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1 Introduction
David Hilbert proved Hilbert’s double-series inequality without exact determination of
the constant in his lectures (see [14]) and proved that if {a}5.; and {b,}5°, are two real
<ooand 0< )

sequences such that 0 < >°° < 00, then

mlm nln

b o0 3/ oo 3
< 2 ») . 1.1
n=1 m=1 m+n i (; am) (; ”) ( )

In 1911, Schur [27] discovered the integral analogue of (1.1), which became known as the

Hilbert integral inequality

/ /Oofx+y dxdy<7r(/ fz(x)dx>1</ooog2(y)dy)% (1.2)

for real functions f and g such that 0 < [, f2(x)dx < 00 and 0 < [;~ g?(y)dy < co. The
constant 7 in (1.1) and (1.2) is the best possible constant factor.

In 1925, by introducing a pair of conjugate exponents (p,q) (p,g > 1 with 1/p + 1/g =1)
Hardy [13] gave an extension of (1.1) as follows. If p, ¢ > 1 and a,,, b, > 0 are such that
0<Y > ay<ooand 0< Y o2, bl < 0o, then

ST

0o 00 ﬂmbn T =) , 0 . %
szmfsinl X;ﬂm lebn : (1.3)
P \m= n=
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Hardy and Reisz [14] proved the equivalent integral analogue of (1.3)

/0 0o Xx+y Tary B <smp(/ fp(x)dx) (/0 gq(y)dy) (1.4)

for nonnegative functions f and g such that 0 < fooo fP(x)dx < oo and 0 < fooo g1(y)dy < oo.
The constant factor 7/ sin(rr/p) in (1.3) and (1.4) is the best possible. In 1998, Pachpatte
[17] gave a new inequality close to that of Hilbert: Let a(s): {0,1,2,...,p} C N — R and
b(®): {0,1,2,...,q} € N — R with a(0) = b(0) = 0. Then

2\ & Jagllby | 2 )\
Yoy = Ca)| Y p-s+ )IVal

s=1

q 3
x (Z(q—z? + 1)|Vb19|2> , (1.5)

¥=1

where

1
Vas=as;-as,.1 and C(p,q) = EA/pq.
In 2002, Kim et al. [15] proved that if A, u > 1 and a(s): {0,1,2,...,p} C N — R and b(9):
{0,1,2,...,q} C N — R with a(0) = (0) = 0, then

1

S |as||bs | *
ZZ = QW“) <D*(hi,prq) Z(p_erl)'V“S'

s=1 9=1 LS M +AD  u s=1

1
m

q
X (Z(q—z?+1)|ng|“) ) (1.6)

where

1 a-1  p-l

prqr.

Vas=as—as1 and D*(A,pw,p,q) =
A+

Also, Kim and Kim [15] proved the continuous analogue of (1.6): Let A, u > 1, and let f
and g be real continuous functions on the intervals (0, x) and (0, y), respectively, with f(0) =
2(0) = 0. Then

F©lg@)
/ / (A— 1(x+u 0(# D(Atp) ds dt

m

. . L
sM(x,u,x,w( [a-sirora) ([o-olewor ) (17)

for x,y € (0, 00), where

M, px,y) = Y
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In 2011, Chang-Jian et al. [8] generalized (1.5) as follows. Let p; > 1 and 1/p; + 1/p} = 1,and
let a;(s;) be real sequences defined for s; = 0,1,2,...,m; such that ¢;(0) =0,i=1,2,...,n.
Define the operator V by Va;(s;) = a;(s;) — ai(s; — 1) for any function a;(s;), i = 1,2,...,n.
Then

m m N7 1y ps

Xl: Xn: (n=30 I L [Ti lai(si)l
Up; n T pt

AT mm Sl

i=1""%
1

< l_[ (Xl:(”’li —si+1)|Vas) |pi) ! . (1.8)
i-1 \s;-1

Also, the authors of [8] proved that if /; > 1 and p; > 1 are constants, 1/p; + 1/pf = 1, and
fi(s;) are real-valued differentiable functions on [0, x;), where x; € (0, 00), such that f;(0) = 0
fori=1,2,...,n, then

_Ny ye-3i Ups hi
/xl /'xn (n Zi:l i i=1 i l—[;’lzl lfz l(si)l ds dSI
v 1 7 ¥ Noeee
o Do ML Csdpl)R

< ( [ s o d»)"_‘l (19)
i=1 WO

In the last decades, a new theory has been discovered to unify the continuous and discrete
calculi. It is called a time scale theory. A time scale T is an arbitrary nonempty closed
subset of the real numbers R. The results in this paper contain the classical continuous and
discrete inequalities as particular cases where T = R and T = N, respectively. In addition,
these inequalities can be extended to the corresponding inequalities on various time scales
suchas T = AN, > 0,and T = ¢" for ¢ > 1. Many authors studied the dynamic inequalities
on time scales. For more details about the dynamic inequalities on time scales, see [4—6,
16, 18-26, 28-30], and for applications of Hilbert-type inequalities, see [2, 9-11].

The aim of this paper is to determine assumptions for establishing some new reversed
forms of inequalities (1.8) and (1.9) on time scales by establishing some new Hilbert-type
inequalities on time scales nabla calculus. Our results will be proved by applying the in-
tegration by parts, reverse Holder’s inequality on time scales, and the reverse of mean
inequality.

The organization of the paper as follows. In Sect. 2, we present some definitions, prop-
erties, and some lemmas on time scales needed in Sect. 3, where we prove our results.
These results as particular cases where T = N and T = R give the reversed of inequalities
(1.8) and (1.9), respectively.

2 Preliminaries and basic lemmas

In 2001, Bohner and Peterson [7] defined the time scale T as an arbitrary nonempty closed
subset of the real numbers R. Also, they defined the backward jump operator as p(t) :=
sup{s € T : s < t}. For any function f : T — R, f?(t) denotes f(p(t)). We define the time
scale interval [a, b]T by [a, b]t := [a,b] N T.

Definition 2.1 ([3]) A function A : T — R is left-dense continuous or ld-continuous if it
is continuous at left-dense points in T and its right-sided limits exist at right-dense points

in T. The space of /d-continuous functions is denoted by Cy;(T, R).
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Definition 2.2 ([3]) A function A : T — R is said to be V-differentiable at ¢ € T if v is
defined in a neighborhood U of ¢ and there exists a unique real number ¥V (¢), called the
nabla derivative of ¥ at ¢, such that for each € > 0, there exists a neighborhood N of ¢ with
N C U, and

’w(p(t)) —Y(s) - wv(t)[p(t) —S]| < e‘p(t) —S’ foralls € N.

Lemma 2.1 (Chain rule for nabla derivative [12]) Let ¥ : R — R be continuously dif-
ferentiable and suppose that x : T — R is continuous and nabla differentiable. Then
Yo x : T — R is nabla differentiable, and there exists d in the real interval [p(t),t] such
that

W ox)V@®) =¥ (x(@)x" (. (2.1)

Definition 2.3 ([3]) A function A : T — R is called a nabla antiderivative of ¢ : T — R if
AV(t) = ¥ (¢) for all £ € T. We then define the nabla integral of v by

/t Y(s)Vs=A(t)— A(a) forallteT.

Theorem 2.1 ([3]) Let a, b, c € T and a, B € R, and let ¥, x : T — R be ld-continuous.
Then we have the following properties

(1) f [y () + Bx(@)Ve=a [P y(@)VE+B [ x(O)V

@ [Jyv= f,, Y ()Vt,

®3) [f w(t Vt_f 1//(t)Vt+fb Y (t) Ve,

@ | [Ly@ve < [P 1y IV,

(5) If Y () =0 forallt € [a,b]r, then f Y(t)Ve >0,

(6) Ifyr(t) > x(¢) for all t € [a, by, then f Y (V> f x(&)Vt.
Lemma 2.2 (The integration by parts on time scales [3]) Ifa, b€ T and f,g:T — R are

ld-continuous, then

b b
/ f0g" Ve =f(t)g@®)} - / Y (0g’ 6V (2.2)

Lemma 2.3 (Reverse Holder’s inequality [1]) Ifa,b e T, f, g € C4(T,R), y <0, and 1/y +
1/v =1, then

b b Lr b ) :
/lf(f)g(f)|VTz|:/ [f(r)|th] [/ lg(7)]| Vt] . (2.3)

Lemma 2.4 Leta;,b; € T, and let either ; € Cyy([a;, bi]T, (—00,0]) be nonincreasing func-
tions or Y; € Ciy([as, bilT, [0, 00)) be nondecreasing functions with y¥i(a;) =0,i=1,2,...,n
Then

&
/. | )|Vt = |vi(&)|, & € [ai, bil. (2.4)
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Proof Firstly, if ¢; € Cyy([ay, bi]T, (—00,0]) is a nonincreasing function with ;(a;) = 0, then
we see that 1/fiv(t,-) <0, and then

& &
f . f v (),

~[wi&) - vilan)] = —vi(&) = [i(&)|. (2.5)

Secondly, if ¥; € Cyy([as, bilr, [0,00)) is a nondecreasing function with v;(a;) = 0, then we
observe that ¥, (;) > 0, and then

&i §i
/ i @ve - / RO
= vi&) — Yila) = Vi) = |u(&)|. (2.6)

From (2.5) and (2.6) we get

§i
/ [v Y (6)| Vit = |9i(&),
which is (2.4). The proof is complete. d
Lemma 2.5 (Mean inequality [14]) If o;, B; >0 fori=1,2,...,n, then

b (L ap)ZE 2.7)
1_[ Zl 1'31)ZL lﬁl

Lemma 2.6 Let q; <O with 1/p;+1/q;=1,andlets;>0,i=1,2,...,n. Then

Ny Vg
]—[s”q’ > sz (2.8)
Zl p; )(n w1 Up))

Proof Applying Lemma 2.5 with «; = s; and ; = —1/g;, we observe that

- 1/g; Z:lzl silq; s Vai
l—[si 2 ~n . (2.9)
i=1 i1 Vi
Since 1/g; = 1 — 1/p;, we have that

Y lUgi=) (1-1p)=n-Y lip,
i=1 i=1 i=1

and then inequality (2.9) becomes

ﬁ $Vi Ol silq) i1 Vi
l =Ly Up) i lei

which is (2.8). The proof is complete. d
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3 Main results
Throughout the paper, we will assume that the integrals considered exist.

Now we can state and prove our results.

Theorem 3.1 Let a;,b; € T, let 0 < p; < 1 and q; < 0 be such that 1/p; + 1/q; = 1, and let
either y; € Ciy([ai, bilT, (—00,0]) be nonincreasing functions or ; € Cy([a;, bilt, [0, 00)) be
nondecreasing functions with y;(a;) =0,i=1,2,...,n. Then

/b". 5 /"1 (=X Upd 0 T Wl o o
n “ [T, - ﬂi)ql" i E—a)lq) i1 1/4i "
n b; [’iz
> ( [ e Pf[bi-p(s»]va) . 1)

i=1

Proof From (2.4) we have that for &; € [a;, b;]r,

’

&
/ e @)ve =y
and then

n n &
[T =TT T @ve. (32)
i=1 i=1 Y4

Applying (2.3) to fj’ [¥Y ()| Vt;, we observe that

& &i
_/‘ |y )| Ve > </ [y (&)

1 &
= (&i—a)% (f | (&)

L & L
) ([
aj
L,
Pini) 2i )

and then

" §i n 12 & ) p%.
H/ |y ()| Ve = H(Si—ﬂi)qi H(/ |1/f,y(ti)|prfi> . (3.3)
i=1 V% i=1 i

i=1

Substituting (3.3) into (3.2), we see that

1
”l‘wl) " (3.4)

n n 1 n Ei
[Tlvie)| =] [ -an® ]‘[( f A
i=1 i=1 i=1 V4

Applying Lemma 2.6 with s; = §; — a;, we have that

ﬁ(%‘ _ ﬂ')l/qi = (Zil(si - ﬂi)/ql-)z;l:] 1/q;
Y T = Upyr it te

i=1

Page 6 of 16
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and so inequality (3.4) becomes

(El )/ 1)2’ 1 Vi i i
]_[le él)l_ =1 lsp)q o | </ [y ¥ (&) IPth> . (3.5)

Multiplying (3.5) by (n— Y"1, 1/p;)" %=1 YPi /(3 (§; — a;)/q;) Xi=1 V4i and integrating over
& froma; to b;,i=1,2,...,n, we observe that

fbn /‘bl (}’1 " ll/p )n— ?_l 1/p; l_[l 1|%(§z)| %. ..an

(Zl l(gl a; )/q )Zl 11/gi

n

by by &i ) 17:‘
2/ / ]‘[(f \wiv(t,-)]"'wi) VE, ... V&,
ap a1 aj;
n bk N\
:H / < / |¢L,V(ti)|”’vn> VE;. (3.6)
i=1 Y% 4

s 1
Applying (2.3) to f;:’ (ffi’ [N (t,)IPiVt;)Pi VE;, we have that

b; &i pll' bi & p% b; qii
/ ( / \wiv(ti)l’”"vri> v&z( / f \wiv(ti)lpivwsi) ( / v&)

1

1 bi & ) »i
=(bi—ﬂi)‘“</ / |1/f,-v(ti)|prfiV§i) )

and then
L & ) pi,'
1_[/ (/ |1/fly(ti)|prti> V§;
i=1 vV i
i 12 b & p%
> []bi-a) 1‘[( [ |wl-V<ti>|’”fw,-vs,-) . (37)
i=1 i=1 Wi Jai

Substituting (3.7) into (3.6), we see that

[ = L Up) R P T 1))
l 1 =1 E '“Vgn
/ / (L (& - an)/g) X Vi
n 1 b & ) %
> []bi-a)® 1‘[( [ e "twivgi)”. (33)
i=1 i=1 4 i

Applying (2.2) on fabf(fff [WY () IPiVt)VE;, we get

P([wars

( / Y (r)\’j’w)gl(m / wY €)Ml ) VE

Page 7 of 16
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b;
= / | [y €N [bi - p(E)]VE (3.9)

where g1 (&;) = & — b;. Substituting (3.9) into (3.8), we obtain

/bn /bl n-yr 1l/p ) Y Vpi l_[ 1 [Wa(&)I

... V&,
i= 1(‘5 a; )/q,)zr 1Y4i Vér §
> (bi—a (/ |1p &) |P, [b P gl)]v;) , (3.10)
i=1

and then

/bn '/b1 (m=>"" 11/]0 ) L p Hlnlwl(a)' V& ... V&,

b —a;) qi (Zl (& —ai)lq; )Zz 11/g;
n b;
> lvY (&)
1/

which is (3.1). The proof is complete. a

P b, - P(éi)]vét) "

Remark 3.1 As a particular case of Theorem 3.1, if T = Ny, p(&) =& — 1, and a; = 0 for
i=1,2,...,n, then we get the reversed form of (1.8).

Corollary 3.1 Asa particular case of Theorem 3.1,if T =R, p(§;) =&;,a; =0,0< p; < 1 and
qi < 0 are such that 1/p; + 1/q; = 1, and either v; is a nonpositive nonincreasing function,
or \; is a nonnegative nondecreasing function with ¥;(0)=0,i=1,2,...,n, then

bt KTTE, &)
/ / (Z,fll e dg, ... dg,

> (/ Wi b - £ ds,) ,

i=1

1
where K = (n— Y"1, 1/p;)" L= Vpi | TTL b}

In the following theorem, we generalize Theorem 3.1 by replacing the function v;(&;)

with ¥, (&), b > 1

Theorem 3.2 Leta;,b; € T,0<h; <1,let0<p; <1 and q; <0 be such that 1/p; + 1/q; = 1,
and let ; € Cy([a;, bi]T, R* U {0}) be increasing functions with y;(a;) =0 fori=1,2,...,n
Then

/b” ) /b‘ (n= Y"1, 1p,)—Xi Vi [T, Wfi(&) VE,VE,

VT hbi—ayt (- a)lg) EEa e

n 1

bi 171
> ]‘[( / (b —p(si))(w,-”"‘l(a)w,»v(si))”"va) : (3.11)

i=1

Page 8 of 16
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Proof Applying (2.1) to I/Iih (), we get
[vl)]" =k v’ @), (3.12)

where ¢; € [p(#), £;]. Since ¥; is an increasing function, 0 < &; < 1, and ¢; < ¢;, we have from
(3.12) that

[l @) = hy! ™ @97 @)

(note that this statement holds with equality for /; = 1), and then integrating the last in-
equality over t; from a; to §;, where ¥;(a;) = 0, we observe that

&i

hi/. Wihi_l(ti)l/fiv(fi)vﬁ

&
< [t Ve = viE) - viia) - v e,

Thus
n & Bl v n i
[Tn [ vi ey @ve <[ Tw. (313)
i=1 4i i=1

Applying (2.3) to ffl’ wﬁiil(ti)tlfiv(ti)Vti, we have that

&
/ W e )V

([ ([ o s

1 &i . Pii
=& -a)% (/ (W?i_l(ti)%v(ti))plvh> )

aj

and then
H T e v
i=1 V4
n 1 & ) pli
> [ -a)% ]‘[( / (wf"‘l(t»w?(ti))”lwi) : (3.14)
i=1 i=1 Wéi

Substituting (3.14) into (3.13), we get

n . 1

s " 1 §i ) i
[TvlE) = [[mE-aa [] ( f (wf"‘l(ml/f,»ﬂt,»))“w) . (3.15)
i=1 =1 aj

Applying Lemma 2.6 with s; = &; — a;, we have that

H(%‘i a;)Va > & —a )/q)Z, g

3.16
o (Vl Zl . 1/[9 )n l 1 1/p; ° ( )
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Substituting (3.16) into (3.15), we see that

ﬁ Yli(g) > OO0 (& — ap) g Xim Vi
L (=X Up) e

xl_[h </ Yy (t))"'w) " (3.17)

Multiplying (3.17) by (n—- Y"1, 1/p;)"Zi=1 Vi (37 (&, - a;)/q;) Xi=1 /4 and integrating over

& froma; to b;,i=1,2,...,n, we observe that

/bn /bl (71 iz 11/Pz)n_ i1 Vi 1_[, 1¢f (él VE .
(Zl 1 él_ﬂ /Qz) Liaa Vai

bu b1 M & N
= [T Hhi( / (wﬁf‘1<ti)wl-v<ti))”thi) VE ... VE,
an a1 =1 aj

& A
Hh/ (/ R AV ( ))’”w) VE. (3.18)

V&,

Applying (2.3) to f:f (ffii(1/f,-hi_1(ti)wiv(ti))inti)P% VE&;, we have that

b; &i ;%
[([ e @yea) v

Loy , »
z(bi—ai)qi( / | ( / | (wffl(t,»)w,.v(n))"‘vn)va> ,

and then

" b &i p%-
I1 / | < / | (wﬁf‘l(t,»)w?(ti))""vri) VE;
i [ bi & ) p%.
> | [bi—a)% H(/ (/ (W?i_l(ti)%ﬁl-v(fi))pLVtt) V&‘) . (3.19)

i=1 i=1

Substituting (3.19) into (3.18), we see that

by b1 n— tll/l
/ f (n=3 p) P, i (&) Ve . VE,

(Zl I(Sz —aj )/q )Zz 11/gi

= [ [ a® 1_[( / " ( / ) (wﬁf‘l(ti)wm))’”fva) vsi)‘“_i. (3:20)
i=1 aj

i=1 i

Page 10 of 16
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Applying (2.2) to [ ([ (/" )y (&) VE) VE;, we get

b; &
/ | ( ] | (w?"‘l(mw?(m)”fvn) Ve,

&i hi—1 . bi hi—1 i
~ae)( [ @t @) )i - [ @u ) v

b;
_ / (b p&) (¥ €y (€))" VE, (3.21)

i

where g,(&;) = & — b;. Substituting (3.21) into (3.20), we observe that

b oy Tt T g
/ / (n I—IX:L'_1 I/Pz) P 1_[,:1 wl (&) VE, ... VE,

" hibi—ayi (i & - a)lg)Em e

n bi 17%'
> ( / (b,-—p(s»)(w,.’“l(si)wﬁ(a))”“va> :
i=1

which satisfies (3.11). The proof is complete. d

Remark 3.2 As a particular case of Theorem 3.2, if i; = 1 fori = 1,2,...,n, then we observe
that Theorem 3.1 holds.

Remark 3.3 If T =R and a; = 0, then we get the reverse of inequality (1.9) under the fol-
lowing conditions: 0 < &; < 1, g; < 0, and ¥; € C([a;, b;], R* U {0}) are increasing functions
with ¢;(0)=0fori=1,2,...,n.

Theorem 3.3 Leta;,b; € T,h; > 1,4, <0,p; = qi/(q;—1),and let ; € Cyy([a;, bi]T, R U{0})
be decreasing functions with y;(b;) =0 fori=1,2,...,n. Then

n

/b" /bl (n - Z:’:l 1/Pi)"‘2i:1 1/pi 1_[?:1 wlhz (Sz) o
o “ (Z:lﬂ(hi - si)/ql’)zlll 1/g;

£ ...V§,

" Y - Y
> ]_[ hi(b; — a;)% H(/ (p(E) - ai) ([Wi(%'t)]h' 1[—¢iv(§i)])plvé'i> . (3.22)
i=1 a

i=1 i

Proof Applying the chain rule formula (2.1) to the term I/Iihi (&), h; > 1, we get
[-v )] = kv @)[-v7 @), (3.23)

where ¢; € [p(£),£]. Since V; is a decreasing function, 4; > 1, and ¢; < t;, we have from
(3.23) that

[—Wihi(ti)]v > hilﬁfli_l(ti)[—lﬁiv(ti)],

and then by integrating the last inequality over ¢; from &; to b;, where v;(b;) = 0, we see
that

b; bi
O R GRCIEACINE /g @) Ve = )+ 6 = v 6.
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Therefore

n n b;
[Tvie=]Tn [ vi el
i=1 -1 V&

v (4)] V. (3.24)
Applying reverse Holder’s inequality (2.3) to the term
[ W e[-v T @] v
with g; <0, pi = qi/(q: = 1), f(t:) = lﬁ?i_l(ti)[—llfl»v(fi)], and g(¢;) = 1, we have that
[ W e[-v T @] v
( vn) i ( e)[-v, (n)])""vn)””
= (bi- &) % ( v ) [- v (m])”"va)
and then
‘ bi hi-1 v
\bi - (ti) —% (ti) Vi
[1] ek
n L b; et , PL;
> | |bi-&)% H(/ (v, (tt)[—%v(ti)])p‘VtO . (3.25)
i=1 i=1 \éi
Substituting (3.25) into (3.24), we get
]‘[ YiE) > ]‘[h (b~ &) ]‘[( fs v v @) ve) (326)
i=1

Applying Lemma 2.6 with s; = b; — &;, we have that

(8 (b — &) q) X Vi
b 1/q; zl
]‘[( &) = S gy

(3.27)
Substituting (3.27) into (3.26), we see that
. (Z (b — E)Ig) i Vi
1_[ I/I = Zl’:1 1/p)"* YL Upi
X 1_[1'1 (/ h l(t)[ v (t; )])p'Vt>_i. .

Multiplying (3.28) by the term

n n=3"1y 1pi n Y1 Vg
(n - 1/pi> / (Z(bl- - si)/ql)
i=1 i=1
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and integrating over &; from a; to b;, i = 1,2,...,n, we observe that

by by ”Z,ll/l
[Fo [ e, R

z 1 b &)/61 )Z’ 1 V/ai

fb" fbl n (/ v ) [~ (ti)])"thi)”livsl...vsn
Hh / (/ e[, (r)])"’w)livsi.

Applying reverse Holder’s inequality (2.3) to the term

bi /by b
/ | ( /g | (wﬁ"1(tl«)[—w7(n)])p"vn> VE;

with ¢; <0, p; = qi/(q; — 1),
1

b; pi
gE)=1, and f(&)= (/; (‘/fihi1(tt)[—1ﬁ,«v(ti)])inti> ,

we have that

b; b; Piz
/, (/&_ (‘ﬁihi_l(tt)[—lﬁgv(ti)])intg) VE;
N Y11\ Z
> (bi—a;)% i @[y (@) ini)Vi) ’
bt ([ @) v )ve

i

and then
1

H/ </ Vi@ (fz)])”"Vti)p_ivsi

n bi ; pbi B
> ( i—ﬂi)"’ H(L (/‘; (l/fflf_l(ti)[—wl-v(ti)])piVn) V&')

i=1 i=1

Substituting (3.30) into (3.29), we see that

[ [ oK S e

.. V&,
S (b — &) q;) X Vi Vé& §

b; bi ) Pii
>]‘[h(b—a I ([ e wrvrapen)es)

i=1

Applying the integration-by-parts formula (2.2) to the term

b s pb;
/. (/g (W,-hi_l(ti)[—l/fiv(ti)])pivﬁ) V§;

(3.29)

(3.30)

(3.31)

Page 13 0of 16
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with f3(&) = [ (/" (6) =y ()] Vt; and g (£) = 1, we get

b; b;
/ < /g (wﬁf‘l(ti)[—z/f?(ti)])""wi>vsi
:gs(&')</ (%hil(ti)[—%v(ti)])p’Vti) |2j
&
bi hi-1 ;
+/ S EN[vi&)]" [-v &))" Ve, (3.32)

where g3(&;) = & — a;. Since g3(a;) = 0, we have from (3.32) that

b; b;
/ | ( /E | (wﬁf1(tl«)[—w7(n)])""vn> VE;
b;
i / (o) - ) ([wie)]" -7 )] Ve (3:33)

Substituting (3.33) into (3.31), we observe that

0 = Y U R T )
/ / YL Eyigga
n 1 n bi a ll
> Hhi(bi —a;)% 1_[(/ (p(&) - ﬂi)([%(fi)]hl 1[—1//iv(§i)])plvfz) )
i=1 i=1 V&
which is (3.22). The proof is complete. d

Corollary 3.2 As a particular case of Theorem 3.3, if T =R, a;, b; €T, h; > 1, q; <0,
pi = qil(q; — 1), and ; € C([a;, b;], R* U {0}) is a decreasing function with y;(b;) = 0 for
i=1,2,...,n, then p(&) = &, and

/‘bn /bl (n— l 1 l/p )= 1 Up; 1_[ 1// (%‘L
i= l(h gl)/ql)zln 1 Vai

b; B
>]‘[h(b—a 1‘[( / & -ad([we)] [-we)) as)

i=1

de, ...d&,

Corollary 3.3 As a particular case of Theorem 3.3, if T = Ny, a;, b; € T, h; > 1, q; < 0,
pi = qil(q; — 1), and ; is a nonnegative decreasing sequence with y;(b;) =0,i=1,2,...,n,
then p(&) =& -1, and

3 e T
§n=1+ay,  §1=1+ay (Zl 1 b fl)/q )Z’ 11/ai

n n b; 17%'
> [ [rubi - ai) 1‘[( > E-ai- 1)([%(&)]""‘1[—vwi(si)])”f) ,

i=1 i=1 \§j=1+a;

where V(&) = (&) — (6 - 1).
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4 Conclusion

In this paper, we establish some reversed dynamic inequalities of Hilbert type on time
scales nabla calculus by applying reversed Holder’s inequality, chain rule on time scales,
and the mean inequality. Also, we can get the reversed form of discrete and continuous
inequalities proved by Chang-Jian, Lian-Ying, and Cheung.
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