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1 Introduction

All graphs considered in this paper are finite, simple, and undirected. Let G = (V(G), E(G))
be a graph. For u € V(G) and a non-empty subset T of V(G), Ng(u) = {x € V(G) : ux €
E(G)} and (T') denotes the subgraph induced by T For u,v € V(G), the distance between
u and v in G, denoted by dg(u,v), is equal to the length of the shortest path between u
and v. Let K, be the complete graph on # vertices and K, ,.,,..,, be the complete k-partite
graph. The complement of the graph G, denoted by G¢, is a graph with V(G¢) = V(G) and
E(G°) = {xy:xy ¢ E(G)}.

Let H be a graph with V(H) = {x1,%5,...,x¢}. Let ¥ = {G1,Ga,..., G} be a family of
graphs and .7 = {T; C V(G;): T; #¥,1 < i < k}. The H-generalized join of the family of k
graphs .7, constrained by the family of vertex subsets .7, denoted by \/ ;; ., # producesa
graph such that the vertex set V(\/(H,y) F) = Ule V(G;) and the edge set E(\/(H,y) F) =
(Uf:1 E(G)) U (UxixjeE(H){xy ix € T,y € Tj)), see [17]. If T; = V(G,) for 1 < i <k, then

\/(H,y) Z is the H—gZilqemlizedjoin, denoted by H[G1, Gy, ..., Gk],0of G1,Ga, ..., G If G =
G;, for 1 <i <k, then H[G1, Gy, ..., G] is called the lexicographic product of H and G,
denoted by H[G]. Also if H = K;, then K;[G, G] is the join, denoted by G; V Gj, of G
and G,.

Let H' be a graph on £ vertices and Gy, Gy, ..., G¢ be a family of graphs. The generalized
corona product, H'd /\f:1 G;, of H',G1,Gs,..., G, is a graph obtained by taking one copy
of graph H', Gy, G,, ..., G, and joining the ith vertex of H' to every vertex of G;, see [9].
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If G= G, for 1 <i <, then the graph H'o /\f:1 G; is called corona product of H' and
G, denoted by H' o G. Several work has been done on the corona product of graphs and
generalized corona of graphs. This can be seen in [9, 14, 15].

Throughout this paper, all rings are finite commutative rings with unity. The nilradical of
aring R is the set Nil(R) = {x € R : X = 0, for some positive integer k}. A ring R is reduced
if Nil(R) = (0). For x € R and an ideal / of R, x + I = x is the co-set of I in R with respect to x
and Ann(x:J) = {y € R:xy € I}. If I = (0) is the zero ideal of R, then Ann(x: (0)) = {y e R:
xy = 0}. In short, we use Ann(x) instead of Ann(x : (0)). An element u of R is said to be unit
if there exists an element v of R such that v = 1. A non-zero element x of R is said to be
zero-divisor if there exists a non-zero element y of R such that xy = 0. Let Z(R) be the set
of all zero-divisors of R. For a positive integer #, Z,, denotes the ring of integer modulo 7.

Given a ring R, the zero-divisor graph of R, denoted by I'(R), is a graph with V(I'(R)) =
Z(R) and two distinct vertices x and y are adjacent if and only if xy = 0. For any two
vertices a and b in I'(R), define a ~ b if and only if Ann(a) = Ann(b). One can see that,
the relation ~ is an equivalence relation. Let A,,,A,,,...,A4 be the equivalence classes
of the relation ~ with respective representatives are a;,ds,...,ax. The compressed zero-
divisor graph, denoted by I'(R) (defined in [19]) is a graph with V(I"E(R)) = {a1,ay, ..., ax}
and two distinct vertices 4; and 4; are adjacent if and only if a;a; = 0. It is observed
in [18] that, I'(R) is a I'f(R)-generalized join of (A,),(A4,),...,(As), that is T(R) =
TE(R)[(Aay), (Asy)s--.» (Aqy)] and TE(R) is a connected subgraph of T'(R) induced by
{ai,ay,...,ar}.

The concept of an ideal-based zero-divisor graph was introduced by Redmond [12]. The
ideal-based zero-divisor graph of a ring R with respect to an ideal 7, denoted by I';/(R), is a
graph with V(I'/(R)) = {x € R\l : xy € I, for some y € R\I} and two distinct vertices x and
y are adjacent if and only if xy € I. The ideal-based zero-divisor graph I';(R) is a natural
generalization of the zero-divisor graph. Clearly, I';(R) is empty graph (that is, it has no
vertex) if and only if / is a prime ideal of R. So, throughout this paper we consider only
non-prime ideals. The ideal-based zero-divisor graphs have been studied in [2, 10, 12].

We associate with each graph G a numerical value, called the topological index of G.
This index remains invariant under the graph isomorphism. By modelling a chemical sub-
stance with a graph, we can apply these indices and obtain physico-chemical properties of
that substance solely by means of mathematical calculations without any experiments in
laboratory. The topological indices have many applications in the fields of chemical graph
theory, molecular topology and mathematical chemistry. There are several results on the
topological indices have been found in past, see for instant, [3-8, 11, 13, 15, 16, 21].

Here, we consider the following well-known distance-based topological indices.

The Harary index of a graph has been introduced independently by Plavsi¢ et al. [11]
and by Ivanciuc et al. [7], in 1993.

(i) The Harary index of G is defined as H(G) = ) m, where the summation runs over
all unordered pairs u and v of vertices of G. The Harary index has been studied extensively
in the past. For instance, see [5, 6, 21].

The hyper-Wiener index of acyclic graphs was introduced by Randic in 1993. Then Klein
et al. generalized Randic’s definition for all connected graphs, as a generalization of the
Wiener index. The Wiener index W(G) of a connected graph G is defined as W(G) =

Z{u,v}gV(G) dg(u,v).
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(i) The hyper-Wiener index of G is defined as

1 1
WW(G) = - W(G) + 5 > du),
{u,v}CV(G)

where d2(u,v) = (dg(u, v))*.

In [8], Khalifeh et al. computed the exact formula for the hyper-Wiener index of various
graph operations, including join, Cartesian product, lexicographic product. The hyper-
Wiener index has been studied extensively in the past, see some of the references [6, 8, 13].

The paper is organized as follows.

In Sect. 2, we find the Harary index of the H-generalized join of graphs. As a conse-
quence, we obtain the Harary index of the lexicographic product of graphs, join of graphs
and corona product of graphs which are given in [4]. Also, we find the Harary index of
the the ideal-based zero-divisor graph of a ring. Moreover, we calculate the Harary index
of the ideal-based zero-divisor graph of Z, and zero-divisor graph of Z,, where Z, is the
ring of integers modulo n.

In Sect. 3, we determine the hyper-Wiener index of the H-generalized join of graphs. As
a consequence, we obtain the hyper-Wiener index of the lexicographic product of graphs,
and join of graphs which are given in [8]. Further, we give a formula for the hyper-Wiener
index of generalized corona product of graphs and the ideal-based zero-divisor graph of
a ring and zero-divisor graph of a ring. Finally, we compute the hyper-Wiener index of
ideal-based zero-divisor graph of Z, and zero-divisor graph of Z,,.

2 Main results

For a non-empty subset T of V(G) and u € V(G), define dg(u, T) = min{dg(u,v):v € T}.
Note that if u € T, then dg(u, T) = 0. For the positive integers # and k with k < n, (Z)
denotes the number of ways to choose k elements from an # elements set and (kzl) =0.

2.1 Harary index of H-generalized join of graphs
In this subsection, we compute an exact formula for the Harary index of H-generalized
join of graphs.

Lemma 1 Let H be a graph with V(H) = {u1,uy,...,ux} and F = {G1,Ga,..., G} be a
family of graphs. Consider a family ¥ = {T1, T, ..., Tk} of non-empty sets such that T; C
V(G),forl<i<kand G=\/y 5 7.

(i) If H is connected, then \/ y; o) 7 is connected if and only iffor 1 < i < k, dg,(u, T;) #0,
forallue V(G)\ T;.

(i) If G=\/ y o) F is connected, then

=25 (M) e

i=1

k
1
PP min{dg, (, v), e, T5) + dg, (v, T)) + 2)

i=1 {uV)SV(GO\T;

k 1

2 :

T wevon, min{dg, (1, v),dg,(u, T;) + 2}
veT;
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1
PSP e 0, T) + dulw ) + dey (0, T)

1<i<j<k ueV(G
veV(G,)

(2.1)

Proof Proof of (i) is straightforward.
For proving (ii), let us first observe the following.
For u,v e V(G) with u # v,

2 ifu,ve T, uvé E(G),

min{dg,(u,v),dg,(u, T;) + dg,(v, T;) + 2}
ifu,ve VG)\ T,

dg(u,v) = { min{dg,(u,v), dg,(u, T;) + 2} (2.2)
ifueV(G)\ T;,veT,,

dg,(u, T)) + dp (ui uy) + dg, (v, T))
ifueV(Gy),ve V(G),i#j.

Then by the definition of G,

1
H(G)_Z Z dg(uv Z Z dGuv)

i=1 {uv}CV(G;) 1<i<j<k uev(G;)
veV(Gj)
k
1 1
DI PIFTTIED CY ]
i=1 HuCT; dGuV) wneviens 46V ey, 46 )

veT;

* Z Z dGuv)

1<i<j<k ueV(G
veV(G,)

For u,ve T},

1 ifuveE(G),
de(u,v) = (2.3)
2 otherwise.

Hence Z{u YCT; dG = |E({T)| + 1[(‘Tl) |E({T;))|]. The result follows from Equation
(2.2). O

The following result gives a formula for the Harary index of H-generalized join of graphs.
Proposition 1 Let H be a connected graph with V(H) = {u1,uy, ..., ux}. Let G1, Gy, ..., G

be a collection of graphs with |V(G;)| = v;, |E(G))| = &;, fori=1,2,...,k and G = H[G1, G2,
Gk]. Then the Harary index of G is given by

k
H(G) = %Z[(;) + gi] + Z vivjm. (2.4)

i=1 1<i<j<k

Page 4 of 17
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Proof If T; = V(G,), then \/ ; o) F = H[G1, Gy, ..., Gi] and V(G)) \ T; = . Therefore, the
2nd and 3rd terms of Equation (2.1) in Lemma 1 become zero. Hence the result follows. (I

Next, we recall the following equivalence relation defined in [1]. For a graph G, we de-
fine a relation ~g on V(G) as follows. For any x,y € V(G), define x ~¢ y if and only if
Ng(x) = Ng(y). Clearly, the relation ~¢ is an equivalence relation on V(G). Let [x] be
the equivalence class containing x and D be the set of all equivalence classes of this re-
lation ~¢. Based on this equivalence classes, we define the reduced graph H of a graph
G as follows. The reduced graph H of G is the graph with V(H) = D and two distinct
vertices [u] and [v] are adjacent in H if and only if # and v are adjacent in G. Note that
if V(H) = {[u1], [u2], ..., [ux]}, then G is the H-generalized join of ([u1]), ([#2]), ..., ([u«]),
thatis, G = H[([u1]), {[#2]), ..., ([ux])] and each [1;] is an independent subset (that is, ([u;])
has no edge) of G. Clearly, H is isomorphic to a subgraph of G induced by {uy, us, ..., ur}.
Note that G is connected if and only if its reduced graph is connected.

The following result is a consequence of Proposition 1.

Corollary 1 Let G be a connected graph and H be the reduced graph of G with V(H) =
{[u1], [42], ..., [uk]}. Then

k
1
H(G) = Z,Z:; E _VZ 1<zz<;:<k‘)lv1dH Ml] (])’

where v; = |[u;]], for 1 <i <k.

Proof As G = H[{[u1]), ([#2]), ..., {([ux])] and |E({[;]))| = O for i = 1,2,...,k, the result fol-
lows. O

The next result is an immediate consequence of Corollary 1.
Corollary 2 Let G = K, 1,,..,., be a complete k-partite graph. Then

k
H(G):in —v, Z ViV
i=1

1<i<j<k

Proof As Kyyu,..n = KilKY KT, ... ka], we have d, ([#;], [#;]) = 1 and hence the result

follows. O

Example 1 Let G = K, ,v,,.v,, Where v; = v for 1 <i < k. Then

..... vk
H(G) = — (2/<2 2 —kv - kv?).
Using Proposition 1, we deduce the following results in [4].

Corollary 3 (Theorem 3, [4]) Let Gy and G, be the two graphs with |V(G;)| = v; and
|E(G))| = &;, fori=1,2. Then H(G; v G,) = (vlvz +e1+6)+ i(vl +v)(vy + vy —1).

Proof As K3[G1,Gz] = G Vv Gg, the proof directly follows from Proposition 1. O
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Corollary 4 (Theorem 10, [4]) Let Gy and G, be two connected graphs with |V(G;)| = v;
and |E(G;)| = &;, fori = 1,2. Then H(G1[G,]) = —vlvg(vg -1)+ 2\)182 + VIH(G)).

Proof Clearly, the lexicographic product of G; and G, is the G;-generalized join of
H11H21 .. ')Hk1 where Hi = G2; for 1 = i = k. SO’ GI[GZ] = Gl [H11H21 .. -7Hk]' BY PrOPOSi—
tion 1,

H(GI[GZ]) = %[(3) + 82i| + VZH(GI)

Hence the result. O

We now observe that the generalized corona product of graphs, H'c /\f=1 G; can be re-
alized as H-generalized join of some graphs.

Let H' be a graph with V(H’) = {11, uy,...,ue} and Gy, Ga, ..., G, be a family of graphs.
We define a graph H with V(H) = V(H') U {stg41, U¢42, - - ., uze} and E(H) = E(H') U {u;u0,4; ¢
1 <i < ¢}. From the definition of generalized corona product of graphs and H-generalized
join of graphs, we have

Notel H'o /\le GL' ;’H[Hl,Hz,...,H[,Hg+1,H[+2,...,H2(3], where Hl‘ ’;1(1 and H[H' = Gi,
fori=1,2,...,¢.

Using Proposition 1 and Note 1, we find a formula for the Harary index of generalized
corona product of graphs.

Theorem 1 Let H' be a connected graph on € vertices and G = H'S \\_, G;, where G; is a
graph with |V(G;)| = v; and |E(G;)| = &;, fori=1,2,...,£. Then

1 Vi / 1
D

1<i<¢t L+1<i<j=<2¢
+ —_— + Vj.
z : z : ]
1<i<t dH/ Uis U 4) 1 1<i<t
C+1<j<2¢ (+1<j<2¢
i#-t i=j~€

Proof By Note 1, G = H'S /\f=1 G; = H[H\,Hy,...,Hy, Hew1, Heso, . . ., Hogl, where H; = K
and Hy,; = G;fori=1,2,...,¢ and also H is defined in the Note 1. Then it is easy to observe

that
Apy (i, u)) ifue V(H),ve VIH),1<i<j<{,
ifu,veV ¢E +1<i<?2¢,
de(u,v) = ifu,y e VIH)uv eEH)E+1 i< (2.5)
Ay (wiui—)+1  fuecV(H),ve V(H),1<i<{l+1<j<24,
A (e, uj—) +2 ifue VIH),ve VIH),L+1<i<j<2
Then

Z Z dg(z Z nguv

i=1 {u,v}CV(H,;) 1<i<j<2€ uev(H,
veV(H)
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Z 2 dG(Lv) 2 2 2 ch(uv)

dG(u v)
i=€+1 {u,v})CV(H, 1<i<j<t ueV(H;) L+1<i<j<2{ ueV(H,
veV(H) veV(H)
DD
d u,v
1<i<t ueV(H, G( )
L+1<j<2¢ veV(H)
Z 1 Vi 1
= - +& |+ E _—
2(\2 Ay (u;, u;
£r1<i<2t 1<icj<t 1 (i )
+ E V; ,—+ E
A (Ui_g, u; ’d (us, 1
£+1<i<j<20 H( it Uj— E l<i<t H' i) Aj— 15)
C+1<j<20

by Proposition 1 and Equation (2.5).

1 Vi 4 .441
) Z §[<2>+8i:|+H(H)+ Z vlv]dH/(ui—(Zruj—(Z)"'z

f+1<i<2( L+1<icj<20
+ E _— E Vi
Vj j
1<i<t dpy (i, - l) f17 1<i<t
L+1<j<2¢ L+1<j<2¢
i#-t i=j=t
Hence the result. O

By Theorem 1, we deduce the following result in [4].

Corollary 5 (Theorem 4, [4]) Let H, and H, be the graphs with |V (H;)| = v; and |E(H;)| =
&, for i = 1,2. Then the Harary index of the corona product of Hy and H, is given by
H(Hy o Hp) = H(Hy) + voH1(H:) + viHa(Hy) + 5(v2 + 3)vivy + Fvi6o, where Hy(Hy) =

1 1 , .
Z{u,‘,u;}EV(l‘h) T a1 Ho(Hy) = Z{ui,u,}gv(m) T2 and u;’s are the vertices of Hy.

Proof By the definition of corona product of H; and H,, H; o H; = H16 /\21 G;, where
G; = H, for 1 <i <v;. By Theorem 1, we have

H(H; o H)) = %[(U;) +82i| +7—[(H1)+v22 Z 1

dHl (ui—vl ) uj—vl) +2

L+1<i<j<2t
1
+ V2 ————— t V1V
el A, (ui uj_y) + 1
L+1<j<2¢
i#n

1
= H(Hy) + voH 1 (Hy) + vy Ha(Hy) + A—L[Vlvz(vz -1)]
+ Vivy + 51)182.
Hence the result follows. O
2.2 Harary index of the ideal-based zero-divisor graph

In this subsection, we compute a formula for the Harary index of the ideal-based zero-
divisor graph of a ring.
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We recall some observations and results given in [3]. We define a relation ~; on V(I';(R))
as follows. For x,y € V([';(R)), define x ~; yifand only if Ann(x : I) = Ann(y: I). Clearly, the
relation ~; is an equivalence relation on V(I';/(R)). Let A,;,Ag,; ..., Ay, be the equivalence

classes of the relation ~; with respective representatives are ay, as,.. ., d.

Observation 1 The subgraph (A,,) induced by A,, of T'1(R) is either complete or totally
disconnected (that is, it has no edge). In fact, (A,;) is complete if and only sz,ziz eland (A,)
is totally disconnected if and only if a? ¢ I.

The ideal-based compressed zero-divisor graph FIE (R) of R is a graph with V(F,E(R)) =
{a1,a3,...,ax} and two distinct vertices 4; and a; are adjacent if and only if a;a; € 1.
In [3], it is observed that, ['/(R) is a ['¥(R)-generalized join of (A4, ), (As,),---» (Ag; ), that

is,
T/(R) =TT (R)[(Aa) (Auy)s - (Ag)] (2.6)

and FIE(R) is a connected subgraph of I';(R) induced by {a;,a5,...,ax}.
We recall the following results in [3].

Lemma2 ([3]) Forx,y € V(I'[(R),x~;yin V(I'[(R)) ifand only ifx ~y in V(F(?)), where
the relation ~ is defined on V(F(?)) in the introduction.

Lemma 3 ([3]) Leta € V(FIE(R)). Ifx € A,, then the co-set x + I C A,. In particular, A, is
the disjoint union of |Az| co-sets of I and |A,| = |Az||1|, where Az is the equivalence class of

a under the relation ~ defined on V(F(?)).

Now we are ready to give a formula for the Harary index of the ideal-based zero-divisor

graph of a ring.

Theorem 2 If1 is an ideal of R and H = T'¥(R), then the Harary index of T1(R) is given by

()= 3 <|AZ| |1|> . % 3 (|Aaé||1|)

1<i<k 1<i<k

alel a¢l

HI Y AgllAg]——— ( 1
1<i<j<k H ”a]

where a;’s are the vertices of H.

Proof Let G =T';(R). Then

H(Tu(R)) Z >

i=1 {u,v}CAg;

Z Z dG(u PR (2.7)

1<i<j<k u€Aq;
veAu

dG(u N
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Note that the first term of Equation (2.7) is divided into two terms, that is

> i T g S T

i=1 {u,v}CAg, dG(M’ V) 1< <k {u,v}CAg; 1<z<k{u VICAg, dG s V)
a; 2el a; 2¢1
By Observation 1, it is clear that
1 ifu,veA,,a? €l
do(u,v) = | 2 ifu,veAy,a? ¢l, (2.8)
du(ai,a;) ifu eAal.,veAa/.,i;«!j.
Therefore
[Agl\ 1 [Ag | 1
H(T;(R)) = L - ! A
@)=Y (53 2 (5 T e
1<i<k 1<i<k 1<i<j<k
al.zel a?é[
Hence by Lemma 3, the result follows. O

In particular, if 7 = (0) is the zero ideal of R, then the following result gives a formula for
the Harary index of the zero-divisor graph of R.

Corollary 6 Let R be a ring and H = TE(R). Then

Agl) 1 (14 1
H(F(R)):Z< ) >+§Z( ) )+ Z |Aai||Aaj|m;

1<i<k 1<i<k 1<i<j<k
a?:O u%;!o

where a;’s are the vertices of H.

Proof 1f I = (0), then |I| = 1 and I';(R) = I'(R). Hence by Lemma 3, |[Az| = |A,4 |, for 1 <i <
k. Therefore, the result follows from Theorem 2.

O

2.3 Hararyindex of I'/(Z,)
In this subsection, we find the Harary index of I'/(Z,) and I'(Z,), where Z, is the ring of
integers modulo .

Let n = p{'p3* - - p;* be a composite number and m = p}' p}? - - - p* be a proper divisor
of n, where p;’s are distinct prime numbers. If / is an ideal of Z, generated by the element
m, then it is well known that, the quotient ring ~ n>g7,.

It is observed in [3] that T'}(Z,) = FE( ") X FE( m). Also, it is proved in [20] that a €
V(I'E(Z,,)) if and only if a is a proper divisor of m. For a € V(I'E(Z,,)), we define S(a) =
{k € Zy, : gcd(k, m) = a}, where gcd(k, m) is the greatest common divisor of integers k and
m.

We recall the following results in [3, 18, 20].

Proposition 2 ([20]) For a proper divisor a of m, |S(a)| = ¢(%), where ¢ denotes Euler’s
totient function.
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Lemma 4 ([3]) Fora e V(I'E(Z,,)), |A4| = ¢(%)|I|.

Lemma 5 ([18]) Let a;,a; € V(TE(Z,,)) with i #j and H = TE(Z,,). Then
dula;, a)) € {1,2,3}, for all a;,a; € V(TE(Zy)),i 7).
(i) mlaa; < dy(ai, a;) = 1 & aa; € E(TE(Zyy)).
(it) mt a,a; and ged(a;, a;) # 1 < dy(a;, aj) = 2.
(itd) m 1t a;a; and ged(a;, a;) = 1 < dy(a;, a;) = 3.

It is observed in [3] that I'/(Z,) = TE(Z)[{Aay)s (Aay ) - -5 (Ag )]
Using the above results, we find the Harary index of I';(Z,,).

Theorem 3 If1 is an ideal of 7, generated by m, then the Harary index of T'[(Z,)is given

by
- 3 (1) 13 (D) e 3 o 2)o(2)

mla; mia; m|a;a;
1 Z " m " m 1 Z 8 m " m
+ = — — |+ = — — 11
2 fare; a; a; 3 fare; a; a;
gcd(ul‘,la/)#l gcd(al‘,luj/)ﬂ

where a;’s are the proper divisors of m.

Proof Note that if a|m, then m|a? if and only if 42 is the Oth element of Z,,. Hence the
result follows from Theorem 2, Lemmas 4 and 5. O

As the zero ideal I = (0) of Z, is generated by the Oth element # of Z,, we have the
following result.

Corollary 7 The Harary index of I'(Z,) is

H(M(Z) - Z (¢(2“£f)) + %Z (¢(2‘%)) P> ‘f’(aﬁi)‘p(aﬁ;)

nla; na; nlaiaj
+ = — —)+= — — ),
2 ot a; a; 3 oy a; a;
ged@ia) 1 ged(aiay)=1

where a;’s are the proper divisors of n.

o] 02

Proof Clearly, the zero ideal I = (0) is generated by the Oth element 1 = p{' p52 ... p;* (= m).
As T'/(Z,) = T'(Z,) and by Theorem 3, the result follows. O

3 Hyper-Wiener index of H-generalized join of graphs
In this section, we find a formula for the hyper-Wiener index of H-generalized join of
graphs. We first recall the following result in [3].

Proposition 3 ([3]) Let G1,Ga,...,Gx be the graphs with |V(G))| = v; and |E(G;)| =
&, for i = 1,2,...,k. Let H be a connected graph with V(H) = {x1,%2,..., %} and G =
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H[G, Gy, ..., Gkl. Then the Wiener index of G is given by

k
W(G) = Z[Z(;) - ei] + Z v,-v/dH(xi,x/).
i=1

1<i<j<k

The following result yields a formula for the hyper-Wiener index of H-generalized join
of graphs.

Proposition 4 Let H be a connected graph with V(H) = {uy,uy, ..., ux}. Let G1, Gy, ..., G
be a collection of graphs with |V(G;)| = v;, |E(G))| = &;, fori=1,2,...,k and G = H[G1, G2,
.»Gk). Then the hyper-Wiener index of G is given by

k

WW(G) = %Z(vﬁ - gsl) + % > vl dn(ui,w) + d}y (i, w)). (3.1)

i=1 1<i<j<k

Proof By Proposition 3, it is enough to find ) (I CV(G) de(u, v). Note that, let u,v € V(G)).
If uv ¢ E(G)), then dg(u,v) = 2 and if u € V(G)), v € V(G)), with i #j, then dg(u,v) =
d(u;, uj). Therefore

k
Z dé(u, V) = Z dé(u, V) + Z Z dé(u, V)
{uv}CV(G) i=1 {uv}cV(G)) 1<i<j<k ueV(G;)
VEV(G]')
k b,
i 2
= 2[4(2> - 38,-:| + Z vividy (ui, uy).
i=1 1<i<j<k
Hence the result follows. O

The following results are a direct consequence of Proposition 4.

Corollary 8 Let G be a connected graph and H be the reduced graph of G with V(H) =
{[ua], [u2), ..., [ux]}. Then

3k
WW(G) = 5 Z(Uiz — Ui) + % Z vivj[dH([ui], [Ml]) + djz_l([btl], [Ml])],
i=1 1<i<j<k
where v; = |[u;]|, for 1 <i <k.

Proof As ¢g; = |E({[u;]))| =0 for 1 <i <k, the result follows from Proposition 4. (I

Corollary 9 Let G = K, 1,,..,., be a complete k-partite graph. Then

k

WW(G) = % Z(vlz —v)+ Z ViV,

i=1 1<i<j<k

In particular, WW(G) = % Zk (v} - ) + H(G).

i=1
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Proof As Ky, vy,..p = Kk[Kjl,Kfz, . ..,Kjk], we have d, ([#;], [#;]) = 1 and hence the result
follows. O

The following results in [8] are a direct consequence of Proposition 4.

Corollary 10 (Theorem 3, [8]) Let H and G be connected graphs with |V(H)| = vy,
|E(H)| = &1, |V(G)| = v, and |E(G)| = &;. Then

3 4
WW (H[G]) = v; WW (H) + 3V |:v§ —Vvy — 582].

Proof Let V(H) = {u1,uy,...,u,,} and Gi,Gy,...G,, be a collection of v; graphs with
V(G| = n;, |E(G;)| = m;, for 1 <i <v,.Clearly, H[G] = H[G}, Gy, ..., Gy, ], where G = G;,
for 1 <i <v;. Therefore, n; = v, and m; = &5, for i = 1,2,...,v;. By Proposition 4,

WW(H[G]) = %[Zl [2(’;‘) — mii| + Z ninjdH(ui, M,):|
i=1

1<i<j<v;
1 1 nj 2
+ 3 : 4 0 )~ 3m; | + Z nindy (ui, up) |.
i=1 1<i<j<v;
Hence the result follows. 0

Corollary 11 (Theorem 2, [8]) Let G and H be the graphs with |V (G)| = v, |E(G)| = &1,
|V(H)| = vy and |E(H)| = &5. Then

3 3 3 3
WW(GVH)= 51)12 + ivg — 289 —2€1 — 51)1 - 5‘)2 + V1Vg.
Proof As Ky[G,H] = GV H, the proof directly follows from Proposition 4. O

Next, let us find the hyper-Wiener index of generalized corona product of graphs.

Theorem 4 Let H' be a connected graph on € vertices and G = H'S \|_, G;, where G, is a
graph with |\V(G))| = v; and |[E(G))| = &;, for i = 1,2,..., L. Then the hyper-Wiener index of
G is given by

WW(G) = % Z I:Viz -V — %8{| + WW(H/) + % Z vjdH/(ui, u,-_g)

1<i<t 1<i<t
(+1<j<2¢
ij—t
1 2
t3 E vidyy (ui, wj_g) + E v+ E v
1<i<t 1<i<t 1<i<t
t+1<j<2t e+1<j=<2¢ t+1<j=<2¢
it i#—t i=j—t
1 5
2
+ 3 E VideH/(Mi—Z: uj—[) + 2 E ViV/’dH’(ui—(quj—E)
L+1<i<j<2t L+1<i<j<2¢

+3 Z ViV

C+1<icj<2t
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Proof By Note 1, we have G = H'S /\f:1 G; = H[H1,H,,...,Hy,Hy 1, Hy.o,. .., Hyy], where
H; = K; and Hy,; = G; fori=1,2,...,£ and also H is defined in the Note 1. Then the first
term of Equation (3.1) in Proposition 4 is equal to % Zlgse 2 -v - %ei] and the second

term of the Equation (3.1) is

1
5 > viylde(u,w) + dg(w,w)]

1<i<j<2¢

= %[ Z [dg(ui, uy) + de(ui’ u,)]

1<i<j<t

+ Z V; [dg(u,-, u) + dé(ui, uj)] + Z viv/[dc(ui, u) + dé(ui, uj)]]
1<i<t Lr1<icj<2t
C+1<j<2¢

- % |: Z [dH/(ul-, w) + dz, (u;, u,')]

1<i<j<t

+ Z vj[dH/(ui, uig)+1)+ (dH/(u,», Uj_g) + 1)2]
uﬂ%%zz

+ Z viv,»[(dH/(u,'_g, u}'_g) + 2) + (dH/(Mi_g, lzt/‘_g) + 2)2]]

L+1<i<j<2¢

by Equation (2.5). (3.2)

Therefore

WW(G) = % Z (Uiz -V — §8i> + %( Z dH’(uiruj) + Z dlz_l/(ui, MI)

1<i<t 1<i<j<t 1<i<j<t
2
+ Z vi[dp (i wizg) + 1] + E Vi (A (i i) + 1)
1l<i<t 1<i<t
C+1<j<2¢ +41<j<2¢
§ : Z 2
+ Uivj[dH/(Mi,g, uj,[) + 2] + Uivj[dH/(Mi,g, uj,[) + 2] )
C+1<icj<2t C+1<icj<2t
3 4
== Y |- 36|+ WW (H')
C+1<i<2l
1
+ 5 E UjdH/(ul', l/l];[) + E Vi + E v
1=<i<t 1<i<t 1<i<t
t+1<j<2t e+1<j=<2¢ t+1<j=<2¢
izj—t i#j—t i=j—L
§ : 2 Z
+ [ v/dH,(ui, Ml;() +2 v/dH/(ui, l/l];[)
1=<i=<t 1<i<t
L+1<j<2¢ C+1<j<2¢
i#j—t i#—t
+ § : i+ E V/’:| + |: E vividy (Uig, tj_g) + 2 E uiv,»:|
1<i<t 1<i<t L+1<i<j<20 L+1<icj<2t
+1<j=<20 +1<j=<20

ij—t i=j-t

Page 13 of 17
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+[ Z vividsy (i-g, tj—g) +4 Z vividp (tie, tj—g)

O+1<icj<2( C+1<icj<2l
+ 4 E Vi vj:|> .
L+1<icj<2t
Hence the result. O

The following result is a direct consequence of Theorem 4.

Corollary 12 If H, and H, are two graphs with |V (H;)| = v; and |E(H,)| = ¢; for i = 1,2,
then the hyper-Wiener index, WW (H; o H3), of the corona product of H, and H, is given
by

WW (Hy)(1+ )% + 3v1[va? — vy — 265] + v 2W(H)(1+ v) + (1% = 1) (1 + 3v5) + v4].

Proof By the definition of the corona product of H; and Hs, H; o Hy = H16 /\lvzl1 G;, where

G; = H, for 1 <i <v;. By Theorem 4, we have

3
WW (H, o Hy) = 31, (f) ~ i) + WW(H) + Sva[2W(H))

V2 2 2
+ > E dHl (i Uj_g) + (v1 - vl)vz + V1Vg
1<i<¢
e+I<j<2t
ij—t

1
"'51122 Z d12-11(ui—buj—l)

L+1<i<j<2¢

5 Vi
+ 51}22 Z dHl(ui—buj—l) + 311%(2)‘

L+1<i<j<2¢

Hence the result follows. O

3.1 Hyper-Wiener index of an ideal-based zero-divisor graph
In this subsection, we give a formula for the hyper-Wiener index of the ideal-based zero-

divisor graph of ring.

Theorem 5 If [ is an ideal of R and H = T'E(R), then the hyper-Wiener index of T1(R) is
given by

W) - 3 (|Aa£| |1|> 3y (IAaéllll)

1<i<k 1<i<k
ael a¢l
1 2 2
+ Ml (Z \Azil|Ag | [d(as @) + d¥y(aia))] ),
1=<i<j<k

where a;’s are the vertices of H.
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Proof Let G = T';(R). By Equation (2.6), we have G = FIE(R)[(Aul), (Agy)s.o .5 (Ag)]. Then

WW/(G):%[Z > [dg(u,v)+d2G(u,v)]]

1<i<k {u,v}gAal.

+ = dG(u V) + d? c(u,v) (3.3)
5L Z X I

1<i<j<k u€Aq;
veAaj

Note that the first term of the Equation (3.3) is divided into two terms, that is

[Z > ldewv) + diwn)]+ > > [dolu,v)+dguv )]]

1<i<k {u,v}CAg; 1<z<1< {uviCAg;
azel a; 2¢1

By Observation 1 and Lemma 3, we have

W) - 3 (|Aa£| |1|) 3y (IAﬂéIIII)

1<i<k 1<i<k
aZel a¢l

AT ot diun)

1<i<j<k u€Ay;
veAaj

Hence the result follows. O
In particular, if 7 = (0) is the zero ideal of R, then we have the following result.

Corollary 13 IfR is a ring and H = T'E(R), then

w(r®) =3 (' ) 3% <|Aal|>

1<i<k 1<i<k
a?=0 ar#0
1 2
+5 2 MallAg[dutas a) + dijasa)] ),
1<i<j<k

where a;’s are the vertices of H.

Proof 1f I = (0), then |I| = 1 and I';(R) = I'(R). Hence by Lemma 3, |Az| = |A,,], for 1 <i <

O

k. Therefore, the result follows from Theorem 5.

The next result gives the hyper-Wiener index of the ideal-based zero-divisor graph of
the ring of integers modulo 7.

Theorem 6 IfI is an ideal of 7, generated by m, then

vt B0 S (D) (5 A

mla; m|a;a;

Page 15 of 17



Balamoorthy et al. Journal of Inequalities and Applications (2024) 2024:34 Page 16 of 17

S E ) T )

m‘fﬂia]‘ m{’aia/‘

ged(a;,a)#1 ged(aja;)=1
where a;’s are the proper divisors of m.

Proof Note that if a|m, then m|a? if and only if a? is the Oth element of Z,,. Hence the
result follows from Theorem 5, Lemmas 4 and 5. O

As the zero ideal I = (0) of Z,, is generated by the Oth element n of Z,, we deduce the

following result.

Corollary 14 The hyper-Wiener index of I'(Z,,) is

WW (T (Z) = Y <¢(2“£")) +3) (¢(2§,.)> > ¢<§)¢(aﬁ)
a?

nlatz nlaja; !
n n n n
a; a; a; ﬂ}'
n‘\’aiaj n’(aiaj
ged(aj,aj)#1 ged(ajaj)=1

where a;’s are the proper divisors of n.

Proof Clearly, the zero ideal I = (0) is generated by n = p{'p3*...p{* (= m). As I'[(Z,) =
['(Z,), we have |I| = 1. By Theorem 6, the result follows. O
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