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1 Introduction

In [1], Charles Stein introduced a powerful new method for bounding the approximation
error in the central limit theorem and other normal approximations. Let X3, X5 ..., X}, be
independent random variables with finite third absolute moments, standardized so that
EX;=0,1<i<mn, and Var(Z:?:lXi) = 1. Stein’s method vyields a characteristic function-
free proof of the Berry—Esseen theorem, i.e., that there exists an absolute constant C such
that

sup|P(W < x) - ®(x)| < Cy, (1.1)

x€R

where W =37, X;,y =Y ., E[X;?, and @ is the standard normal distribution function.
See Theorem 3.6 of [2] for a proof with absolute constant C = 9.4.

Nonuniform versions of the Berry—Esseen theorem, which are more informative than
(1.1), have also been obtained by Stein’s method. For example, Chen and Shao [3] improve
on the earlier bound of

C
P(W < %) - d)| < ——
1+ %3

from [4] and show that a similar result holds if we only assume the existence of second
moments of the Xj.

Local limit theorems, which quantify the accuracy of a normal approximation for the
point probabilities P(S = k), k € Z, when § is a sum of integer-valued random variables,
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have seldom been considered using Stein’s method. Suppose now that X;,X5...,X, are
integer-valued random variables and set S = ) " ; X;. Formally, § is said to satisfy the local

limit theorem if the quantity

(1.2)

1
A:supP(Szk)——exp{— 707
1o}

(k - p)? } ’
keZ U\/E

satisfies A = 0(1/0), where . = ES and o2 = Var(S). Here and throughout, we suppress the
obvious dependence in # of quantities such as S, 11, and o2,

To understand the requirement that A = o(1/0), observe that (1.1) gives a bound on
the difference between the distribution functions of W = (S — u)/o and Z ~ N(0, 1) that
is proportional to 073" E[X; — u;|3, where p; = EX;. In the typical situation where
Y "L EIX; - il = O(n) and 072 = O(n™!), the Berry—Esseen bound is O(1/0), and it can
also be shown that A = O(1/0) in this case. Thus the requirement that A = 0(1/0) in the lo-
cal limit theorem serves to ensure more refined information than is immediately available
from the Berry—Esseen bound.

A historical overview of local limit theorems can be found in [5], where it is noted that
they predate central limit theorems. The earliest such result, the DeMoivre—Laplace theo-
rem [6, 7], establishes the local limit theorem in the case of sums of identically distributed
Bernoulli random variables, i.e., where S is binomially distributed. In this case the defini-
tion of A in (1.2) is modified by taking the supremum over & € [0, #] N Z. The DeMoivre—
Laplace theorem is also considered in [8], where it is shown that A < 0.516/52. Chap-
ter 7 of [9] shows that under mild conditions, when S is a sum of independent integer-
valued random variables, an approximation error of A = O(1/0%) is optimal. Siripraparat
and Neammanee [10] establish the optimal error of A = O(1/52) in the case of indepen-
dent but not necessarily identically distributed Bernoulli random variables and give ex-
plicit constants in their bound. Siripraparat and Neammanee [11] generalize this work
to sums of arbitrary independent integer-valued random variables. The proofs of these
results typically involve Fourier analysis of characteristic functions.

Although Barbour et al. [12] use Stein’s method to prove local limit theorems, they con-
sider a rather more general setup, which does not restrict them to local approximation of
sums of integer-valued random variables. Consequently, the bounds they obtain are more
complicated than expected when one considers sums, and when applied to the particular
case of sums of independent integer-valued random variables, they do not yield the opti-
mal rate of A = O(1/0%), although the authors suggest how their methods can be adapted
to yield the optimal rate in this case. Fang [13] uses Stein’s method to give bounds for
the total-variation distance between an integer-valued random variable and a discretized
normal distribution, although bounds in the local metric are not considered. Barbour and
Choi [14] consider approximating the distribution of sums of integer-valued random vari-
ables by a translated Poisson distribution. They obtain nonuniform bounds in the total-
variation metric that are roughly analogous to the classical results of [4] and [3] for the
central limit theorem, although they do not consider local limit theorems.

All of the above studies involving local limit theorems consider only uniform bounds, so
that some information regarding the quality of the normal approximation of P(S = k) for
a specific fixed k is lost. In this paper, we prove a nonuniform local limit theorem when

X1,Xs,...,X, are independent but not necessarily identically distributed Bernoulli random
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variables. In this case, S = >, X; is said to be a Poisson binomial random variable and
follows a Poisson binomial distribution. Poisson binomial random variables, introduced in
[15], have been used in a wide range of contexts from finance [16], reliability analysis [17],
and machine learning [18, 19], to name a few. A survey of the Poisson binomial distribution
may be found in [20]. We now state our main result.

Theorem 1.1 Let X;,X5,...,X, be jointly independent Bernoulli random variables such
that P(X; =1)=1-P(X; =0) =p,; € (0,1), and let S= Y| X;, u = ES, and o* = Var(S). If
02> 1, then for each k € [0,n] N Z,

k—
Ce™! b
2

P(S=k)- (1.3)

L {_(k—u)2}<
o2 P T 202

o

for some positive absolute constant C.

Our proof of Theorem 1.1 uses a combination of the zero-bias transformation of [21], the
concentration inequality approach of [3], and some ideas from Chap. 7 of [2]. Our proof
may also be modified to give the classical uniform local limit theorem with an explicit
constant. Although we do not pursue this direction here, we intend to in a future note.

The remainder of the paper is structured as follows. Section 2 reviews the necessary
background in Stein’s method and the zero-bias framework required for the remainder of
the paper. Section 3 gives some auxiliary technical results needed for the proof of Theorem
1.1 in Sect. 4. The Appendix gives the proof of a lemma that is stated in Sect. 3.

2 Stein’s method
The starting point of Stein’s method is the following characterization of the standard nor-
mal distribution. If the random variable W has a standard normal distribution, then

Ef (W) - EWf(W) =0 (2.1)

for all absolutely continuous functions f : R — R with E|f'(W)| < co. Conversely, if (2.1)
holds for all bounded, continuous, and piecewise continuously differentiable functions f
with E|f"(Z)| < 00, Z ~ N(0, 1), then W has a standard normal distribution.

Intuitively, if W is approximately standard normal, then for Z ~ N (0, 1), EA(W) — Eh(Z)
should be close to zero for % in a sufficiently large class of test functions. Also, if W is in
some sense close to Z, then from (2.1), Ef'(W) — EWf(W) should be close to zero. These
two observations lead to consideration of the ordinary differential equation

f'(w) = wf(w) = h(w) - Eh(Z), (2:2)

known as the Stein equation, which may be solved for f by the method of integrating
factors. For a given choice of %, with f the solution of the Stein equation (2.2), we see
that bounding EA(W) — Eh(Z) is equivalent to bounding E{f'(W) — Wf(W)}. The latter
expectation often turns out to be easier to bound than the former, particularly when W is
a sum of random variables.

To analyze the approximation error in the central limit theorem when W is a sum or
sample mean, fix x € R, and take s(w) = 1(_s 4 (w). Then, replacing w by W and taking
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expectations, the right-hand side of (2.2) becomes P(W < x) — ®(x), which is the desired
difference to be analyzed. The class of test functions to be used for our problem is identi-
fied in Sect. 3.1.

We will use the zero-bias framework of [21], which defines a new random variable W*
on the same space as W to assess the proximity of W to a normal random variable. When
W ~ N(0,0%), the characterizing equation analogous to (2.1) is EWf(W) = o3, Ef'(W).
This motivates the following definition.

Definition 1 Let W be a zero-mean random variable with finite nonzero variance o3,. We
say that W* has the W-zero bias distribution if for all differentiable f for which EWf (W)
is finite,

EWF(W) = o, Ef' (W*).

Goldstein and Reinert [21] prove the existence and uniqueness of W*. Regarding the
zero-bias transformation as the mapping W — W*, a random variable with N(0,0,) dis-
tribution is seen to be the unique fixed point of this transformation. If W is in some sense
close to W*, then we expect W to be approximately normally distributed. Indeed, a key
step in proving the nonuniform bound for S in Theorem 1.1 is showing that an analo-
gous approximation holds for W* when W is a sum of appropriately centered and scaled
Bernoulli random variables.

An important example for our problem is when X is Bernoulli with P(X = 1) =1-P(X =
0) = p. Although EX = p, so that X* does not exist, we may calculate (X — p)* as follows.
Letting Y = X — p, which has the variance o2 = p(1 - p), we have

EYf(Y) =E[(X - p)f (X - p)] = p(1 - p)f (1 - p) - (1 - p)pf (-p)

1-p
=o[fA-p)—f(-p)l=0f | fW)du=0c}Ef (W),

P

where U is uniformly distributed on [-p, 1 — p], and thus (X — p)* 2u [-p,1-p].
A useful and easily verified property of the zero-bias transformation is that if EX = 0 and
a #0, then (aX)* = aX™ [2, p. 29]. Note now, for later use, that if X ~ Bernoulli(p), then for

o >0,

<X‘P)*~u[1,1;19} (2.3)
o o o

where U[-p/o,(1 — p)/o] is the uniform distribution on the interval [-p/o, (1 - p)/o].
The following fundamental result from [21] shows how W* may be obtained when W
is a sum of independent zero-mean random variables.

Lemma 2.1 Let &;, 1 <i < n, be independent zero-mean random variables with Var(§;) =

o}, and set W =Y, &. If Var(W) = o3, then let I be a random index independent of the
& such that P(I = i) = 0?/03,. Then

W LW g & (2.4)
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3 Auxiliary results
3.1 Selection of test functions and the Stein equation
In this section, we lay out our setup that is required to prove Theorem 1.1 using Stein’s

method. As S has mean p and variance o2

, comparing its distribution to that of a stan-
dard normal random variable is inappropriate. For a random variable W with N(u,52)

distribution, the characterizing equation analogous to (2.1) is
o Ef (W) - E[(W - )f (W)] = 0. (3.1)

Working with (3.1) and deriving properties of the solution f are more awkward than for
(2.1) and moreover do not allow us to use the zero-bias framework. For these reasons, we
temporarily reduce our problem to the zero-mean unit-variance case.

Thus, for the remainder of Sect. 3, we let W = (S — p)/o, so that W = "1 | & with & =
(X; — pi)/o and X; ~ Bernoulli(p;). Then EW =0, Var(W) = 1, and W takes values in the
set A, := {(k — p)/o : k € [0,n] N Z}. We may then write the difference to be analyzed in

Theorem 1.1 as

P(S=k) -

{ (k- M)z}
expy —

202

1
= ’p(w/ =x)— e 2| (3.2)
oA 21

1
o~/21
where x = (k — u)/o € A, with k € [0,1] N Z. Observing (3.2), we would like to select a
test function % such that EZ(W) — Ek(Z) = P(W = x) — ¢(x)/o, where ¢ is the standard
normal density function. To this end, for a given x € R, define A, (w) = L, 1 (w). Then,
forx = (k- pu)/o € A,, we have El, (W) =P(x —1/o0 < W <x) = P(W =x) = P(S = k). We
would also like to have Eh,(Z) = ¢(x)/oc when Z ~ N(0,1). Although this is not the case,
we may show, as in the proof of Lemma 4.1, that E/,(Z) is equal to ¢(x)/o plus a remainder
of magnitude O(1/c2).

Having identified the appropriate class of test functions, we are then led to consider the

corresponding Stein equation
fiw) —whi(w) = ]l(x%,x] (w) — Nh,, (3.3)

where here and throughout, Nk, := Eh,(Z), Z ~ N(0,1), and h,(w) = L(4_1/0 4 (w). Using
the method of integrating factors, the unique bounded solution to (3.3) may be written in

the two equivalent forms:
2 v 2
few)=e" 2 f (L1 (6) = NI Je " de (3.4)
—00 o’

o0
=2 f (L1 4@ —th]e‘tz’2 dt. (3.5)
w

The equivalence of (3.4) and (3.5) follows from the fact that the difference in these two
expressions is (v/ Zn)eWZ/ZE{]l(xfl,x] (Z) - Nh,} = 0.
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Expanding out the integrals in terms of &, the standard normal distribution function,

we may write f; as

(vV27)Nhe" 2[1 - d(w)], W x,
few) =1 (V2m)e” P[ow)(1 - () - D(x - L)1 - dw)],  we(x-Lx], (36)
~(v/2m)Nhe" 2D (w), w<x—L,

As h, is a bounded function and |h,(w) — Nh,| < 1 for all w, we have, by Lemma 2.4 of [2],
that |f,(w)| < +/7/2 and |f/(w)| < 2 for all w. In Lemma 3.2, we derive some more useful
bounds for f; given our specific choice of 4,. We first give a symmetry property of the

solution of the Stein equation, which is useful in simplifying some calculations.

Lemma 3.1 The solution f, of the Stein equation (3.3) satisfies
f—x+1/o (_W) = _ﬁc(w) (37)

Proof With Nh, = P(x — 1/0 < Z < x), using the fact that Z 2 _zand Zis continuous, we
have

Nh_yi1o =P(~x<Z<-x+1/0)=Px—-1/0c <-Z<x)=Px—-1/0 < Z < x) = Nh,.

Writing the solution of the Stein equation as in (3.4), i.e.,

fuw) = P2 f (L1, - N Je 2 dt,

we get that

f—x+1/a (-w) = eW2/2 / []l(—x,—er%] (t) - Nh_x+% ]e—t2/2 dt
—00
S / (L1 () — NIt Je™ " du
oo
= ewz/2 / [ﬂ(x_a;,x}(u) - th].e_”z/2 du = —f,(w)

by (3.5). O

We now give some basic bounds and properties of the function f; and the term Nk,
appearing in the Stein equation (3.3).

Lemma 3.2 For x € R, let f, be the solution of (3.3). Then
(@ 0<flw)<l,we(x-1/o,x],
(b) f is continuous, increasing on the interval w € (x — 1/0,x), and decreasing otherwise,
(c) ifo* > 1, then

[hw)| < é weR, (3.8)

Page 6 of 18
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(d) ifo?>1, then

Ce !

o

Nh,=Px-1/oc<Z <x) <

for some positive absolute constant C.
Proof The proofis given in the Appendix. d

Remark 1 Although in proving Theorem 1.1, we will choose x to be of the form x = (k —
w)lo, k € [0,n] NZ, the bounds of Lemma 3.2 hold for arbitrary x € R.

3.2 Concentration inequalities and other bounds
In this section, we derive some useful bounds and concentration inequalities that will be
used in the proofs of Theorems 1.1 and 3.1. Theorem 3.1 provides a bound on the error in
the local normal approximation of W* and is crucial in our proof of Theorem 1.1. As in
the statement of Theorem 1.1, we also assume that o2 > 1. For the remainder of the paper,
throughout the proofs, C denotes an absolute constant that may take different values in
different places.

Asin our problem W is a bounded random variable, EWY is finite for all ¢ > 1, and since
EW =0and Var(W) = 1, it is trivial that EW? = 1 for all #. Lemma 3.3 below gives a bound

on EW4, which is uniform in n when ¢ is even.

Lemma 3.3 Forall n € N, we have
EW?" < p(2m), meN, (3.9)

where p(2m) denotes the number of partitions of 2m, i.e., the number of ways that 2m may
be expressed as a sum of positive integers irrespective of order.

Proof Let P;1(2m) denote the set of partitions of 2m that do not contain 1. So (ry,...,7x) €
P1(2m) if and only if r4,...,r, € N\ {1} and Z/]le 1 =2m.

By expanding W2 and taking expectations we see that each (r,...,r;) € P (2m) gives
a nonzero contribution to EW?” of the form

k
Z 1‘[ ]Egi:f, (3.10)

(i1 yerer ik)E.Az j=1

where AZ is the set of k-tuples (i1, ..., ix) with positive integer entries of at most #, such
that no two elements of the k-tuple are the same. Since E§; = 0 for each i, we do not need to
consider the terms where any r; = 1 as these terms give zero contribution to EW?". Also,
since |§;| < 1 for each i, we have |§;|7 < 55, and so (3.10) is bounded in absolute value by
(Z:’:I Esiz)k =1

As the number of terms of the form (3.10) in the expansion of EW?>” is no more than
p(2m), we have EW?" < p(2m), as required. O

Lemma 3.4 There exists an absolute constant C such that for all n,

Ee+WD* < ¢, (3.11)
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Proof First, we show that there is an absolute constant C such that EeV” < C for all n. By

a Taylor expansion we have

o0 o0

E w2 2

Ee" =1+ <1432 (3.12)
m! m!

m=1 m=1
by Lemma 3.3. The second sum in (3.12) does not depend on #, and it converges by the
root test and the fact that lim,,,_, o, p(2m)/?" = 1 [22, Sect. 6.4]. Thus we have that, uni-
formly in #, Ee"? < C<o0.Since (1 +|W))?" <22"(1 + |W|*™), we have E(1 + |[W])*" <
max{227+1 22m+1E| 7|27} Again, applying Lemma 3.3 and the root test to the Taylor ex-

1+|W))2

pansion of Ee! give the result. O

Remark 2 As W is a bounded random variable, it is trivial that the expectation in (3.11)
is finite. However, as the support of W depends on #, the utility of Lemma 3.4 is that we
can bound the expectation by the same constant for all #.

We now give two concentration inequalities that are used in the proofs of Theorems 1.1
and 3.1.

Lemma 3.5 Foralla <b < oo,
2
Pa<W<b<b-a+—, (3.13)
o
and

1
Pla<W<b)< C(b —a+ —)ez’l (3.14)
o

for some absolute positive constant C.

Proof (3.13) follows immediately from Proposition 3.1 from [2] upon noting that since
0% > 1, we have 1.1 = 0 and 1(jg,<1) = 1, and thus since |X; - p;| <1,

n n n
1 1 1
Bsi= Y El& Lyg<n) = o3 > EIX;-pil® < o3 > EIX-pif* = —.
i=1 i=1

- o
i=1

The proof of (3.14) is similar to that of Lemma 3.1 and Proposition 8.1 from [2], and so we
only give the essential differences.

Sety =Y 1, E|&/ so that we have y =02 Y L EIX; — wil®> <03 Y L EIX; — wil* =
1/0. We observe that for each ¢ > 0, Ee!¥ < A < 00, for some constant A, which depends
only on ¢. This may be verified in a similar way to the proof of Lemma 3.4 or by applying
Lemma 8.1 of [2].

Let 8 = /2 and define

0 ifw<a-6,
fwy=3e™w-a+68) ifa-86<w<b+§,

eb-a+28) ifw>b+4,
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for which f'(w) > 0 and f'(w) > e* for w € (a — 8, b + §). Arguing in the same way as in the
lead up to (8.16) in [2], we find

EWF(W) > e (H, — H,), (3.15)

where

Hy = [Ee*V11,(W)] |:Z E|&| min(3, |‘§i|):|

i=1

and

H2 = E|:€2W

Zn:{ |6/ min(8,&;]) — E|&;| min(8, &) } H

i1
Using min(x,y) > y — y*/4« for x > 0 and y > 0, we get

n

Y Elgimin(s, l&1) > > {E&? - El& 48} = 172,

i=1 i=1

so that H > 1e**P(a < W < b).
Also, arguing as in [2], we may bound H; as H, < C§, where C is an absolute constant.
On the other hand, since 0 < f(w) < e*(b — a + 25) for all w, by the Cauchy—Schwarz
inequality we have

0 <EWF(W) < (b-a+28)(EW?)"*(EetY)"? < C(b-a+29), (3.16)

where C is an absolute constant.
Rearranging (3.15) as H; < eza]EWf(W) + H, and using our bounds for H; and H, to-
gether with (3.16) imply that
1

5e2“1>(a <W<b<Cb-a+d), (3.17)

which in turn implies (3.14) since y < 1/o. O

Remark 3 1t is easy to check that (3.14) holds in the more general case that X7, X5,...is a
uniformly bounded sequence, i.e., where there exists a constant A such that |X;| < A for
all i. If a and b are both negative, then the bound implied by (3.14) may not be useful as the
factor e™* may be large. In this case, as —W is also a sum of mean zero uniformly bounded
random variables, we have

1
Pla<W <b)=P(|b| <-W <|al) < C(b —a+ —)e’“. (3.18)
o
3.3 Local approximation of W*

We now prove a nonuniform bound concerning normal approximation of W* that forms
a key step in our proof of Theorem 1.1.
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Theorem 3.1 Ifh,(w) = Il(x_;,x](w), x € R, then

Ce

|Eh,(W*) - Nh,| < —

for some positive absolute constant C.

Proof Throughout the proof, we write f and f” in place of f; and f;, where f, is the solution
of the Stein equation (3.3). From (3.3) we have
[Ehe (W) = Nh| = [E{f (W) = W (W) }| = [E{WF (W) - Wf (W)}
< [B(WlOn) - ()} [ )W - Wl o)
For the first term of (3.19), we use the fact there exists a random W between W and W*

such that f(W) — f(W*) = f(W)(W — W*). From (2.4), W — W* = & — &, and hence by
(2.3), [W — W*| < 1/o. Therefore we may bound the first term of (3.19) as

3
[EW[f (W) -f(W")]| < %ZEV/(V_V)WMM(W/), (3.20)
i=1

where A1 = (-00,x — 1/0], Ay = (x — 1/0,x], and A3 = (x, 00).
Since from (3.3), f'(w) = wf(w) — Nh, for w € A; and |[f(w)| = (v/ 2n)theW2/2<I>(w) in this
case, we have

E|f (W)W |14, (W) < (27 )NILE|W WeV* 2D (W)| 14, (W) + Nh,. (3.21)

As [W| < |W| + 1/o < |W| + 1, the Cauchy—Schwarz inequality, together with Lemmas
3.3 and 3.4, shows that E| wweV 2| may be bounded by the same absolute constant for
each n, since

E|WWe"*2| < EW?e WP 4 | weh w2

< EW*) 2 (B 1 (Bw2) " (B < .
Thus from (3.21) and the nonuniform bound for N/, by Lemma 3.2(d) we get

E|f' (W)W |L4,(W) < ij‘ . (3.22)

In exactly the same way, we also find

—
E|f/ (W) WL, (%) < £

(3.23)

For the second term in (3.20), as |[W — W| < 1/o and W € A, this implies W € [x—2/0,x +
1/07]. Since |f’| <1 on A;, by Lemma 3.2(a) we have

E|f' (W)W |L4,(W) < max{|x - 2/0|, |x + 1/o|}P(x - 2/c < W <x + 1/0). (3.24)
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To bound (3.24) further, we now consider three subcases according to the signs of x — 2/
and x + 1/0.
Subcase 1: x — 2/0 > 0. In this case, applying (3.14), we find

C(x + 1/o)e2x=2/) - Ce™

Bl (9w, (1)) = “E T ‘

since xe % < Ce™ for x > 0.
Subcase 2: x + 1/0 < 0. In this case, noting that [x — 2/ | = |x + 1/0| + 3/0 and applying
(3.18), we have

C|x— 2/0|e—2|x+1/a| Ce—\x\
< .

B (W)W |10 < 22 4

Subcase 3: x —2/0 <0 <x + 1/0. In this case, we have |W| < 3/o, and so using (3.13)

gives

_ _ 3/5 Ce !
E{[f (W)W |14, (W)} < ;(;) < fj ,
as |x| <2/o <2.

Considering all three subcases, we see that

E{|f (W)W [1.4,(W)) < Ci'x',

and so together with (3.22) and (3.23), by (3.20) the first term of (3.19) satisfies

Ce
<

E|W[f(W)-f(W*)]| < (3.25)

o2’
Now we focus on the second term in (3.19). We have
E|f (W) (W = W*)|[ = E[f(W*) (W = W) [Lag (W) + E|[f (W) (W = W) |1, (W").

From (3.6), |f(W*)| < (v27)Nhe™ "2 when W* € AS, and so

E[f (W) (W - W) [1ag (W) =

(v/2m)Nh, ]Ee(W*)z/z - Ce
o ~ o2

using Lemma 3.2(d) and the fact that |W*| < |W| + 1/0 with Lemma 3.4.

Also, since |[f(w)| < 1/0, we get

Ce

E[f(W*)(W - W*)|14,(W*) < %P(x—Z/o <W<x+l/o) <
o
as W* € A, implies W € [x —2/o,x + 1/0]. Hence

Ce !

Elf (W) (W -w7)| = —5-
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which, together with (3.25), shows that

Ce

’
o2

|Eh(W*) = Nh,| <

(3.26)

as required. d

Remark 4 A uniform version of Theorem 3.1, i.e., showing that there is a constant C not
depending on x such that |Ek,(W*) — Nh,| < C/a?, may be obtained in a similar manner
using, instead of (3.14), the concentration inequality P(a < W <b) <2(1 +a) ' (b—a +
(2 + v/2)/0) for 0 < a < b. The proof of this concentration inequality follows the same
basic structure as that of (3.14) and allows us to derive an explicit constant in the uniform

case.

4 Proof of Theorem 1.1
Before proceeding to the proof of Theorem 1.1, we observe that with our choice of test
functions, the result in Theorem 3.1 may be written as

1 1 Ce
Plx——<W'<x|-Plx—-—<Z<x]| < > (4.1)
o o o
Specializing to values of x of the form x = k?T“, k € [0,n] NZ, (4.1) becomes
k=p
Ce_|T|
|P(k=1<oW*+u<k)-Pk-1<oZ+pn<k)|=< > (4.2)

We define the integer-valued random variables Z,, ;> and W: ,2» which are discretizations
of 0 Z + pp and o W* + i, respectively, as

(o2

—u-1 —
P(Z, 52 =k) =P(lL <Z< k—“) keZ, (4.3)
o

-1 _
kmpn=1 e k—’“‘) ke (4.4)
o

P(W 2 =k)= P(

The result of Theorem 3.1, specialized to x = (k — u)/o, k € [0, n] N Z, may then be written
as

Ce 1521

|P(Z52 = k) =P(W}: » = k)| < -

5 (4.5)
In Sect. 3.1, our main reason for working with the normalized sums W, rather than with
the raw sums S, was to allow us to use the zero-bias framework of [21]. It is also more
straightforward to derive properties of the solution to the simple Stein equation (2.2) com-
pared to the general form in (3.1). We have now translated the results of Theorem 3.1,
regarding the centered random variables W and Z, to statements about the uncentered
random variables Z,, ;> and W:,gz in (4.5).

For the remainder of this section, we will work directly with the raw uncentered sums S
rather than with W. Now for fixed k, we define the test function g as gr(w) = L—1,(W),
so that for k € Z, Egi(S) = P(S = k).
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Lemma 4.1 If Z ~ N(u,0%) and g(w) = Lu_16(w), then Eg(Z) = (o/27) x

exp{—%} + R, where
@ IRl<— d
a ——, an

T 02/ 2me

C _jk
(b) IRl < el
o
for some positive absolute constant C.

Proof By the mean value theorem for integrals we have

N B - [ e e L
= = —e [ —
& & k-1 OA/2T o2

for some ¢ € (k — 1,k). Then with ¢ the N(u,02) density function, by the mean value
theorem

1 _tew? 1 _ew?

e 202 — e 202
oA/ 21 o2

=¢'(d)

for some d € (¢, k), as |k — c¢| < 1. As the maximum absolute value of the gradient on the
normal N(u,02) density curve is 1/(02+/2me), this completes the proof of (a).
For (b), since |te**/2| < 2.2¢7! for all £ € R, we have

1 d—u 1d-piy2 C _du
R| < /d — *7( 2 ) < ol 3 |
IR < |¢'(d)] sz(g )e < e
which completes the proof as d € (k — 1, k). d

Remark5 We will use part (b) of Lemma 4.1 to obtain the nonuniform bound in Theorem

1.1. If we only care about giving a uniform bound, then part (a) suffices.
We now give the proof of Theorem 1.1.

Proof With Ngi and R as in the proof of Lemma 4.1, by the triangle inequality we have

1 _ke=p)?
P(S=k)- e 27 | <|P(S=k)-Ng| +IR|
o T
<|P(S=k)-P(SV +1=Kk)| (4.6)
+]P(SY + 1 = k) - Ngi| (4.7)
C _ ke
+ ;3 o

where S = S — X;, and as in Lemma 2.1, I is a random index with distribution P(I = i) =
ollo?.

We now consider each term, (4.6) and (4.7), in turn.
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For (4.6), using Lemma 7.1 from [2], as in their proof of Theorem 7.1, we have

|P(S=k)-P(SV +1=k)

= %”E{ [Z(l -pi)X; —Pi):| 1S = k)} ' (4.8)

i=1

Now, for each y € N, by Holder’s inequality we have

E{ [Z(l —p)Xi - pi)} 1(S = k)} < Ei > (A -p)Xi-p)|1(S = k)]
i=1 i=1
n 2y\ 172y
< (E > (- p)(Xi - pi) ) (P(s=k)' ™. (4.9)
i=1
Arguing as in the proof of Lemma 3.3, we find
n 2y\ 172y
<1E > (1 -p)Xi-p) ) =p2y)"*o, (4.10)
i=1

where p(2y) is the number of partitions of 2y .

Now we use the concentration inequality (3.14) to bound P(S = k). In the case k # u, we
may choose € € (0, 1) sufficiently small so that (k —€/2 — u)/o and (k + €/2 — u)/o are of
the same sign. In the case that (k — €/2 — u)/o > 0, we have

k—€/2-p -

P(S:k)=P(k—e/2§S§k+e/2)=P< w

€ 1 k—€/2—
< C(— + —)e_(oﬂ),

< k+e/2—u)

o

o o

k—;/.>

and so letting € — 0%, we get P(S = k) < Cole (),
In the case that (k + €/2 — u)/o < 0, from (3.18) we get that

1 +€/2—L
P(S=k) < C(E + —)e'k - X

o o

so that P(S = k) < Cole "3,
Finally, in the case k = i, we have from (3.13) that for each € € (0,1), P(S = k) < C{(e +
1)/o},andso P(S=k) < Co~! = Co-le 3,
Hence for each k, we have
Ce "3

o

P(S=k) =

(4.11)

From (4.8) and (4.9) and our bounds (4.10) and (4.11) we get, upon upon letting y — oo
and using the fact that limyﬁoop(ZJ/)mV =1 [22, Sect. 6.4], that (4.6) may be bounded as
CeI'F|

(o

P(S=k)-P(SV +1=k)| <
2
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Now we consider (4.7). Recalling that W = > | &;, where §; = (X; — p;)/o, and W* iy
& + & with & ~ (U - p;)/o and U uniform on [0, 1], we see that

P(W* ,=k)=P(k-1<oW"+u<k)=P(k-1<SV+U <k)=P(s" =k -1),

wo? =

andso SO +1¢ W: ,2- As we clearly also have P(Z, ;> = k) = Ngi, (4.5) implies that

k—p

|P(S? +1 =k) - Ng| <

completing the proof. d

Appendix: Proof of Lemma 3.2

We will use the standard Gaussian tail inequalities

we W12 e W2
< 1-P(w) < )
(1+ w27 w21

w>0. (A.1)

We also observe that by (3.3) we may write f] as

Fi(w) = we"? f [Lo1y@ - NiyJe 2 dt+ 1, 1 () - Nh, (A2)

—we" 2 / (1 1,9®) - N Je P dt+1, 1 (W) - Nhs. (A-3)

Proof (a) In this case, ]l(x_;,x](w) =1.
Case 1: w > 0.

For all ¢ € R, we have
~Nhe 2 < [T 1.(8) - NR e < (1 - Ni)e ™™, (A.4)
so that integrating over [w, oo] gives
*° 2
~(v27)[1 - ®(W)|Nh, < f (L1 (6) = NI Je™ P dr
< (V27m)[1- ®w)](1 - Nh,).

From (A.3) we get

— (V2m)we” *[1 - d(w)](1 - Nh) + (1 - Nh,)

<fiw) < (V2m)we""*[1 - D(w) [Nk, + (1 - Nh),

from which (A.1) gives 0 <f/(w) < 1.
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Case 2: w<O.
Integrating (A.4) over (—oo, w) gives

w

~(V27)®(w)Nh, < / [ 1 (5) — NIt Je ™ dt < (\27)®(w)(1 - Nhy),

—00

implying

~(V2m)[1 - ®(|w|) Nk, < / ' [T 14 - N ]e " dt (A.5)
< (V2m)[1 - @(Iw))](1 - Nh). (A.6)
Now using (A.2) and recalling w < 0, (A.5) and (A.6) give

(v2m)we” *[1 - @(|w])](1 - Nh,) + (1 - Nh,)

<fl(w) < ~(v2m)we”"2[1 - &(|w|) [Nh, + (1 - Nh,)
or

~ (Vam)lwle”*[1 - & (|wl)](1 - Nh) + (1 - Nh,)

<fl(w) < (v27)|wle""?[1 - & (1wl) [Nk, + (1 - Nh),

and so applying (A.1) gives 0 < f(w) < 1.

(b) From (3.6) we see that f, is piecewise continuous and is easily checked to be con-
tinuous at w = x — 1/0 and w = . From (3.3) and (3.6) we get f(w) = (\/E)thwewz/z[l -
®(w)] — Nh, for w > x, and this is < 0 for w < 0 and also, by (A.1), for w > 0. Hence f, is
decreasing on (x, 00). A similar argument shows that f; is decreasing on (-00,x—1/c]. The
fact that f; is increasing over (x — 1/0,x] follows from (a).

(c) Using (A.1), we have limy,_,  fx(w) = limy,—, _oo fx(w) = 0. From parts (a) and (b) we
know that f; is continuous and increasing on the interval w € (x — 1/0,x] and decreasing
otherwise. It follows that the global maximum and minimum of f; occur at w = x and
w =x — 1/0, respectively, and so

filx—1/o) <fi(w) <filx) forallweR.

By Lemma 3.1, to show that |f,(w)| < 1/0, we may assume that x > 0. We first obtain an

upper bound for f;. We know that the global maximum of f; occurs at w = x and equals
fu(%) = V2w NIe'2[1 — ®(x)] and that

0<filx) < ( f et dt) 2, (A7)
x-1/o

Case 1: x — i > 0.

Subcase 1.1: 0 <x <o /2.
From (A.7) and the fact that 1 — ®(x) < 1/2 we have
e—%(x—%)zex2/2 ex/oe*Z%f 1/2

e
0<f(x) < = <
=) = 20 20 ~ 20

1
<-—.
o
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Subcase 1.2: x > o /2.
As1-d(x) < (x\/27r)‘le"‘2/2 and Nk, = (/2m)™! fxx—lla e 3t < (0+/27)71, we have

Nh, < 2Nh, 2 1

0<Ff(x)< < <=
<filx) < x o T o2f2r " o

aso?>1.
Case 2: x — % <0<ux,ie,0<x<1/o.In this case,

2
el/ZU

0 <fulx) < V27 NIe" (1 - D(x)) <

1
S_

o
aso > 1.

Now we obtain a lower bound for f;. The global minimum of f; occurs at w=x - 1/0,

and we have
0> filx—1/o)=—+/ 271the%("‘%)2¢(x —1/0).

Case I:x—izO.

In this case,

1 * 1.2 1 1, 142
Nh, = —/ e dt< e 203) ,
* A/ 27T x-1/o O A/ 27T

and so
1

Case2:x— % < 0 < x. In this case, using Ni, < (0+/27)"! and ®(x—1/0) < 1/2, we have

1 2 2
i(x—l/a) el/ZU el/2
— =<

20 20

lfilx—1/0)| < eT <

IA

Q|+

Considering all cases above, we see that for each fixed x € R, we have
1
iw)| <=, weR.
o

(d) We have Ni, = (v2)™" [*, e dt.
Casel:x>1.
In this case, N, < (G\/ﬁ)—le—%(x—l/a)z and e—%(x—l/a)z = pl/o?—x*/2+xlo < P < Ce™
using the fact that o > 1.
Case 2: x < -1.
In this case, Nk, < (0+/277)"1e* /2 and e /2 < Ce 1.
Case 3: |x| < 1.
Ce ¥l
o

In this case, as e € (¢, 1) and Nh, < (6+/27)7! for all #, it follows that Nk, < ¥—

for |x| < 1. O

Page 17 of 18
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