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1 Introduction
In this paper, we study the problem of wave equation with logarithmic nonlinearity and
dynamic boundary condition

Uy — Au=0, in (0,00) x €,

u(x,t) =0 on [0,00) x Iy, W
Lu(x,t) = —|u[*2uy + [ulP2uln|ul  on [0,00) x I'y,

u(x,0) = up(x), u(0,%) =u(x) on €,

where Q C R”, n > 1 is a regular, bounded domain with a boundary 92 = Ty U I'y,
I'o N T'; =, where I'y and I'; are measurable over 952, endowed with the (# — 1) dimen-
sional Lebesgue measures A,_1(I'g) and A,_;(I'1). Additionally, 1,,_1(I'o) and A,_1(I";) are
assumed to be positive throughout paper. k > 2 and p > 2 are positive constants to be
chosen later.

Dynamic boundary problems are widely applied in many mathematical models, such
hydro logic filtration process, thermoelasticity, diffusion phenomenon, and hydrodynam-
ics [2, 15, 25-27]. A dynamic boundary condition has been introduced by a group of

physicists to underline the fact that the kinetics of the process, i.e. the term Z—Z becomes
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more visible in some boundary conditions [18, 24]. This type of option is characterized by
the interaction of the components of the system with the walls (i.e., within I') [7]. Since
the paper by Lions [29] has been introduced in 1969, evolution equations with dynam-
ical boundary conditions (first order equations in time) have been studied well. Later,
mathematicians and physicists studied it for a long time and achieved creative success;
see [3,6,9,17, 19, 20, 22, 28, 31] and references therein.

In [31], the author considered the problem (1) without logarithmic source term for
%u(x, t) = —|us|*"2u; + |u’~>u boundary condition and proved the local and global ex-
istence under suitable condition. When 2 < p < k, the solutions exist globally for arbitrary
initial data. For k < p, solutions blow up. Later, Zhang and Hu [36] considered the blow-up
of the solution under the condition E(0) < d when the initial data are in the unstable set.
In [12], they established blow-up results of the solution for a finite time at a critical energy
level or high-energy level for the same problem.

Let us go back and look at a wave equation with logarithmic nonlinearity associated
with problem (1). In [8], Cazenave and Haraux considered the following equation for the
Cauchy problem

Uy — Au = kuln|ul. (2)

They studied deeply the existence and uniqueness of the solutions using different tech-
niques. As far as is known, this type of problem has been employed in various ar-
eas of physics, such as geophysics, nuclear physics, and optics; see in Bialynicki-Birula
and Mycielski [4, 5]. Moreover, there are many research points devoted to the given
problem in different models of hyperbolic wave equation with logarithmic source term
[10, 13, 14, 16, 21, 23, 33]. Ma and Fang [32] considered problem (2) with strong damping
term. They proved decay estimates and blow-up result under the null Dirichlet boundary
condition.

In [11], Cui and Chai considered the following equation

Uy — div(A(x)Vu) = lulPuln|u|

with acoustic boundary condition. They obtained local existence and uniqueness using the
semigroup theory. As far as is known, not many works are related to the logarithmic wave
equation with a dynamic boundary condition. According to the studies mentioned above,
our work aims to expand the result of wave equation with logarithmic nonlinearity and
dynamic boundary conditions. The rest of the work is arranged as follows: In Sect. 2 gives
notations and lemmas to illustrate our paper path. Sections 3—4 state the local existence
result and potential well of (1). In the last part, we established blow-up result for a lower
bound time.

2 Preliminaries
First, we denote

-1l = LX), I-1lg=L%(<), I llgr, =L9(T1), 1<g=<oo
and

HY, (Q) = {u e H'(Q) : ulr, =0},
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(#|r, is in the trace sense). Let T'> 0 be a real number and X be a Banach space endowed
with norm || - || ..L?(0, T; X) indicates the space of functions /4, which are L? over (0, T') with
values in X, which are measurable with |||, € L?(0, T'). We set the Banach space endowed

with the norm

T 1

P p

”h”lﬁ(O,T;X):(/ ||h||x) .
0

L>(0, T; X) denotes the space of functions /% : (0, 7) — X, which are measurable with
Il € L*°(0, T'). We set the Banach space endowed with the norm

- 1

p P

Wllr.za0 = ( / ||h||X) .
0

We know that if X and Y are Banach spaces such that X is continuous embedding to Y,
then L7(0, T; X) — LP(0,T;Y) for 1 <p < oo.

We define the total energy function as
1 1 1 1
E(f) = §||14t||2 + EHVMH2 + ?llu”irl "7 /Fl ul? In|u| dx. 3)

By the definition of E(¢) on H}: ,(£2), the initial energy can be considered

1 1 1 1
E(0) = E”MI I + EIIVMoll2 + Elluollﬁ,rl > /n |uol” In || dx. (4)
Lemma 1 [1] (Trace-Sobolev Embedding inequality). Let Hllo(Q) — IP(I') for2 <p<
hold, where

2(n-1) l:fl’l > 3’

n-2 "’

00, ifn=1,2.

=

So that, there is a constant C, that is the smallest nonnegative number, satisfying
letllpr; < Coll Vol (5)

Proposition 2 Suppose that Lemma 1 holds, we define

2(n-1 .
* _ %_P; {fl’lzg,
00, ifn=1,2

for any « € [0,a*), then H}O(Q) — [P**(T';) continuously.

Lemma 3 E(t) is a nonincreasing function for 0 <s <t < T and

E(t) + / ||ur(r)||]/;r1 dt =E(s) <0. (6)
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Proof By multiplying equation (1) by u, and integrating on €2, we have

/uttutdx—/ Auu;sdx =0,
Q Q

d(1 1 L1 1 .
E(Enutnz ELNCUR R fr jul? In |u|dx> S %)
By integrating of (7) over (s, t), we have equality (6). |

Lemma 4 Let ¥ be a positive number. Then, the inequality holds
||s|p’2 log |s|| <A+sH0 ps2 (8)
for A>0.
In|s|

Proof Notice that limyy—.o =5 = 0. Then, there is a positive constant K > 0 such that

log |s|
319

<
for V|s| > K. Therefore,

log |s| < s?

Is|P2log |s| < s?~>*7,

for V|s| > K. Since p > 2, then ||s|?~% log|s|| < A, for some A > 0 and for all |s| < K.
Thus,

||s|"’_2 log |s|| <A+ ps2. O

3 Existence of local solution
We will apply the Faedo-Galerkin technique and the Schauder fixed-point theorem.

Theorem 5 There exists T > 0, such that problem (1) has a unique local weak solution u
of (1) on (0, T) x Q2. Therefore,

ue C([0, T} HY () N CH([0, T); LX()),

u, € L((0,T) x I'y)

and the energy identity

1 ) 1 2
— ]| + = ||Vu
2|| ell 2|| l

t t t
k
+/ ||’/it||k,r1 =/ |u|? In |u|u; dx
N s sJI

holds for 0 < s <t < T. Therefore, T = T(||M0||i[1 @t lual?|%, k, p, 2,T1) is decreasing in
To
the first variable.

Page 4 of 23
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Now, we will give some existence result and lemma used for the proof of Theorem 5.
To define the function and show that the fixed point exists, we introduce the following

problem:
Vg —Av =0, in(0,7T) x ,
v=0 on[0,T) x Iy, ©)
Ly, ) = —[ve[* v, + [ulP2uln|u| on[0,T) x Ty,
v(x) = uo (%), ve(x) = uz(x) on Q.

Let the solution v of problem (9) be v = ¢ (u). We can see that v corresponds to u# and
¢: Xt — X7

Lemma 6 Let 2 < p < » and %_LIM < k. Assume that u € H}O(Q) and u, € LK) hold.

Then, there exists a unique weak solution u of (9) on (0, T) x Q. Therefore,
YT = {(V: Vt) € C([Or T])Hllo (Q)) N Cl([o, T);LZ(Q))y Vt € Lk((or T) X 1—11)} (10)

endowed with the norm

2 1
[, v Yy = Olllt&LXT[||Vc||2 + §||VV||2:| + ||Vt||fk((oyT)X1—1), (11)
and the energy identity
1 2, 1 | ok '
Sl SI9?| + f el = f ? In adt i, (12)
s N sJI

holds forO0<s<t<T.

To see the first step of the proof of Lemma 6, we will use the following proposition. The
proposition was proved similar to [35]. We have some results in [35] as follows:

Proposition7 Let2 < p < scand %m < k. Assume thatu € H}O(Q) and u, € LX(Q) hold.

Then, there is T > 0 and a unique solution v for (9) problem on (0, T) such that, i.e.
u e L®([0, T Hf ()

such that
u, € L0, T;L*(R2) N L¥((0, T) x I'y))

and
T T T
/ Q—utgot+VuV<p+/ F1|u¢|k_2ut<p—/ C1lul?2uln ulg =0
0 0 0

forall ¢ € C((0, T); H} (22)) N CH((0, T); LX(2)) N L*((0, T) x T1). Then

u € C([0, T Hf () N C([0, T); L*()),
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and the energy identity

1 ) 1 2
—lue]|“ + = ||Vu
2|| ell 2|| l

t t t
k
+/ llote Iy, =/ / |ul? In || us, e
N s sJI

holds for 0 < s <t < T. Now, we can state the proof of Lemma 6.

Proof Let{ wj}l‘f’l be a sequence of linearly independent vectorsin X = {u € H}O () :ulr, €
L¥(T";)} whose finite linear combinations are dense in X. In the event, using the Grahm-
Schmidt orthogonalization method, we can conclude {wj}}‘?fl to be orthonormal in L2(Q) N
L?(T';). Using some technical mathematical result, we can clearly see that X (u € H}. X ()N
LX(I'y)) is dense in HY, () and in L*(£2). Moreover, there exist uou, Uyu € [W1, Wa, ..., Wp]

where wy, ws, ..., w,, are the span of the vectors such that

m

Uoy = Z(/ MOWi)Wi —uy in H%O(Q),
Q

i=1
(13)

Uiy = Z(/ ulwi>wi —u; inL*(Q).
=1 9
According to their multiplicity of

AW,’ + )Viwi =0

we denote by {1;} the related eigenvalues to wy, ws, ..., w,,. For all m > 1, we will seek an

approximate solution (m functions y;;,) such that

vm(®) =Yy (Owi (14)

i=1

satisfying the following Cauchy problem
{(vmn, W)+ (Vv VW) + | Ve Pvimewi = |l ulnulw;, (15)

I I

where ¢ > 0. In (15), for the first term, we obtain

fQtht(t)Wi dx = /Q</Z=1: V,?;(t)wj> widx = ylm(t)fsz |Wi|2dx= Vlm(t) (16)

Similarly,

‘/Q—AVmWide—LA(;)/]'m(t)W/)Widx
:_/Q<i yjm(t)ij>widx

j=1
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:/ Z)//m(t)kjijidx (17)
Q =1

= )’im(t))»i/ lwi|* dx
Q
= Vim(t))\i'

For the fourth term, we get

/ |sz(t)| Vint )W; dx = /r <Z|)'/,»m(t)|k_2)'/j’”(t)wj>widx

Jj=1

_ (18)
= |7 ) fﬂ jwil? dx

=y,

Then, we insert (16)—(18) in (15) so that (15) yields the following Cauchy problem for a
linear ordinary differential equation for unknown functions y,”(¢) for i = 1,2,...,m;

PO + v Or + VO + |50 = G,

(19)
y(0) = / wowidx,  9"(0) = / s d,
Q Q
where
G@®) = [ 1wl uln|ulw;, i=1,2,...,m, (20)

I

for t € [0, T]. Then the problem above has a unique local solution y;” € C?[0, T for all i,
which satisfies a unique v,, defined by (14) and satisfies (15).

Now, taking w; = v,,;; in equation (15) and then integrating over [0,¢],0 < ¢ < t,, and by
parts,

[me@) [+ [ @] + 2 / [vne©) g,
° (21)
_ 2 2 p-2
[vim@ | + 1 Vvoumll +2/0 frl lulPuln |u|v,y, dxds

for each m > 1.

To estimate the last term on the right-hand side of (21), set v,, € H(0, tm;H}O(Q)) and
by the trace theorem; v,, € H'(0,t,,; LX(I'1)). Applying the Young and the trace Sobolev
inequalities, we conclude that

t
2[ / [P~ 2u1n ||V, dx ds
o Jrp

¢
52//||M|P—lln|u|||vmt(s)’dxds (22)
0

t
5/ [lu|PL 1n |u| &1 1dxds+/ ||th(s ”kF
0 I
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since I'; is bounded. To estimate (22), we focus on the first term
4 k.
f ||1,t|1”11n|u||k*1 dxds.
0 r
We define
Iy ={xelux)| <1} and T|={xeQlux)l=>1},

where I'; = I'7 UT{. Because of that, fot Jo NP~ 1n ua]| T dxds can be recalled as follows

/|‘u(s)‘p711n|u(s)’|k7k1dx
Iy

k k (23)
:/ ||u(s)|1gf1 In|u(s)||F dx+/ ||u(s)‘pi1 In|u(s)| |7 dx.
ry r
Then, the use of Lemma 4 gives
I’[Hu(s)vgf1 1n|u(s)|}% dx < [e(p - 1)]7% Ty =C, (24)

where

inf s Ins=[e(p—1)]".
Sel(r(l)’l)s ns [e(p )]

Let

2(n-1) Kk ..
6 = 5 -ﬁ—p+1>0 for n > 3; each positive 6 for n =1, 2.
n_ —

By the Sobolev embedding H} (2) < =2 (I'y), recalling u € F = C([0, T]; H} (), we

obtain
./ ||M(S)|p_l 1n|”(s)||% dx < / o 1O ET (|uus) |p_1 ln|u(s)|)% dx
ry -
O} ()| infuts)| )7

59_%/ (|u(s)|p_1+9)%dx

ry
k 2(n-1)
59_171/ u(s‘ 2 dx
ry=ryury
k. 2(n—21)
= 0% T [luell ymy)
n-2
2(n-1)

<Cllu|,"? <C. (25)

Page 8 of 23
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Case n = 1,2 proof is similar. So that, for taking ¢ = T, we conclude that |u(s)|?~! In |u(s)|
is bounded in L& (0, T) x I'y).
Writing (24), (25) into (22), we conclude that

Z/t |6($) 1P~ 20(s) In |04(s) |Vyyue(s) dx ds < CT + /‘t”v,,,t(s)”kF ds. (26)
0 Jry 0 w1

Replacing (26) into (21), we can write

||th(t) H2 + || Vv,.(t) H2 + 2/0 ||V”¢(t)||;l‘1 dt

t (27)
2
< [vim® > + IV voul? + CT + / [ ., s,
0
where C is a positive constant independent of m. Since the elementary estimate
2 <Ci+Cwx = x<(1+Ci+ Cz)ﬁ (28)
for C1,Cy > 0and a > 1, (27) can be written as
2 2 ! k
@ + 99O +2 [ oo,
0 (29)
<C
where Cy = [[V1,u(£)]12 + | Vvoul|> + CT + (1 + Cy + Cy)#-1. Since
[vin @O || < [[vim )] + Tlvimell o0, 7220 (30)

we have that v,,(¢) is bounded in L*(0, T; H}. X (€2)). Consequently, it follows from (29) and
(30) that

Vm, isboundedin  L*(0, T; Hy (),

(31)
Vt»  is bounded in L®(0, T; L2($2)) N LX(0, T; L*(T"y)).

Using a standard procedure of the Aubin-Lions lemma [30, 34], we deduce that

2*

Vi —> V in L*(0, T; H}O(Q)),
Vit 5> 1 in L*(0, T; L*(%)),
Vit —> 12 in LX((0, T) x Ty),

_ z _ . _k_
|th|k 2th g |th|k 2th in L*1 ((0: T) X 1—‘1),

where 1, = v, and v(0) = vy. Now, we suppose that 1, = v, a.e. in (0,T) x I';. It is clear
that, since the weak limit of v,,; on (0, T) x 92 is equal to 13 on (0, T) x I'; and to 0 on
(0,T) x 'y, and since u = 0 on (0, T) x I'y, the assumption is that the weal limit of v,,,
on (0,T) x L2 is the distribution time derivative of v on (0, T) x 9. Therefore, up to
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subsequence, we can pass to limit in (15) and find a weak solution (9) applying argument
similar to that given in [35] (see Proposition 1).

Uniqueness proof is given by contradiction, claiming two distinct solutions exist. Say
w and v have the same initial data. Subtracting both two equations and testing result by

w; — V¢, we conclude that
2 2
lwe —vell” + [ Vw = V|

T
+ 2/ / (|Wr|k_2Wr - |Vt|k_2Vt)(Wt —-v.)dt (32)
0 I
0

From the following inequality

(F1%f - 1gg)(f ~@) = CIf - g fork=2,Yf,g € RIC>0
equation (9) yields

we = vell” + [ Vw = Vv||?

T
+ c(+/ Vw, — Vv, ||§,r1>
0
<0
which satisfies w — v = 0. Therefore, (9) satisfies a unique weak solution. O
Now, we can deal with the proof of Theorem 5.

Proof To obtain the proof, we apply the contraction mapping theorem. For T > 0, we de-

note the convex closed subset of Y7 as
X7 = {(V, vy) € Y7 :v(0,%) = ug(x), v:(0,x) = ul(x)}.
We define
B.(Xr) = {veXr:| Wy, <r*},
where 2 = 1(||u1[|* + | Vuo|?). Thanks to Lemma 6, for any u € B,(X1), we can introduce
v = ¢ (u), which is the unique solution of (9). We can see that v corresponds to u and ¢ :

X7 — Xr.Our aim is to get that ¢ is a contraction map, which implies ¢ (B, (X)) C B,(Xr)
for any T > 0. Using energy identity for all £ € (0, T], we have

1 t
(P 1991%) + f [t dr
0

=

(a1 + 1V u011?) (33)

N

+ /t |6(s) P2 0(s) I |ua(s) v, (s) dx dis.
0 JI'y

Page 10 of 23
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Then by

/ P ulnul < / up
I ry

(33) yields that

1 t
5 (Il + 197)?) + / v p, d

34
) (34)
< (Il + Vo ) // Py, dds.

The last term on the right-hand side of inequality (34) can be estimated using the Holder

inequality and similar calculations as for (23) and (25),

1 t
5 (Il + 197)?) + /0 vy, dr

(35)
1 2(n-1) | k=1
§(||M1|| + I Vuol?) + Cron2 TF el k.19
By taking ¢ = T and using the inequality (28), we have
1 20n-1) k-1 1
||Vt||Lk((O,T)XF1) < C 1+ 57’0 +Crn2 Tk . (36)
Because of the inequality for X, Y > 0,
X+ Y)* <2(X* +Y%), (37)
where a is a positive constant, (36) yields that
1 L 2(n-1) 1
Vel 2k o,1yxry) < Ch 1+§ re !t + Cr- D Tx ). (38)
Now, we insert (38) into (35) and obtain the following inequality
L (Il + 19v1)
2
3
1, 2n-1) 1 & 2n-1) g (39)
< 7o+ Cor 2 7% (1+ 570+ CEAD T ).

So that, we have

2n-1) k-1 1 2
||Vt”L°°(O,T;L2( Q) <70+C67” 2 T & <1+57‘0 +CI"(

) ?
|
s

;
=

DT

>. (40)

Page 11 of 23
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Using inequality (37) and (40), we have

2 2
VI3 < (llollz + §llvell2)
2 2
< 2|luolly + 2T7[vell oo (o, 750252

<215 + 2T Vel oo, riz2 o)
(41)

2(n-1) 1 & _2n-1)
§2r(2)+2T2[rS+C6r n-2 Tkk< +§ré‘ +Crn2k1)T/1<>]
(n-1) 1 L 2(n-1)
<21+ T2 +2CeT F rin’ (1+§§ + Cri26D Tk)
Combining (39) and (41), we have

2(n-1)

2 1 2 _2An-l) g
Vell oo o, 7sm2 (<)) =@B+T)rg+ C TRy " (1 +T7)(1 E’"é(fl + Cre=2eD T ).
\TiHE,

By choosing T small enough and r large enough, we derive that {(u) € B,(X7) and T =
T(r3, k,p,2,T'1) is a decreasing with respect to the first variable.

Next, we will verify that ¢ is a contraction mapping continuous on B,(Xr) and ¢ is com-
pact in Y7. Let uy,uy € X, 7. We define vy = {(u1), vo = ¢ (uy) with uy,uy € B.(X7), and

Z = V1 — 1y, then, clearly z is a solution of the problem

Zy —Az=0 in(0,T) x Q,
z=0 on[0,T) x I'y,
;,%,Z(x: t) = —[vielvie + [var Py on[0,T) x I'y, (42)

+ 1P 2ug Inug | = |usP2uy In|uy|  on 2,

2(0,x) = z;(0,x) = 0.

*~2v5; belong to

Since vis, vy, € L™((0,T) x Ty), it is clearly that |vi;[*2v;; and |vy
Lﬁ((o, T) x I'1). Also, the functions |u[P~2u;In|u;| and |usP~2usIn|uy| belong to
LR ((0, T) x I'1). Then, by using Lemma 6, the energy functional can be written for prob-

lem (42) such that

1 1
Szl + ZIVel” + f (vael v = a0 (e = vi)
I
t (43)
_ / / (eal?2102 In 11| = [162 P10 I 11]) (v = vi) e s
0 JI

for 0 <t < T. We denote the basic inequality for x > 2,a;, a; € R such that

b-2 b-2 b
(lar|” a1 — |as|"*as) (a1 — az) = C*lay — as|”.
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For estimating the last integral on the left-hand side of (43), we apply the basic inequality
by taking b = k when k> 2 and b = % when 1 < k < 2. So that, (43) becomes

1 1
Sl + S1V2I2 + C izl g gy,

¢ (44)
= [ Gl ) = Pt o = v s
0o Jr,
for k > 2, and
1 2 1 2 * k-2 _ k=2 %
lzell® + S 11V 2l + C || vael vae = varPvae | <5
2 2 L*-T((0,T)xTy)
t (45)
= [ = a2l - v s
0 JI
for1<k<2.
Now, we need to estimate the logarithmic term in (45). If we set
G(s) = |s|”2sIn|s|,
then
G'(s) = (p-D)lsIn]s| + s
=(1+(-1n|s|)Is}”>.
From the mean value theorem, we have
|G(u1) - Glus)|
= |G’(z9u1 + (1= 9)ur) (g - uz)’
-2
< [1 +(p-1) 1n|(19u1 +(1- ﬁ)u2)|]|(l9u1 +(1- ﬁ)uz) |p |uy — uy),
where 0 < ¥ < 1. From Lemma 4, we conclude that
-2
|G(u1) = Glun)| < [(Pur + (1= 9)ua) [" " |ua = wa| + (p = DAy — sy
-2
+ (- Dl — o] |(Duar + (1 = D)) [ o)
-2
< (1 + w) " |us —ua| + (p = DAJuy - s
+(p = Dlug — ua||ug + un P72,
Inserting (47) into (45), we obtain
1 2 1 2 x k-2 k-2 B
lze® + < 1V2l* + C* | vaePvie = [vael “Pvae | F 5 ((0,T) x Ty)
2 2 Lk-1
(47)

T P21y, — — -
:/ / (|<u1+u2)| 1 = 2] + (p =~ DAy u2|>(m_V2t)dde‘
o Jr;

+(p = Dlur — usl|uy + up [P~
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We choose s € (p, ») such that

A )

< <k. (48)
x-p+1 —-p+1

Using (49), we can define / € (0, 1) such that

1 1 1 1 (49)
—+—+-=1,
k s 1
where [ < .
Using (37) and the Holder inequality, we can write the first term of the integral term of
(48) as

T
-2
/ (1 + ) |” "y — w2 | (Ve = vae)
0 I

. (50)
- -2 -2
<2 f [T I (20 e 1721 e A P
0

Since I(p — 2) < 74, by the trace Sobolev embedding and definition of r, we obtain

T
p-2
/ / |1 + w2) | |1 = 2| (vie = var)
0 I
T

- -2 -2
<2 f i1 = |,y (1Y 22 177 4 V221272 22l ey (51)
0

T
-2
<2Cir / i = s g el
0

Applying the Holder inequality, we conclude that

T
)
f (a1 -+ 002) [Pl = ) (1 = vi)
0 JI (52)

kel
<2C1or" T |luy — ||z 0,7 (o) 126 | Lk (0,19 ()

Thanks to (40) and ry < r, (52) yields

T
)
f / (a1 + 1) 141 = sl = v)
0 I

< C11rp2|:<1 + lrkgl)Tk;1 + Cr<n3<2’3(/321) Ti| (53)

\]

X |[u1 = ua |00, 75070 ()

If we choose s € (p, ») such that

x 1

%—(p+8)+1<%1—(p+8)+1<k' (54)

Using (54), we can define /; € (0, 1) such that

Page 14 of 23
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T
-2
/ [ty — ||ty + ua [P~ (Vi — vay)
o Jr
1 o k-1 2(n-1)
< Cppr?*e? [(1 + 5rkl) T% + Cro—2&D T} (55)
X ||u1 — Uzl Lo (0,7iL ()

where ¢ > 0 constant.
Using the trace Sobolev embedding and the Holder inequality in time and (36), we have

T
/ [ty — ua| (Vi — var)
0 I

T
< llzt1 = Wiz ll e, 122 1,0
/(; 301 1 (56)

<llu1 - M2||L°C(0,T;L%(1“1))||Zt||Lk((o,T)x(r1))

1 ki 2(n-1) 1
<C|1+ 2 0_1 + Cro=26D T | |lug - u2||Loo(0 T;1>3(C1))>

where 3 € (p, ).
By combining (56),(55), and (53), we obtain

+(p = D)(vie = var)luy + up|P2%

f / (|(u1 + ) P2 (v — var) + (p — DA(vy, — V2t)) (vis — var) dxcdls
rp

(57)

< Kl|uy = uz ||z 0,1;2.7%(r 1))
where
3* = max{sz, 30, 53}
and
Ci(1+ ro by Cr<" 5 Tk)
K =max { Cj,r?*2[(1 + lrle)T]% + Cr% 7],

1 2(n-1)

Cur2[(1+ L0 T'F + CroweD 7],
Consequently, by inserting (57) into (44) and (45), we get the following estimates

lvie — V2t||i°°(0,T;L2(S2)) < Killu; - ”2”L00(0,T;L%*([‘1))1 (58)

IVvy = VVZ”EOO(O,T;LZ(Q)) <Killus - u2”Loc((),T;L%*([‘1)): (59)

and

k
”Vlt - VZtHLk((O,T)xl"l) = 1<1 ||Lt1 - MZHLOO((),T;L%*([‘I))) (60)
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where k > 2, while

K
K

L

k=2 k-2
” [Viel ™ vie — [vae|™ “vas ” < Killuy —uy ||L°°(0,T;L%* T))’ (61)

e
E1(0,1)xT)

where 1 < k <2 and K; > 0 is a constant, which depends on (p, &, 2,1, T, 7). Thanks to
v1(0) = 15(0) = 0, we conclude that for 0 <t < T,

T
vy =vall2 < / lvie = vaslla < TlIvie = vaell poogo, rr2@))- (62)
0
Plug (58) into (62) yields that

llvi - VzlliOO(O’T;LZ(Q)) <KiT? llu1 — ua ”LOO(O,T;L"*(F]))‘ (63)

Thus, from estimates (58)—(63), we get contractiveness of ¢ in B,(Xr). It follows that
v = ¢ (u) is a Cauchy sequence in Y7. The proof is completed. d

4 Potential well
In this section, we will demonstrate the global existence of the proofs of solution (1).

We defined some useful functionals total energy function as

1 1 1

= 2 IVull? + — p__/ P ] dx, 64

J(u) 2|| ul| +p2||u||p,rl » rlu n|uldx (64)

1(u):||Vu||2—/ u? In |u| dx. (65)
1

Then, combining (64), (65), and definition of E(u) gives

Jw) = }91@0 + I%nunz (66)
and
1 2
E@) = 3 l? + 7o), (67)

The potential well depth is defined as
W = {(uo, 1) € H}, (Q) x L*(RQ) : ] () < d,1(u) >0} U{0}, (68)

and the outer space of the potential well
V = {(uo, 1) € Hy () x L*(R) : J(w) < d, 1(u) < O}. (69)

Lemma 8 Let ug € H, (\{0}, |ul) -, #0. Then

1) lim; _, o+ ]()\l/l) =0, limy_, ]()"M) =—00;
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ii) There exists \* > 0 satisfying %]()\*u) =0 such that

>0, 0<A<Af,
7)
I(Au)=a/(ku) =0, A=A%

<0, A<A*<oo.

Proof i) Take J(Au),

1 1 1
J(w) = = |AVul® + = 2ullh - — —/ In | Au|(Ae)? dx
p p pJr

A2 AP AP AP
= IVul* + = ulf, - = |ulP In|u| dx — — In |A| |ul? dx.
2 pI1
2 p ? Jr p r|

By virtue of ||”||§,r1’ we see that limy_, o J(Au) = 0, limy_, oo J (A1) = —00.

ii) Now, taking the derivative of J(Au) with respect to A, we have

d
E](ku):)\(HVqu—)\’"Z/ ll? In |ut| dx — 2272 In |\ || ]2 ) (70)
r

pI1

Thanks to definition of J(Au), it is clearly from (70) that A‘I%] (Au) = N(Au). So, we
obtain

d _ _ _
NG = 2= pp? . |ul? Inu| dox = 222 ull} o + (2= p)A2~> In A ullf

:W((z—p)/ Jul? n Ju] b — el . +(2—p)ln|x|||u||§,pl>.
r

Therefore, there is a unique A! such that d%N (Au)|;-n1 =0, by taking

lull? = 2= p) [r |ul? In|u|dx
Al :exp( pl P frlp ) >0
2 -plul,r,

such that %N(Au) >0 on (0,A!) and %N(Au) <0 on (A, 00). Because of N(Au)|y—o =
IVu|? > 0 and limy_, o N(Au) = —oo, there is one A* > 0 such that N(A*u) = 0, i.e
LJ(0*u) = 0.

A simple corollary of the fact that

d

which gives that %](Au) >0 on (0,A*) and d%]()»u) <0 on (A*,00). Thus, we have the de-
sired results such that

>0, 0<A<A¥,
I0uw) =2g'(A) 1=0, A=Ar%,
<0, A<A*<oo. O
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Lemma 9 i) The depth of potential well depth defined by

d= inf supJ(Au). (71)
ueH} (\(0}ulr; 70 250

Then d is a positive function such that
0<d = inf J(u) (72)
ueN
where N is the Nehari manifold given by
N ={u e H} (Q\{0} : 1(x) = 0},

and d has a positive lower bound, namely,

_2
q> 1 e_a p+ot—2’
—2\C*

where C is defined as a positive constant.

Proof i) By (64), thanks to definitions of the Nehari manifold and d, it satisfies d > 0. So
that, our purpose is to prove that there is a positive function such that J(u) = d. We define

{u;}7° C N as a minimizing sequence for /. So that, we conclude that
11— 00

It is clearly that, {|u;|}7°, C N a minimizing sequence for J. Now, we suppose that ; > 0
in Q forallieN.

We also obtain that / is coercive on u € N satisfying {u;}7°, and is bounded in H}O(Q).
Since H}O(Q) < [P**(T";) is compact embedding, there is a function « and a subsequence

of {|u;, 1155, of {|u;]}35), such that
u;,, > u weaklyin HIEO(Q),

u;, — u strongly in LF**(I'y),

uj, — u ae.in§,

where i, - oo.
Then, we get u > 0 a.e. in Q2. Moreover, using the dominated convergence theorem, weak

lower semicontinuity and definition of J(u), I(#) and N gives

J(u) < lim infJ(u;,) = d,

I(u) < lim infl(x;,) = 0.

iy —>00
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Since x 7 Inx < ly for x,y > 0 and the trace Sobolev embbedding theorem, we have

e

2
IVu, 17 = | |ug, 1P In|uy, |
I

1
5/ — |u, 1P In |1, |*
r, ex

_ pra
= =l e,

*
< — IV, IP*,
e

where C* is the best Sobolev constant, which means

Therefore, we conclude that

/ » ea p+5—2
[oti, 1P In oz, | > | —— .
Iy n n C*

Using the dominated convergence theorem, we have

2
a2’
/ P In |u] > (ﬁ) >0
I C*

which means that # # 0.
Last, we show that I(x) = 0. Indeed, if it is not true, we get I(u) < 0. So, thanks to
Lemma 8, we have a positive constant A* < 1 implying that /(A*u) = 0. Therefore, it fol-

lows that

(r)?
2

(ry
IVul® + p—zllullp,r1

df](k*u) =

%\ 2 1 2 ()\*)p—2 Y4
= () [inwn R L9

2 1 1
<(*) [illvbtll2 + Ellulli,rl}

2 .1 1
=() ,lgnmmf[inwinnz + sl ||§,r1]

N2 e ‘
= (1) Jim inf/(;,)
- (V) ’d <4,

where d = %(%)PW-Z. it is a contradiction. a

5 Lower bound for blow-up time
In this part, we prove a lower bound for blow-up time of problem (1). First, we give lemma,
which will play a role of the proof of Theorem 11.

Page 19 of 23
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Lemma 10 Suppose that (ug,u1) € V, 2 < p < 3. So, we get (u,u;) € V for all t > 0. Proof.
By way of contradiction, suppose that (uy, u1) leaves V at time t = ty, so there is a sequence
{t:}, ts — tg such that I(u(t;)) < 0 and E(u(t;)) < d. Thanks to weak lower semicontinuity
II - ”Hll"o’ we obtain

I(u(t)) < nlirglo inf[(u(ts)) <0, (73)
and
E(t) < lim inf E(u(ty)) < d. (74)

If we take (u(to), u(to)) ¢ V, I(u(to)) = 0 or E(u(ty)) > d. Because of (6), taking E(ty) > d
is impossible, which is a contradiction with inequality (74). By the continuity of function
I(u(t)) about time, if we take I(u(ty)) = 0, by definition of d, (64) and (3), we arrive at

d = E(to) = J (u(to)) = inf J(u) = d.
ue
Moreover, we have a contradiction. So, we get (u,u;) € V forall t > 0.

Theorem 11 Assume that (up,uy) € V,2 <p<xand2<p<1+ % Then, the

solutions u of problem (1) are bounded at finite time t = T\ with

. 2 2
Iim [l + || Vu|* = oco.
t—»?&

Therefore, we give lower bound for Ty such that

do
T, > ,

T H() +e(p—1)FT Ty | + () 1 (Ky) FT @G 2 (- 14)

where 0 < a <

2n-2

12 — p, Ky is the positive Sobolev constant and H(0) = ||u1||* + || Vuol|*.

Proof We define a function as
H() = llue])* + |Vl (75)
By testing equation of problem (1) by u;(x, t) and using the Green formula, we obtain
(sey s) = —/QVM, Vu; + /r [—|ut|k_2ut + |ulP2uln |u|]ut. (76)
1
By differentiating (75) and using (76), we conclude that
H'(t) = 2(uy, uy) + Z/QVuVut

:_2/ w,wﬁz/ [—Iutlk_2ut+Iulp_zulnlul]ut+2/ VuVu, (77)
Q I

Q
:—2/ |ut|k_1ut+2/ luP2uln |u|u,.
I I
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Since2<p<1+ %, by applying the trace Sobolev embedding theorem where

« is a positive constant such that (p — 1 + «) < % Therefore, if we use the Young

inequality and Sobolev theorems, (77) yields that

2/ |u|P2u1n |u|u,
I

k
k-1
k -2
< llotellir, + </ |ul? ulnlul)
I

k k

k -2 -1 —2 1

<l [ (2t fu) s [ (i )
T r

1 1

p -1 -2 Lo\ BT
< llwellr, +elp—1)"F1|T] + (ea) *T '/+(|M|p o) 1

l—‘1
k _k_ _ k. K (p-1+a) kL(p—l‘FOl)
< llwellyr, +e(p— 1) F1|Ty| + () F1 (Kp) BT P71+ vy £
< H(£) +e(p — 1) BTy | + (ea) BT (Ky) £1E 1) H () 01400 (78)

where [¥” Inx| < é forO<x<landx?Inx < é forx > 1.
Inserting (78) into (77) gives

H'() < H(t) + e(p — 1) 81Ty | + (ea) RT (Kp) o1 014 F () o1 (=140 (79)

Using integration of (79) over ¢, we conclude

fH(t) 4o
HOVH(E) + e(p — 1) R Ty | + (ea) BT (Ky) BT ¢ 1+)g iy (p-1va)

It is easy to see that there is a time 77 such that the solution goes to the infinity with
lim,_, 7, H(t) = oc. Thus, we have a lower bound for T given by

de
H(®) + e(p = 1)7FT T | + (ea) 7T (1) P11l e -1+e)

T, >

This completed the proof. O

6 Conclusion
This work proves the existence of the result for a hyperbolic-type equation with logarith-
mic nonlinearity and dynamical boundary condition. This result is modern for these types

of problems, and it can be generalized to many problems in the coming literature.
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