2k.
In [18], Saleem et al. established that if 2 is a bounded close and convex subset of a real
Banach space and J: Q@ — Q is a finite family of (5, k)-ESPC maps, then J has a fixed

point in €.
In 2009, Takahashi and Shimoji [19] initiated the concept of W-map developed from
31,32, .-+, and a1, &y, . . ., o, in the following way:

Definition 1.4 Let £ be a Banach space and C C £ be convex. Let N € NV, {S;}ﬁl :C—C
and o1, ay,...,ax be real numbers such that 0 < o <1 for very k =1,2,...,N. Then, the
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map W is defined as follows:

G1 = al?sl + (1 —Ol)ll
Gz = (XzSzGl + (1 — Ol)21

G3 = 0{2‘33G2 + (1 - Ol)31

a
Gn-1 = on-13N-1Gne + (1 —anoa)]

W= GN = O[NANVNGN_l + (1 —OlN)I.
This is known as W-map developed from 31, 35,..., 3y and a1, ay, ..., aN.

The results obtained using W-map in [19, 20] were generalized in [20, 21] through the
instrument of K-map, while, in [22, 23], the notion of S-map was studied and applied in
generalizing the main results of [20, 21].

More recently, Ke and Ma [24] introduced and studied the following nonlinear maps:

Definition 1.5 Let & be a real Banach space and ¥ # K C &. Let {3;}¥, be a finite family
of maps of K into itself. For i = 1,2,..., N, let t; = (&, B, ¥, 8;), where a;, B, ¥, 8; € [0,1]
and «; + B; + ¥; + §; = 1. The map D is defined as follows:

Go=1
G1 = OlI?S%GO + ﬂlf;\SlG() + j/lG() + (311
Gz = GQS%GI + ﬂZSlGl + )/2G1 + 521

G3 = Olgf\‘ng + ﬂg%ng + )/3G2 + 531

2
Gn-1=an 13y 1Gn2 + Bv1SN-1Gn-2 + YN-1GN-2 + vl

D =Gy = an3%Gn-1 + BuSNGr-1 + YnG-1 + 8n.
This is known as a G-map developed from 31, 35,...,3y and 11, 7, ..., Tn.

Using this map, they obtained the following main results as a generalization of the results
in [22, 23].

Lemma 1.1 [24] Let H be a real Hilbert space and @ # K C H be closed and convex. Let
{Si}f\il : KK — K be k;-strictly pseudocontractive (SPC) maps with ﬂf\il F(3;) # 0, and let
T = (o, Bir vir i), where oy, B, vi,8; € [0,1] with a; + B; + y; + 8; = 1. Let D be the G-map
developed from the sequences {3}, and {t;} . If the following conditions are satisfied:
(@) o1 < Pr<1l—kyand (ki + Br)as < p1(1 -1 — B1);
(b) Bi>ki, ki <y <1andko; < Biyi — Biki, fori=1,2,...,N,
then F(G) = ﬂf\il F(3;), and D is nonexpansive.
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Theorem 1.2 [24] Let H be a real Hilbert space and § # K C H be closed and convex.
Let {3)N, : K — K be k-SPC maps and S : K —> K be a B-SPN map for B € [0,1). Let
7 = (o, B Vi 8i), for i = 1,2,...,N, where a;, B, v, 6; € [0, 1] with a; + B; + y; + 8; = 1 such
that

(@) a1 < B1<1—kyand (ki + Br)ar < B1(1—a; - B1);

(b) Bi> ki, ki < yi<1and kio; < Biyi — Biki, fori=1,2,...,N.
Let D be the G-map generated by the sequences {Sw,i}{'\il and {‘l:i}fv
;. Suppose F = F(S) N ﬂfil F(3;) #9. Let {gu} be a sequence developed from arbitrary
u, 0 € IC by

1 where 3, = (1-w) +

T = (1= 70)§on + uPrc (1 = A (I = S)) s
Wy = (1 - On)(son + GnPIC(l - )‘-n([ - S))hm (111)

Pnel = Anlh + bWy, + ¢, Dwy,

where {0}, {0}, {an}, {bu}, {ca} C[0,1] and {1,} C (0,1 — B) satisfying the conditions:
(i) an+b,+c,=1;
(i) lim, ooy =0and y ooy = 00;
(iii) liminf,_, o b, > 0 and liminf,_, o ¢, > 0;
(iv) D020 An <00
) ZZ.;() [Ape1 = Anl < 00, Zzio 77141 — 74| < 00, Z;io [0441 — On| < 00,
ZZZO |@pi1 — anl < 00, ZZ‘;O |41 — byl < 00, ZEZO [Cra1 — €l < 00.

Then, {§,} converges strongly to © = Pru.

Considering the results of Ke and Ma [24] and other results in the reviewed works, the

following question arises:

Question 1.1 Could there be a nonlinear map that contains the G-map for which we

would obtain the results in [24] as special cases?

Ke and Ma [24] considered the G-map and proved Lemma 1.1 and Theorem 1.2 as their
main results in [24]. The results they extended and generalized were consistent with those
from [22, 23]. In this paper, we first introduce a new class of nonlinear maps called »-
enriched D-maps and give some nontrivial examples to demonstrate its existence. Further,
we modify the iterative method studied in [24] and after that give an affirmative answer
to Question 1.1.

2 Preliminaries

Further, in the course of establishing our main results, the following well-known results
should help us. Let ‘H be a real Hilbert space, and let {{/,,} C H. We shall represent weak
convergence of {1} to Y € H by v, — ¥ and the strong convergence of {y,} to ¥ € H
by ¥, — ¥ as n — oo, respectively.

Lemma 2.1 ([11, 24]) Let H be a real Hilbert space. Then, the following results are valid:
(i)

o +hl? = llpl* +2(0, k) + |BlI>, Yh e eH;
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(i)
A+ @l < I7I* +2(p, h+ ), YhpeH;

(iii)

2 m m
=Y Billodl® = BiBillei - 911

i=0 i=0

m
> B
Py

(iv) if {Yu} is a sequence in H such that ¥, — g € H, then

limsup ||, — hl|* = limsup ||y, — olI* + | — All*.

n— 00 n—00

Definition 2.1 Let # be a real Hilbert space and ¥ # K C H be closed and convex. The
nearest point projection Px : H —> K defined from # onto K is a operator that assigns
to each ¢ € H its nearest point represented with Px v in Q. Thus, Pk is the unique point
in Q such that

Il =Pyl <y —hll, VYhek.

Lemma 2.2 [24] Let H be a real Hilbert space,  # KC C H be closed and convex and Py :

H —> IC be a metric projection. Then,

(i)
IPxcgp — Pchll < {9 — B, Pxgp — Pch), Vep,heH;

(ii) Py is a nonexpansive map, that is, |Pxcg — Pichll < |le — hll;

(iii)
(@—P}C@,FL—P}C@)SO, V501EGIC

Lemma 2.3 ([25]) Let H be a real Hilbert space and  # IC C H be closed and convex. Let
Py : H —> Q2 be the metric projection of H onto KC. Let {1} be a sequence in K and

”v’rul—l?” =< IIW—#II, Vo e K.

Then, {Pqyr,} converges strongly.

Lemma 2.4 Let H be a real Hilbert space, ) # K C H be closed and convex and 3 : K — K
be a B-ESPN map such that F(I) # (. Let 3z = £ + (1 - §)3, & € [B,1). Then, the following
conclusions hold:

1. F() = F(e);

2. I -3¢ is demiclosed at zero;

B. ISy =Y IP < 1Y = ¢1° + 12 (¥ =¥, 6 —J¢);

4

. ¢ is quasi-nonexpansive map.
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Lemma 2.5 ([26, 27]) Let {v,} be a sequence of nonnegative real numbers satisfying
Vpel = (1 - nn)‘)n + Uns

where {m,} and {|1,,} are real sequences such that
(i) {ma} C 0,1 and Y, 7, = o0;
(ii) limsup,_, . 22 <0o0r > 02 |l < 00.

Ty —

Then, lim,,_, o v, = 0.

Lemma 2.6 ([26, 27]) Let {v,} C [0, +00) be satisfying
Vpel = (1 - ﬂn)‘)n + Ty ns

where {r,} and {j1,,} are real sequences such that
(i) {ma} C 0,1 and Y 07w, = 00;
(ii) limsup,_, o pn <0 o0r Y oo |nl < 00.
Then, lim,,_, o, v, = 0.

Let X be a real Banach space. A map J: D(J) — R(3), with domain D(3J) and range
R(J) in X, is called demiclosed at a point ¢ (see, for instance, [28]) if whenever {y,} is
a sequence in D(3J) such that ¢, — ¢ € D(J) and {Jy,} converges strongly to g, then
Iy = p.

Lemma 2.7 [22] Let H be a real Hilbert space, § # IC C H be closed and convex and 3
K —> H be a nonexpansive map. Then, the map I — 3 is demiclosed at zero.

Lemma 2.8 (Opial property [29]) Let H be a real Hilbert space. Suppose g, — w, then
liminf || g, — A|| > liminf || g, —w|, VheH,h¥o.
n— 00 n—0Q

3 Results and discussion

Further, we state the following definition.

Definition 3.1 Let H be a real Hilbert space. A map I with domain D(SJ) and range R(3)
in ‘H is known as (1, 8)-ESPN in the sense of Browder and Petryshyn [30] if there exist
n € [0,00) and B € [0, 1) such that for all (¥, ¢) € D(J),

In(w - ¢)+ 3y -3¢
<+ DAY = I+ B Y =39 — (0 - 39)|* + 20 - 39, ~ 39). (3.1)
Letw = n—il, then it is clear that w € (0, 1]. In this case, inequality (3.1) becomes

2

R .

@

1 2 o~ o~ 2 ~ ~x
= —lv -4l + B[ =3y — (@ =3¢) | +2(¥ -3, ¢ — J9),
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which, on simplification, yields

I80¥ = S0l < 1 - 1% + B||Y - St — (6 - Sud) |
+2( — SV, ¢ — Jud). (3.2)

Inequality (3.2) is equivalently written as

(I =¥ = U= 3.)6, ¥ —6) = A = S0ty — (¢~ 30) |
- (‘lf - Suﬂ/f’qs - (\‘\quﬁ), (33)
where 3, = (1 - w)] + ©3, A = %(1 — B), and I denotes the identity map 2. Here, it is not
difficult to see from (3.2) that the average operator 3, is 8-SPN.

The following example shows that the class of (17, 8)-ESPN maps is larger than the class
of B-SPN maps.

Example 3.1 Let J:[-2,2] — [-2,2] be defined by

5
Sp=—2v, vel22

Then, we have

In(y —¢) + 3¢ —39|* = (n— g)llﬂ -9l

Lo a2 1|5 5 \[°_ [1)(64 >
Z|W—~9W—(¢—J¢)‘ —E‘W+§1ﬂ—(¢+§¢) —<1)(3>W—¢|»
128

Snd—36) =2 4 g+ D) = 220
2<w—\sw,¢—o¢>—2<w+Bw,¢>+3¢>>— 5 Ve

Thus, for n = 3, B = ; and ®(¥, ) = (n + 12|y — ¢> + 1 |¥ — 3¢ — (¢ — I¢)|> + 2(¥ -
Sy, ¢ — J¢), we get

64 , (1) /(64 , 128
¢(1ﬂ,¢):3|¢—¢| +(—>(3>|¢—¢| tg Ve

4
64 1 64 128
=3[w2—2¢¢+¢2]+ 1)<3)|w—¢|2+7w¢
64 1 64
:?[¢2+¢2]+<1><?>|¢_¢|2
>0

2

3

5 5
- ‘g(w—w——(w—w
= [n(p —¢) + 3y -3¢

)-ESPN map, but J is not 8-SPN since for ¢ = % and ¢ = —%, we obtain

CRSRECEE

Hence, 3 is (g, i
2
=25,

> 110
2

A2
3¢ -3¢l =
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=9,

o)
ro(3)-0-0(3)
3050

fa-a(5)u-n(5))43+56)(3)

Therefore,

5( 3
v <_§)> = 2(4)(-4) = -32.

I3y — g1 =25>9+16-32
=W -1+ B -3¢ - (6 -39)|* + 2 - 3y, ¢ - I9),
for B = %.

The examples below demonstrate the conclusion that the class of (1, 1)-ESPC maps and
the class of maps studied in this paper are independent.

Example 3.2 Let J: R — R be defined, for each ¢ € R, by

0, ify e (~o0,2]
1, ify e (2,00),

X —

where R denotes the reals with the usual norm. Then, for all v, ¢ € (-00,2] and forall 8 €
[0,1), I is (n, B)-ESPN map with n = 0 (see [11] for details). However, < is not (1, A)-ESPC
map since every (n,1)-ESPC map satisfies the Lipschitz condition (see, Proposition 3.3
below).

Example 3.3 Let J: R —> R be defined, for each ¢ € R, by
Sy =-3y, (3.4)

where R denotes the reals with the usual norm. It is shown in [11] that J is (1, A)-ESPC
map with 7 = 0. Nevertheless, it is not difficult to see that J is not (1, 8)-ESPN map. Indeed,
forn=0,if ¢ = % andd):—%,then
(¥ = ¢) + 39 = 3¢|* =901 + 1)
=+ DIV -0 + [y -39 - (¢ - 3¢) [
+2(Y =3¢, ¢ - 39)
>+ DIy = + Bl =3y — (¢ - 39)|
+2(y =3V, ¢ —39),

2

forall B8 € [0,1).
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Proposition 3.1 Let H be a real Hilbert space and @ # K C H be closed and convex. Let
I : K — K be an (n, B)-ESPN map with F(J) # ). Then,

~o *” < n+1)A+p) *
. _41—ﬁ

In (90— £%) + Su , V(owe*) € K x F(3).

H@n_p

Proof Since 3 is an (1, 8)-ESPN, we get

[7(9n = 97) + 39u - 9*|* < 1+ D90 - 0*|” + Bllon — 0" - (30— 39")|*
+ (9w — S 9" - Jp”)
=1+ 1| — |
+ B0+ V(9w — 9°) = [1(0n - 9*) + (302 - 30)]|*
+ {90 — S 9" = Ip7)

= i+ 12| pu—0°|* + B[00 + V| 00 - 0|
2

+ [ n(9n - %) + 3u - 9"

=2+ Dpn — 9" 30u — 9")),
from which

(1= B)|n(on - 9*) +Son—0*|* < 1+ D>+ B) | - 0*|*
+2B(n + 1) pn - 0" ||| 300 — 0*]|- (3.5)

Set C = |In(pn — ") + Jpn — "l and D = [|p, — ©*| in (3.5) so that

0> (1-B)C*~(n+1)*(1+B)D*-2B(n+1)CD
=(1-B)C*-(n+1°(1+B)D* = [(n+1)>(1 + B)D* + B(n + 1)CD]
= (1-B)C*-(n+1*(1+B)D* + (n + 1)CD - [(n + 1)*(1 + B)D?

+B(n+1)CD + (n + 1)CD]

+CD)—|:(n+1)2(1+ﬂ)<D2+ D )}
n+1

¢ +D>—|:(n+1)2(1+ﬁ)D(D+ ¢ ):|
1 n+1

~(h+ 10 —ﬂ)C(
n +

2

=(n+1)(1—ﬂ)( <
n+1

The last inequality implies that

c 0P
-

(3.6)

’

and this completes the proof. d

Proposition 3.2 Let ‘H be a real Hilbert space and @ # K C H be closed and convex. Let
J: I — K be an (n, B)-ESPN map with F(J) #@. Then, F(J) = VI(IC, (I - J)).
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Proof 1t is not difficult to see that F(J) € VI(K,(I -Y3)).Let A=1-5, p € VI(,(I - X))
and p* € F(I). Since g € VI(K, A), it follows that

(h—p,Ap) >0, Vhek. (3.7)
Since 3 is an (1, 8)-ESPN map with F(J) # @, it follows that

In(p - 9%) +3pa-9"[* = |n(p - 9*) + U - A~ (1 - A)p*|*
= |+ (-9 - (Ap, - 49|
=+ Do -9 + 1Ap. - Ap")II?

-2(n+ Dfp - 9" Ap - Ap*)
= (n+1)?*||p - e*|| + 1Apal
-2+ D(p - " Ap)

<+ |p-p*| +BlU-Dp - -]

+2{p - 3p, 9" - 3p")

+ BT - e,

=(n+1)?*|p-p*

from which

1-Blp -3pl* <2+ e - 9" - Ip)
= =2+ D(p* - p, 9 - Ip)
<0 (by(3.7)).

Consequently, o € F(3) and VI(K,A) C F(3). Hence, VI(IC,A) = F(3). O
Remark 3.1 From Lemma 2.2 and (3.7), we obtain
FRR)=F(Pc(I-AI-7%))), Vi>o.

Proposition 3.3 ([31]) Let £ be a normed space and I : D(I) € & — & be an (n, k)-SPC
map. Then, 3 is an L-Lipschitizian map.

Proof Since S is an (n, k)-SPC map, 3k € [0,1) such that Vi, ¢ € d(3),

In(w = @)+ 39 =3¢ |* <+ 1Y - ¢1> + k|| ¥ -39 — (& - 39)|
From the above inequality, we obtain
[n(w - )+ 3v -0

<+ 121y -l + k|| -3¢ - (¢ - 39)|”
<[+ DIy - ¢l + V&| ¥ -3¢ - (¢ - 39)|]*
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<+ DIy -9l + V| + V(W - ¢) - [0 - ¢) + 3¢ - 3¢]|
<+ DIy =l + vk + DIy - ¢l1* + Vi |0 — ) + Iy - 3¢

Therefore,

In(w —¢) +3v - 36 ||” < Lily - ¢ll,

. (D) A+VR)
with L = S e O

Proposition 3.4 ([31]) Let H be a real Hilbert space, D # 2 C H and I : @ — Q be an
(n, B)-ESPN map. Then, (I - 3) is demiclosed at 0.

Proof Let {y,} be a sequence in 2, which converges weakly to ¢ and {y,, — I, } converges
strongly to 0. We want to show that ¥ € F(3). Now, since {1} converges weakly, it is
bounded.

For each ¢ € #, define f : H —> [0, 00) by

F@) =limsup ||y, — yII”.

n—00

Then, using Lemma 2.1(iii), we get

S@) =limsup |, =0 1° + 19 -y, V¢ eH.

n—0o0

Consequently,

@) =f@) + 19 -vI* Yy eH,

and
1
FR0) =f®) + 119 -39 =f(®) + mllﬁ -390 Yy eH. (3.8)
Observe that
f(3,) = limsup [, — 3,0
= hmsup ”wn - Swwn + 3a)wn - %wﬁHZ
n— 00
= limsup |, — [(1 = @) ¥ + 0395, + (1 = ) + 039, — [(1 - )0 + 030] |
n—00
= limsup|| (¥ - 3¢) + (1= )W = 9) + (39, = 30)
n—0o0
2
. n 1
= limsup|| —— (¥, — ?) + Sy, —3I9)
n—oo ||N+1 n+1

1
= e el =)+ 3y 3o

< e msup[(n+ DAYy =017+ BID ~ 301
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=f)+ m‘;l)zlll‘/‘—%ﬁll2~ (3.9)

Then, (3.8) and (3.9) give that
(1-Pl? -39 =0
so that ¢ € F(3) as required. g

Proposition 3.5 ([31]) Let H be a real Hilbert space, § # 2 C H and J: Q2 — Q2 be an
(n, B)-ESPN map. Then, F(3) is closed and convex.

Proof Let {1,,} be a sequence in €2, which converges to . We want to show that ¥ € F(S).

Since

S0 - ¥l = 0lSY -4

= o3y =3Vl + ol - ¥l <@l = Yull > 0 asn— oo,

which follows that ¥ = Jv. Hence, ¥ € F(3).
Next, let ¢, 9, € F(3). We prove that Aty + (1 — 1) € F(J). Set o = A% + (1 — A)Ds.
Then, 9, — g = (1 = A)(¥1 — ,) and ¥, — g = A(P, — P¥1). Since

@*13p -l = lp - Supl®
= [A01+ (1= 292 - Sup |
= A1 - 300) + (1= 1) - 3u9) |
= M9 = Supl? + 1= W92 = Supll® = A1 = W01 - D2
= 1|1 - @) + 030 - [(1 - w)p + 03p]|”
+(1=0)] 1 - )P + 0395 - [(1 - w)p + 03p] ||
=M1 =2)91 = DI
= (1 - @)1 - ) + 031 - 3p) |
+(1=0)] (1 - 0)@ - ) + 030, - 3p) |

— A1 =291 = 2?

A
= (17-»-—1)2”77(191_@)4—3191 —?56’9”2

1-A - T
102 9) 302 =g AL - A8 - B

IA

ﬁ[(n +1)%(191 - olI* + Bllp - 3p1?]

1-A ) ) o
t T VP2 = gl + Bl - 3p1°]

21 =) - P ?

B

= A(1 - 1)? |9 - 922
(L=2)"[Y1 = Dl +(’7+1)2

lp - Spll?
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+ (1= )22 D2 = 1> = A1 = W) |91 - 2

A=W A A9 - )+ —L— o - S
(n+1)
=M1 =29 = D,
it follows that (1 — 8)||g — I || < 0. Therefore, p = Jp and p € F(I) as required. O

Definition 3.2 Let &£ be a real Banach space and ¥ # K C &. Let {3;}¥, be a finite family
of maps of K into itself. For i = 1,2,..., N, let 7; = (a;, Bi, i, 8;), where a;, B, vi,8; € [0,1]
with «; + B; + y; + 8; = 1. The map D : K — K is defined as follows:

Go=1
Gy = Olli\‘f,,lGo + B150,1Go + y1Go + 811
G2 = 01252)’261 + ﬂZSw,lGl + ]/2G1 + 821

~2 ~
G3 = Olgdwyst + ﬂgm\wngz + ]/3G2 + 33]

.2 ~
Gn-1 = ana1S, ny_1GN-2 + BN-1850N-1GN-2 + YN-1GN-2 + N1l

~2 ~
D= GN = aN\Yw,NGN—l + ﬂNASw,NGN,l + VNGN—I + SNI,

where J,; = (1 —w)] + 3, i=1,2,...,N. This is known as an n-enriched D-map devel-

oped from 3,1, Ju,2: - -» SN and 71, Ta, ..., TN-

Remark 3.2 If n = 0, then w = 1 and n-enriched D-map become G-map; if = 0 and for
everyi=1,2,...,N, a; =0, then n-enriched D-map becomes S-map; if n = 0 and for every
i=1,2,...,N,a; =0and y; =0, then n-enriched D-map becomes W-map, and if = 0 and
foreveryi=1,2,...,N, a; =0 and §; = 0, then n-enriched D-map becomes K-map.

Lemma 3.6 Let H be a real Hilbert space and O # K C H be closed and convex. Let
{Si}f\il : I — KC be (n;, Bi)-ESPN maps with ﬂﬁl F(3;) #9, and let t; = («;, Bi, Vi, 8;), where
a;, Bi, vir8i € [0,1] and o; + B; + yi + 8; = 1. Let D be an n-enriched D-map developed from
the sequences {3}, and {v;}Y,. If the following conditions are satisfied:

(@) a1 <pr<l-kyand iy1 < fr(1 — a1 = p1);

(b) Bi=ki, ki<yi<landn; < 1/%f'ﬁ‘)k",]Q)ri: 1,2,...,N.

Then, F(D) = ﬂf\il F(3;) and D is nonexpansive.

Proof 1t is not difficult to see that ﬂﬁlF (3;) € F(D). So, it suffices for us to show that
F(D) € Y, F(3)). Let g € F(D) and p* € (Y, F(S)) so that

[0 -] = [ Do - **
= [lan (32 yGrn-180 = £%) + Bn(SunGr-180 — %) + ¥a(Gr-160 — £7)
"2
+n(p0 -9 |

= an |32 yGn-160 — @*Hz + B || SonGr-160 — BO*HZ
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+ yx ]| Gnorgo - 0|
+8n]00 - 9" |* - en By | 3% G 90 — Sun G190
— o |2 N Gu-g90 — G190 | — andn [ 32G-go0 — 0|
— BN YN IR0 G20 — Gn-190]1% — BrdN 130 G- 90 — 20112
— YNl Gr-160 — 01
< aw|| 32 N G190 - 9+ By [ SunGrigo - 97|
+ ]| Guaago - 9|
+8x 00 - 9 [” - anBu ]| 325 G0 ~ S G100

— BuYn IS0 n G0 — G-180]1>. (3.10)

Since

|32y Gnoio — 07| = | (1 - 0)3n G100 + 033 G190 — [(1 - w)p* + 033 ]|

1
w12 [n (S Girvea90 = %) + S} G0 - SNPSHZ
and

N Gr-1600 = KJ*HZ = |(1 - ®)Gn-160 + @SINGr-190 — [(1 - ©)p* + 03] ] “2
_ 1 |
(v +1)?

’

* ~ ~ *||2
|n (Gn-160 — %) + INGN-180 — Ing}
it follows from (3.10) that

0 - Inn (SnGn-1600 — %) + 3% Gn-1600 — SN} ||2

e

Bn
(n +1)?

+ ][ Gargpo =9 + 8w 00 - 9°

Inn (Gn-100 — 97) + SNGN—1800—5N93||2

o IO G n) - WG
- % |Gn-180 — SNGN-160]I>

< gl + D7 [SwGnaapo =9+ k[ = 30035 Graso] ]
! (771\118-1:[1)2 ”nN(GN_I&OO - @*) + INGN-160 = SN2 ”2

+ v |Guro — 0° | + 8w || 0 — 07|
_anPn H
(nn +1)?
Bnyn
(nn +1)%

N 2
Sn(INGr-160) — SNGn-160

lGn-180 — SNGn-160 I
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[nn (Gn-190 — %) + SNGn-180 — SN G

B (n + 1)2
k
~n(Gn-180 — SNGN-160) ||2 + w N)2 [ (7 - Sn)InGoe 1@0“
By G N 430G ~ w2
(77 T 12 ||7IN( N-160 — & ) + SNGN-1680 — SNE ||

+yn|| G100 —50*“2 +3N||800—K3*||2

G150 - Gl
_m’i\[—fN)HGN_lpo InGn-160]1?
< m 13 (Gn-190 = 9°) + S Gnea90 = Sws |
. (niNf]i[)Z | Gx-1600 — SnGn-160) 1>
+ (niNf%Z | = S0)3n Grci 20
(17’37 |n (G100 = ) + SnGN-190 SN@;”Z

+¥N || Gu-160 — 60*” + 5N“690 - 59*”2

anp - N 9
e N+ T)z ”SN(&‘NGN—IKJO) - AS‘NGN,lpO”
N
BNYN N )
T+ 1) |Gn-160 — SNGN-160]I° 1
N + ﬁN N 2
" (in + 12 [ (G190 = 97) + S Giv-as00 = Iy |
an(ky — Bn) N )
TN D? (I = 3n)In G100
N
2
Ny — BNYN
e 10100 IwGrol’

+ v || Guorgo — 0% + 8w |00 - 0**

o +ﬂ w112 ~
< Nz [(in +1)*| Gn-1g0 — 97| + k| Ga-1600 — SnGr-1801%]

(v +1)

an(ky — Bn) 2

————— (I = 3IN)JING,-
+ (i + 1)2 ||( SN)SN 1600”

2
anty — BnY. ~
NP N2 ~ 1 Gr-180 — SNGn-180l
(v +1)

+ x| G160 —60*”2 +5NHB/*’0_5/')*”2

= (1-8x)| Gn-160 - @*”2 +(1-(1-8n) g0 - e* ||2
an(ky — Bn)
(nn +1)?

(an + Bk + anny — By
(nn +1)?

¢ = 3x)3n G0

lGn-180 — SNGn-160 1>
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< (1-50)|Gnaagpo— | + (1= 1= 83) | 00 - 9°|”

<(1- SN)[(I - ‘SN—I)H Gn-160 — " ”2 + (1 -(1- ‘SN—I)) ”5/‘)0 - @*”2]
+(1-1-8v) 90— 9"
= (1-68xn)(1- 51\1_1)”GN—1600 - ”2

+ (1= (1=80)(1=8n-1) | 90 - 9

N N
<[] -80]Gago - 0| + (1 -TJa- ak)) |90 - *|°
k=3

k=3

:]z

(1- «m[l 52) [ Grpo — 9" + 82 0 - "

k=3

k
+ % -5, ~$2G16’90||

(a2 + Bka + aanl — Baya

|G1g0 - 32GN—1600||2]

(2 + 1)
N
+ (1 -[Ta- ak)) |0 - 0]° (3.11)
k=3
N N
<[Ja-s0[Gigo- | + (1 -T]a- Sk)> |90 - 0]
k=2 k=3

N
<[Ta-sofe]3200 - |’
k=2

+B1]Sw1s0 —6’9*”2 +(1-a1 - B1)| 0 —SO*HZ

— a1 8132 160 — S8 ||2 —o(1—a1 = B1)||32, 100 — KJOH2

-1 =1 = B1)IB0,16%0 - 011} ( H(l <3k>)||po—5o||2

k=3
N
1_[(1 8o |32, 1900 — 9 || + B1||Sw160 — 9* ||
k=2

+(1 =01 - B1)| 0 —BO*HZ

—0o1B1]32 160 — w160 ||2 - Bl — a1 = B)ISw160 - 01}

N
¥ (1 -T]a —5k)) |0 -]

k=3

H(l 3k){ 1)2 [ (S100 — 97) + S100 — 90 ||2

+(77/3T)2”771( 59)‘F*fﬁ‘léf)o—z@*||2"'(1—051—161)||5/"0_5/')*H2
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b1 N3 2 Bl = =B )
~ e 1= 30| - = 13 — ol
X 2
+ (1 -T1a —6k)> |90~ "]
k=3

N
= TT0- 0| el + 12 a0n 7P a0 30350l

+ o }6:1)2 In1(0 — %) + 1890 —go*||2 +(1-o1—B1)| o - "

o1 B Bl —a1—p1) o
I 112”(1 )30 ‘71 o +11)2 TR 1({90—500”2}
+(1—]_[(1—<3k))||goo—60*||2
k=3
1_[(1 5k){ 1)2||[ m (o0 — 9%) + 3190 — 9 =m0 — I160)1°]
b K 4 12 - 3030
TR S31)316€%0
(77 ﬂ+1)2 In1 (g0 - 0 )+f31500—6’9*||2+(1—051—51)”600—50*
a1B1 N 2 pll-an-p)
“ s 1P (7 = 31)S10 | T 15160 500||}
N
+(1—]_[(1—6k))Hgoo—sO*H2
k=3
N
< H(I—Sk){ﬁnnl( - )+31800—69*H2
k=2
A9~ a0l
(m + 1)
ark N
sl
(77 +12”’71( - )+31500—@*||2+(1—051—51)”600—60*H2
a1 w2 Pd-—a=py)
BT ) et M 6’=>o||}
N 2
+ (1 -T]a —5k)> |90 - 9%
k=3
N
_ o1 + B N2
= E(l—3k){m||ﬂl(@0—60 )+~516’90 2
a1 (ki - Br)
.
2 _ 1-—
+ APl —on - 'BI)H S190 — g0ll> + (L — a1 = B1) [ 90 — 9* H}
(m +1)?
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N
+ (1 -T1a —5k)> 90 - * |
k=3

N

+B * ~
<[] -0t~ o 1)12 [+ 12| 0 - 9° || + ko | (7~ 3000 ]
k=2
ai (ki — p1) ain? = il —ay - Bi1) 9
-3 N o —
+— 1P I( 131620 H i+ 1) 151800 — 0l
, N
+(L—ay=B1) |09} + (1 —]_[(1 —5k)> |0 -
k=3
o (k
a- ak>{ o -7 + 2P 53l
(m + 1)
k=2
an} + (a1 + Bk — prl—ay = B) . )
+ > 151620 — 20l
(m +1)
N 2
+ (1 -T]a- 6k)> l#o -] (3.12)
k=3
If we set
ai(ki = A1)
= I -
1 (L + 1)2 H( JIKJOH
ang + (a1 + Bk — prl - = B1) | . 2
+ 5 13160 — 20l
(m+1)
then by conditions [(a) and (b)], we obtain
U, <o. (3.13)
Using (3.12) and the fact that §; < 1 for k = 1,2,..., N, it follows that
(3.13) and (3.14) imply that
IB160 — g0l = 0. (3.15)

Consequently, J140 = 0, that is, go € F(J1) = F(J,,1). Using the definition G; and the

fact that 3,1 = (1 — w)I + 31, we obtain

Gigo = 132, Gogo + B136,1Gogo + 11Gogo + 8160
= 132160 + 130,180 + V10 + 8160
= 0130,160 + B160 + V160 + 5160

=10 + B1gPo + Y160 + d16€0 = 0. (3.16)

Page 19 of 34
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Again, set
az(ka = B2) XS 2
Uy = =2 2 [0 =32)%:Grn|
(a2 + Bk + atam — 3
2+ Bo)ks 2'272 B2v2 1G190 — 32G160l1%,
(m2+1)

then by (3.12), (3.16), and the fact that §; < 1 for k = 3,4,..., N, we obtain

ay(ky — B2) (a2 + Bks + aan3 — Boye
(n2 +1)2 (n2 +1)2
>0 (3.17)

Uy =

|| (I - 39)3 ||2 + 90 — Sag0ll%,

Using condition [(a) and (b)], it follows that
ll§20 — S2600[l = 0.
Hence, J240 = §0; that is, g0 € F(J2) = F(J,,2). By the definition G,, we obtain
Gago = 0. (3.18)

Continuing in this manner, we obtain

0 € F(I;) = F(S0,)- (3.19)
Consequently,
N N
F(D) S [F(3) = [ Eu)-
i=1 i=1

Next, we show that D is nonexpansive. Indeed, for any o, i € K, we have

Dg —Dh|I* = |Jan (323 Grn-18 — 32 N Gn-17) + BN (SunGr-18 — SN Gr-1D)
+ 8 (Gy1g - Gyih) + Sx(p - )|
= an |32 N G190 — 3N Gr-ifi]) + BB N G169 — SunGr-1 2
+ YNl Gno1 — Gua il + Snll9 — Rl
—anBn || = Son)SonGr-ap — (I - Sw,N)Sw,NGN—thZ

— Buvn || = S0n)Gr19 — (U = Sun) G B

N &~ ~ ~ ~ 2
= e+ D2 || IN(SNGN_16 — INGN_1h) + S5 G190 — UJZVGNAHH
N
Bn N N 2
+ G+ 172 |nn(Gn-16 — Gn-1h) + SN Gr-1 — SNGn-1 7|

+ WlIGnag — G hill? + xllg — Al

—anpy || ol - 0)[(I = IN)INGN-19 = (I = SN)InG-111]
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+ (I - 3n)InGy-19 — (I = 3n) 3w Gy h] |

Bnyn ~ ~ 2
"+ 12 ||(1 - In)Gnoip — (- ASN)GN—lh“
< m”’m INGN-18 — INGN-1h) + I3, Gno19 — I3 G- 1h||
BN
(]7—+1)2||77N Gn-1& — Gn-17) + SnGN-19 — SnGN- 177”
+ YN | Gn-1 — Guor Bl + Sl — I
o ,3 ~ ~ o 2
- (nN%)Z | = 3n)InGr-10 — (I = IN)INGn-17||
N
Pny. 5 N 2
- ﬁ | = 3n)Gr-16 = (I = Sn)G-r 7|
N
an
< W[<nN+ D38 GN-16 — SnGn-1hl®
~ ~ e 2
+ kN ”([ - SN)UNGN—IB/J - (I - RSN)&SNGN_th ]
B ~
+ 07751)2 |nn(Gn-16 — Gn-1h) + SN Gr-1 — JNGN—lh”Z
N
+ YN Gn-1 — Guor Il + Sl — Rl
o ,3 ~ O\~ 2
" N+ ];)2 |7 = 3n)SIn G190 — (= SN)INGn-1 7
N
Pny. 5 5 2
- ﬁ 1 = 3n)Gn-160 — (I = In)Gn-r A
N
= m[“’?z\z Gn-18 — GN-171) + InGN-19 — InGN-1h
- n[(Gn-1 — Gn-1h) — INGN-16 + INGN-1]] I? (3.20)
+kn || (I = IN)INGN-1p — U - TYN)S‘NGNAHHZ]
B ~ ~ 2
+ (77%)2 |nn (G- — Gu-1h) + SNGn-19 — InGr-1A
N
+ YN | Gn-1 — Guor B> + Sl — I
o
- (HN% | (7 = S3)SnGnag = (= Sn)Sn G- B
N
BNV, ~ ~ 2
- (nN—ﬁ)z |- 3x)Gno1 = (1= Sn) G
N
oN + /3 ~ ~ 2
= H |nn(Gn-16 — Gn-1]) + SN Gn-1 — SNGn-1 7
N
an(ky - Bn) ~ ~ e 2
+ % 17 = 38)3n G190 — (I = SN)INGN-17
N
+ YN Gn1 — Guorhill* + Sl — I
2
anty — B ~ ~
% |~ 3) G- — U~ )Gy B
N
an + B
< H[m{ +121Gn-1p — Gy
N

k|| (= 33) G- — (= 3n) G )]
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an(ky — Bn)
+ —_

~ ~ O\~ 2
i + 12 ” (I - 3IN)InGn-10 — (I - ;w):\sNGN_lh”
N
+ llGn_18 — Gaoa Al + Sn o — Rl

2 _
NI = PNIN Y (1 Gy - (T - 30)Grvi B
(nn +1)?

= (1-83)IGn-19 — Gn-12ill* + (1= (1= 8n)) I — Al

an(ky — Bn) N o
+ Lﬁ;\[ ” (1 - S‘N);SNGN_lp - (I - UN)(\SNGN_thQ
(nn +1)

anni + (an + Bn)kn — Buvn
(nn +1)?

= (1-8\)IGn-19 — Gu-1Bill* + (1= (1= 8n)) I — Rl

| = S33)Gxo1p — (I = Sn) G|

< (1-80)[(1 = 8n-DIIGNn-16 — Gn-1hl” + (1= (1 = x-1)) 1 — hlI*]
+(1-(1-8n)lp - Al
= (1-8x)(1 - Sn-1)lIGn-16 — Gn-1h?

+ (1= (=801 - 8y0)) g — A

N N
<[] - 801GN-19 — Guoarhl* + (1 -T]a- m) lp - AlI?

k=2 k=2
N
= []a-60]en (321 - 5210) + Bi(Sw16 — Juh)
k=2
+(L—ar - B - )|

N
+ (1 -T]a- ak)> o = Al

k=2
N
= [T - 801|320 - 32,5 + Bill S — Swihil?
k=2
+(1—a1 - Bl - Al?
— 0181 [[( = B01)S 019 — (I = J0,) 0B

—Bi(1—ar = B[ =S )p — I = S|’

N
+ (1 -T]a- sk)> o = AlI?

k=2

:1_[(1 Sk)[ 1)2“771(\516’9 Sih) + 3 — %hHZ

+( ﬁ1)2||771(KJ h) + 310 - \slh” +(1-ar-B)llp - Al?

- alﬂl || (1 - Sw,l):\sw,lp - (1 - Sw,l)g\w,lh”z
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Pl -1 - Bi) N T
~ e =30 - (= 3h]]
N
+ (I—H(l—ak)) lp - Al
k=2

N
= [(1-8) [(771 +1)%|31p - 31417
(m )
k=2

k| (1 =30 — (1= 30)R[]

'3 ~ ~ 2
el UICRREN TR SRRy ER
1

- (:1%)2”(1— 31)319 = (I = S0,) 0|
Prl—ar =By, - N
— W”U—Ol)p_(]_dl)hn{l
N
" (1‘H(1—8k)> Il — k2
k=2

N
-Tlo- ak)[ sl

k=2
-S1h- 771[(60 —-h) =S + Slh] ||2

+h [ -3)p - (1 -3)h|%]

R Y IS
- (n(jlfi)z |- 30319 ~ (= )0
1_ —_
_wua—sl)p—u—%l)hﬂz]
N
+ (1 -T]a —8k)> lp - 7l®
k=2

N o+ B -
< H(1 - ak)[(ni " 1)12 |19 —h) + Jap = 31k

k
' a(lr§q+ 1})321) [ =309 - =30 + (1 —er = B0l ~ B
an? - Bl —ay - B1) N N
e (SRR
N
+ (1_1‘[(1_5k)> lo - Al
k=2

N
ar + B ) ) e
Sg(l—rsk)[(nl+l)2[(771+l) e — Al +k1||(1_\81)p a ~1)h|| ]

oy (ky
+

WHU S = (=308 + A —er = B)lp ~ Al
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2
Loam-Al-a-py) | -3 - (I - ‘31)5”2]

(m +1)?

N
+ (1 - 1_[(1 - 5k)> o - Al?

k=2
al 9 051(/(1 ai(ki = A1) 2
=[Ja-s [np AP+ ==y 10 =309 - (=308
k=2
. ang + (alﬁl():ll;ﬁlz(l —a; - p1) =30 - (1—31)h||2:|

N
+ (1 - 1_[(1 - 5k)) e - Al

k=2
N N
1_[ (1-80)llp —hl*+ ( l_[(l —5k)) lp - Al =lle-nll*>. (3.21)
k=2 k=2

O

Remark 3.3 Since F(D) = ﬂf\[ F(3;) # 9, it follows that the map D is quasi-nonexpansive,
that is,

Example 3.4 Let 31,35 : R — R be defined as follows:

V(p,0") € K x F(D). (322)

o8 g € (-00,0],

S = 3
-5, & €[0,+00),
and
~ _2@; 8/’) € (—OO, 0]:
N2 =

£, € [0, +00).

Then, F(J1) = (—00,0] and F(3;) = [0, +00). Consequently, F(J1) N F(J3) = {0}. Also, it is
shown in [24] that J; is a (0, k;)-ESPC map (with ky = 1) and 3 is a (0, kp)-ESPC map
(with & = %). Further, if we set 7; = (£, £, 2, 1), which satisfies condition (a) of Lemma 3.1,

5’5’5’5
then it follows from
~2 Kv); K') S (—OO, 0];
I = s
-5, & €[0,+00),
that
1., 1. 2 1
Gip = E‘Aswylp + gmsw,lp + 550 + E&o

Since 3 is (0, k1)-ESPC, it follows that n; = 0 so that w = m—lﬂ =1. Thus,

~2 _x2 _ ~2,, 2
So19 =3110 = (1 -w)p + 0d1p = I7p,
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and

o~ ~2
Sw19 =319 = (1 -0)p + 019 = J19.

Hence,
o L 2 1 £, & €(-00,0],
Gip==Sip+=-S1p+=-p+=-p=
5 5 5 5 0, g €[0,+00).
Again, if weset 75 = (% 2,5 ) which satisfies condition (b) of Lemma 3.1, then it follows
from
~2 _260’ 8 € (_OO’ 0]:
I3 =
0, » € [0, +00),
that

1 1 1
Dp =G = ;leGlp + =Su,1G1 + —glgo + —50.

Since 3 is (0, k2)-ESPC, it follows that 7, = 0 so that w = Tlﬂ =1. Thus,
32,0 =31, = (1 - 0)p + 033p = 3p,
and

Sw2f = 3%,269 =(1-w)p + o0 = p.

Hence,

1 1 1
Dgp = Gyp = §S%Glp + =G + = Glgo + E@
_%KJ’ »E (_OO’O]r

1, 1_ 1 1
==+ -Npt+t-p+—p=
1
3 2 42 58 €[0,+00).

7

Using the above information, it is not difficult to see that F(D) = {0} = F(J1) N F(3Jy). It has
also been demonstrated in [24] that D is nonexpansive.

Theorem 3.7 Let H be a real Hilbert space and §) # K C H be closed and convex. Let
(3N, : K — K be (n;,k;)-ESPC maps and S : K — K be an (n, B)-ESPN map for p €
[0,1). Let T; = (s, Bi» Vir 8i), fori = 1,2, ..., N, where o;, B, vi,8; € [0, 1] with o; + Bi+y; +8; = 1
such that

(@ ai<Bi<l—ksBiyi<Bi(l—o;— ) fori=1,2,...,N;

(b) Bi=ki, ki<yi<landn; < Mfort—lZ . N.
Let D be the D-map generated by the sequences {S,, ,} L, and {Tl}, 1 where 3, = (1 - o)l +
;. Suppose F = F(S) N ﬂl LF(35) #9. Let {9,} be a sequence as defined in (1.11) with

the conditions (i) — (v). Then, {(,}.-, converges strongly to © = Pru.
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Proof First, we show that (I — 1,A)g€,, where A = I — S, is nonexpansive. Now, since S is
(n, B)-ESPN mayp, it follows from Definition 3.1 that

(n(p —h) + Sp = Sh,n(p — h) + Sp — Sh) < ((n + 1)(» — 1), (n + 1)(p — h))
+ﬂ||5<)—Sg,)—(h—Sh)||2
+2{(gp — Sp, h — Sh),

or equivalently

(9 - Sp = (h—Sh), - Sp — (- Sh)) < B|| — Sp — (h—S)|*
+2(gp — Sgp, h — Sh)

so that

1-p

2
= ”

Bllo - Sp - (h=Sh)|” < (» - Sp, h— Sh),

which, when A =7 - §, yields

1-
TﬂllAso—Ahll2 < {Ap,Ah). (3.23)
Also, since
(Ap,Ah) = (p —h+Ap — (9 — h),—(Ap — Ah) + Ap)
=—(p-nh+Ap,Ap - Ah) + (p - h,Ap - Ah)
~(p—~h~[p-h-Ap] Ap)
=~|lp -h+AplllAp - ALl + (p — h,Ap — Ah)
~llo-h-I[p-h)-AplllAgl
=—llp - h+AplllAp — AR| + (9 — h,Ap — Ah) - |Ap |,

it follows from (3.23) that

1-p

— l4p —ARl? < -lp - i+ Apll|Ap - ARll + {p - h, Ap - Ah) - |Ap||?
<{(p-hAp —Ah). (3.24)

Thus, if S is an (1, 8)-ESPN, then A =1 - S is %—inverse strongly monotone map. From

(3.24), we obtain, for any A = p* € F(S), that

| = 20 — (I = 2,0)0" |° = || (90— %) = AnlAn — Ap")|)?
= 9= 0" |” = Alpnp®, Apn) + 121 A,
< |9n - 0°|” = (1 = B) = 1) A1

= w57 (325)

2
[
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Next, we set

AP (1=Au(I = 8)) i,
Ja=9n)

Q = max{||ull, | @ull, 1W,ll, 1Dy, | Prc (1 = 2nll = S))on
” (I - %)B/f)n - (1 - S‘)pn—l “’ (1 - 3)hn - ([ - S‘)hn—l H’

I - )

and then show that Q is bounded. To do this, let p* € F(3) be arbitrarily chosen. Then,
using (1.11), we get
|ns1 = 0| = |ants + buwy + cuDw, — ||
= [|an(u =) + bul(wn = %) + cu(Dw, - 97) |
< apllu—" | + bulwn - 9| + .| Dws - 07|
< apllu=—" | + bulwn — 97| + cn|wa - 07|

= aylu—p*| + (1 —an)|w. -] (3.26)
Using Lemma 2.2(ii) and (3.25), we also obtain from (1.11) that

[wa = 9%|| = (1 = 0)n + 0uPic (1 = AT = ) hy — 9|
< (1=02) 9= 9| + 0| Prc(1 = 2sT = $)) P = "
< (=0 |on =" || + oul (1 = 2T = ) hn - 97|
, (3.27)

=< (l_an)”@n_p*” +Un”hn_@*
and
17— 9| = | =7 n + TuPrc (1 = 1aI = 9)) g — 07|,
< (=70 ||n — 9| + 7a| P (1 = 2all = 8)) 00 — |
= (1 - nn)”@n - 69* ” + 7Ty H (1 - )‘n(l - S))Bon - KJ*”

<A -m)|on— 0| + 7|00 - 0|
_ “B/«)n _KJ*H' (3.28)

Thus, (3.26), (3.27), and (3.28) imply that
|one1 — 0| < an|u-p*| + A -an)|o.- o] (3.29)

It is now easy to see using (3.29) and inductional hypothesis that

*

n—

[oni1 — "] < max{|u-p* b (3.30)

’

which consequently implies that {g,,} is bounded. In addition, {%,}, {w,}, and {Dw,} are
also bounded. Now, from Remark 3.1, we have p* € F(Pc(I — A(I - J))), and from the
nonexpansiveness of Px, we obtain

|Pic (1 =2 =) - 9" |* = [Pl = 21 = 3)) 9 = Pic(I = 2T - )" ||*
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< (1=t =) — (I - I - )|

< | a - ©"|*(by (3:25)).

Thus, using the boundedness of {¢,} and {A,}, it will not be difficult to see that {Px(I —
A = ))9n} and {Pc(I — A(I — J))h,} are bounded. From Proposition 3.1, we also obtain
that {(I - ) g, — ([ - I) -1} and {({ - I) ki, — (I - IJ) h,,_1 } are bounded. Hence, Q is bounded.

Next, we show that lim,,, » ||$4+1 — #x| = 0. Using (1.11), we obtain the following esti-

mates

l$9n+1 = Sonll
= ||ay,u +b,w, +c,Dw, — (ay_1u + b,_1W,_1 + c_1DW,_1) ||
= || (@n — an-1)u + bWy — Wu_1) + (by — bu_1)Wp_1 + cu(DWy — Dwy_1)
+(cn = Cn-1) DWy |
= |an — apalllull + byl Wy = wyr |l + by = by [ |[Waea | + €ull DWy — Dwy |
+ [y = Cua| | DWya ||
<lan = ap1|1Q+ byllwy = Wy1 ||l + 15y = by-11Q + cullwy — Wy |l
+len = €n1]Q
=1 =a)lwy = wpall + lan - an1|Q + |by — by a1Q
+len = €n1lQ, (3.31)
Wii1 — wall
= |1 = 0)pn + 0uPic (1 = 2nlI = 8)) i = (1 = 01) 1
+ 051 Pic (1= Ayt (T = S)) Pt ) |
< |1 = 0)u — (1= 0u-1)n-1|| + | 0uPsic (1 = 2uI = S)) hn
=051 P (1= hyor (T = 8)) s |
< =00 = on-1ll + 10w = On_1lll@n-1ll + 0u | Pic(1 = 1n(I = S)) P
= Pic(1 = AnlI = 9) Bt || + 100 = 051 [3Pic (1 = Ana (T = S)) Pr
< (1= 0)ll9n = Pn-1ll + |00 = 051 1Q + 0| (1 = (I = S))
= (L= 2a{T = 8)) et || + 10w = 04-11Q
<1 =0n)ln = on-1ll + 210 = 0,-11Q + 0|y = T ||
+ 0l AT = Sy = Ay = SNy + (I = SN 1 — Ap1 (I = )iy |l
< (1= 0)lon = n-1ll + 2100 = 0,-11Q + Tl g = hp_ ||
+ 0| (L = S) Ty — (I = SNPa || + 1A = Ana [T = S) A |l
< (1 =0)llgn = on1ll + 2|0 = 05-11Q + Tl g = P ||

+ Un)\nQ + |)‘-n - )‘-n—1|Q, (332)
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and

Winer = Bull = || (1 = 70) 0 + 7P (1 = 2n(T = 8)) o — (1 = 7u-1) 901

+ 1P (1= Ayt (T = ) )|

< | =7n)en — (1= Tu-)nt | + |7aPrc (1 = 2uI = S)) o
~ 7n1Pc (1= Xp1 (I = 8)) o1 |

< (A=) n = Purll + 700 = 0| 90|
+ 70 | Pic (1= Anl = 8))gon = Poc (1 = (I = ) 1 |
+ 170 = || Pic (1 = Anea (I = ) o |

<A -0~ @uall + |70 = 70-11Q
+ 704 || Pic (1 = XnT = 8)) 9 = Pic (1 = An(I = S)) 91 |
+ 17 = 701 1Q

< (A=) o0 = Pu-all + 2|7, — 7,11Q
+ 70l = Ol + 00 | 2n (I = S)pn = Al = S)g 1
+ dnI = S)n1 — k1 (= S)gour |

< (=) = Purll + 207, — 7,111Q
+ Tull@n — @nl + Tuhn|| I = S)pn — I = o |
+ 7l A = || (= S)gour |

< llon = @ ll + 207, = 71 1Q + 7,2, Q

+ 7TN|)"r1 - )\n—llQ'
Using (3.32) and (3.33) in (3.31), we infer

9ne1 = ol < (1 =an)[(1 = 0)|9n — On-1ll + 2|0 — 04-11Q

+ 0 (llon = ©n-1ll + 2170 = 1] Q + T hnQ
+ Tl Ay = Anc11Q) + 0uhnQ + [Ay = Aum1 |Q] + @y — @1 |Q
+ by = by11Q + |y — €411Q

= (1-a)[(1 - 000 — Pn-1ll + 2|0 — 0,11Q
+ 0l on = On-1| + 20|70, — 7,11Q + 0470, 1, Q
+ 0Tl = An1]|Q + 0uAnQ + [ Ay = Ay Q] + | — @1 1Q
+ by = by1|1Q + ¢y — ¢11Q

= (1 -an)lon = on1ll +2(1 - ay)|oy — 0,-11Q

+2(1- “n)o'n|77n —m,-1|Q+ Gn(l—an)”n)\nQ

(3.33)

+ (1= an)onmuldn — A1 1Q + (1 = a4)0u 2, Q + (1 — @) Ay — Xy11Q
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+lay—an-1|Q+1by — by 11Q+ ey — €y |Q

= (1-a)llon — onall + L (3.34)

where

£, =2(1- ﬂn)lgn —0n-1|Q+ 2(1- dn)anlﬂn —m,-1|Q+ Un(l—an)nn)\nQ
+ (1= an)outulhn — Ap11Q + (1 — a4)0u 2, Q + (1 — @) | Ay — Xy11Q

+lay —a,-11Q+ by — by11Q + ¢ — €1 | Q.
Since ) - ¢, < oo (by conditions [(iv) and (v)]), it follows from Lemma 2.5 and (3.34) that
im {941 = pull = 0. (3.35)

Next, we show that lim,,_, » || Dw, —w,|| = 0 and lim,_, ||, — Wx|| = 0. Since, from (1.11),
(3.32), (3.33) and Lemma 2.1,

”p}’l+1 - 60* ”2 = ”anu + bnwn + CnDWn - 6/')* ”2
= Jlan(u=9%) + bu(ws - %) + ea(Dws - 97) |
= ﬂn“u_BO*HZ"'bn“Wn_p*“z+Cn||DWn_BO*HZ_“nbn”M_Wnnz

2
I

2
_ancn”u_Dwn ”

_bncn”Dwn — Wn
= an”u_p*nz +bn||wn _B/f)*”Z +Cn||wn _6/')*”2 — by, || Dw, _Wn”2
= ﬂn”u_&otuz + (1 _ﬂn)”@n _@*”2 _bncn”Dwn _Wn||2~

=ay ”u_ KJ*Hz + ||5/=)Vl - KJ*Hz - buc,||Dw, - Wn”2

and
|9 =& = | 9ne1 - 0|
= [lm — 6/');4+1||2 + 2|0 = Pusa ll ||6OVI+1 - KJ* ”
= (190 = @narll + 2] 9" = Pns1 | ) 190 = ne
< (“6071 _8’3*” + “50* — £n+1 ” + 2||80n+1 - BO*”)”BOn - KJVHIH
< (lon =" +3||ns1 = 9| )lon = @usrll,
it follows that

bucq||Dw, _Wn”Z = ﬂn”u_@*”z + ||6/’)Vl _80*”2 - ||8/')71+1 —6/‘)*”2
= allu=9" "+ (|9 =" + 3] 1 9" )

X 1on = P l- (3.36)

Using conditions [(ii) and (iii)], the boundedness of ||z — ©*|| and {g,} and the fact that
lim,, s o |$2n4+1 — 21| = 0, we obtain from (3.36) that

lim ||[Dw, —w,]| = 0. (3.37)
n— 00
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Also, since

121 = Wall < 190 = ©ns1ll + 1941 — Wall
= |90 — @1 ll + l@ntt + bywy, + c,Dwy, — wy |

= ”6071 - Bon+l|| + an”” - Wn” + +Cn”DWn - Wn”:
it follows that
lim || @y, — wal = 0. (3.38)
H—>0Q

Next, let ¢ = Pru. Then, we show that limsup,,_, . (# — §, 9, — ) < 0. Consider a subse-
quence {,, } of {,} such that

limsup(u — ©, 9, — ) = lim (4 -, P, — H). (3.39)

=00 n—00

From the boundedness of {{,}, we can find a subsequence {,, } that converges weakly
to a point of K. Without loss of generality, we may consider that g,, — *. Hence, from
(3.38), we get w,,, — p*. Using Lemma 2.7 and (3.37), we also obtain Dp* = p*; or equiv-
alently, p* € F(D). Since w,, — g, it follows that p* € F(S). Now, suppose otherwise and
consider p* € F(S). Then,

(I = dn (1= 8))p" # 0
and by Lemma 2.8, we obtain

timint] 5, "] < limint o, — (1~ - )|

< liminf(||@n, — ©* || + 2| - S)p*])

n—00

< liminf]|p,, - ©*|

)

which is a contradiction. Consequently,
N
P € FS) N[ FE). (3.40)
i=1

From (3.40) in combination with the property of metric projection, we get

limsup(u - §, 9, — H) = lim (u -0, - ) = (-9, 9" - H) <0. (341)

n— 00 n— 00
Last, we shall prove that g, — ©* as n — 00. Now, from (1.11)
lns1 — 55”2 = (a,u + b,wy + ¢,Dw,, — £ 8ni1 — 9)

= <ﬂn(u =) + bWy = ©) + cu(DWy — ), Ons1 — 6/_)>

< an(u = 9, Pni1 — ©) + bullwp — @l on1 - Pl
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+ | DWy — Ol |01 — O
< an(th— 9, 0ne1 — 0) + bullw, — Ol one1 — O
+ el Wn = @l on1 — ol

- . by _ _
<a, (-9, o1 —H) + 7(2"@" — ol ne1 — £1l)

¢ = -
+ 5 (2llpn = Slllpna - H1l)

l-a,
2

< an (U= 9, Pni1 — ) + (Iln = 817 + llner = H11%),

it follows that

_ 1-a _ a _ _
Ilson+1—50||§( ”)Ilpn—so||2+ "t~ £, n1 — )

1+a, 1+a,
2ay, —12 ay - -
=(1- llon — 11" + (U= 01— ). (342)
l+a, 1+a,
It is not difficult to see that > -, 123',, = 00. Using this fact, together with (3.41), (3.42) and
Lemma 2.6, we get that g, — ¢ as n — o00. The proof is completed. O

4 Application
The following theorems can easily be obtained from Theorem 3.7.

Theorem 4.1 Let H be a real Hilbert space and §) # K C H be closed and convex. Let
{i‘si}fil : K — K be n;-enriched nonexpansive maps and S : K — K be an (n, B)-ESPN
map for B € [0,1). Let t; = (o, Bi» ¥ir 8i), for i = 1,2,...,N, where a;, B;, vi»8; € [0,1] with
o; + Bi + v; + 8; = 1 and the conditions (a) and (b) in Theorem 3.7.

Let D be the D-map generated by the sequences {S‘w,i}ﬁ , and {ri}f\i 1, where 3, = (1 -
w)I + w3;. Suppose F = F(S) N ﬂf\il F(3;) #9. Let {4} be a sequence as defined in (1.11)
with the conditions (1)—(v) . Then, {0, }, converges strongly to © = Pru.

Lemma 4.2 [24] Let H be a real Hilbert space and @ # IC C H be closed and convex. Let
I : IC — H be ¥ -inverse strongly monotone map. Then, for all ©,h € K and v > 0,

(= vd)p —T=v3)8| = |9 - h—v(&p - 3|
=l = hll* = 2v(Ip — Ih,  — h) +V*[|Ip - Ih|?

< llp = hll* = 2v(v = 20)(Sp — I, ~ hlI S ~ Jh).  (4.1)
Thus, if 0 < v <20, then I — v is a nonexpansive map.

Using (4.1) and Lemma 4.2, the following result emerges as an immediate consequence
of Theorem 4.1.

Theorem 4.3 Let ‘H be a real Hilbert space and O # K C H be closed and convex. Let
{Bl-}f‘il : K — H be an ¥;-inverse strongly monotone maps and let S : KK — K be an (n, B)-
ESPN map for p € [0,1). Let {3}, : K — K be defined 3,0 = Pic(I — v;3;)p for every
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g € K and v; € (0,20), and let t; = (), Bi, vi, 1), for i = 1,2,..., N, where a;, B, v, 8; € [0,1]
with o; + B; + v; + 6; = 1 and the conditions (a) and (b) in Theorem 3.7.

Let D be the D-map generated by the sequences {3, Y, and {t;}Y,, where 3,,; = (1 —
o)l + 3;. Suppose F = F(S) N ﬂf\il F(3;) #0. Let {g,} be a sequence as defined in (1.11)
with the conditions (i)—(v) . Then, {,} converges strongly to & = Pru.

5 Conclusion

In this paper, a method for finding common fixed points of a finite family of (;, k;)-ESPC
maps and (7;, 8;)-ESPN maps have been introduced in the setup of a real Hilbert space.
Further, strong convergence theorems of the proposed method under mild conditions on
the control parameters have been established. The main results have been applied in prov-
ing strong convergence theorems for 7;-enriched nonexpansive, strongly inverse mono-
tone, and strictly pseudononspreading maps. Some nontrivial examples have also been
constructed to demonstrate the effectiveness of the proposed method.
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