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1 Introduction

In the past few decades, a noteworthy interest in FP theory has been directed to inter-
changing recent metric FP results from the usual MSs to some generalized MSs, like quasi-
MSs usually called b-MSs introduced by Bakhtin [3] and Czerwik [8]. The class of strong
b-MSs lying between the class of b-MSs and the class of MSs was introduced by Kirk and
Shahzad [16]. As compared with b-MSs, strong b-MSs have the advantage that open balls
are open in the induced topology and, hence, they have given many properties that are sim-
ilar to the properties of classic MSs. In 1965, Zadeh [32] introduced the notion of fuzzy
logic. In the theory of traditional logic, some element does or does not belong to the set,
but in fuzzy logic a number from the interval [0, 1] expresses the affiliation of the element
to the set. Zadeh started to research the theory of fuzzy sets (FSs) in order to deal with
the issue of indeterminacy, which is a real problem that is fundamentally characterized by
uncertainty. The concept of the FM was given by Heilpern [13] and for fuzzy contraction
mapping in a metric linear space, a theorem was proved by him that is a fuzzy generaliza-
tion of Banach’s contraction principle. Many authors such as Banach [4], Benavides et al.
[5], Ciric [7], Kirk [17], Meir and Keeler [18], Nadler [23], Subrahmanyam [26], and Suzuki
[27, 28] proved theorems in which every contraction mapping was a continuous function.
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Then, in 1968, Kannan [15] was the first who introduced the contraction mapping that
was not necessarily continuous.

Fuzzy common FPs for generalized mappings were obtained by Abbas et al. [1], fuzzy
FPs and common FPs were established by Azam et al. [2] and fuzzy FPs for FMs were
constructed by Estruch and Vidal [10] and Frigon and O’Regan [11]. Isik et al. [14] and
Mohammadi et al. [19-22] have established valuable fixed-point and common fixed-point
results using various contractive conditions for fuzzy and nonfuzzy mappings in the gen-
eralizations of metric spaces.

Also, some other authors [24, 25, 30, 31] worked on the existence of FPs and common FPs
of FMs satisfying a contractive-type condition. Fuzzy theory has been applied in several
fields, for example quantum physics, nonlinear dynamical systems, population dynam-
ics, computer programming, fuzzy stability problems, statistical convergence, functional
equation, approximation theory, nonlinear equations, and many others.

Theorem 1.1 [15] Suppose (S,d) is a complete MS, and 0 : S — S is a mapping. If there
exists xe|0, %), satisfying

d(0s,0u) < x{d(s,@s) + d(u,@u)},

for all s, ueS, then 0 has a unique FP reS and for any seS the sequence of iterates {6"s}
converges tor.

After Kannan, Chatterjea [6] also proved a theorem with contraction mapping not nec-

essarily continuous.

Theorem 1.2 [15] Suppose (S,d) is a complete MS, and 0 : S — S is a mapping. If there

exists xe[0, %), satisfying
d(0s,0u) < x{d(s,@u) + d(u,@s)},

for all s, ueS, then 0 has a unique FP reS and for any seS the sequence of iterates {6"s}
convergestor.

Further, Gornicki [12] introduced various extensions of the Kannan FP theorem. He
proved the following results:

Assume ¢ denotes the class of functions that satisfy the condition ¢ = {¢ : (0,00) —
[0,3) : $(t,) — 5 implies £, — 0 as n — oo}.

Theorem 1.3 [12] Suppose (S, d) is a complete MS and 6 : S — S is a mapping. Also, as-
sume there exists pel such that for each s, ueS with s # u,

d(0s,0u) < ¢(d(s, u)){d(s, 0s) + d(u,Gu)}.
Then, 6 has a unique FP reS and for any seS the sequence of iterates {0"s} converges to r.

In 2021, Doan [9] extended the results in [12] for a class of contractive mappings in
strong b-MSs. He proved a new version of FP theorems for single-valued and multivalued
mappings by combining the results in [15] and [29].
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Theorem 1.4 [9] Suppose (S,w,0) is a complete strong b-MS witho >1and T :S — S

is a mapping. Assume there exists ¢pe¢ such that for each s, ueS with s # u,
w (0s,0u) < ¢>(zzr(s, u)){w(s,@s) + w(u,@u)}.

Then, 0 has a unique FP reS and for any seS the sequence of iterates {0"s} converges

tor.

In this article, we obtained the idea from [9] and extended it to [6, 29]. We prove
FP theorems for single-valued FMs in strong b-MS by combining the results in [6]
and [9].

2 Basic concepts

We recall some results and concepts, which are necessary to understand our results.

Definition 2.1 [16] Suppose S is a nonempty set and ¢ > 1. A mapping @ : S x S —
[0, +00) is called a strong b-metric on S if

sb1) w(s,u)>0,Vs,ucsS;

shy) w(s,u)=0iff s = u;

sb3) w(s,u) =w(u,s)Vs,uesS;

sby) w(s,u) <wl(s,t)+owl(t,u),Vs,utecs.
Then, (S, ,0) is called strong b-MS.

Theorem 2.2 [29] Suppose (S,d) is a complete MS and T : S — S is a mapping. Define a

nonincreasing function ¥ : [0,1) — (%, 1] by

1, 0§x<@
V) = 1-ax? B <xc2 i

(1+x)x71, 27 <x<1.

Assume that there exists x € [0,1) such that r(x)d(s,0s) < d(s,u) implies d(0s,0u) <
xd(s,u) for all s,u € S. Then, 0 has a unique FP r € S and for any s € S, the sequence of
iterates {0"s} converges tor.

Definition 2.3 [16] Suppose (S, @ ,0) is a strong b-MS, {s,} is a sequence in S, and s € S.
Then,
(i) Iflim,_ oo @ (sy,s) =0, then {s,} is called convergent to s. This means lim,, o S, = §
ors, — sasu— 00,
(i) If limy, 00 @ (S, Sm) = O, then {s,} is called a Cauchy sequence (CS) in S.

(ili) Ifevery CSin S converges in S then (S, @, o) is complete.

Proposition 2.4 [16] Suppose (S, @ ,0) is a strong b-MS and {s,} is a sequence in S. Then,
(i) If {su} convergestose Sand u €S, then s = u.

(i) Iflimy—ooSy, =S €S andlim, ooty =u €S, then limy, ;0o @ (S, Uy,) = @ (s, 1).
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Figure 1 Graph of FS B(x) 1

1—lx—4 2<xx<6
B(x) = 2

0o otherwise

Proposition 2.5 [16] Suppose {s,} is a sequence in strong b-MS (S, @ ,0) and
oo
> @ (s 5m41) < +00.
n=1

Then, {s,} isa CSin S.

Definition 2.6 [32] Suppose S is any arbitrary set and a function A : S — [0,1] is a FS.
The functional value A(s) is called the grade of membership of s in A. The collection of all
FSsin S is denoted by F(S).

The a-cut of A is denoted by A, and is defined as follows:

Ay = {S;A(S) >aifae (0,1]}.
Example 2.7 Consider a FS B defined by the following membership function:

1- 'x;”, when 2 <x < 6;
B(x) =
0, otherwise.

ES B can be seen in Fig. 1.
Here, for any « € (0, 1], the «-cut of B is

B, = [2(1 +a),2(3 - oz)].
Definition 2.8 [13] Suppose (S,d) is any MS and P is an arbitrary set. 6 is called FM if
0 : W — F(S) is a function, i.e., 6(p) € F(S) for each p € P.
Example 2.9 Let P =[-9,9] and S = [-4,4]. Define T : P — F(S) by

x2 +y?
100 °

Th(x)(y) =

Then, T; is a FM. Note that T;(x)(y) € [0,1], for all x € P and y € S. The graphical repre-
sentation T1(x)(y) showing the possible membership values of y in T;(x) is given in Fig. 2.
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Figure 2 Graph of fuzzy mapping T; 2 4.2
g . Y mapeing i XA 9<x<o-4<y<4

Ty(xy) ==

Figure 3 Graph of fuzzy mapping T»

Example 2.10 Let S = [-3,3]. Define T, : S — F(S) by

sin? xcos? y

Tr(x) () 3

Then, T, is a fuzzy mapping. Note that T,(x)(y) € [0,1], for all x,y € S. The graphical
representation v = T5(x)(y) showing the possible membership values of y in T5(x) is shown

in Figure 3.

Definition 2.11 Suppose (S,d) is a MS and CB(S) denotes the collection of all nonempty,
closed, and bounded subsets of S. Consider a map H : CB(S) x CB(S) — R. For C,E €
CB(S) define

H(C,E) = max{sup d(c,E),supd(e, C)},

ceC ecE

where d(c, E) = {infd(c, e) : e € E} is the distance of ¢ to meet E. This H is a metric on CB(S)
is called the Hausdorft metric induced by the metric d.
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Definition 2.12 Let (S, @, K) be a strong b-MS. Let 6 : S — F(S) beaFM on S:

H([Qs]aes,[eu]aw)zmax{ sup d(s,[0ulq,,), sup d([@s]aes,u)},

56[9510193 ue[@u]ueu

where H is the Hausdroff metric on F(S) induced by @, [0s]a,,,[0ula,, € F(S) and
d(S, [Lu]aLu) = infue[Lu]aLM w(sr u)

Lemma 2.13 [2] Suppose (S,d, b) is a b-MS. Then, for C,E € CB(S),

(i) d(c,E)<H(C,E),ceC;
(ii) Fore >0 and c € C, 3e € E such that

d(c,e) <H(C,E) +¢.

Theorem 2.14 Suppose (S,d) is a complete MS. If 0 : S — F(S) is a continuous FM such
that [0s),, and [0uly,, are closed and bounded subsets of S satisfying

H([05)ag,» 000y, ) < x{d(s, [05)ay,) + d (1, [0ulay, )}
Vs,u €S, where 0 < x < % Then, 0 has at least one FP.

3 Main results
In this section, we establish our main results.

Theorem 3.1 Suppose (S,w@,0) is a complete strong b-MS and 0 : S — S is a mapping.
Suppose there exists ¢ € ¢ such that for each s,u € S with s # u,

w (0s,0u) < qb(w(s, u)){w(sﬁu) + af(u,@s)}.
Then, 0 has a unique FP r € S and for any s € S the sequence of iterates {0"s} converges tor.

Proof Fix sy € S and define a sequence {s,,} in S by s,,,; = s, for all integers n > 0. Assume
that there exists # such that s, = s, then s, is a FP of 8. Therefore, suppose that s,,1 # s,
for all n > 0. Set w,, = @ (s, sy+1) for all n > 0. By hypothesis, we have

Dpe1 = O (Spats Sne2)

=w (95}1: 95n+1)

IA

¢(w(sn:sn+1)) {w(sm 95n+1) + w(sn+lr esn)}

1
< i{w(smesn+l) + w(sn+1: Gsn)}

= _{w(sn;5n+2) + w(sn+l;5n+l)}

2k

< ﬁ{w(smsnﬂ-l) + 0@ (Sue1,Sns2) }

1
= ﬂ {w(s,,, 95;«) + Uw(sn+11 95n+1)}

1
= (@, +tomu)

2k
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Hence, @, < @, for all n > 0 and so {w,} is monotonic decreasing and bounded below,
so there exists 1 > 0 such that

lim @, = 7.

n—00
Let n > 0. Then, by hypothesis,

w(5n+1:5n+2) = ¢(w(sm Sn+l)) {w(sm Sn+l) + aw(si’l+17 Sn+2)}: Vn = 0,
which deduces

D1 < (@ )@y + 0Ty}

This implies that —2#L— < ¢(zm,,) for all n > 0.

Dp+0Wp4+1

By letting n — oo, we obtain lim,,_, 5, ¢(w@,) < ﬁ, and since ¢ € ¢ thisin turn gives n = 0.
Hence, lim,,_, o, @, = 0.
On the other hand, for positive integers m, n with m # n we obtain

1
@ (Sne1s Sme1) < (@ (15 Sm) ) {@ (15 Sns1) + 0@ (Sys Sma1) | < 2 @n+ 0@} =0,

as n,m — 00, so {s,} is a CS in S. By the completeness of S, there is r € S such that

lim,,_, 0 S, = 1, since

w (0r,r) < w(0s,,0r) + cw (0s,,1)
< ¢(w(sn,r)){w(s,,,9r) + w(r,an)} + 0@ (Sys1,7)

w(@r,r) < ¢(w(s,,,r)){w(s,,,0r) + w(r,sml)} + 0w (Sps1,7)

implies @w (fr,r) — 0 as n — oo.
Hence, 6r = r. Assume 7 is another FP of 6. By hypothesis,

@ (r,7) = @ (Or,07)
< ()| (1, 07) + @ (7, 0r)}
= (@, D) {w (r,7) + & (7, 1)}
= 2¢(w (r,7)) {w (r,7)}

and hence

(1-2¢(w (r,7))w (r,7) <0.
Since (1 - 2¢(@ (r,7))) #0, then @ (r,7) = 0 and so r = 7. Hence, 0 has a unique FP r € S. O
Example 3.2 Suppose S ={1,2,3} and let w : S x § — [0, +00) by

o(1,1)=w(2,2) =@(3,3) =0,

o(1,2)=w(2,1) = é,

Page 7 of 19
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ow(1,3)=w((3,1) =7,
@(2,3)=w(3,2) = 2.
Then, (S,@,0 = 2) is a strong b-MS, but it is not MS, because 7 = @ (3,1) > @ (3,2) +

w(2,1) = % Let6:S— Sby#dl=1,602=1,03 =2, and the function ¢ € ¢ given by
o(t) = tsin(z), t > 0 and ¢(0) € [0, %). Then,

1 1
@ (61,62) =@ (1,1)=0< = sin(g) =¢(w(1,2){=(1,02) + w(2,01)},
1
@ (62,63) = (1,2) = = < 14sin(2) = ¢ (@ (2,3)){@(2,03) + w (3,62)},
1 252 .
w(03,01) =w(2,1) = C< sin(7) = ¢ (@ (3, 1)){w (3,01) + w(1,63)}.
Therefore, 0 satisfies all the conditions of Theorem 3.1. Hence, 0 is a fixed point of 6.

If we take o = 1 in Theorem 3.1, the strong b-MS is a usual MS, then we obtain the
following corollary.

Corollary 3.3 Suppose (S,d) is a complete MS and 0 : S — S is a mapping. Assume there
exists ¢ € ¢ such that for each s,u € S with s # u,

w(0s,0u) < ¢(w(s, u)){w(s,@u) + w(u,@s)}.
Then, 0 has a unique FPr € S and for any s € S the sequence of iterates {0"s} converges tor.

Theorem 3.4 Suppose (S, @ ,0) is a complete strong b-MS with o > 1 and 6 : S — F(S) is
a fuzzy map. Suppose [0s]y,, and [0ul,,, are closed and bounded subsets of S such that

H([05)ay, [0utlay, ) < Bro (s, u),
foralls,ueSandp e€|0,1). Then, there exists r such that r € [0r]y,, .

Proof Lets; € [6’s0]%0 , with [931]“951 # ¢, where s € S, [QSO]%O are closed and bounded
subsets of S. By using Lemma 2.13, 3s; € [051]%1 such that

@ (51,52) < H([GSO]OZQSO’ [951]%1) +B. (3.1)
Now, 3 s3 € [952]%2 for [932]%2 # ¢ are closed and bounded subsets of S such that

@ (52,53) < H([051]a,,  [052)s, ) + B (32)
Given the contracting condition implies:

w(sy,53) < B (w (s1,82) + ﬂZ,
@ (5353) < Ho ([052]aey» 0530, ) + 7,

< Bw(sy,83) + ,33~
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By utilizing (3.2), we obtain

@ (s3,51) < BB (s1,52) + B°] + B°,
< BPw (s1,5) + 28,
< B*[H(050)uysy» 1052, ] + 2%,
< B*[Bw (s0,51) + B] +28°,
< BPw (s0,51) + B> +28°,

< BPw (s0,51) + 38°.
Generally,
@ (Sn,Sne1) = B (s0,51) + np".
For convenience, we set @ (s, $,:+1) = @y, S0 it is possible to write the above result as
w, < B"wo +np". (3.3)
Consider positive integers m, n. Without loss of generality we suppose that m > n. Now,

mn-l (<) (Sm—l» Sm)'

2
@ (S1ySm) < @ (Suy Spa1) + O (Spa1s Spa2) + O W (Sps2,Sp43) + -+ + 0
By utilizing (3.3), we obtain

@ (SsSm) < @ (s Spa1) + O (Sya15Sne2) + sz(sn+2:5n+3)

bt Um—n—lﬁm—lw_(smil,sm) + O_m—n—l(m _ l)ﬂm—l
<B"@o(1+Bo + (Bo) +(Bo)+---+ am_”_lﬁm_"_l) + Ziai_”ﬁi
and hence

m-n-1 m—i
(S, Sm) < ﬁwo[%} + Zioi_"ﬁi.

In the limiting case, m,n — oo,
@ (SyySm) = 0.

This implies that {s,} is a CS in S. The completeness of S implies that there exists r € S
such that s, — r. We will now demonstrate that r is a FP of 0. By utilizing Lemma 2.13,

@ (1, [07)ay,) < @ (r80) + 0@ (50, [07]ay,)
= w(r, Sn) + UH([GSn—l]agsn_l ) [Qr]ay,)

<@ (r,s,) + o fw (5,-1,7),

when n — oo, @ (r,[0r]y,,) < 0. Thus, r € [6r]y,, and, hence, risa FP of 6. O
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Example 3.5 Consider a set S = {3,4,5}. A mapping @ : S x S — [0, 00) defined by
o (4,3)=2=w(3,4),
w(3,5)=3=w(5,3),
w(5,4) =6=w(4,5),
w(5,5)=w(3,3)=w(4,4) =0

is a strong b-metric. The triplet (S, @, o = 5) is a complete strong b-MS.
For any « € (0, 1], define a mapping 6 : S — F(S) and 6(s) : S — [0, 1] by

%) t= 3;
03)(t) = %, t=4,

o, t=5;

%, t=3,4
0(4)(t) =

o, =5,

o, t=5;
0(5)(¢) =

%, t=3,4

and

[03]0193 = {t €S: 9(3)(t) = (X} = {5},
[95]0((.)5
[04]uy, = {£€S:0(4)() > a} = {5}.

{teS:6(5)(t) > a} = {5},

Then,
H([03]uys, (0410, ) = H({5},{5}) = 0,
H([04]p,» [054,5) = H({5},15}) = 0,
H([63]uyss [05aps ) = H({5), {5}) = 0.
We also have,

0= H([Gs]a(qgr [94']a94) =< ,Bw(gr 4') = 2,8,
0

H([63)ugs 105]ays) < Ber(3,5) < 36.
0 = H([05)ays, [041ay,) < B (5,4) < 6B.

Thus, all hypotheses of Theorem 3.4 are satisfied and r = 5 is a unique FP of 6.

Corollary 3.6 Suppose (S, @) is a complete MS with and 0 : S — F(S) is a fuzzy map.
Suppose [05y,, and [0uly,, are closed and bounded subsets of S defined as

H([Gs]%, [Gu]agu) < Bw (s, u),

forall s,ueSandp €[0,1). Then, there exist r such that r € [0r],,.
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Theorem 3.7 Suppose (S, @ ,0) is a complete strong b-MS with o > 1 and 6 : S — F(S) is
a fuzzy map. Suppose [0Sy, and [0uly,, are closed and bounded subsets of S defined by

H([05]ag: [0%ay,) < B[ (s, [0%ay,, ) + @ (1, [05ap,) ] (3.4)
foralls,ueSandp €[0,1). Then, there exist r in S such that r € [0r]q,,.

Proof Suppose {s, : n € N} is a sequence such that s,,1 € [Gsn]%n. By using Lemma 2.13,
for each 57 € [QSO]QGSO, ds, € [051]“051 such that

@ (s1,82) < H([eso]a(gsOr [931]a951) +B,
< Bl@ (0, 051]as, ) + @ (51, [050]ags, )] + B>
< Bl@ (s0,52) + @ (s1,51)] + B,

@ (s1,52) < B (so,52) + B.
By using sba,

@ (51,52) < Bw (s0,51) + Bow (s1,82) + B,

(1-Bo)w(s1,82) < @ (s0,81) + B,

B B
(l—ﬁa)[w(so'sl)+ 7(1_,30), (3.5)

@ (s1,52) < y@ (s0,51) + ¥

@ (51,52) <

Here, y = 5 where B € (0, 1), then y € (0, 1) By using Lemma 2.13 again,

o

(1-Bo) ﬁo

w(52,53) =< H([952]a952) [051]01951) + By,
[ S1, 952]%52) + w(Sz; [esl]agsl)] + By,

B
Bl (s1,53) + @ (52,082) ] + By,
<p

IA

IA

[w(51:53 ] +By.
By using sba,

@ (s2,53) < Bl (s1,%2) + o (s2,83)] + By
=B (s1,8) + Bow (s2,83) + By,

(]- - ,30')@'(52,53) = lgw(slrSZ) + IBVJ

= w(sy,83)= LZU(Ssz) +

(1-Bo)

=yw(sy,83) + )/2'

By
(1-Bo)
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By using (3.5),

w(s2:53) = ﬂ[w('gO:Sl) + )’] + )/27
= y?@ (s0,51) + 2,

=  @(s2,83) = yzw(so,sl) + 27/2-
Generally,
w(snrswrl) =< ynw(SOrsl) + Vl)/n- (36)

To show {s,,}32, is a CS, let m,n € N with m > n @ (s, Sy) < @ (Sp> 1) + OD (Sps1,Sne2) +

"Lty ($y-1, Sm)- By using (3.6), we have @ (s, $,,) < y"@ (s0,51) +

@ (50,51) + 0 (m+ 1)y + 029" 2w (s, 51) + 02 (m+2)y" 3+ +5

O’2ZU(S,,+2, Sn+3) +---t0

n+l m-n—1

ny"+oy ymlx

@ (50,51) + 8™ Y(m — 1)y™ L.

1- m-n—1 m-1 ) )
(oy) ] . Zial_ny/’~

@ (S Sm) < Vnw(so,sl)[
l-0oy

i=n

Taking m,n — 00, = @ (s, 8,) = 0. Hence, {s,} is a CS in S. Since S is complete, so Ir € S

such that s, — r.

w(r, [Or]aer) <w(rs,) + ow(s,,, [Or]aer),
<@(rs,)+ UH([GSH—I]agan ’ [er]dgr);

<@ (r,5,) + 0B[@ (501, [07)s,) + @ (1, (050110, )]
as n— 00 = w(r,[0rly,) <0.Hence, r € [07],,,, i.e., r is the FP of 6. O

Corollary 3.8 Suppose (S, @) is a complete MS and 6 : S — F(S) is a fuzzy map. Suppose
[05]y,, and [0uly,, are closed and bounded subsets of S defined as

H([05)ap,» [0%ay,) < B[ (5, [0%]y,,) + @ (1, [05]ay,) ]
foralls,u e Sand g €0, %). Then, there exists r in S such that r € [07]q,,.

Lemma 3.9 Let (S, ,0) be a strong b-MS and [Cla., [Ela; € F(S). If H([Clac, [Elaz) >0
then for each g > 1 and c € [Cly,. there exists e € [Ely, such that

w(ce) <gH([C]aC, [E]aE).

Proof Using the characteristics of infimum, with & = (g — 1)H([Cly, [Elw;) > O there exists
e € [E]q; such that

w(c,e) < w(c, [E]aE) + €.
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On the other hand, by the definition of H([Cla., [Elaz)s
@ (¢, [Elug) < H([Clac [Elu ).
This deduces
w(c,e) < g.H([Claes [Elay)- O

Theorem 3.10 Suppose (S, @, o) is a complete strong b-MS and 6 : S — F(S) is a FM. Sup-
pose [05]y,, and [0uly,, are closed and bounded subsets of S and there exists x € (0,k) with
0<kc< % and a € (0,1] satisfying ﬁw(s, [05],,) < @ (s,u) implies H([0S]y,,, [0u]a,,) <

@ (s,[05)ay,) + @ (1, [01t) oy, )}, for all s,u € S. Then, 0 has a unique FP r € S. Moreover, for
each s € S the sequence of iterates {0"s} converges to r.

Proof Assume sy € S and choose s; € [950]%0.

Step 1. If H([Gso]agso, [951]%1) =0 then [Gso]%0 = [6‘31]%1. 6. Thus, s; is a FP of 6. If
H([Qso]agso , [«9s1]0@51 ) > 0, by Lemma 3.9 then for each g > 1, there exists s, € [931]05951 such
that

@ (s1,52) < ng([GSO]O[gSOI [051]ag, )-

Step 2. Similarly, ifH([Osl]o%1 , [952](;1952) =0 then [6?s1]0(051 = [0s2]0%2. Thus, s, is a FP of 6.
If H([Hsl]a{,SI, [932]%2) > 0, by Lemma 3.9 then for each g, > 1, there exists s3 € [0s;]
such that

Afsq

@ (52,53) < 82H ([051]ay,, » 05210, )-

Step n. Continuing in this manner, if H([6s,_1] s [054)ay,,) = 0. Thus, s, is a FP of 6. If
H([an—l]aesn,l , [Gs,,]%n ) > 0,by Lemma 3.9 then for each g, > 1, there exists 5,41 € [05,]

such that

05,1

sy

ZD'(S,,, Sn+1) < gnH([gsn—l]aesn_l ’ [esn]agsn )

The above process continues, if at step k satisfying H ([951<—1]a95k_1 s [Gs/(]aGSk) =0, then s; is

a FP of 0. If not, we obtain two sequences {s,} and {g,} such that s, € [Gsn,l]o,(,xn_1 , 8> 1
and

ZD'(S,,, 5n+1) < gnH([gsn—l]agsml ) [esn]a(;s” ); Vn = 1. (37)

Since ﬁd(sn,l, [95,,,1]“95”_1) < ﬁd(sn,l,sn) < @ (s,-1,5,) and by hypothesis, we obtain

H([an—l]agsﬂ_l ’ [esn]agsn) = x{d(sn—b [an—l]agsn_l) + d(S,,,, [esn]aQSn )}

= x{d(sn—lrsn) + d(smsrul)}' (3.8)
From (3.7) and (3.8), we have

w(snyszﬁl) <gnx{w(sn—1ysn) + w(sn:s;ﬁl)}'
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We can choose g, = 1;‘ > 1 with x € (0,k) and 0 < k < % Then, we obtain @, < ﬁwn_l,
where Tkk <1and w, = w(s,,$,+1). Thus, @, < (ﬁ)"wo for all » > 1. Hence,

k )"
< 4+00.
1-k

By Proposition 2.5, {s,,} is a CS in S. Since S is complete, 3 r € S such that lim,,_, oo 5, = 7.

oo oo
E oy, < Wy E (
n=1 n=1

Now, we show that for any n > 0, either

1
—w(sn: [gsn]ags ) = w(sn:r) or —lw(s;ﬁl’ [65n+1] ) = w(5n+1: r)~ (39)
" o+

o+1 HOsne1

Arguing by contradiction, we suppose that for some # > 0,

1 1
@ (swr) < —= 5w 05uleg,,)  OF @ (sn1,7) < —— (01, O5nles, )
Then, by the triangular inequality, we obtain

@y = @Sy, Sns1) S @ (S, 7) + O (S41,7)

1 o
1 d(snr [gsn]aQSn) + ﬁd(«snﬂx [95n+1]o¢95n+1)

1 o
=< w(smsn+l) +
o+1 o

1 w (Sn+l: Sn+2)

< wy.
This is a contradiction. Hence, by hypothesis for each # > 0 and from (3.9), either

H([an]aesn» [Qr]aw) < x{d(s,,, [Osn]agsn) + d(r, [Qr]aw) }, (3.10)

or

H([95n+1]a95m1 ’ [Qr]ugy) = x{d(swrb [95n+1](x95n+1) + d(rr [er]a@,) } (311)

Then, either (3.10) holds for infinity natural numbers # or (3.11) holds for infinity natural
numbers #n. Suppose (3.10) holds for infinity natural numbers 7. We can choose that in
that infinity set the sequence {#n;} is a monotone strictly increasing sequence of natural
numbers. Therefore, sequence {s,, } is a subsequence of {s,} and

d(r, [9’”]%,) < d([esnk]aes,,k ,r) + UH([QSnk]ores,,k , [97]%,)

< @ (swsrs7) + Kafd(smn, 05 irlan, ) + A 07)a, )},

which is equivalent to

l+ox 2

@ (Sp+1,7) +
X

X
ZD'(SnkQ,I").

d(r, [0r]ay,) < T on

=7z
By taking limits on both sides of the above inequality, we obtain d(r,[0r]y,,) = 0. This
means that 7 € [07]g,,. If (3.11) holds for infinity natural numbers #, by using an argument
similar to that of above we have r is a FP of 6. Suppose 7 is another FP of 6, then 0 =
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1
o+l

d(r,[0rly,,) < @ (r,7) and by hypothesis,

H([07)ay,» 107)ay;) < 2{d(r, [07)ay,) + (7, [07)a;) |
<x{d(r,r) +d(,7} =0

and so H([07]y,,, [07]a,;) = O implies [07],,, = [07]q,, means r = 7. Hence, 6 has a unique
FPreS. 0

Example 3.11 Consider aset S ={2,3,4}. A mapping @ : S x S — [0, 00) defined by
w(2,3)=1=w(3,2),
w(2,4)=4=w(4,2),
@ (3,4)=1=w(4,3),
@(2,2)=w(3,3)=w(4,4) =0

is a strong b-metric. The triplet (S, @, o = 4) is a complete strong b-MS.
For any « € (0, 1], define a mapping 6 : S — F(S) and 6(s) : S — [0, 1] by

%, t=2;
02)t) =, t=3;
L, t=4,
¢ =24
0(3)(t) = { 2
o, =3,
o, =3
0(4)(t) = [
g, t=24
and
(02]0y, = {t €S:02)(t) = a} = {3},
[03]ays = {£€S:003)(t) > a} = {3},
(0414, = {t €S:0(4)(t) > a} = {3}.
Then,
H([02]ugy, [03]ay5) = H({3},{3}) = 0,
H([03]ays, [04]a4) = H({3},{3}) =0,

H([02)ayy» [04]ay,) = H({3},{3}) = 0.

On the other hand, since

@ (s, [05]ay,) < @ (s, 0),

gl = Q
A= =

@ (2,[02],) < @ (2,u),
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foranyu € S and

= H([Gz]aggr [93]a93) < x{w( [92]0592) ( [93](193)} X,
0 = H([02]upy, [04]0ps) < 2{ (2,[02]0y,) + @ (4, [04]0y,) } = 2,

then éw(Z, [02]a,,) < @(2,u) implies H([02]y,,,[0ula,) < *H@(2,[02],) +
@ (4, [0uly,,)}, for all u € S. Again, since 0 = %w(B, [03]ay;) < @(3,u) holds for all u € §

and

=H([93]0‘93’[92]0‘02) Sx{w_(g [93]0193) (2 [92]“82)} %
= H([03ugs: [04as0) = 5{ (3, 03ag5) + o (4, [040y) } =

then w(3,[03,) = () implies H(O3luy ulsy,) < *(w(E[630us) +
@ (4, [0u]a,,)}, for all u € S. Finally, by & £ = zzr(4 [04]4,,) < @ (4,u) forall u € S and

94

H([04)apr [03)ags) < x{@ (4, [04)0y,) + @ (3,03]ay) } = 50
} =

([94]0‘64’ [92]‘)’02) S {w( [94]0564) ( aé}Z) 2x’

then é

@ (4, [0tt]q,,)}, for all u € S. Thus, all hypotheses of Theorem 3.10 are satisfied and r = 3

@ (4, [04]ay,) = @(4u) implies H([04]ay,, [Ouly,,) = x{or(4,[04]a,) +
is a unique FP of 6.

4 Applications
Here, we find FPs for multivalued mappings with the help of our results obtained in The-
orems 3.4, 3.7, and 3.10.

In the following, CB(S) denotes the collection of all closed and bounded subsets of S.

Theorem 4.1 Suppose (S, ,0) is a complete strong b-MS with o > 1 and A : S — CB(S)
is a multivalued mapping such that

H(A(s),A(w)) < B (s, u),
foralls,u €S and B € (0,1). Then, there exists r such that r € A(r).

Proof Consider an arbitrary mapping B: S — (0, 1]. Define a FM 6 : S — F(S) as follows:

B(s), ifgeA(s)
0, ifg & A(s).

6(s)(g) =

Then, for s € S,

[66)],,, = {g€S:06)(@) = o = BE)} = Als).

Now, since H([# (S)]ae(s) , [0 (u)],,,e(u)) = H(A(s), A(u)), Theorem 3.4 can be applied to obtain
required FP of A in S. d
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Theorem 4.2 Suppose (S, ,0) is a complete strong b-MS with o > 1 and P : S — CB(S)

is a multivalued mapping such that
H(P(s), P(w)) < B (s, P(w)) + @ (u, P(s)), (4.1)
foralls,u €S and B €0,1). Then, there exist r in S such that r € P(r).

Proof Consider an arbitrary mapping Q: S — (0,1]. Define a FM 0 : S — F(S) as follows:

Q(s), ifgeP(s)

7] =
W) 0, ifgéeP(s)

Then, for s € S,
[06)],, = {2€5:06)@ = 2y = Q)} = )

Now, since H([0(5)]ay ) [0(#)]ay,,) = H(P(s), P(4)), Theorem 3.7 can be applied to obtain
the required FP of Pin S. O

Theorem 4.3 Suppose (S, ,0) is a complete strong b-MS and A : S — CB(S) is a multi-

valued mapping. Suppose x € (0,k) with 0 < k < % satisfying ——w (s, As) < @ (s, u) implies

o+l

H(A(s),A(n)) < x{w (s, A(s)) + @ (u,A(n))}, for all s,u € S. Then, A has a unique FP r € S.
Moreover, for each s € S the sequence of iterates {A"s} converges to r.

Proof Consider an arbitrary mapping P: S — (0, 1]. Define a FM 6 : S — F(S) as follows:

P(s), ifgeA(s)
0, if g ¢ A(s).

0(s)(g) =

Then, for s € S,

[9(3)]0%) = {g € S:0(s)(g) > ap(s) = P(s)} = A(s).

Now, since H([Q(s)]ae(s), [Q(M)]ae(u)) = H(A(s),A(u)), Theorem 3.10 can be applied to ob-
tain the required FP of A in S. g

5 Conclusion

FP theory is a useful theoretical tool in diverse fields, such as logic programming, func-
tional analysis, artificial intelligence, and many others. In 2021, Doan [9] extended the re-
sults in [12] for a class of contractive mappings in strong b-MSs. He proved new versions
of FP theorems for single-valued and multivalued mappings by combining the results in
[15] and [29]. In this article, we obtained the idea from [9] and extended it to [6] and [29].
We have established FP theorems for fuzzy and nonfuzzy mappings in complete strong
b-MS by combining results [6] and [9] and the obtained results are furnished with in-
teresting and nontrivial examples. Moreover, some other contractions are also applied to
find fuzzy and nonfuzzy fixed points. Some results for FMs and multivalued mappings are
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incorporated as corollaries and as applications. Moreover, other direct consequences are
obtained as well. We hope these existence results will provide an appropriate environment
to approximate further operator equations in applied science.
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