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Abstract

The objective of this research is to present new fixed point theorems for two separate
families of fuzzy-dominated mappings. These mappings must satisfy a unique locally
contraction in a complete b-multiplicative metric space. Also, we have obtained novel
results for families of fuzzy-dominated mappings on a closed ball that meet the
requirements of a generalized locally contraction. This research introduces new and
challenging fixed-point problems for families of ordered fuzzy-dominated mappings
in ordered complete b-multiplicative metric spaces. Moreover, we demonstrate a new
concept for families of fuzzy graph-dominated mappings on a closed ball in these
spaces. Additionally, we present novel findings for graphic contraction endowed with
graphic structure. These findings are groundbreaking and provide a strong
foundation for future research in this field. To demonstrate the uniqueness of our
novel findings, we provide evidence of their applicability in obtaining the common
solution of integral and fractional differential equations. Our findings have resulted in
modifications to several contemporary and classical results in the research literature.
This provides further evidence of the originality and impact of our work.

Mathematics Subject Classification: 46540; 54H25; 47H10; 26A33
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1 Introduction and preliminaries

In a broad range of mathematical, computing, economic, and engineering problems, the
existence of a theoretical or practical solution can be compared to the occurrence of a
fixed point (abbreviated as F). F# theory is a mixture of several branches of mathe-
matics, such as mathematical analysis, general topology, and functional analysis. These
branches provide numerous applications in pure and practical mathematics, including
computer science, engineering, fuzzy theory, and game theory. Scientists widely use F
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theory techniques to demonstrate the presence of solutions to problems in science that
involve integral equations or differential equations. In 1922, Banach [10] proved a signifi-
cant result in metric F& theory, which is now famously known as the Banach contraction
principle. Due to its profound significance, well-known authors have presented various
formulations and interpretations of his seminal result.

One of most important generalization of metric space is the concept of multiplicative
metric spaces established by Ozavsar and Cevikel [27]. They proved some new F. results
fulfilling contractive mappings in such spaces and a few related topological settings. In
2017, Ali et al. [3] introduced the conception of b-multiplicative metric space (bMMYS)
and achieved some new F.% results with graph structure and also use their main theorem
to achieve unique solution of Fredholm type multiplicative nonlinear integral equations.
Recently, Rasham et al. [34] introduced novel F theorems on bMMS with applications
to non-linear integral and functional equations.

Wardowski [43] established an extension of Banach’s contraction result and named F-
contraction. After this, Acar et al. [1], Aydi et al. [8], Hussain et al. [14], Karapinar et al.
[18], Padcharoen et al. [28] and Piri et al. [29] introduced novel extensions of F-contraction
with significant applications. Weiss [44] and Butnariu [11] introduced the notion of fuzzy
mappings and proved many important results in the field theory of F£.

Heilpern [13] demonstrated a significant F# hypothesis for fuzzy contractions that be-
come broader then Nadler’s result [24]. Motivated from Heilpern’s outcomes, F theory
for fuzzy contractive mappings by using the Hausdorff distance spaces has become more
significant in different fields by a large number of authors [30, 35, 40]. In addition, Rasham
et al. [32] established F& problems for families of fuzzy-dominated local contractions in
b-metric-like spaces and use their main hypothesis to obtain the solution of integral equa-
tions. Further results in this direction can be found in [6, 16, 36, 37].

This article presents several generalized F$ theorems for two separate families of fuzzy-
dominated maps that satisfy a novel generalized locally contraction on a closed ball in
complete bMMS. Additionally, we demonstrate new F theorems for families of fuzzy-
dominated mappings on a closed ball in ordered complete bMAMS. Furthermore, we intro-
duce a new concept for two families of fuzzy graph-dominated mappings on a closed ball
in these spaces and present novel findings for graphic contraction endowed with graphic
structure. Finally, we provide evidence of the originality and impact of our new findings
by demonstrating applications to obtain the common solution of integral and fractional
differential equations.

Let us begin by presenting our main result.

Definition 1.1 [3] Let # be a nonempty set and suppose that m > 1. If the following
properties are satisfied, a function « : # x & — [1,00) is referred to as a bMMS with
coefficient m:
i d(e, f)>1forale, fe KX withe+#/fand (e, f)=1,iff ¢ = £;

ii. d(e,f)=d(f,e)foralle, feH;

iii. d(e,x)<[d(e, f)-d(f,z)]" forall e, £, % € H;
The triplet (%, ¢, m) is called a b-multiplicative metric space shortly as bMMS. Let c € &
and 7 > 0, Bym(mg, 7) = {ge KX :d(e,2) <#}beaclosed ball in bMMS.
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Example 1.2 [3] Let & = [0,00) and a function « : # x H — [1,00).
d(s,t) = a"’,

where a > 1. Then, « is a bMMS on & with m = 2. It is noted here that « is certainly not
a multiplicative metric on % . Taking a = 3, » = 3% and ¢ = 1, then By (mg, ) = [0,3] is
the closed ball in % .

Definition 1.3 [3] Let (%, /) be a bMMS.
i. A sequence {s,}in & is convergent if a point s € & exist such that (s, s) — 1 as
n—> +00.
ii. A sequence {s,} is said b-multiplicative Cauchy iff (s, s,) = 1 as m,n — +00.
ili. Every multiplicative Cauchy sequence in % converges to some s € %, then (%, <)
is said to be complete.

Definition 1.4 [34] Let % be a non-empty subset of # and a € # . Then, f; € % is a best
approximation in & if

d(a,RB) =d(a,fy), where (a,RB) =fin£gd(a,f).

Here P(X) represents the set of all compact subsets of % .

Definition 1.5 [34] Suppose Hy : P(F) x P(H) — R* be a function, defined by

Hy (Z, %)= max{sup (8, ZF), sup (&, )%)},
seZ reZ

Then, H is said as Hausdorff b-multiplicative metric on P(X).

Definition 1.6 [35] Let # + {¢} and take @ : ' — P(K) as a mapping, I C K and
©: K x K — [0,+00), and @ is considered as ¢,-admissible on 7, if

¢+(@x,@y) = inflgp(x,y) :x € Qx,y € Gy} > 1.
Definition 1.7 [35] Suppose # # {¢} and & : ' — P(K) is a mapping, # C A, and

¢ : K x K — [0,+00) is a function. If for each ¢ € O, then & is referred as ¢,-dominated
mapping on J/ if satisfies

@s(e,&¢) =inflo(e,m) :me e} > 1.
Definition 1.8 [43] Let (#,d) be a metric space. A map L : # — # is known as an F-
contraction if there exists T > 0 so that for all «, ¢ € # with d(L<,Le) > 0, satisfying the
inequality given as:

T+ F(d(Ld,Le)) < F(d(d,¢)),

where & : R, — R fulfills the given assumptions:
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i. & is strictly increasing function;
ii. For each sequence {y,} in R,, so that lim,_, , ¥ = 0, iff lim,—, ;0 Y = —00;
jii. 1imy_ .00 Y4 F (y) = 0, if there exists £ € (0, 1).

Example 1.9 [35] The function ¢, : A x A — [0, 00) is given by

1 ifp>gq,
e«(p,q) = .
iftp=<q.

I

Consider the mappings G,R : A — 9(A) defined by
Gs=[-4+s,-3+s] and Rm=[-2+m,-1+m],

respectively. Then G and R are ¢,-dominated, but they are not ¢,-admissible.

Lemma 1.10 [34] Let (%, &) be a bMMS and (P (K ), H 1) a dislocated Hausdorff bMMS
on K .ForeachE,I" € P(K) forall g € E,and h, € I such that < (g,T") = (g, h,), then,
Hy(E,T) > d(g,hy) holds.

Definition 1.11 [45] F(%) represents the class of all fuzzy sets in # and a fuzzy set H
is the function from % to [0,1]. If f € F#, then H(f) is called the grade of membership of
the element f in H. Then, [H],, denotes the y-level set of H and is given as

[H], ={f:H(f)>y} whereO<y <1,
(H]o = {f : H(f) > 0}.

Now, we chose a subset from the family F(#') of all fuzzy sets, a sub family with finer
restrictions, i.e., the class of subfamily of the approximate quantities, signified by W (%).

Definition 1.12 [41] A subset H of fuzzy set % is an approximate quantity iff its y — level
set is convex subset of % for each y € [0,1] and sup;. 4 H(f) = 1.

Definition 1.13 [41] Let # be a metric space and V an arbitrary set. A mapping from V'
to W(X) is said to be a fuzzy map. Then, the mapping Z: V — W(X) is a fuzzy subset
of Vx H,Z:V x K — [0,1], in reference to Z(e,f) = Z(e)(f).

Definition 1.14 [41] Let Z: & — W/(X*) be a fuzzy mapping. A point ¢ € # is called a
fuzzy F of Z if there exists 0 < y < 1 such that ¢ € [Z¢], .

Example 1.15 [32] Let % ={0,1,2}. A fuzzy mapping Z : # — W(X) defined as
Z(0)(c) = Z(1)(c) = Z(2)(c) =

For y € (0, %], we have [Zc], = {2} for all c € #. Here, 2 € % is a fuzzy F# of the map-
ping Z.
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Definition 1.16 [35] Let B be a non- empty set, R: A — W(A) a fuzzy mapping, V € B
and « : B X B— [0,+00). Then R is called a,-dominated fuzzy mapping on V, if for each
eecVandO<y <1,

ot*(e, [Re]y) = inf{ot(e, D):le [Re]y} >1.
We are now starting to present our main findings.

2 Main results

Let (#, &) be a bMMS, my € & and {P, : 0 € N°} and {@, : e € N} are two fam-
ilies of fuzzy mappings on W(%'). Moreover, let y,8 : # — [0,1] are two real func-
tions. Let m; € [P1mo]y (my) be an element such that < (mg, [PP1mo], m,)) = & (Mg, m;). Let
my € [@amy]5m,) be such that < (my, [Q2m;]sm,)) = &(m1, my), where 1 € N° and 2 € N°.
Let mg € [P3my], (m,) be such that & (my, [Psms], (my)) = @ (M, m3) and my € [Qamz]sm,)
be such that «(ms, [@4m4]s(m,)) = < (m3, my), where 3 € N° and 4 € N°. Proceeding with
this cycle, we find a sequence {m,,} of points in % such that

Myue1 € ['@imm]y(mz,q) and Mgy € [@jm2n+1]8(m2n+1)’

i € N° (odd natuarals),j € N° (even naturals) forn =0,1,2,....
Also,

@ (W, [PiMaonly(msy)) = & (Mo, M),

d(mZVH—l’ [@jm2n+l]6(m2n+1)) = d(m2n+lr m2n+2)-

{Q.P,(m,)} be the representation of above sequence. We say that {@Q,%,(m,,)} is a sequence
in  generated by my. We define Z(«,¢) as

%
d(ur 1}), d(u: [goou]y(u)): ﬂf(v; [@ev]é(u))

Do) (2, v) = max
(0 [ {Zf(l(/, [@eU]S(v))rd(vr [gou]y(u))

Theorem 2.1 Let (%, <) be a complete bMMS. Suppose there exists a function ¢ : F x
F — [0, +00). Let mgy € By (Mo, 7) C F, # >0, and {P, : 0 € N°} and {@, : e € N¢} be two
families ¢.-dominated fuzzy mappings from F to W(X) on B ym(mg, 7). Suppose T >0
there exists % € (0, %) with s> 1 and F is a strictly increasing function satisfying:

T+ (Hy ([Potely () [@ev)s(0)) < F (Do) (0, 1)), (2.1)

where y(w),8(¢) € (0,1] for each, u,v € Bym(mg,7) N {Q.P,(my,)}, ¢(w,v) > 1,
Hd([@ou]y(u)’ [@ev]g(y)) > 0, such that

1-sh

d(moy [g’ou]y(u)) <z . (2.2)

Then, {G.Py(m,,)} is a sequence in Byp (Mo, 7), @(1n, n,) > 1 for all w € N U {0} and
(0. Py (m,)} = m* € By (Mo, 7). Again, if inequality (2.1) holds for m* in B 4 (mg, ) with
pm,, m*) > 1 or p(m*,m,) > 1 for all naturals. Then, P, and Q, have common FP m* in
Wforallo e N° and e € N°,
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Proof Consider the sequence {@Q,%,(m,)}. From (2.2), we obtain

1-sh
2(my,my) = d(mO,[@lmO]y(mo)) <7 s <7

It follows that,
mp € Bdm(mO: 7/()'

Let my---m; € B ym(mg, ) for some j € N. Suppose j = 2¢ + 1, where £ = 1,2,...j —
%. Since {#, : 0 € N°} and {@, : e € N°} are two families ¢,-dominated fuzzy map-
ping. So, @.(Mas, [Pomar],y) = 1 and @.(Morir, [QeMoriilspy,,) = 1. As @.(myy,
[Pomiarly,y) = 1, for all 0 € N° and e € N° this implies that inf{g(my.,b) : b €
[(Pomarly,, )} = 1.

Also, mysq € [g’cmgf]y(bzf) for some ¢ € N° so @(myy, Myrs1) > 1 and mgpyn €
(@M 41]5(8,,,,) for some v € N, Now, by using Lemma 1.10 and inequality (2.1), we have

T+ F (d(Mari1, Mars))
<71+ ‘oj:(Hd([‘@CmZK]y(bzf)’ [@ym2f+1]5(b2{+1))) < moj:(@(m2f’m2f+l))
#
<ZF (max {d(mzf,mzml),d(mw,mzml),d(mzml,mzmz)})

1
(Mo, Mopy2) %, & (Mopi1, Mosy)

< F (max{ & (mar,mar 1), @ (Mor 1, Mors0)})

Thus,
1z
T+ F d(Wypi1,Myrin) < F ((Myp, My 1)),

17;@ As & is a strictly increasing function, then

for each Z € N, where u =

A (Mop i1, Mapi) < & (Maop, Map1). (2.3)

Similarly, if j is even, we have

@(mori2, Mory3) < &(Mapy1, Maria)” (2.4)
We have,

(mj, my,q) < d(mj_;,m;)”*  foralljeN. (2.5)
Therefore,

d(mj,my,) < Z(mi_, m)" < d(mi_,mig)" < < &(mg,my). (2.6)
Now,

(Mg, mj, ) < d(mo,ml)s.d(ml,mz)sz.d(ml,m2)53. e .d(mo,ml)sj+1

< d(mg, my)’.(my, m1)ﬂs2 A (myg, m1)MZS3 A (my, m1)H3s4
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4.5 i+l
(m,my)* S «i/i(mo,ml)ws)+

0,0,1,2,2.2,2. 3,3, _J,j
S(ULTHSUT ST T ST LTS Fee ST
< d(mg,my ) SIS AT s -

1
< (mg, my) =),

Then, we have

(A-s(p)) xs
(Mg, Mj,q) < 725U < 7,

This shows that mj,; € B m(mg,#). It follows that for all n € N, by induction, m, €
B 4w (mg, 7). Also, p(my,, my,1) > 1, for any n € NU {0}. Now, we deduce

d(My, Myy1) < Z(mg,mp)*", forallneN (2.7)
Now, ¢, g(g > ¢) be the positive integer, then

2 g, 2-1
d(me’ mg) E d(mex me+1)s'd(me+l:me+2)s L 'a{(mg—b mg)s ’

e+lg2

< d(mo,my)** . (mg, my)" - ~6<7//(mo,m1)szﬂf1 (by (2.7))

e, 2,e+l 3
=< d(mo, ml)(SM e e

M6+2+S4ue+3+m+sgug—1)

€, 2,e+l 3 e+2, .
<d(m0,m1)(s“ +se s pfte+ ),

su’
d(m,,m,) < d(mg,m;) =),

As ¢,g — +00, then «(m,,m,) — 1. Therefore, {Q.%,(m,)} is a Cauchy sequence in
B 4m(mg, 7). So, there is a m* € Bym(mop, #) and {Q,P,(mg)} — m* such that g — +o0.
Then,

lim (m,,m")=1. (2.8)

g—>+00

Now, by using the inequality, we have
d(m*, [@em*]s(m*)) =< d(m*, m22+1) 'd(m2z+l’ [@em*]a(m*)) .
Using Lemma 1.10 and inequality (2.1), we obtain

d(m*, [@em*]y( ) = d(m*: m2g+1)s-Hd([<@om2g]y(2g): [@em*](g(m*))s- (29)

m*)

By supposition ¢(m,, m*) > 1. Suppose that < (m*, [@,m*]5q+)) > 0 and p is a non-negative
integer that exists, such that «(my, [@.m*]5m=*)) > 0, for all ¢ > p, we have

2 (", [em"] )

S
g, 1), 2 (2, Qe Ts(me)), & (M2 11, 1@ Tsme) }”)

< d(m*,myg.1)°. | max
(Mg, m2g+1) 2, d(m2g+l: m2g+2)

(2.10)
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By taking limn — +00 and inequality (2.8) from both sides of (2.9), we have a result that is
not generally true, < (m*, [Q.m* ], (n*)) < & (M*, [@em* ], (m#))?*. Our assumption is not true
because ps < 1. Therefore, «(m*,[@.m*],(m+) = 1 or m* € [@,m*], (n+). Similarly, using
Lemma 1.10 and inequality (2.8), we can obtain either «(m*,[P,m*], () =1 or m* €
[Pom*]y, (m*). Therefore, in B m(mg, 7), P, and @, admit a fuzzy F# thatis m*. Now, using
the above multiplicative triangular inequality, we get

o) = [, [0 o (G )
This indicate that «/(m*, m*) = 1. O

Ran and Reuring [31] established the conception of ordered metric spaces and achieved
well-known F& hypothesis in these spaces. Lateral, Arshad et al. [6], Rasham et al. [35],
Shatanawi et al. [39] and Nieto et al. [26] showed F& results for the setting of ordered
complete distance spaces.

Definition 2.2 [35] Let & be a non-empty set, < be a partial order on B C % . We say
that 2 < B whenever for all b € B, we have a < b. A family of mapping {2, : 0 € N°} from
K to W(X) is said to be fuzzy <-dominated on B, if a < [Poal, (4 for each a € # and
y €(0,1].

Now we prove upcoming theorem for fuzzy <-dominated maps on {€,%,(m,)} in an
ordered complete bMMS.

Theorem 2.3 Let (#,<,«) be an ordered complete bMMS. Assume that there exists a
Sfunction ¢ : K x H — [0,+00). Let mg € Bym(mg,#) C H, # >0, and {P, : 0 € N°} and
{@, : 0 € N} be two families of ¢,-dominated fuzzy maps from K to W(K) on B g (mg, 7).
Suppose there exist T >0,y («), §(¢) € (0,1] and F is a function of strictly increasing such
that the following holds:

T + (Hy ([Pt [@etr]si)

%
< % | max a’(u, 7})7 d(w: [gau]y(u))’ d(v’ [@ev]é(v)) ) (211)
d(ur [@ev]é(v))i 4(7}, [gou]y(u))

whenever , v € {Q.P,(m,)}, with either « < v or v <X w, and H ;([Pott]y (), [@e?]5(s)) > 0.
Then {Q.P,(m,)} - m* € K. Also, if (2.11) holds for m*, w, < m* and m* X w,, for all
ne€{0,1,2,...}, then m* belongs to both [Q.v]5(s) and [[Poee]y ) for all o € N° and e € N°.

Proof Let ¢ : X x K — [0,+00) be a mapping defined by ¢(«,#) = 1 for all « € # with
< v, and ¢(w, ) = 0 for all elements «,v € #. As P, and @, are the fuzzy-dominated
mappings on &, so u < [Pott]y () and w < [@Qere]s) for all 2 € F. This implies that
w < bforall be[Poul, and v < e for all « € [Qczt]gw). So, ¢(w,b) =1 forall b e
[Pott], () and a(w, e) = 1 for each w € [@cz]s,). This implies that

inf{gp(u,u) (v € [g’ou]y(u)} =1, and inf{p(w,2):v € [Qu]sy) =1.
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Hence, ¢, (2, [Pote]yw)) = 1, s, [Qete]sy) = 1 for all w € H. So, Po, Qe : K — W(K)
are two families of ¢, -dominated fuzzy mappings. Furthermore, (2.11) exists and it can be

expressed as
T+ F (Ha ([Pote]y ) [Ceglsw))) < F (Do) (2, 1))

for all elements «, ¢ in {Q.%,(m,,)} with either ¢(«,¢) > 1 or ¢(¢,«) > 1. Then, by The-
orem 2.1, {Q,%,(m,)} is a sequence in # and {Q,P,(m,)} - m* € . Now, m,,m* € &
and either m,, < m*, or m* < m,, implies that either ¢(m,, m*), or ¢(m*,m,) > 1. So, all
requirements of Theorem 2.5 hold. Hence, by Theorem 2.5, m* is the common fuzzy F5
of both &, and @, in # and «(m*,m*) = 0. O

Example 2.4 Take # = [0, +oc) and the mapping « : # x K — F defined by
d(w,v) =" forallu,s e X.

Now for w,v € #,n,u € [0,1]. Define P,,Q, : X — W(H) as two distinct families of
fuzzy mappings for 2,, @, € W (%), defined as

ifo<z<%,

if & 3u
if ;<7<

(Pow)(?) =

o 3u
1fﬁ<{§u,

O ws v

fu<t<l,
and

ifo<z<%,
if £ <#<2,
(Qee)(?) = ¢ :

if24 <t <u,
Z

S o e T

ifee<? <1.

Now, we consider

w 3u uw 2u
(.@ou)g = [ﬂ’ﬂ] and (@eu)% = |:3_z’ 3_zi|

, 7 =36. Thus, B4,,(«q,#) = [0,5.5]. So, we have

) = d<l; 1) = SO} Uy = 1;
7 28 8

1 1 1 /1\/1 11
vty =[] )5 (5) ) -(3a2)

Consider, «¢ = %

ﬂf(uo, [g’luo] %) = d(%, [91%]
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As,

Uy = id(uz, [ggwg]g) = d(i, |:(@3Li| n)

24 24 24
1 /1 1 1 1
=d=.(-)=))=¢(=.—).
24\ 4 )\ 24 24 96
So,ug,:%.

So, we achieved a sequence of the form {@,%,(«,)} = {%, %, ﬁ, 9—16, ...} in & generated
by wy. Let the function ¢ : # x # — [0, 00) be defined by

if > v,
(p(uiv) =

D= —_

otherwise.

So, u, v € By (1o, 7) N{QePo(wy)} with ¢(z, ) > 1, we have

H{Z( %,[Qev]%)
{ sup d L [Qet] ), sup d([g’ wln d)}
ce[@ou] n de[@e] %
B 3u v v o uw 3u 2v
- 3m’ 3m 20 4l
2
4]’ 3m 20" 3m
:max{eﬁ_z;’ 7 ,e 3‘, 321‘2}
a d(w, %), d 2\ ”
< max (1,(/, 'U); v(u’iﬂ)r (7:7 %)
d(u: %)hrd(v’ﬂ)
2 “2 v 2\ %
elu-vl ol clu-g]
= A e(\u—ﬁ\%%,e\v——ﬁ
Thus,
Ha{([g) ZL]%, [@ev]%) < 9(o,e)(u: ),

this implies that, for any 7 € (0, £2) and the logarithm function % (¢) = In(¢), that is strictly

" 95
increasing, we obtain

T+ g(Hd([@ou]%,[@ev]%)) = g(g(o,e)(u»v))'
Now, we take 6,11 € &, then ¢(6,11) > 1. But we have

T+ g(Hd([godgy[@ell]%)) = g(g(o,e)(& 11))
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So, our assumption is not satisfied on % . Thus, the consequences of Theorem 2.1 exist
by maps P, and @, for w, v € B, (t0,#) N {QcPo(2¢,)} with ¢(w,v) > 1. As a result, &,
and @, admit a fuzzy F for all o € N’ and e € N°,

3 Application to graph theory
In 2007, Jachymski [17] appeared the notion of graph contraction and investigated some
novel FP theorems. Afterward, Asl et al. [7], Hussain et al. [15], and Shazad et al. [41]

discussed concerning F& results endowed with graph theory.

Definition 3.1 [44] Let # = (X (W), % (¥")) be a graph such that (W) =Z, # < K,
and let % be a not-empty set. It is referred to as fuzzy graph dominated on # for a family
of fuzzy mapping {%, :0 € N°} : ' — M (HK). When it turns out that («, ¢) is an edge
that belongs to % (%) for each « that belongs to # and each ¢ that belongs to %, u.

Theorem 3.2 Let (%, <) be a complete bMMS endowed with a graph W . Let » > 0,
170 € By (1720, 7), and (P, : 0 € N°}, (@, :e € N¢} : K — M(K). Suppose that, for some
y(w),8(v) € (0,1], the following criteria are fulfilled:

i. Let P, and Q. be fuzzy graph dominated on By (1720, 77) N {0 Py (M)}

ii. The contractive requirements are satisfied by a strictly increasing function F and

T>0,
T+ (%4([‘@0u]y(u)’ [@e”]é(v))) = 97(9(0,@(%,7})), (3.1)

whenever g € B 4, (1720, 7) N {Qe Py (m,)}, (w, 1) € Y (W) and
4 ([Pott]y(u)s [Qet]s(s)) > 0.
iii. (720, [Potelyw)) < f#, where % € (0, %) with s > 1.
Then (@, Py(172.,)} is a sequence in By, (1120, #), 172, 172441) € Y (W) and {@oP,(m,,)} —
<*. Furthermore, we assume that inequality (3.1) holds for ¢* and (m2,,<*) € Y (W) or
(¢*,7m,) € Y (W) for all n € NU{0}. Then, in B 4,,(1mq,#) both the maps P, and @,
have a fuzzy FP in ¢* for all 0 e N° and e € N°.

Proof Define y : # x K — [0, +00) by

1, ifh € Bds(mo,»),(w, %) e Y (W),
)/(u» ﬁ/) =
0, otherwise.

If (ii) gives the guarantees that &, and @, are two separate families of fuzzy graph-
dominated maps on B 4,, (729, 7), then for . € B 4,,, (1720, 7), (w, /) € Y (W) for each 7 €
[Pote], ) and (w, %) € Y (W) for every /i € [Q.t*]5(4). S0, ¥ (¢, %) = 1forall /4 € [Poe]y ()
and y(«, %) = 1 for each % € [@Q.¢]s(,). It follows that inf{y (v, %) : % € [P,u], )} = 1and
infly(w, %) : & € [Q.t]s5(s)} = 1. Therefore, ¢.(«,[Pott]y ) = 1, and @, («, [Qct!]5) =
1 for all 4 € By,p(1720,7). S0, Po,@p : K — W(HK) are semi ¢,-dominated, fuzzy-

dominated mappings on % 4., (772, 7). Inequality (3.1) can also be written as:

T+ (Xt ([Pott]y () [Ceelsh))) < F (Do) (s 1)),
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where w, % € B ,, (1720, 7) N {@ePy(my,)}, ¥ (2, 4) > 1 and 1 ([Potely(wyr [Qe?e]ss)) > 0.
In addition, condition (iii) allows Theorem 2.1 to state that {@, %y(m,)} is a sequence in
By (1m0, 7) and that {Q.P,(m,)} — <¢* € By, (120, 7). Finally, 772, ¢* € B oy (7720, 7)
and either (72,,, ¢*) € Y (W) or (¢*,m2,,) € ¥ (W) indicates that either y (72,,,¢*) > 1 or
y(¢*,m,) > 1. Therefore, Theorem 2.1 verifies all conditions. Therefore, according to
Theorem 3.2, &, and @, share a fuzzy F called ¢* in mwith d(c*,¢*)=0.0

4 Application to the integral equations

In the setting of different abstract spaces using generalized contractions, a specified num-
ber of well-known authors observed sufficient and compulsory conditions for the solution
of linear and nonlinear first and second type of both (Fredholm and Volterra) type inte-
grals in the field of F theory. Rasham et al., [37] showed some new F& results for a couple
of multifunction, and they utilized their fundamental outcome to analyze the important
circumstances for solving integral equations. More great recent results with fundamental
integral applications can be found here [2, 4, 5, 8, 33, 38].

Theorem 4.1 Let (% ,d) be a bMMS and P,, Q. : K — K be two mappings. Suppose that
there are T > 0 and a strictly increasing function F satisfying the following:

T+ F (d([Pote]y () [Qet]sw)) < (Do (4, ), (4.1)

for each w,v € {6,} and d(P,u,Qcv) > 0. Then {6,,} — ¢ € K. Also, inequality (4.1)
holds for ¢, therefore #,, Q. have a FP ¢ in K.

Proof The proof of Theorem 4.1 is same as of Theorem 2.1.
In this part, we prove an application of F Theorem 4.1 to obtain unique solution of

given Volterra-type integral equations presented as;

g(t)=/ /%(i:ﬂ,g(ﬁ)) e, (42)
o(7) = /i!/l/(f,ﬁ,o(c)) dc (4.3)

for all z € [0,1] and .#, /' are the mappings from [0, 1] x [0,1] x C([0,1],R,) to R,. We
investigate solution of (4.2) and (4.3). Let C([0,1],R,) be the space of all continuous func-
tionon [0, 1]. For ¢ € C([0,1],R,), a norm defined as: || ¢||? = SUP /¢[01] [el#OF ¢=T4} \where
T > 0. Then define

. . .72 2
di(g,o)= | sup (O} el
7€[0,1]

for each g, ¢ € C([0,1],R,), with these conditions C([0,1],R,,d,) turns into a complete
bMMS. O

We now demonstrate an important hypothesis to examine the arrangement for solving

two non-linear integral equations.

Theorem Suppose that (4.1) and (4.2) are satisfied;
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i, :00,1] x [0,1] x C([0,1],R,) = R;
ii. Define P,,@,: C([0,1],R,) — C([0,1],R,) by

@u0)0)= [ (i,er0t0) e
@)D= [ H(ieiae)de.

Assume that for T > 0 such that

@ 0)@H(%g)(ﬁ)—(oew(wu%
L (2,e,g () =N (Erero(e)]? < tD(0,e) (g ) (€710 e

© = ot (1-0)

foreach ¢,¢ €[0,1) and ¢, ¢ € C([O, 1],R,), where

2|20 OP g~ Pog@OP | plg(@)~(@eo@)P }’%

Do) g, 0) =
a2, ) max{ (el0-Eea@PY B le-Fugt)P?

Then, (4.2) and (4.3) have a unique solution in C([0,1],R,).

Proof By condition (ii)
N Poa@N-@eoN? _ [ ittt cs0(e)-H o) 4y
0

N Pog)()~(@e o) ()12

‘ Do) (2-0)—€
< 19(0,6)(g70)(e 46
— 0 er(l—ﬁ)
(%P0 2)(£)~(@e o) ()12 .
D , o) (20 (2:0)-e ¢
< T (o,e)(g ) . )/ I
e 0

1(Pog)($)~(Ceo)()12
< 9(0,6)(£Z: 0)(99(0’8)(g'0)f6

eT
this implies,

. . . I(Pog)(0)~(Gee)(@)I13
P )-Ce) P g=ti (Doey(gro)-er I

=
9(0,9) (‘gr ) e’

. ) 1(Pog2)(£)~(@e o)) 12
NP D= (Dog(gie)-ec 4TI

=
9(0,6) (}Qr ) et

. )
NP P (g,0)

N PoD)D~Ce)DNF

T
69(0,5) (g:0)- €

Taking In of both sides, we get

Pog)(£)~(Cee)(2)]I2 Pog)(0)~(@e0)(2)]I2 -
ln(g)ll_f_ 2)(2)~(Qe0) (D)l @(O’e)(g’o)_'_gl( 2)(©)~(Qe0) (@)l ln(@(oye)(g,ﬂ))+ln6 ‘[.

Page 13 of 19
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This implies that
T+ 1n( 1(Pog)(2)- (@eﬂ)(i)H%) + gll(gog)(i)—(@eﬂ)(i)”% < ln(g(o o(g, 0)) Dioe(g,0).
= ) + Do,

Hence, all conditions of Theorem 4.1 are true for % (¢) = In(¢? + ¢); ¢ > 0, and
12
d.(g,0) :llg el So, (4.2) and (4.3) have common solution. O

5 Application to fractional differential equations
We apply our new findings to solve the fractional differential equations. Recently, many
researchers used F techniques to investigate the solution of fractional differential equa-
tions, considered in [5, 9, 25, 42].

Consider the space of continuous function C[0,1]. Let (7, ) = e~#" forall 7, €
C[0,1]. The space ( [0,1], «)is a complete bMMS. Let Py, P, : [0,1] X R — R be the

continuous mappings. The equations of Caputo fractional derivatives of order  will be
examined.

D' 1(q) = P1(g,#(9)) (5.1)
with integral boundary condition #(0) = 0, I»(1) = »/(0), and

D" g(y) = Pay, 9(2)) (5.2)

with integral boundary condition ¢(0) = 0, Ig(1) = ¢'(0).
Then, Caputo derivative of fractional order x can be written as follows

PP = s [ a9
where 7z — 1< <7 and n = [u] + 1 and I* 9, is given as
1 7
P29 = o [ (g -V Pg) d g vithpso
() Jo
The equation (5.1) can be written as

)= / (g =2V P1(f,(1)) g

()

F(M)/ / (="' Py, 7)) dy d s
and (5.2) can be modified as
1 ¢
D=0 / (¢ =)' Po(7,7(1)) 2 1
r(M)/ / (2 =)' Poly 7)) A d 1.

Theorem 5.1 Assume that:
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i. Forall ¢,g € Cl[0,1], there exist T >0 and €3 < 1

(1

P, e @)y - Po(y8(0))| <

ii. There exist /2,72 € C[O, 1] and for all z,x € C[O, 1],

_r
i) = o [ @ = P s
+ rz(—z) OI/OJ‘(n—y)“—lgl(y,f‘(y)) dyd s
and
#0)= / & =V P £ (1)) a

1
ol [ [ty dna

Then, equations (5.1) and (5.2) have a unique solution in Clo,1].

Proof The mappings %, @, : C[0,1] — CJ0, 1] defined by

1 7 -1 . . .
@o(f‘(f})) = (m‘/o (g -n)'" P, (1)1

o / f Ly (g, rly ))dwz)

and

1 4 /J._l . . .
#(20) = (105 [ (@ =mr-t 0 s

n-1
r(m/ / (=) g’z(yrf(;z))dydcz)

By (ii), it can be shown that there are /4, 22 € C[0,1] so that %4, = Pon(#) and 25 = Qen(12).
The continuity of %; and %, leads the continuity of mappings %, and @, on C[0,1]. All
the hypothesis of Theorem 5.1 are satisfied. For this, we have

% I g =)t P ()2 s
o fo (g =)\ Pos, () A 7
r(u) ofo 7 —y* gl(y,f(y))dydl

2 .
PGl _ |~ T Jo S5 (=) Poly 1) iy g

By using the result ¢* = ¢” iff x = y, we deduce that
2 1 7 -1 . .
Zu((9) - @) - ‘m [ -yt as

- / (g =2V Po(f,7(1)) g
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2¢ (' [/ al .
i [ [ it rw) duds

2

n-1
r(u)/ / n=)'" Py () Ay d | -

Taking square root of both sides, we have
P,(#(9)) - Qu((x)| ‘r( ) f (g - ) P (f1() s
F(pc / (¢ - )" Pos (1)) d s
W) / / 1 =P (g 0) iy 4

n-1
r(m / (re =y Paly (w)dm‘

Implies that

70 1
S/o (m(f} ) 1931(02, (J))—m(fi ) 19’2(1 7‘(1))>d1’

/ / (r(ﬂ) 72 — y)“ 1-@1(3{77’((21))_ m(ﬂ y)l‘- 19)2(%?‘(y))> dydoz'

- ﬁ%”) /0 (@ -2V (A0) - )

. %w / 1 / " ) - o) dy s
< ﬁ.%.u—m/%—n)ﬂ-l dx

R AT T '/ / Ay ds
e L R

|20(#(9)) = Ce(2(2))| < Eloz' - 7l+ EIJ -rl<tls -zl
|Po(#(9)) - Ce(2(2))| < T|1 - 2],
where A is a beta function. Again, using the inequality if x < y, then €* < ¢’, we have

el Lo (@)-Ce(r() _ ptli-7l

Squaring both sides, we get

e PoH(@)-Celn() g2t fli-nl®

For any 7 > 0 and €*" < 1, it implies that € < ™7, then we deduce that

M P)~Ce(n(NP . gt il (5.3)
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The expression for the inequality (5.3) can be written as

d(‘@o(’((‘})): v (72(%))) <€ Do), 1),
& A (Po(#(9)), u(2(5))) < Doy, ), (5.4

forall 7, 2 € C[0,1] and define % (¢) = In ¢, then the inequality (5.4) can be expressed as,

In(e" @ (25(7(2)), @e(2(2))) < 1(Dioe) (10, 1)),
Ine’ +In(&(Po(#(2)), Qe 2(2)))) < (Do (20, ),
T+ F(2(Po(#(2)), Ce(2(2)))) < F (Do (2, ).

All assumptions of Theorem 2.1 hold. So, the maps &, and @, have admitted a common
fuzzy F#. Hence, (5.1) and (5.2) have a common solution. O

6 Conclusion

In this manuscript, we prove some new FJ results for two distinct families of fuzzy-
dominated mappings verifying a novel generalized locally contraction on a closed ball
in complete bMMS. New EP results for families of ordered fuzzy-dominated mappings
are also introduced for ordered complete bMMS. Also, a new concept for two families of
fuzzy graph-dominated mappings is demonstrated on closed ball in such spaces and some
novel findings for graphic contraction endowed with graphic structure presented. Finally,
to show the originality of our new findings, we prove applications to obtain the common
solution of integral and fractional differential equations. Furthermore, this article expands
upon and enhances the findings of Rasham et al. [32, 34, 35], Karapinar et al. [18], Piri et
al. [29], Moussaoui et al. [21-23] and other related research (click here for more details
[2, 12, 19, 20, 26, 30, 37, 40, 41, 43]). Our work can be further improved in the future by
investigating intuitionistic fuzzy maps, L-fuzzy maps, and bipolar fuzzy maps.
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