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We study the following nonlinear mass supercritical Kirchhoff equation:
f(a + b/ |Vu|2>Au +pu=Ffu) inRY
RN

where a,b,m > 0 are prescribed, and the normalized constrain fgu [ul? dx=m'is
satisfied in the case 1 < N < 3. The nonlinearity f is more general and satisfies weak
mass supercritical conditions. Under some mild assumptions, we establish the
existence of ground state when 1 < N < 3 and obtain infinitely many radial solutions
when 2 < N < 3 by constructing a particular bounded Palais—Smale sequence.
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1 Introduction and main results
In this paper, we are concerned with the existence of ground normalized solutions and in-
finitely many radial normalized solutions to the following nonlinear Kirchhoff-type prob-

lem
—<a+b |Vu|2>Au+,uu =f(u) (1.1)
RN

having the prescribed mass

/ lu|>dx =m (1.2)
RN

for a priori given a4, b, m > 0 and f satisfying appropriate assumptions.
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To find the solutions of equation (1.1), we have two different choices. We can fix u € R
and look for solutions as critical points of the associated energy functional

a b 1
L(u) = =\ Vul; + = IVully + = pllull; —/ F(u) dx,
2 4 2 RN

where F(t) = fot f(s)ds. Alternatively, we can look for solutions to (1.1) having prescribed
mass (1.2). In this case the frequency p € R is part of the unknown and will appear as a
Lagrange multiplier. Similarly to the first case, the solutions of (1.1) are critical points of
the functional

a b
100 = §1ut + {19t~ [ P (13)
2 4' RN
under the constraint
ue€Sy={ueH (RY): ul}=m}. (1.4)

This case seems particularly interesting from the physical point of view, and hence we
focus on this issue.
Recall that in the case where f (1) = |u[?~2u, Ye [1] first proposed that the mass critical
exponent for the Kirchhoff constraint minimization problem should be
p=2+ i,
N
which is the threshold exponent for many dynamical properties. The mass critical expo-
nent divides the fixed mass problem into the following three cases: the mass subcritical,
critical, and supercritical cases. At first, Ye [1] made a detailed analysis of the existence
behavior of the normalized solution in these three cases. Luo and Wang [2] considered
the multiplicity of solutions in the mass supercritical case where N = 3. Later, Ye [3] made
a further study in the mass critical case, obtaining a mountain pass critical point. After-
ward, the problem involving potentials such as trapping and periodic potentials has been
exploited and further developed in other contexts; we refer to [4—8].
Recently, normalized solutions for Kirchhoff equation with general nonlinearity at-
tracted much more attention. Chen and Xie [9] first generalized the special case to general

nonlinearities f satisfying limHOM =0 and lim;_, o Lﬂ = +00 and proved the existence

2]
£]3
and multiplicity of solutions under some mild conditions on f in the case N = 3. Under a

sequence of technical assumptions, Tang and Chen [10] studied the nonautonomous case
with indefinite potential K (x)f (1), establishing the existence of normalized solutions for
both mass supercritical and subcritical cases. More recently, He, Lv, Zhang, and Zhong
[11] considered the general nonlinearities for mass supercritical case in the dimension
1 < N < 3. To make it more precise, it is convenient to recall the following assumptions.
(Ho) f:R — Ris continuous and odd.
(H;) There exists (o, B) € R? satisfying 2 + % <a < B <2* such that

O<aF(t) <f(t)t <BF(t) forallteR\{0},

where 2* := ]3—’)’2 for N =3 and 2*:= +oo for N = 1,2.
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(H2) The function defined by E@):= f(t)t —2F(2) is of class C! and satisfies
F(t)t>aF(t) forallteRR.

In [11], under (Hy)—(H>), they obtained a radial ground state normalized solution by con-
structing a min-max structure and compactness analysis. Afterward, [12] discussed the
same results by a global branch approach. Here the normalized ground state solution is a
solution of (1.1) having the minimal energy among all the solutions belonging to S,,,.

Our aim in this paper is relaxing the growth assumptions (Hp)—(H>) in the mass su-
percritical case and extending the previous results on the existence of ground state in
H'(RN) and the multiplicity in H} (RY). Compared with the mass subcritical case, the con-
strained functional I|s,, is no longer bounded from below and coercive, and the weaker
and more natural mass supercritical assumptions make the problem more complicated.
Indeed, since the functional has no global minimum on S,,, we need to identify a sus-
pected critical level; the Palais—Smale sequences may not be bounded and have no con-
vergent subsequence in H!(RY), which brings great difficulties to our proof. Before stating
our main results, we present the following weaker assumptions on f.

(fo) f:R — Ris continuous.

() limeof(®)/|E"N = 0.

(o) limy, oo f(@®)/|t]° =0if N = 3; limHoof(t)/eV[2 =0forally >0if N =2.

() lim,_o0 F@)/|E**N = +00.

(fa) t— F(t)/|t|2+% is strictly decreasing on (—00, 0) and strictly increasing on (0, 00).

(fs) f(t)t <6F(¢) for all £ € R\{0} if N = 3.

It is not difficult to see that (Hy)—(H>) are somehow similar to those in [13]. Notice that
the first part of (H;) is the known Ambrosetti—Rabinowitz condition, which not only plays
an important role in the mass supercritical case, but also helps to obtain the boundedness
of constrained Palais—Smale sequence. Inspired by [14—16], where a Nehari-type condi-
tion is used instead of the Ambrosetti—Rabinowitz condition, we propose the weaker ver-
sions of (f3) and (f3) instead of the first parts of (H;) and (H>). In addition, (f5) is a weaker
version of the second part, which guarantees the positivity of the Lagrange multiplier x.
The following example shows that (fy)—(fs) are weaker than (Hy)—(H>). Let

1 forN=1,2,
N =
% for N = 3,
8 oanlt|*N ] s
t):=112+—])In(1 — |||~
70=| (20 )i s oy« 20 i

with the primitive function F(¢) := |t|2+% In(1 + ay). By a straightforward calculation we
can easily see that f satisfies (fy)—(f5) instead of (H7).

Theorem 1.1 Let 1 < N < 3 and assume that (fo)—(f5) hold. Then (1.1)-(1.2) admits a
ground state for any m > 0. In particular, if f is odd, then (1.1)-(1.2) admits a positive
ground state for any m > 0. Moveover, the associated Lagrange multiplier 1 is positive.

Remark 1.2 The Lagrange multiplier u > 0 is crucial to prove the compactness of embed-
ding. When N = 1,2, we only need assumptions (fy)—(fs) for this purpose.



Wang and Qian Journal of Inequalities and Applications (2024) 2024:48 Page 4 of 28

Now we briefly describe the difficulties encountered in the present paper and sketch our

strategy to find normalized ground state solutions to (1.1). Define

E,, := inf I(u), (1.5)
uePm
where
2 s N z
P = {u € Su ‘ P(u) = al|Vull; + b||Vull; - 5 / F(u)dx}. (1.6)
RN

Since P, is a natural constraint of I[s,,, by proving that E,,, > 0 we identify the possible crit-
ical level E,,. Notice that I is coercive on P, if we can construct a Palais—Smale sequence
on P, then it is bounded. To find a Palais—Smale sequence satisfying P, () = 0, we adopt
the arguments of [17, 18]. Notice that here F is not C?, so we apply the techniques intro-
duced in [19, 20]. Thus we manage to construct a bounded Palais—Smale sequence {u,,}
by Lemma 4.1. Although the work space in general does not embed compactly into any
space L”(RN), inspired by [21], we finally overcome the lack of compactness by a series of

arguments.

Remark 1.3 By the definition of E,, we can see that any minimizer u € P,, of E,, is a nor-
malized ground state solution of (1.1)—(1.2). However, despite this fact, it seems not a good
choice to prove Theorem 1.1 by solving directly the minimization problem. The main rea-
son why we choose a Palais—Smale sequence {u,} € P, instead of a minimizing sequence
of E,, is that the nontrivial weak limit # € H'(RN) with s := ||u||3 € (0,m] of minimizing

sequence may not be in the Pohozaev manifold P;.

Theorem 1.4 Let 1 < N < 3 and assume that (fy)—(f5) hold. Then the function m+— E,, is

positive and continuous, and lim,,_, o+ E,,, = +00.

Theorem 1.5 Let 2 < N < 3 and assume that f is odd satisfying (fo)—(f5). Then (1.1)—(1.2)

has infinitely many radial solutions {ux}32, for any m > 0.

To prove Theorem 1.5, we work in Hr1 (RN). Since f is odd, it follows that / is even on S,,,.
Combining this with the genus theory, we can construct an infinite sequence of critical
level E,, . Meanwhile, it is not difficult to show that E,, x is nondecreasing and positive.
Then by an argument similar to the proof of Theorem 1.1 we obtain the existence of in-
finitely many radial solutions.

This paper is organized as follows. In Sect. 2, we collect some preliminary results. Sec-
tion 3 is devoted to the proof of Theorem 1.4. The proof of Theorem 1.1 is given in Sect. 4.

«

In Sect. 5, we prove Theorem 1.5. In this paper, “:=” denotes definition; |||, denotes the
I”-norm; ||u|| is used only for the norm in H!(RY); H!(RYN) stands for the space of radially
symmetric functions in H'(RN); “—~” denotes weak convergence in the related function

space; and #~ = — min{0, #} stands for the negative part of u.
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2 Preliminaries and functional setting
In this section, we give several preliminary lemmas. For the notational convenience, we

define
Byi={ue H'(RY) | [|ul? < m)

for m > 0.
Lemma 2.1 Let 1 <N < 3. Assume that f satisfies (fo)—(f2).
(i) Forany m > 0, there exists § = (N, m) > 0 sufficiently small such that

a b
Vel <160 < all Vulls + 2 IVull;

foru € By, with ||Vu|, <38.
(i) Let {u,} be a bounded sequence in H*(RN). Iflim,_, « ||, ||2+% =0, then
(2.1)

lim | F(u,)dx=0= lim | F(u,)dx.
n—>o00 JpN n—00 JpN
(iii) Let {u,} and {v,} be bounded sequences in H (RN). Assume that

lim,,_, 5 ||u,,||2+% =0. Then

lim
n— 00

fu,)vydx=0.
RN
Proof (i) It suffices to show that there exists a sufficiently small § = §(N, m) > 0 such that
(2.2)

/ |F(u)| dx < anng for all # € B,, with || Vul|, <.
RN

If N = 3, then by (f5)—(f2)
1o 6
Ve>0,3C, >0: |F(t)| <elt]3 +Cltl°.

For any u € B, by the Gagliardo—Nirenberg inequality we deduce

10
/ |F()| dx < llull  + C. ul
R3 3
< eCm3 |Vul? + C.C'||Vull§

2 ,
= [eCm3 + C.C || Vull3]IIVul3,

where C,C’ > 0. Then we derive (2.2) by taking
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IfN =2, thenlet y := . For any ¢ > 0, by (fy)—(f,) there exists C. > 0 such that |f(¢)| <

m+1°
lt]® + C‘gltlsewzl2 for all ¢ € R. Since

t t
/ 5e ™2 gy = lt‘*(ej’tz/2 -1) - 4 / tB(eVTZ/2 -1)dr
0 14 Y Jo
1
< —t‘*(e”tzl2 -1) forallt>0,
14

itfollows that |[F(¢)| < e|t|*+ %C; |£|4(e?**/2~1) for all £ € R. This, together with the Moser—
Trudinger inequality, implies that there exists C; > 0 such that

/ (e”‘2 - 1) dx < C? forall u € B, with ||Vull, < 1.
R2

For all § € (0,1) and u € B,, with ||Vul|y <4, by the Holder and Gagliardo—Nirenberg

inequalities we have
P 4( yu?l2
|F(u)‘dx§s||u||4+—C8 u (eV —1)dx
R2 Y R2

a1, 4 yu®/2 2 :
<ellult+ = Cllulld] [ (2 -1)2dx
Y R2

1
2

1 , W2
se||u||2t+—cg||u||§[f (e —l)dx}
Y R2

< eCym|| V|| + C1C3Clm? (m + 1)|| V|2
< [6Com + CLC5CLm? (m +1)8]| Vull2,
where C;, Cs > 0 are independent of m, ¢, §, and u. Taking ¢ > 0 and § € (0, 1) small enough,

we derive (2.2) with N = 2.
In the case N =1, since H'(R) < L*®(R), there exists K > 0 such that

l#lloo <K forall u € B, with ||Vu|, <1.

Let ¢ > 0 and § € (0,1). By (fy) and (1) there exists C/ > 0 such that |F(¢)| < &t® + C/¢'0
for |¢| < K. Therefore, for all u € B, with || V|, < §, the Gagliardo—Nirenberg inequality
implies that

f |F(u)| dx < el|ull§ + C llullr
R
< eCym*||Vull3 + CsC/m? | Vul;
< (eCam® + CsC/m?8?) || V3,
where Cy4, Cs > 0 are independent of m, ¢, §, and u. Choosing ¢ > 0 and § € (0,1) small

enough, (2.2) holds with N = 1.

We only prove (ii) and (iii) in the case N = 2; the other cases can be presented similarly.

Page 6 of 28
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(ii) Since {u,} is bounded in H*(RY), we can take a sufficiently large L > 0 such that
sup,-; luxll < L.Lety := LLZ It follows by the Moser—Trudinger inequality that there exists
D > 0 such that

sup/ (e””i - 1) dx <D. (2.3)
R2

n>1

For given ¢ > 0, from (fo)—(f2) we obtain the existence of D, > 0 such that
|E@)| < 8(6’”2 ~1) + Dt°
for t € R. Then

/|I—"(un)|dx§sf (€% — 1) dox + Del|uy |6 < £D + D, [l 1S
R2 R2

By the arbitrariness of ¢ and lim,_, ||#x|l¢ = 0, we derive lim,_, « fR2 F(u,,)dx =0.Bya
similar argument we can show that

lim F(u,)dx=0 if lim ||u,l|l¢=0.
n—>00 Jp2 n—00

(iii) In view of (2.3), it follows that

sup/ (e””‘%/2 - 1)2 dx < sup/ (ey“gl -1)dx <D.
RZ ]RZ

n>1 n>1

Let £ > 0 be arbitrary. By (fy)—(f2) there exists D/, > 0 such that
If@e)| < 8(6"‘2/2 -1)+D,t°
for t € R. Then we have

/[f(un)v,,’dxfs/ (e’””%'/z—l)lv,,|dx+D;/ 2% Vi | dx
R2 R2

R2
1
yu2/2 2 > / 5
<e 2(6 W2 1) dx | Nvalla + D llunllZlvalle
R
< ev/Dlullz + D lltn |12Vl
As aresult, limy,_, o0 [pn f(tn) vy dx = 0. d

Remark 2.2 Under the assumptions of Lemma 2.1, for any m > 0, as in the proof of (2.2)
with minor changes, there exists § = §(N, m) > 0 sufficiently small such that

- a
F(u)|dx < —||Vul|?
fRNl ()| dx = SVl
for u € B,, with | Vu|l; <§. Thus it follows that

N ~ a
P(u) = a|| Vull + bl Vul; - 5/ F(u)dx > EIIVMH%

RN

for u € B, with | Vull; <§.

Page 7 of 28
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For u € H'(RY) and s € R, define the radial dilation
(sxu)(x):=e? u(e’x) forae xeRV.
It is straightforward to check that s x u € HY(RN) and ||s  u||5 = [|u||5 for every s € R.

Lemma 2.3 Let 1 < N < 3. Assume that f satisfies (f)—(f3). Then for all u € H*(RN)\{0},
we have
(i) I(sxu) — 0" as s — —o00 and

(if) I(s%u) = —00 as s — +00.

Proof (i) Let m:= ||u|3 > 0. The fact that sx u € S,, C B,, and || V(s x ) |2 = €*|| V|2, com-
bined with Lemma 2.1(i), implies

a b
Ee%nwng <I(sxu) < ae”||Vul3 + 164S||V”||3'

Then lim,_, _oo I(s * u) = 0*.

(ii) For A > 0, we define the function

% +A fort#0,
hy(t) = { 115N (2.4)
A fort=0.

Obviously, F(t) = h,\(t)ltlz"l% - )»Itlz"% for t € R. By (f), (f1), and (f3), we can easily see that
h,, is continuous and

h(t) = +o0  ast— oo.

Taking A > 0 sufficiently large such that /1, (¢£) > 0 for all £ € R, by Fatou’s lemma we deduce

. Ns 8
lim / h;, (e > u)|u|2+N dx = +00.
s—>+00 JpN

From
I(sxu)= g ||V(s* ) ||§ + Z ||V(s* u) ||;L + Al|s % u||§:§ - / hy(sxu)|s * u|2+% dx
N RN
= e [e—zsgnwng + anng + )»||u||21§ - A;N By (e u)|ul> ¥ dx} (2.5)
we conclude that I(s x #) — —00 as s — +00. O
Remark 2.4 Let 1 <N < 3. Assume that f satisfies (fy), (f1), and (fa). Define g by

LWI2E0 - for ¢ 40
gt):={ 1w (2.6)
0 fort=0.

Clearly, g is continuous, strictly decreasing on (—o0, 0], and strictly increasing on [0, c0).
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Lemma 2.5 Let 1 <N < 3. Iff satisfies (fy), (1), (f3), and (1), then

f(t)t>< 8>F(t)>0 forall t £0.

2+ —
N
Proof The proof of the lemma is divided into several claims.

Claim 1 F(¢) >0 forallt #0.

Suppose by contradiction that there exists some #, # 0 such that F(#;) < 0. According to

(f1) and (f3), we can see that I’; @ reaches the global minimum at some 7 0 satisfying

e~ N
F(t) <0and

[ E() ]/ f@O)T -2+ )F(x)

= =0.
5 5
612N do=r |T|3*~ sign(t)

Since Remark 2.4 yields f(¢t)t > 2F(t) for all £ # 0, we deduce
8
0<f(r)t —2F(r) = NF(‘L’) <0,
a contradiction.

Claim 2 There exist a positive sequence {t,} and a negative sequence {t;} such that

|tEl = 0and f(tF)tf > 2+ S)F(rf) >0 forn > 1.

We only consider the existence of {7, }. Suppose by contradiction that there exists T > 0
sufficiently small such that f(¢)t < (2 + %)F (¢) for t € (0, T;]. From Claim 1 we obtain

F) _ F(T)

8 — 8
LN TN

>0 forte(0,T]

in contradiction with lim,_, ¢ i(t)g =0.

™" N
Claim 3 There exist a positive sequence {¢,} and a negative sequence {g,} such that
l6E| = +00 and f(sF)sE > (2 + S)F(sF) >0 for n > 1.

We only prove the existence of {5, }. Otherwise, there would exist T; > 0 such that f(¢)¢ <
2+ %)F(t) for t < -T;. Then

F@) _F(-T)

<
|t|2+% - T12+%

<+00 fort<-Tj,

a contradiction to (f3).

Claim4 f(t)t> (2 + %)F(t)for allt #0.
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Assume by contradiction that there exists £y # 0 such that f(¢o)fo < (2 + %)F (t9). Without
loss of generality, we may assume that £, < 0. Claims 2 and 3 imply that there exist 7;, 7, € R

such that 71 < o < 172 < 0,
8
fl)e< <2 + ﬁ)F(t) forall ¢ € (1q, 12), (2.7)
and
f@)e= (2 + N) () ift=1,10. (2.8)

From (2.7) it follows that

F(ty) F(13)

—< . (2.9)
LAY
In addition, (2.8) and (f;) imply that
Fl) N F(ry) N F(ry)  F(r) (2.10)

FISE AR RRCHTAEE BTEE
Thus (2.9) and (2.10) give a contradiction.

Claim 5 f(t)t> (2 + %)F(t)for all t #0.

According to Claim 4, the function Ee ( ) is nonincreasing on (—00,0) and nondecreas-

61"
ing on (0, 00). Combining this with (ﬁ), we deduce that the function % is strictly in-

e "N
creasing on (—00,0) and (0, 00). Thus, for all £ # 0, we have
243 F(t)=(2 8 /[f()d
+ N =2+ N s)ds
t
<( >f() /||1+Nds f@)e,
|t| 1+ N

which concludes the proof. O

Lemma 2.6 Let 1 <N < 3. Assume that f satisfies (f)—(fu). Then for all u € H'(RN)\{0},
the following statements hold.
(i) There exists a unique s(u) € R such that P(s(u) x u) = 0.
(i) I(s(u)»u) > I(s * u) for s # s(u). Moveover, I(s(u) x u) > 0.
(iii) u > s(u) is continuous in u € H (RN)\{0}.
(iv) s(u(- +y)) = s(u) for all y € RN. If f is odd, then s(—u) = s(u).

Proof (i) Recalling that

a b s
I(s*u) = —€*||Vul3 + —e48||w||;*—e-NS/ F(e%u) dx,
2 4 RN
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I(s % u) clearly is in C. By a straightforward calculation it follows that

d N - N
—I(s*u)= aezs||Vu||% + be45||Vu||§ - —e‘st F(eNT u) dx = P(s * u).
ds 2 RN

In view of Lemma 2.3, we have

lim I(sxu)=0" and lim I(su)=—00.
§—>—00 §—>+00

Hence there exists s(#) € R such that I(s x #) reaches the global maximum at s(x), and
d
P(s(u) * u) = —I(s(u) x u) = 0.
ds
By (2.6)
E(t) =gt} forallteR,
and then

N s
P(s*u):e‘“[ae25||Vu||§+b||Vu||§—E/ g(eNvu)|u|2*% dx].
RN

By (f2) and Remark 2.4 the function s — g(e% u) is strictly increasing. Combining this with

the monotonicity of e

, we derive the uniqueness of s(u).

(ii) This statement is contained in the proof of (i).

(iii) By (i) we can see that u > s(u) is well-defined. To prove the continuity of s(x), as-
sume that ,, — u in H*(RV)\{0}. Let s, := s(u,) for n > 1. It is sufficient to prove that up
to a subsequence, s, — s(u) as n — o0.

We claim that {s,} is bounded. Indeed, recalling the definition and properties of 4, in
(2.4), it follows from Lemma 2.5 that 4 (¢) > 0 for all £ € R. If, up to a subsequence, s,, —

+00, then the fact that u,, — u 70 a.e. x € RV, together with Fatou’s lemma, implies

. Nsp 8
lim ho(e 2" un)lun|2+N dx = +00.
n— o0 RN

Coming back to (ii) and (2.5) with A = 0, we conclude
s 254 2 b 4 Ns 248
0<e ™ (s, xuy) =e > =|Vuull + — I Vuulls — | ho(e™ uy)|un|** N dux
2 4 RN
— —00, (2.11)

a contradiction. Thus {s,;} is bounded from above.
By (ii) we have

1(s, > u,) > I(s(u) * un) foralln > 1.
Then since s(u) * u,, — s(u) x u in HY(RN), we have

I(s(u) % ) = 1(s(s) % ) + 0,,(1),
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and thus
liminfI(s, *x u,) > I(s(u) * u) >0. (2.12)
n— 00

Considering {s, * u,,} C B, for m > 0 sufficiently large, by Lemma 2.1(i) and the fact that
”V(Sn * Uy) ”2 = e[ Vuyll2,

from (2.12) we conclude that {s,} is bounded from below.

Since {s,} is bounded, there exists some s, € R such that s, — s,. Recalling that u,, — u
in HY(RY), we have s, » u,, — s, * u in H'(RN). The fact that P(s, » u,,) = 0 implies

P(s, xu) =0.

By (i) we infer s, = s(u), and thus the proof is completed.

(iv) For any y € RV, by a change of variables in the integrals we have
P(s(u) * u(- +)) = P(s(u) xu) =0,
which means s(u(- + y)) = s(u) by (i). If f is odd, then
P(s() % (—u)) = P(—(s(s) % ) = P(s(ut) % 1) = 0.
Therefore s(—u) = s(u). a

In what follows, we consider some statements about the Pohozeav manifold
2 s N z
Pri=lues, ’ P(u) = allVul} + b Va3 - = [ Fadx=0.
RN

Lemma 2.7 Let 1 < N < 3. Assume that f satisfies (fo)—(fa). Then
1) Puw#9,
(i) infyep, [Vull2 >0,
(iii) infuep,, I(u) >0,

(iv) I is coercive on Py, i.e., I(u,) — +oo for any {u,} C Py, with |u,|| — oo.
Proof (i) This item is a direct conclusion of Lemma 2.6(i).

(if) We suppose by contradiction that there exists {u,} C P,, such that || Vu,|, — 0. In
view of Remark 2.2, we have

0=P(u,) > gHVu,,H% >0 for n large enough,

a contradiction. Thus inf,ep,, |Vl > 0.
(iii) For any u € P,,, thanks to Lemma 2.6(i),(ii), we deduce

I(u)=1(0*u) > I(sxu) forseRR.
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Letting & be as in Lemma 2.1(i), and let s := In( HVin ). Obviously, |V(s x u)|2 = §. Then

Lemma 2.1(i) implies
a 2 a 2
I(u)>1 > ||V = =45,
(u) > (s*u)_4|| (s*u)“2 2

and hence (iii) follows.
(iv) Assume by contradiction that there exists a sequence {u,} C P, with |u,|| — oo
such that sup, . I(u,) < c for some c € (0, +00). For any n > 1, let

Sy i= ln(||Vun||2) and v, :=(=s,) *x u,.

Then it is easy to see that s, — +00, {v,} C S, and || Vv,||2 = 1. Take

0= limsup<sup / |v,,|2dx).
n—00 ye]RN B(y,1)

There are two possible cases, nonvanishing and vanishing.
The nonvanishing case. Up to a subsequence, there exist {y,} C RN and w € H!(RN)\{0}
such that

Wy = V(- +y,) = w inH'(RY) and w,—>w ae inRV.
According to (2.4) with A = 0, since s, — +00, by Lemma 2.5 and Fatou’s lemma we have

. Nsn 8
lim ho(e 2" W) W >N dx = +00.
n—oo JpN

From (iii) and (2.5) with A = 0 we conclude
0<e ™ I(u,)=e (s, xv,)

a _o b Nsn 2+8
=—e "4 — - hole2 v,)|v,|""N dx
sere g [ n(e v )ml

a b Nsy
= —g ¥y —/ ho(eT wn)|wn|2*% dx — —00,
2 4 RN
a contradiction.
The vanishing case. By Lions’ lemma ([22, Lemma I.1]) v, — 0 in L2 (RN). In view of
Lemma 2.1(ii), we have

lim ™™ f F(e% va)dx=0 forallseR.
RN

n—00

Noticing that P(s, x v,) = P(u,) = 0, due to Lemma 2.6(i),(ii), we obtain that for all s € R,

c>I(uy,) = 1(s, *vy)

s b
NTVH) dx = gez 5

b
>I(s*v,) = gezs+ Ze‘}S—e_Ns/ F(e S+Zes+o,,(1),
RN

which leads a contradiction for s sufficiently large. Hence I is coercive on P,,. O



Wang and Qian Journal of Inequalities and Applications (2024) 2024:48 Page 14 of 28

Remark 2.8 Let 1 < N < 3. Assume that f satisfies (fy)—(fa) for any sequence {u,} C
HY(RN)\{0} such that

P(u,) =0, sup |lu, 2 < +00, and  supl(u,) < +oo.
n>1 n>1

Then by arguments similar to those in Lemma 2.7 {x,} is bounded in H!(R").

3 The behavior of the function m — E,,
The purpose of this section is to characterize the behavior of E,,. Under (fy)—(f), for any
m >0, by Lemma 2.7 we see that

E, = inf I(u)

uePy,

is well defined. In particular, the proof of Theorem 1.4 can be deduced from the following
lemmas.

Lemma 3.1 Let 1 <N < 3. Assume that f satisfies (fo)—(fa). Then E,, > 0.
Proof The lemma is a direct consequence of Lemma 2.7(iii). g
Lemma 3.2 Let 1 <N < 3. Assume that f satisfies (fy)—(f1). Then m > E,, is continuous.

Proof For m >0, assume that m; — m as k — oo. Then limy_, o E;y, = E;, will follow from
(3.1) and (3.2). We first claim that

limsupE,,, < Ej. (3.1)

k—o00

Indeed, for any u € P,,, define

[y
ug:=,/—ueS,,, keN,
m

The fact ux — u in H(RYN), together with Lemma 2.6(iii), implies limy_, « s(ux) = s(u) = 0,
and then

s(up) xup — s(u)xu=u inHl(RN) as k — oo.
Therefore

limsup E,,, < limsup(s(uy) * ui) = I(u).

k— o0 k— o0

Since u € P, is arbitrary, we have limsup;_, . E,,, < E,.
We next to show that

liminfE,, > E,. (3.2)

k—o00
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For any k € N*, there exists vx € P,,, such that

I(v) < Epy, + % (3.3)

Define

1
N
= (ﬁ) and Vg = ve(-/tx) € Spae

mi
It follows from Lemma 2.6(ii) and (3.3) that
E, < 1(s(f/k) * f/k) < 1(5(17;() * vk) + yl(s(f/k) * f/k) - I(S(f/k) * Vk) ’
<I(vg)+ ‘I(s(flk) * 17k) —I(s(vx) * vk) ‘
1
<Eu + x [I(s(Tic) % ) = I(s(@x) * vi) |
1
=E, + X + C(k).
To complete the proof of (3.2), we only need to prove

lim C(k) = 0. (3.4)

k—o00

Since s * (v(-/t)) = (s x v)(-/t), we obtain

b
€= |20 ) [0 ) [+ 2 - )96t )
- (&' -1) / F(s(vg) * vi) dax
RN
b
< 21 1] 9t ) 21 -1 [T s )l

+

|t§(\’—1|-/RN|F(s(T/k)*Vk)|dx

210 1] A 2187 1] A+ | -1 500,

The fact £ — 1 makes it clear that we will obtain (3.4) if

limsupA(k) < +o0 and limsupB(k) < +o0. (3.5)

k— o0 k— o0

Before proving (3.5), we justify the following three claims.
Claim 1 {vi} is bounded in H'(RN).
Indeed, (3.1) and (3.3) imply that

limsupI(vk) < Ey.
k—o00

Noticing that vx € P,,, and m; — m, by Remark 2.8 we infer that Claim 1 follows.
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Claim 2 {7} is bounded in H*(RN), and there exist {y;} C RN and v € H'(RN) such that,
up to a subsequence, Vi(- + yr) — v#0 a.e. in RV,

Indeed, combining # — 1 with Claim 1, we deduce that {7} is bounded in H*(RY). Let

0= limsup<sup/ |17k|2dx>.
k=00 \yeRN JB(y,1)

It suffices to show that p > 0. If p = 0, from Lions’ lemma ([22, Lemma I.1]) it follows that
e — 0in L2*N (RN). Then

2+% —_ I3 2+% _+N ~ 248

||Vk||2+% = ||Vk(tk')||2+% =t o [Vl ™"~ dx — 0.

By Lemma 2.1(ii) and P(vx) = 0 we obtain
2 s N z
al| Vel + bl Vvelly = — F(vi)dx — 0.
2 RN
Thus we infer from Remark 2.2 that
a

0=P(v) > 3 IIVvk||§ >0 for k large enough,

a contradiction.

Claim 3 limsup;_, ., s(Vx) < +00.

Indeed, we suppose by contradiction that, up to a subsequence,

s(Vg) > +oo  as k — oo. (3.6)
Coming back to Claim 2, it follows that, up to a subsequence,

V(- +yx) > v#0 a.e.in RN, (3.7)
By Lemma 2.6(iv) and (3.6) we have

s(f/k(- +yk)) =s(Vx) = +o0. (3.8)
Moveover, Lemma 2.6(ii) implies that

I(s(Vk (- + y1)) * V(- + ) > 0. (3.9)

Arguing as in (2.11) and using (3.7)—(3.9), we obtain a contradiction.
Now summing up Claim 1 and 3, we deduce that

lim supHs(T/k) * Vk” < +00,
k— o0

which implies limsup;_, ., A(k) < +00. Furthermore, since f satisfies (fy)—(f2), we can con-
clude that lim sup,_, . B(k) < +00. Therefore (3.5) holds, and the lemma is completed. [J
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Lemma 3.3 Let 1 <N < 3. Assume that f satisfies (fy)—(fa). Then E,, — +00 as m — 07.

Proof We only need to show that for any sequence {u,,} C H(R")\{0} such that
P(u,)=0 and  lim [u,]l> =0,

we have I(u,,) — +00 as n — 00. Define
sui=In([Vuullz) and vy = (=s,) * .

Notice that ||Vv,|l>» = 1 and ||v,|l2 = ||#x]l2 = 0, and hence v,, — 0 in L2+J§V(RN). Thus it

follows from Lemma 2.1(ii) that

lim e’st F(e% va)dx=0 forseR.
RN

n—00

Since P(s, * v,) = P(u,) = 0, by Lemma 2.6(i),(ii) we have

I(u,) = 1(sy % vy) = I(s % vy,)

b s b
= é—lezs +—e¥ - eNS/ F(eN7 V,,) dx = ﬁezs +—e¥ +0,(1).
2" T4 RN 2" T4

By the arbitrariness of s € R we deduce that /(u,) — +oc. O

4 Ground states

This section is devoted to the proof of Theorem 1.1. The proof is divided into two main
steps: in the first part, we discuss the existence of a Palais—Smale sequence for I con-
strained on S,,;; and in the second one, we study the convergence of the Palais—Smale se-
quence. For the rest of the proof, we suppose that 1 < N < 3 and f satisfies (fy)—(f2).

Lemma 4.1 There exists a Palais—Smale sequence {u,} C P, for I constrained on S,, at
the level E,,. In addition, if f is odd, then |u,|l2 — 0.

The following our argument is somehow adopted from [17, 18]. Define the functional
U HYRN)\{0} — R by

a b Ns(u)
W(u) = I(s(u) xu) = Ee”(“)nwng + 1648(”)”V””3 — g5 / F(e 2 u)dx,
RN

where s(u) € R is given by Lemma 2.6. To prove Lemma 4.1, inspired by [19, Proposi-
tion 2.9] (see also [20, Proposition 9]), we first study several intermediate lemmas.

Lemma 4.2 For any u € H'(RN)\{0} and ¢ € H'(RN), the functional ¥ is in C', and

av (u)[g] :aezs(”)/ Vu~V<pdx+be4s(”)/ |Vu|2dx/ Vu-Vedx
RN RN RN

Ns(u) Ns(u)
—e‘NS(“)f fle 2 u)e > pdx
RN

= d[(s(u) * u) [s(u) * (p].
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Proof For any u € H'(RM)\{0} and ¢ € H'(RYN), it is necessary to estimate the term
W (u + te) — V(u) = I(st * (1 + t<p)) —I(sg * 1),

where |¢] is sufficiently small, and s; := s(u + t¢). Since so = () is the maximum point of
I(s » u), combining this with the mean value theorem, we infer that

I(se % (u + t9)) — I(so * 1)

<I(spx (u+tg)) —I(s; % u)
a ,, 2
:EeZ‘/RN(|V(u+t¢))| —|Vul?) dx

2 2
+ 2343”[<AN|V(M + tgo)fdx) - (AN |Vu|2dx> ]

Nsy

—e N f [F(e%(u +19)) —F(e™ u)]dx
RN

Nsy

N5,
g / (ZtVu Vo + t2|V<p|2) dx — e / f(eTt (e + netp)e todx
2 RN RN

b 2
+ —et [4t/ |Vu|2dx/ Vu-Vodx+ 4t2</ Vi - V(pdx)
4 RN RN RN

+2t2/ |Vu|2dx/ |Vo|? dx
RN RN

2
+t3/RNvu.wdx/RN|vgo|2dx+t4</RN|V¢|2dx> dxi|,

where 7, € (0,1). Similarly, we also have
I(se % (u + t)) — 1(s0 * 1)
> I(so * (u + tg)) — I(so * 1)

N N
= Zezs0 / (2tVu Vo + t2|V(p|2) dx — e N0 / f(eﬁg (u+ 17,1‘(,0)6jg todx
2 RN RN

b 2
+ =0 |:4-t/ |Vu|2dx/ Vu- Vgadx+4t2(/ Vi - Vgodx)
4 RN RN RN

+2t2f |Vu|2dx/ |Vo|? dx
RN RN

2
+t3/léNVu-V<pdx/RN|V<p|2dx+t4</RN|V¢|2dx) dx:|,

where 7; € (0,1). By Lemma 2.6(iii) we have lim;_,¢ s; = o = s(#). Combining the above two
inequalities, we conclude that the Gateaux derivative of W exists and is given by

.V +itp) - V()
Iim—————
t—0 t

=aezs(”)/ Vu-Vgodx+be4s(“)/ |Vu|2dx/ Vu-Vodx
RN RN RN

Ns(u) Ns(u)
- e‘Ns(”)/ fle 2 u)e 2 pdx.
RN
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Coming back to Lemma 2.6(iii) again, we get that the Gateaux derivative is continuous in
uand ¥ is C! (see, e.g., [23, 24]). By a change of variables in the integrals we infer

av (u)[e] = zz/RN V(s(u)*u) 'V(s(u)*(p) dx

+ b/RN |V (s(u) * u)|2dx/RN V (s(u) % 1) - V(s(u) % ) dx
. /R Fs) « )su) o
= dI () » ) [s(20) % 0],
The proof is completed. O

For any m > 0, we introduce the constrained functional
J=Vls, :Sn— R
As an immediate consequence of Lemma 4.2, we have the following lemma.

Lemma 4.3 Forany u € S,, and ¢ € T,S,,, the functional J : S,, — R is in C', and

()] = AV (w)p] = dI(s(u) % ) [s(1) % o).

We recall a definition and the minimax principle under the standard boundary condi-
tion. By these we can establish a technical result, which helps us to obtain a “nice” Palais—

Smale sequence.

Definition 4.4 ([25, Definition 3.1]) Let B be a closed subset of a metric space X. We say
that a class G of compact subsets of X is a homotopy stable family with closed boundary
Bif
(i) every setin G contains B and
(ii) for any set A € G and any homotopy 1 € C([0, 1] x X, X) satistying n(t, u) = u for all
(t,u) € ({0} x X) U ([0,1] x B), we have n({1} x A) € G.

The above definition is still valid if the boundary B = ¢.

Lemma 4.5 ([25, Theorem 3.2]) Let ¢ be a C'-functional on a complete connected C'-
Finsler manifold X (without boundary) and consider a homotopy-stable family G of com-
pact subsets of X with closed boundary B. Set ¢ = c(¢,G) = infacg Maxyea ¢(x) and suppose
that

supp(B) < c.

Then, for any sequence of sets (A,), in G such that lim, sup, ¢ = c, there exists a sequence
(%) in X such that

(i) lim, @(x,) = c, (i) lim, ||[de(x,)|| = 0, and (iii) lim,, dist(x,,A,) = 0.
Moveover, if do is uniformly continuous, then x, can be chosen to be in A,, for each n.
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Lemma 4.6 Assume that G is a homotopy-stable family of compact subsets of S,, with
B ={). Define the level

E,.c := inf max/J(u).
mg AeG ucA J(w)

IfE,.g > 0, then there exists a Palais—Smale sequence for I constrained on S, at the level
Eng. When f is odd and G is the class of singletons included in S,,, then ||u,|l2 — 0.

Proof Let {A,} C G be a minimizing sequence for E,, g. Set
n:00,1] x S,y = S, n(t,u) = (ts(u)) * u.

Then it follows from Lemma 2.6(iii) that  is continuous. Furthermore, 1(¢, ) = u for
(¢,u) € {0} x S,,. By the definition of G we have

Dy :=n(LA,) ={sw)xulucA,}eg. (4.1)

Obviously, D, C P,, for n € R*. The fact that J(s(u) » u) = J(u) for all u € A, implies that
maxp, J = maxy,, ] — E,, g, and hence {D,} C G is also a minimizing sequence of E,, .
Therefore Lemma 4.5 yields a sequence {v,} C H!(RN) such that, as n — oo,

(1) J) = Eng,

(2) dist(vy, Dy) — 0, and (3) |dJ(Vi)lv,« — O, where || - ||« is the dual norm of (T3,S,,)*.
That is, {v,} is a Palais—Smale sequence for / on S,, at level E,,, g. Hereafter, set

Sp:=8(v,) and wuy,:=s,*xVv, =5(V,) * V.
We will show that {x,} C P, is a Palais—Smale sequence for I atlevel E,, g.

Claim There exists C >0 such thate™®" <C,n=1,2,--- .

Indeed, we can easily see that

2
e 19V

= 2.
Vaulla

Since {u,} C Py, by Lemma 2.7(ii) we infer that {||Vu,||»} is bounded from below by a
positive constant. Thus the proof of Claim is reduced to showing that sup,, || Vv,]l2 < co.
Since D,, C P,,, it is not difficult to check that

max/ =max/ — E,, g,
Dy Dy

and thanks to Lemma 2.7(iv), we have that {D,} is uniformly bounded in H!(RY). Then,
combining this with dist(v,, D,) — 0, we derive sup,, || Vv, ||z < cc.

Noticing that {,} C P,, again, we have

](Mn) =](Mn) =](Vn) g EWI,Q'
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Now it remains to prove that {u,} C P, is a Palais—Smale sequence for I. For any ¢ €
T.,Sm, we can see that

/ vn[(—sn) * w] dx = / (sy*xv)¥dx = / U\ dx =0,
RN RN RN

which implies (-s,) x ¢ € T,,S,,. Using Claim, we derive ||(-s,) x ¥ || < max{\/a IR
Furthermore, it follows from Lemma 4.3 that

|dlGu)|, .= sup  |dI(u,)[y]]

Uy %
T YeTu, Sl <1

= sup |dI(s % Vi) [ 50 % ((=s)¥)]]
Y €Ty SmllY <1

- sup AT (v)[(=50) % V]|

VY E€Tuy Smsll¥II<1

< |l sup |[(=su) x v ||

Vik
" el Smllvl<1

< max{~/C, 1}Hd]("n) ”vn,*‘

In view of ||dJ(vy)llv,« — 0, we conclude that ||dI ()], « — O.

In particular, if f is odd, then we choose G as the class of singletons included in S,,,. Obvi-
ously, G is a homotopy-stable family of compact subsets of S,,, with B = ¢J. The fact f is odd,
together with Lemma 2.6(iv), implies that J is even. Thus it is possible to choose a non-
negative minimizing sequence {4,} C G; then, naturally, the minimizing sequence {D,} is
also nonnegative. By a similar argument as above, we can find a Palais—Smale sequence
{u,} C Py, for I constrained on S, at the level E,, g satisfying

s = Iswa) w35 = [val; = 0,
which concludes the proof. d

Proof of Lemma 4.1 Since Lemma 4.6 yields a Palais—Smale sequence for I constrained on
S at the level E,, g and E,, > 0, we only need to prove that E,, g = E,,. Clearly,

E,, g = inf maxJ(u) = insf I(s(u) *u).

AeG ueA UESH

For any u € S,,,, since s(u) x u € P,,, we have I(s(u) x u) > E,,,, which implies E,, g > E,,. On
the other hand, for any u € P,,, we infer I(u) = I(0 x u) > E,;, g. Therefore E,,,g <E,,. O

Lemma 4.7 Suppose (fs) holds. Let {u,} be a bounded Palais—Smale sequence for I con-
strained on S, at the level E,, > 0 satisfying P(u,) — 0. Then there exist u € S,, and . >0
such that, up to a subsequence, u, — u in H*(RN) and —(a + b [on |Vul*) Au + pu = f ().

Proof Since {u,} is bounded, by (f;)—(f2) we infer that lim, || Vu,||2, lim, fRN F(u,)dx, and
limy, [ f (n)u, dx exist. From ||dI(u,)]|,,« — 0 and [26, Lemma 3] we deduce

—<a +b |Vu,,|2)Aun + nthy = f(1y) > 0 in (H' (]RN))*, (4.2)
RN
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where
1
M 2= —— dl () [u,).
m

Obviously, {1, } is abounded sequence. In particular, from P(u,) — 0, Lemma 2.5, and (f5)
it follows that

b= [ S = a1 - b1
R

N -
= f(un)un dx— — F(u,)dx + 0,(1)
RN 2 RN

_ / [Nf(un) L 2N f(un)un} dx +0,(1)
RN 2

> 0.

Thus, without loss of generality, we may assume that ¢, — > 0. Then we show that {u,,}
is nonvanishing. Otherwise, using Lions’ lemma ([22, Lemma L.1)], we derive u, — 0 in
LN (RN). Therefore Lemma 2.1(ii) implies that fn F(,) dx — 0 and oy F(uy,)dx — 0.
Thanks to P(u,) — 0, we deduce

N -
a||Vun||§ + b||Vun||§ =P(u,) + — / F(u,)dx — 0.
2 RN
As a result,

a b
0<E, = lim I(u,) = = lim ||Vu,| + - lim ||V, - lim / F(u,)dx =0,
2 n—oo 4 n—oo n—>00 JpN

n—00

a contradiction.
Thus, up to a subsequence, there exist {y,,} C R and u € B,,\{0} such that

u,(-+y,) —u in HY(RYN),
(- +y,) > u ae inRN,

un(- +y,) = u inIl (RN)forp € [1,2%).

In view of (4.2) and u,, — 1, we can easily see that

—(@+ B Vaun(- +3)]|2) Dt + 30) + pttn(- +3) = (W1 + )
— 0 in (H'(RY))", (4.3)

which means
(a + bHVuy,(- +yy,)H§)/ Vu,(-+y,) - Veodx + M/ uy(- + y,)o dx
RN RN

- /RNf(un(- + )@ dx = 0,(1) (4.4)

Page 22 of 28
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forall g € C°(RN). Since f satisfies (fo)—(f2), using the compactness lemma ([27, Lemma 2]
or [28, Lemma A.I]), we derive

fim | Gl +200) =f )] dx < gl Jim [ (- +30) =f ()| dx =0

n=eo supp(p)

for all ¢ € C°(RN). Defining B := lim,,_, o || V1,,||3, we can see that

(a+bB)/ Vu~V<pdx+,u/ uqodx—/ fu)pdx=0. (4.5)
RN RN RN
Testing (4.4)—(4.5) with ¢ = u, (- + y,) — u, we deduce
(a+ bB)” V(u,,(- + V) — u) ||§ + /L||Mn(' + ) — u”z =0(1), (4.6)
which implies that ||V (u,(- + y,) — #)||3 = o(1). Hence u,(- + y,) — u in D**(RY), and
IVetall? = | Vatu(- + 3| — 11Vul? = B.

So (4.5) can be expressed in the form

(a+b||Vu||%)f Vu-Vgodx+/L/ u<pdx—/ fwedx=0
RN RN RN

for all ¢ € C3°(RN), which implies that u solves

—(a + b/ |Vu|2)Au + pu = f(u).
RN

Then by a similar argument as above we deduce that

= f fauds—alVul}; - b Vul}
R

= fWudx - N F(u)dx
RN 2 JrN

:/ |:NF(u)+ 2_Nf(u)u:| dx
RN

2
> 0.

Combining these with (4.6), we infer ||, |13 = un(- + ¥,)[15 = |lull3. Thus u € S,,, and the

lemma follows. O

Proof of Theorem 1.1 First, Lemmas 4.1 and 2.7(iv) yield a bounded Palais—Smale se-
quence {u,} C Py, for I constrained on §,, at the level E,, > 0. By Lemma 4.7 we can show
the existence of a ground state u € S, at the level E,, and the associated Lagrange mul-
tiplier 1 > 0. In addition, if f is odd, then it follows from Lemma 4.1 that ||z, ||, — 0.
Applying Lemma 4.7 again, we can obtain a nonnegative ground state # € S, at the level
E,,. Furthermore, it is not difficult to show that «# > 0 by the strong maximum principle. (]
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5 Radial solutions

In this section, we consider multiple solutions for problem (1.1)—(1.2) in the case 2 < N <
3. Assume that f is odd and (fy)—(f5) hold. Define the transformation o (#) = —u for u €
HY(RN),and let X ¢ H*(RN). A set A C X satisfying o(A) = A is said to be o -invariant, and
for (t,u) € [0,1] x X, a homotopy 7 : [0,1] x X — X is called o -equivariant if n(¢, 0 ()) =

o (n(t, u)). For the subsequent proof, we now list some definitions and theorems.

Definition 5.1 ([25, Definition 7.1]) Let B be a o -invariant subset of X C H!(RN). We say
that a class G of compact subsets of X is a 0 -homotopy-stable family with closed boundary
Bif
(i) everysetin G is o-invariant,
(ii) every setin G contains B, and
(ili) for any set A € G and any o -equivariant n € C([0, 1] x X, X) satisfying n(¢, u) = u
for all (¢,u) € ({0} x X) U ([0,1] x B), we have n({1} x A) € G.

Lemma 5.2 ([25, Theorem 7.2]) Let ¢ be a o -invariant C'-functional on a complete con-
nected C2-Finsler manifold X (without boundary). Let G be a o-homotopy-stable family
with closed boundary B. Set ¢ = c(¢,G), and let F be a closed o -invariant subset of X satis-

Sying
FNB=0 and FNA=0 forallAingG
and
info(F) >c-34.
Suppose 0 < § < max{% dist?(B, F), L [inf @(F) — sup @(B)]} Then, for any A in G satisfying
max ¢(A) < c + 6, there exists a sequence xs € X such that
(i) c—8 <) <c+98; (ii) lde(xs)|| < 18+/8; (iii) dist(xs, F) < 5v/8; and
(iv) dist(xs,A) < 3/3.
From now on, we set {Vx} C H}RY) be a strictly increasing sequence of finite-
dimensional linear subspaces such that dim V; = k and UkZl Vi is dense in H,1 (RM). To
better characterize the critical level, it is necessary to recall the definition of the genus of

a o -invariant set and its properties (we refer to [29, Sect. 7] or [30]).

Definition 5.3 ([29]) For any nonempty closed o -invariant set A C H}(RYN), the genus of
A is defined by

Ind(A) := min{k eN*|3¢:A — RN\{0},¢ is odd and continuous}.

Remark that Ind(A) = oo if such ¢ does not exist and Ind(A) =0 if A = @.
Let ¥ denote the family of compact o -invariant subsets of S, N H!(RN). Define

Gr:={A € T |Ind(A) > k}
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and

E, x:= inf max/J(u).
AeGy ucA

The fact that f is odd, combined with Lemma 2.6(iv), implies that the functional

a b Ns(u)
J(u) = I(s(u) > 1) = Eezs(”)||Vu||§ + Ze‘“(”‘)HVuH;L — 7N /NF(e T u)dx
R

is even in u € S,,,. As a consequence, J is o -invariant on S,,. With the help of Lemma 5.2,
we establish the following existence result.

Lemma 5.4
(i) Gk #9 forall k e N*.
(i) Emks1 = Emi >0 forall k e N*.
(ili) For all k € N*, there exists a Palais—Smale sequence {u,} C P, N HX(RN) for I
constrained on S,, N HY(RN) at the level E,, 1.

Proof (i) For all k e N*, S, N Vi € X. In view of the properties of genus, we infer
nd(S,, N Vi) = &,

which implies that Gy # .

(ii) Combining Definition 5.1 with the properties of genus, we deduce that Gy is a o-
homotopy-stable family of compact subsets of S,, N H!}(RY), which guarantees that E,,,
is well defined. For each u € A € Gy, since s(u) x u € P,,, by Lemma 2.7(iii) we have

max J(u) = max](s(u) * u) > inf I(v) > 0.
ueA ueA vePm
Therefore E,, i > 0. Recalling the definition of Gy, it follows that Gi,1 C Gi, which implies
Epki1 > Enk
(iii) Since Gx is a o -homotopy-stable family of compact subsets of S,,, N H}(RY), replac-
ing Lemma 4.5 by Lemma 5.2 in the proof of Lemma 4.6, we can easily obtain the particular
Palais—Smale sequence. We omit it for brevity. d

Lemma 5.5 Let {u,} be a bounded Palais—Smale sequence for I constrained on S,, N
HY(RN) at an arbitrary level c > 0 satisfying P(u,) — 0. Then there exist u € S, N H'(RN)
and [ > 0 such that, up to a subsequence, u, — u in H(RN) and —(a + b [on |Vul?) Au +

)

Proof Since {u,} is bounded, using (fy)—(f3), we infer that lim, || V1,2, lim,, [pn F(u,) dx
and lim,, fRNf(u,,)u,, dx exist. From ||dI(¢y)]|4,,« — 0 and [26, Lemma 3] we have

—(a + b/ |Vu,,|2>Aun + Uytty — f(1,) > 0 in (Hr1 (]RN))*, (5.1)
RN
where

o = = () 4]
m
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By a similar argument as in the proof of Lemma 4.7 we assume that p,, — u > 0. Since
{u,} is bounded, up to a subsequence, there exists some u € B,, such that

u, —~u in H'(RV),
u, —> u ae. inRY,

u, — u in LP(RN) for p € (2,2%).
Then we claim that # # 0. Indeed, if not, then we have u, — 0 in LN (RN). By
Lemma 2.1(ii) it follows that (o F(u,)dx — 0 and [py F(u,)dx — 0. Since P(u,,) — 0,
we deduce
2 4 N z
allVu,ll5 + bl Vuyll, = P(u,) + — F(u,)dx — 0.
2 RN
As a consequence,
. a . , b . 4
c¢= lim I(4,) = = lim ||Vu,|5 + - lim ||Vu,||; - lim F(u,)dx =0,
n— 00 2 n—oo 4 n—oo n—>o00 JpN

which contradicts ¢ > 0. Coming back to (5.1) and u,, — i, we can easily see that

—(a + b||Vu,,||%)Au,, + iy —f(u,) > 0 in (Hr1 (RN))*, (5.2)

which means

(a +b||Vun||§)/

Vu, -Vodx + u/ U@ dx—/ flu)pdx=0,(1) (5.3)
RN RN RN

for all ¢ € C°(RN). Since f satisfies (fy)—(f2), using the Lebesgue dominated convergence
theorem, we derive

lim fluy)pdx = / fw)pdx
RN RN

n—00

for all ¢ € C°(RN). Defining B := lim,,_, o || V1,,||3, we can see that

(a+bB)/ Vu~V<pdx+,u/ zwdx—/ fu)pdx=0. (5.4)
RN RN RN
Testing (5.3)—(5.4) with ¢ = u,, — u, we deduce

(@ +bB) |Vt — 1) |3 + sy — ul3 = 0(1), (5.5)
which implies that ||V (u, — u)|| = o(1). Hence u,, — u in D"*(RN), and

Vi, ll3 — | Vull; = B.

As aresult, (5.4) can be expressed in the form

(a+b||Vu||%)/ Vu~Vg0dx+u/ uwdx—/ fw)pdx=0
RN RN RN
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for all ¢ € C3°(RYN), which implies that u solves

—(a + bf |Vu|2)Au + nu = f(u).
RN

Then, by arguments similar to those in Lemma 4.7 we deduce that

Combining these with (5.5), we infer ||u,||3 = ||«||3. Thus u € S,,, and the lemma follows. [J

Proof of Theorem 1.5 For any k € N*, by Lemma 5.4 we can easily find a Palais—Smale
sequence {uX}, for I constrained on S, N H}(RN) at the level E,,x > 0. Combining this
with Lemma 2.7(iv), we obtain that it is bounded. Then the proof of Theorem 1.5 follows

by Lemma 5.5. O

= / Slyuds - all Vul - bl Vull
R

:/RNf(u)udx—%/RNﬁ(u)dx

= / [NF(u) 22N f(u)u] dx
RN 2

> 0.
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