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1 Introduction

The revolution in Fixed Point Theory begins with the result given by Banach [2] in which
a self-mapping T on a non-empty set, satisfying a contractive condition, was considered.
It is used to solve various problems in numerous branches of mathematical analysis. In
most fixed point theorems, the contractive condition involves the linear combination of
distances, suchaso (&,n),0(&,Tn),o(T&,n),0(&,TE),0(n, Tn) and o (TE&, Tn). One of the
fundamental nonlinear contractive conditions was proposed by Jaggi [9] and Dass-Gupta
[8], who used rational-type conditions in their fixed point results in which product, divi-
sion, and power of distances were considered. Some nonlinear contractions were defined
using control functions. In [1], fixed point results for rational contractions were obtained
in a partially ordered metric space for self-mapping.

In 2010, Samet and Vetro [15] examined the concept of fixed point of #-order as an
extension of the coupled fixed point. One year later, Berinde and Borcut [3] proved triple
fixed point results for mixed monotone mappings. In 2012, Karapinar and Berinde [10]
studied quadruple fixed points of nonlinear contractive conditions in partially ordered
metric spaces. In [4], the nonlinear contraction was used for defining another contraction
called bilateral contraction, and fixed point results were established for these contractions.
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In 2016, Choban [5] generalized metric spaces to distance spaces, Berinde and Choban
[6, 7] further studied distance spaces satisfying certain contraction conditions for the mul-
tidimensional fixed point. In [13, 14], a generalized C-distance space was discussed with
examples, and multiple fixed point results were provided with an application to integral
equations. Later in [12], another generalized space was defined, called an E(s)-distance
space, and coincidence point results were provided in the mentioned space with rational-
type contractive conditions.

In this paper, we aim to use nonlinear contractions, namely, Jaggi-type, Dass Gupta-
type, and Dass-Gupta-type hybrid contractions, in C-distance space and find the multiple
fixed point of nonself-mapping Q2 : X" — X.

2 Preliminaries
Definition 1 Consider &, a non-empty set, and a function o : X x X — R, then o is
called a distance on X ifforall £,n,¢ € X,

(1) o(§n) =0,

(2) Ifo(é,n) +0(n,&E)=0then& =n.

(3) If& =ntheno(§,n)=0.

Definition 2 Consider a sequence {&, : k € N} in a distance space (X,0) and & € X. Then,
{& 1k € N} is:

« convergent to £ if and only if lim,_, 0 (§,&,) = 0;

o Cauchy if limp ., 00 0 (&, &) = 0.

A distance space (X, 0) is called complete if every Cauchy sequence in X converges to
some £ in X.

Definition 3 Consider a distance space (X, o). If every Cauchy sequence that converges
has a unique limit point, then o is called C-distance X.

Fix h € N and I' = (['y,...,[';) to be mappings such that each {I'; : {1,2,...,h} —
{1,2,...,h}: 1 <i <h}.

Let (X,0) be a distance space and Q : X" — X be a mapping. The composition of
and T is another mapping I'Q: X" — X', defined by

FQ(EIP“)&ﬁ) = (nlv--vnﬁ)
and
ni = Q&r,q)s- - &r,(m)s

for any (£y,...,&;) € X" and any i € {1,2,...,A}. A point T = (11,...,75) € X" is called a
I-multiple fixed point of the Q if T = 'Q(z), i.e.,

T = Q(TI‘;(I);-HxTF[(h)) for any [ € {1,2,...,ﬁ}.

For t € X", 1(1) =I'Q(r) and t(x + 1) = T'Q(t(«)). A sequence (t(x))cen is Picard at T
with respect to I"'2.
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Let o be a distance on X. Define a function " : X" x X" — R as
o"(&,n) = sup{o (&, i : 1 < M)},
then (X7, o") is also a distance space.

Proposition 1 Consider (X,0) is a C-distance space. Then:

1.0(&,n) =0ifand only if € = .

2. If, for T € X", the Picard sequence {t(x) : k € N} is convergent Cauchy sequence and
limy, 00 T, = b = (by,...,by), then b is a multiple fixed point of Q, i.e.,

b; = Q(br,qy...,br,m) foreveryie{l1,2,...,h}.

3 Main results

Definition 4 A mapping I'Q2 on a C-distance space (X",0") is called a Jaggi-type con-
traction if there is a ¢ : [0,00) — [1,00), which is continuous, increasing, and ¢(0) = 1,
such that

(0"(5,T2(8))0 " (n, T 2n)) }

h h ¢
o"(IQ(E),TQn)) Sﬂmax{" (&), p(o™(&,m))

forall&,n e X", and 8 € (0,1).

Theorem 1 Let Q: X" — X be a mapping. If a mapping T'2 on a complete C-distance

space (X", o") is a Jaggi-type contraction, then Q2 possesses at least a multiple fixed point.

Proof Suppose that o"(t(k), T (i + 1)) > 0. If this inequality does not hold, then we get a

fixed point, which terminates the proof. Now,

o (z(k), Tk + 1)) = a"(TQ(t(k - 1)), T Q(z(K)))

o (t(k - 1),7(x)),
= BMax\ oo h 1), P - D)o (M 2Ar (k)
(o™ (r(e1), 7))

< ﬁmax{oﬁ(r(/c - 1),‘E(K)),(Tﬁ(f(K),T(K + 1))},

if max{o™(t(k = 1), T(x)), 0 "(z(k), T(k + 1))} = e"(t(k), T (k + 1)), then
(Tﬁ(l'(l(),‘[(l( + 1)) < ﬁaﬁ(r(/c),r(/c + 1)),
which is not possible. Thus,

O'ﬁ(‘L'(K),‘L'(K + 1)) < ﬁO'ﬁ(‘L'(K - 1),1(/{))

< B’ ((1),7(2).
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We can also write it as

lim 0" (z(k), Tk +1)) = 0. 2)

K— 00

Similarly, we can show that

lim Uﬁ(l’(l{ +1), t(K)) =0. (3)

K—>00

We need to show that the sequence (7 («))en is Cauchy. For all 7 > «, consider

o (z(k),T(h) = o"(MQ(z(k - 1)), TQ(z(h - 1)))
otk 1), t(h-1)), }

= pmax i (0 (2 (c-1),P (e~ 1))o P (£ (1), P Qe (5-1))
oo P (ze—1),7(h-1))

oMzl - 1),7(h-1)),
= pmax 9" tk=1),r )P (r(h-1),t(R) [’
o(o P (r(k-1),r(h-1)))

Plo M ((k-1), T (€))o " (h-1),1(h

)
(o (z(c-1),2(h-1)) then

) o P le-1)t(h-1)),
if max| oo (ete-1),r60)0 (1))
oo P (r(k-1),0(F-1))

e (t(k =1), 7(k))o"(z(h - 1), 7(h))
p(o"(r(k —1),7(h~1)) '

oﬁ(r(/c),r(h)) =p
taking limit A, k — 0o over the above expression, it follows

. B . Bpla"(z(k = 1), (k)0 (z(h-1),7(h))
i T B) < e o e — 1) - 1))
_ Belime o o"((kc = 1), (K)o " (limp o0 T(h - 1), 7(R))
B p(limpe— 00 0(T(k = 1), (A = 1))
since ¢ is continuous
By(0) x 0
T p(limp oo 0Tk = 1), (A - 1))
0.

’

As, if limp . 00 0" (z(k — 1), T(h—1)) = 0, then @(limp, oo 0" (t(k — 1), T(fi— 1)) = 1, then
for this case, (t(k)),en is Cauchy. Now, the other possibility is

"l -1),7(h-1))
o"(t(k T
) I ﬁ
MaxX \ oo P (z(k-1),76)e P i-1)rB) [ = 9 (‘E(K -1),t(h- 1))
o(0 P (x(k-1),7(h-1)))

In this case,

O'ﬁ(‘L'(K),‘L'(ﬁ)) < ﬁaﬁ(r(/c -1),t(h- 1))
< B (z(k - 2), 7(h-2))

<o (zlk), T(h- K + 1)),
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applying limit %, k — 00, we obtain

lim o"(z(k),7(h)) =0.

h,k—00

Similarly, we have

lim o"(z(h),z(k)) =0.

h,k—00

Thus, (7(k)).cn is Cauchy, so it will converge to some x € X", 1.e.,

lim 0" (k,7(k)) = lim 0" (z(k),x) = 0.

K—>00 K—>00

Since « is the limit of convergent Cauchy sequence in a C-distance space, so it is fixed

point of I'Q2 and will, consequently, be a multiple fixed point of . g

Remark 1
(1) The above theorem is the generalization of the Jaggi contraction defined in [9]. By
defining ¢ as identity function and substituting / = 1, we can get the particular cases.
(2) The space being utilized here is the C-distance space that is much more generalized
than the metric space used in [9].
(3) In [9], fixed point results were established. However, the above result is the

multidimensional fixed point result.

Example1 Let X = {% :k € N} U{0}. Define for all k,/ € N

1 1 1 1
0(0,0)= 0, o(a—>=-—, a(—m)=—, e
K 2Kk K K

then (X, o) is a C-distance space. Now,

XXX:{(&:”):E»UGX};

and

a(§,1) = sup{a (&, 1)},

<2

then (X2,02) is a C-distance space.
A function ¢ : [0,00) — [1,00), defined as

pE)=€+1, forall& €[0,00),

which is continuous, increasing, and ¢(0) = 1. Now, define  : X2 — X such that

Qe = forall (1,8 € X7,
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and a mapping I' : X — X% such that

L&) = (T1),T2(8)),

where T'; : {1,2} — {1, 2} are defined as

L ne\ (12
(1) @) \2 1)
The mapping ' : X2 — X2 is defined as:

QUL E) = (er 1 Era) QErya Er)) = (% %)

Consider

0 (Q&1,86), 20, m)) =0 (i—l, %)

Consider the right-hand side of inequality (1) with /=2

@(0(£,TQ(£))0*(n, T2(n)) }

2
ﬁmax{cf & n), w(o2(&,n))

SuP{U(fl, n1),0 (&2, 7]2)},
= BMax \ (upio (e, )06, 51 Disuplo (1, )0 (0, ") (7
sup{o (£1,11),0 (52,m2)}+1

where 8 € [0,1). Now, we need to satisfy the inequality

& m sup{o (&1,m),0 (&2 m2)},
N3 2 ) =P uptoter, e 1 Dsuplo o, ot ) [ * (%)

sup{o (§1,11),0 (§2,m2)}+1

If £ = (0,0) and 5 = ( ), then () becomes

1 1
k1’ K9

1 1
cl0,— )= —
4-/(1 8K1

< B max

3 4dk1—k2
1 1) suplgzg }
< ,Bmax{sup{ _ }, % },
2K1 2K> sup{m, 351t 1
then the above inequality satisfies for 8 = 1. All conditions of the above theorem are sat-

isfied. Hence, €2 has at least a multiple fixed point.
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Corollary 1 Cousider a mapping Q : X" — X. IfTQ : X" — X" on a complete C-
distance space (X", 0" satisfying

o™(MQE), TQn)) < Ba"(E,n), forallE,ne X,Be(0,1),

then Q2 possesses at least a multidimensional fixed point.

Definition 5 Consider a mapping I'Q2 on a C-distance space (X", c"), called a Dass-
Gupta-type contraction. If there is a ¢ : [0,00) — [0, 00), which is continuous, increasing,
and ¢(0) = 0, such that

(4)

91 +0"(5, T Q)" (n, T 2n)) }

N K
o (FQ(S),FQ(ﬂ))SﬁmaX{G (&,m), o1 +o”(&,n)

forall&,n e xh, and 8 € (0,1).

Theorem 2 Consider a mapping Q: X" — X. IfTQ: X" — X" ona complete C-distance
space (X", o"), which is a Dass-Gupta-type contraction, then Q possesses at least a multi-
dimensional fixed point.

Proof Suppose that o”(z(k),7(k + 1)) > 0. If this inequality does not hold, then we get a
fixed point, which terminates the proof. Now,

o (t(k), Tk + 1)) = o"(M'Q(t(k - 1)), I'Q(z(k)))

o (z(k - 1), 7(k)),
S BMAX | 140 (1), P (1)) P2 ()P 2Az ()
e(1+o (T (kc-1),7(k)))

< ﬁmax{crﬁ(t(/c -1),7(x)), 0" (z(k), Tl + D)},

if max{o"(r(k - 1), 7(x)), 0 "(z(k), Tk + 1))} = 6 "(z(k), T(k + 1)), then
o (z(k), Tk + 1)) < po" (v (k) Tk + 1)),
which is impossible. Thus,

O'ﬁ(‘L'(K),‘L'(K + 1)) < ﬁO'ﬁ(‘L'(K - 1),1(/{))

< ﬁ“_loﬁ(r(l), r(2)).
We can also write it as

lim o"(z(k), Tk +1)) = 0. (5)

K—>00

Similarly, we can show that

lim o"(z(k +1),7(k)) = 0. (6)

K—>00
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We need to show that the sequence (7(x)),cn is a Cauchy sequence. For all & > k, consider

o (z(k), T(h) = o"(MQ(z(k - 1)), TQ(z(h - 1)))
o(tlkc 1), t(h-1)), }

< pmax i o(1+0 P (x (c=1), PR (k= 1)) P (2 (A-1), T Q(x (1)
w(1+aﬁ(t(/(—1),r(ﬁ—l)))

o(t(k - 1),7(h-1)),
= BMAX Y o140 (2 lem1), )0 P (e (L)) ( 7
<p(1+(rh(r(/(—1),r(ﬁ—1)))

o (t(k-1),7(F-1)) A fi

. ’ ’ _ p(+o*(r(k-1),7(k)))o " (z(h-1),7(R)

if max{ oo (@ le=1),t(0)o P (e (Fi-1),e (1)) } =2 p(L+o P ((k-1),7(h-1))) then
o(1+0 P (x(e-1),7(A-1))) '

91+ 0"(t(k = 1), (k)" (z(hi-1), 7(h))

I3 _
o"(t(k), (M) = B o1 +oM(z(k - 1), t(h-1))

’

taking limit 7, k — 0o over the above expression, we get the following

B #i
ﬁ,l/(iinooo'h(t(lc), t(h) < h,lkiinoo Aell + (;(ii(l;h(?(’,:(_lci))?i(;(ir_(?)))l)’ 2L
B +lim,_, o0 o "(z(k = 1), 7(k)))o *(limp_ o0 T(7 — 1), T(R))
@1 +1imp 00 0 (T (K — 1), T(h - 1)))
since ¢ is continuous
- Be(1) x 0
T (1 +1limps 000tk = 1), T(F - 1)))
0.

’

As, if limp oo 0" (z(k — 1), 7(h - 1)) = 0, then ¢(1 + limp 0o 0 (T(k — 1), T(h - 1))) #O0.
So, for this case, (t(k))¢en is Cauchy. Now, the other possibility is

"tk - 1), (- 1))
o T\K T
) b f
MAX (1o e Dl ety [ =0 (T = 1), T(h=1)).
(p(1+ah(r(fc—1),r(ﬁ—l)))

In this case,

o (t(k),T(h)) < Bo"(t(k —1),7(h-1))
< B (t(k - 2), 7(h-2))

< ﬂ’(_lah(r(/(), t(h—k +1)),
applying limit A, « — +00, we obtain

lim o"(z(x),7(h)) =0.

A,k — 00

Similarly, we can show that

lim oﬁ(t(ﬁ), t(k)) = 0.

hk—00
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Thus, (7(«))cen is Cauchy. It is given that space is complete, so (t(k)).ecn converges to
some k € X ie.,

lim aﬁ(/c,r(/c)) = lim O'h(T(K),K) =0.

K— 00 K—>00

In the C-distance space, the limit is the fixed point of I'Q2 and, consequently, will be the
multiple fixed point of 2. Hence, « is a fixed point of I'2 and a multiple fixed point of 2. J

Example 2 Define a function ¢ : [0,00) — [0,00) as

p&) = % for all £ € [0, 00),

then ¢ is continuous, nondecreasing, and ¢(0) = 0. Example 1, with defined function ¢,
satisfies all axioms of Theorem 2. Hence, 2 has at least a multidimensional fixed point.

Definition 6 A mapping I'2 on (X", 0") is called a Dass-Gupta-type hybrid contraction
if there is ¥, ¢, 0 : [0,00) — [0, 00) such that

¥ (o™(Q(E), T Qn))) < 0(M(E,n)), )
where

o (20 MET 2@ (I 2(n)

M(E, 1) = [( ol 6 )s} , fohis>0,&,ne X,

+B(c"(&,m)y
(0", TQEN (", D) fohis=0,§1 € X\Fix(X)

where Fix(X)={¢ € X:¢ =TQ(¢)}, forall£,n € X, s > 0and a + B = 1, where ¥, ¢ and
6 are continuous, increasing, and ¥ (0) = ¢(0) = 6(0) = 0,

for >0, (&) >0(&). (a)

Theorem 3 Let Q: X" — X be a mapping. IfFTQ: X" — X" on a complete C-distance
space (X", 0") is a Dass-Gupta-type hybrid contraction, then Q2 possesses at least a multi-
dimensional fixed point.

Proof Fort € X", 7(1) = 'Q(r) and t(k + 1) = ['Q(t(«)) is a Picard sequence. We assume
that

O’ﬁ(T(K),‘L'(K + 1)) >0 forallk eN.

On the contrary, if the above inequality does not hold, then we get a fixed point, and it
terminates the proof. To prove the claim of our result, we shall discuss two cases s > 0 and
s = 0 separately.

Case 1: When s > 0, consider

W(ah(t(/c),t(/c + 1))) = w(oﬁ(FQ(r(K - 1)), FQ(‘L’(K))))
<O(M(t(k - 1),7(k))).
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Where

1
a(® 1+0h(‘L’(K—l),FQ(T(K—l))))Uh(‘[(K),FQ(‘[(K))))s s
Mtk - 1),7(x)) = P(L+o T (z(c-1),7(x)))
+B(0 " (t(k - 1), 7(k)))*

(e e e ) w0, rlee 1) ys :
= ¢(L+o P (z(kc-1),(x)))
+B(0"(t(k - 1), (k)

1
s

= [a(o"(z(k), Tk + 1))’ + B(o"((k - 1), 7(x)))’]

using this value in the above inequality, we have

@l

W(ah(t(K),r(K + 1))) < 9([a(Gh(T(K),T(K + 1)))s + ,3( (r(/c -1), r(/())) ] )

Suppose that o”(z(k), T(k + 1)) > o"(t(k — 1), 7(x)), then from the above inequality, we

have

@l

w(ah(t(lc) (K + 1))) ( a( ( (K + 1))) ﬂ(Gh(T(K),T(K + 1)))5]

<O([(@+B)(o"(rl), Tl + 1)))']")
<0(o L(‘L’(K),‘L’(K +1))), (8)

[ )
[¢

-

using (a), we have

x[f(ah(t(/c),t(/c + 1))) < W(ah(t(/c),t(/c + 1))),

which is a contradiction. So, o™(z(k), T(k + 1)) < o™(t(k — 1), T(«)), which is a decreasing

sequence. Thus, we have

lim Uﬁ(T(K), T(K + 1)) =h>0.

K—>00

If A > 0, applying limit x — +00 to (8), it follows ¥ () < 6(h), which contradicts (t); thus,
h=0and

lim o"(z(k), Tk +1)) = 0.
Similarly,
lim o"(t(k +1),7(k)) =0.
K—>+00

Our next step is to show that (z(k)).en is a Cauchy sequence. For all /i > «, we have

Y (0" (z(k), T(h)) =" (I Q(r(k - 1)), P Q(r(h- 1)) <O(M(r(x - 1),7(h-1))),
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where

o(2Ure e A D))o M (1) PR (1)) ys :
M(t(k - 1),T(h-1)) = p(1+0 " (z(c-1),7(A-1)))
+Ble"(t(e —1), 7 (- 1)y

al—

(p(1+aﬁ(r(1<—1),r(h—l)))

+B(c"(z(k - 1), (- 1)))*

[a(w(lwﬂw1>,r<x)»aﬁ(r(ﬁ1>,r<h>) )s:|

taking limit %,k — 0o, we get

lim (0" (x(c),7(h)) < lim 0(850"(z(k —1),7(h-1)))

he—00 T hk—o00
2
< i 9(1‘ Lol (i - 2), h—2)
_h,/clgloo h,KIElooﬂ o (T(K )T( ))

< «9( lim ﬂKT_loﬁ(r(/c -1, 7(h-k + 1)))

A,k —00

<6(0)=0,
consequently

lim o"(z(k),7(h)) =0.

h,k—00

Similarly, it can be shown that

lim aﬁ(t(h), t(k)) = 0.

h,k—00

Hence, (t(x))cen is Cauchy. Similar reasoning from the proof of the above theorem can be
used to show that © has a multiple fixed point.
Case 2: When s = 0, consider

Y (0" (z(e), Tk + 1)) = ¥ (" (M (k - 1)), TQ(z(k)))) < 0(M(z(k - 1), 7(K))).
Where

M(‘L’(K - 1),‘[(/()) = (Uﬁ(T(K - 1),FQ(T(K - 1))))a(ah(r(lc), 1"§2(r(/c))))ﬁ
(0" (x(kc = 1), 7(0))) (0" (x (), (e + 1))”,

SO

¥ (0" (x ), e + 1)) < 0((0"(x(c = 1), 7)) (6" (x (), T(ic + 1)))”)
< l/f((ah(r(/c - 1),r(/<)))a (O'ﬁ(T(K),‘L'(K + 1)))‘3),

using the properties of {r, we have

o (z(), Tl + 1)) < (6" (x (e = 1), 7()))“ (6" (x (), T (e + 1)),
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using simple calculation, the above inequality turns into

(0" (x (), Tlkc + 1)) < (6" (x (e = 1), 7 ()",
since o + B = 1, we have
o (t(k), Tk + 1)) <o (t(k - 1), (k).
Using the same method as in Case 1, we can find a multiple fixed point of €. 0
Remark 2
(1) We can clearly see that Theorem 1 in [11] is the particular case of the above
theorem. We can get that by substituting /7 = 1 and ¢(1 + x) = «.
(2) Inthe above theorem, the space used is the C-distance space, which is the
generalization of the space used in [11].
(3) In [11], fixed point result was established. However, the above result is the

multidimensional fixed point result.

Example 3 Let X = {% :k € N} U {0}. Define for all k,/ € N

1 1 1 1
0(0,0) =0, o(a—)=——, a<—m)=—, o6& = |6 — 1,
K 2Kk K K

then (X, 0) is a C-distance space. Now,
XxX={En):£neX},

and

o*(&,n) = sup{o (&, n)},

<2

then (X2%,02) is a C-distance space.
Define ¢, v,0 : [0,00) — [0, 00), as

p()=- and Y(§)=6(&)=§, forall§ e[0,00),

which are continuous, increasing, and ¥(0) = ¢(0) = 6(0) = 0. Now, define Q : X2 — X
such that

Qe =L forall (1,8 € X7,
and a mapping I' : X — X% such that

() = (T1(5), T2(8)),
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where I'; : {1,2} — {1,2} are defined as

@ @)y (1 2
N(1) ) \2 1)°
The mapping I'2: X2 — X? is defined as
& &
TQ(&1,86) = (REr ) 8ry0), QEr,0) Ery2)) = (—, —>,
Consider
0 (QELE), Qn,m)) =0 (i—l, %)

Then, all the conditions of the above theorem are satisfied with A =2, = 8 = é and s=1.
Hence, there exists a multiple fixed point of 2.

Example 4 Let X = {f1,f>}, where f} f, are functions from [1, 00) to [1,00) and are defined

as
filx)=x, forallx e [1,00),
falx)=2x, forallx € [1,00).
Define

o (fi.fa) = folx) - i),

clearly (X, 0) is a C-distance space.

Define X x X = {(f,f), (o), (onfi), (onfo)).

Now, define 6% on X x X as 6%(f1,/2) = sup{o (fi, ) : i,j € {1,2}}, (X%,0?), is also a C-
distance space.

Define ¢, ¥,6 : [0,00) — [0,00), as

oE)=5 and YE)=0©)=¢, foralls €[0,00)

which are continuous, increasing, and ¥ (0) = ¢(0) = 6(0) = 0.
Now, define  : X% — X such that

Qfi,f2) :@ for all (£,&,) € X2,

and a mapping I' : X — X% such that

L&) = (T16),T2(8)),

where I'; : {1,2} — {1, 2} are defined as

ria re) (1 2
1) L)/ \2 1/)°
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The mapping I'Q: X2 — X2 is defined as
Al L)
FQf.f) = (0 fra@) Qo) fra@)) = (IT ZT :
Now, letting f = (1,£1), g = (fi,/2), we have

¥ (o*(TQ(f), I2Ag))) = = < 0(M(f, g)),

| R

fors>1,anda =8 = % Since all conditions of Theorem 3 are satisfied, 2 has a multiple
fixed point.

Corollary 2 A self-mapping I'QQ on a complete C-distance space (X, o) has a fixed point,
i.e., multiple fixed point of Q2 if, for any &,n € X, & # ), there is ¥, ¢,0 : [0,00) — [0,00)
such that

p(L+a (&)

(2 TN " (L 2Ap) s ;
+B(o"(&,n))

¥ (0" (PRAE),TQM)) < 2 x 0 [

where o, 8,1 € (0,1) and o + B =1, s >0, where Y, ¢ and 0 are continuous, nonincreasing,
and ¥(0) = ¢(0) = 6(0) = 0,

Jor&>0, ¥(&)>0(8). (a)

Corollary 3 Consider a mapping Q : X" — X. If the mapping T2 on a complete C-
distance space (X, o) satisfies

o"(PR(&), T2(n) < A[o" (6,7 [o" (n.TRM)]™,
forall &,n € X\Fix(X), where a, A € (0,1), then Q has a multiple fixed point.

Proof Putting () = &, 0(§) = A and B = 1 — « in the above theorem, we will get the
desired result. a

4 Application
This section deals with the application of the obtained result proven in Sect. 3 for C-
distance spaces. Here, we are going to investigate the solution of integral equations utiliz-
ing the concept of multiple fixed point.

Let a,b € R with a < b, and let [ = [a,b]. Consider X as a set of all real-valued and con-
tinuous functions defined on i, and then o is a complete C-distance on X, where

o(a,B) = n%auh(]ﬂa(t) - ,3(t)|)2w, Va,Be Mand w > 1,

o"(&,1) = sup{o (&,m)}

i<h

2w
= sup| max | &(t) — ni(t)| }
elab]

i<h \t
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Consider the following integral system:

1) =+ / L(E (), Ea(ut) .-, En(10)) it

§() =0 +/ L(&), &), En(), 610, -, &1 (W) dpt, )

fori=1,2,...,0,10=01,02...,0n) € X, n e ZandamappingL:Rh — R is such that
(1) L is continuous;
(2) V(%-lr EZ: LIRS Sh): (771’ N25eees 7’/h) € ]th

1
(L & En)| = [LOn 2 m0)]| < K(m?‘x (I& - 77;|)2m)2w.
1<i<h
A mapping re:xh"— xfor all € = (£1,85,...,En) € X" and @ € X" defined by

FQ(SI! ‘5:27 .. "sh)(t)

o)+ [Ja HEGD 800 8 () A, [ L&), E(0), - 61 (W)
o [T LE ) E1 () Enea () dp '

Now, for the solution of system, we take points (11, 72,..., 1), (§1,&2,...,&n) € AP, and

consider

ah(rﬂ(él: %_21 ceed ‘i:h)(t)r FQ(”D N25-0) nh)(t))

(&)t +<f;L(Sl(M)r ( )1 rsh ,lL))d,lLf L(SZ ( ),...,Sl(,bb))d,u,>>
h o Jy LERG), E1 (1), . e 1( ) dp ’

-7 (w(t (/ L(m (w )ﬂz(M) () dus, [ L(na( )na(u),-.-,nl(u))du,»
..,f;L (), 1 () » aca ()) A
2w
PL(E ), &), Ea(w)) di = 2 L(n1() ma(), . ma(w)) dp|
= sup | max 20
i<h nel

P L(E (), E ), s Encr () di = [ L(na(p)y (), .. o1 () die

2w

1
(f;k(maxiq\&(u) - m(u)|2w>zm du)
<sup | max

1 2w
shl onel ( N k(maxish!&(pc) - m(u)}m)zw du)

t % o
ssup[(max(/ kG(E;ﬂn)) du) ]
i<h nel a

< ksupo (&, m)(b-a)*”

i<h

<k(b-a)”o" (&),

with k(b — a)?>” < 1. Thus, all the assumptions of Corollary 1 are satisfied. Hence, the in-

tegral system has a unique solution.
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Corollary 4 Let Q: X" — X. If a mapping T'Q on a complete C-distance space (X",o")

satisfies

oo E.reE)o" (,rewm)

oM(rE),rem) o€ T e
/ dsiﬁmax{/ ds,/ ‘ ds},
0 0

0

forany £,n € X", and B € (0,1), then Q possesses at least a multidimensional fixed point.

Conclusion 1 In this article, we study some nonlinear contractions in the settings of C-
distance space for nonself-mappings. For such mappings, multidimensional fixed point
results were established, extending and generalizing the results in [13]. We checked the
applicability of our results by providing examples. We also applied these results for finding
the solution of the system of integral equations. We can see that most results in [1] are
particular cases of the present article results, as we can obtain these results by substituting
h = 1. We also used the C-distance space here, which is the generalization of metric space
used in most results existing in literature. By defining control functions differently, we can
obtain the results available in [7]. Thus, the results of the present article are generalized
in the sense of their contractive conditions, space, and multiple fixed point, as already
discussed in remarks.

By substituting % = 2,3, ... and defining control functions as identity functions, we can
get many new results, such as couple and triple fixed point results for nonlinear contrac-

tions in generalized spaces, that is, C-distance spaces.
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