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Abstract

The present research is aimed to analyze the existence of strict fixed points (SFPs) and
fixed points of multivalued generalized contractions on the platform of controlled
metric spaces (CMSs). Wardowski-type multivalued nonlinear operators have been
introduced employing auxiliary functions, modifying a new contractive requirement
form. Well-posedness of obtained fixed point results is also established. Moreover,
data dependence result for fixed points is provided. Some supporting examples are
also available for better perception. Many existing results in the literature are
particular cases of the results established.

Keywords: Strict fixed points (SFPs); Controlled metric spaces (CMSs);
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1 Introduction

The fixed point theory has significant applications in numerous branches of pure and ap-
plied mathematics, as it offers many considerable tools to find fixed points. The theory
has remarkable implications since it provides a criterion for the existence of solutions for
many differential and integral equations. The famous Banach contraction principle (BCP)
[4] was established on metric spaces by Stephan Banach in 1922. Two directions for con-
structing new fixed point results use a more generalized space or modifying the contrac-
tion inequality. BCP is extended and modified in many directions in numerous ways. For
example, the authors of [2, 9] considered Kannan-type contractions to prove certain fixed
point results, and in [3, 17] the underlined space is changed.

It is worth mentioning that many authors used F-contractions to extend many existing
results. In 2015, an F-contraction was extended in terms of nonlinear F-contractions by
Klim and Wardowski [11]. The authors extended the notion of F-contractive mappings to
the case of nonlinear F-contractions and proved a fixed point theorem via the dynamic
processes. Following this, Wardowski [19] introduced nonlinear F-contractions by omit-
ting one of the conditions on the F-mappings. In another paper by Wardowski [20], we can
find some theorems concerning the existence of fixed points of nonlinear F-contractions
and the sum of mappings of this type with a compact operator.
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In 1989, the concept of a b-metric space (BMS) was given by Bakhtin [3]. It was fur-
ther incorporated by Czerwick [8] to develop certain fixed point results endowed by this
space. Kamran et al. [17] paved a new pathway using a function p: § x § — [1,00) and
weakened the triangle inequality of a b-metric space. In this perspective, Mlaiki et al. [12]
made another advancement by generalizing the notion of an extended b-metric space and
declaring it a controlled metric-type space.

A data dependence problem is to estimate the distance between the sets of fixed points
of two mappings. This idea is only meaningful if we are sure that there are nonempty
fixed point sets of these two operators. The data dependence problem mostly deals with
set-valued mappings since multivalued mappings often have larger fixed point sets than
single-valued mappings. In 2021, Igbal et al. [10] discussed data dependence, the existence
of fixed points, strict fixed points, and the well-posedness of some multivalued general-
ized contractions in the setting of complete metric spaces using auxiliary functions. In the
present paper, we extend the results of Igbal et al. [10] by utilizing the controlled metric

platform.

2 Preliminaries

This section is devoted to refreshing some of the crucial concepts. Let (£,d) be a metric
space (MS), and let P(§) contain all subsets of §&. We denote by CL(¢), CB(§), and K(§)
the sets of nonempty closed subsets of &, nonempty closed bounded subsets of &, and
nonempty compact subsets of &, respectively.

Let Q: & — P(£) be a multivalued mapping (MVP). An element ¢ € & such that o € Qo
is called a fixed point of 2. The set of all fixed points of 2 is denoted by Fix 2. An element
0 € & such that {p} = Qo is called a strict fixed point of Q2. The set of strict fixed points is
denoted SFix Q.

Definition 2.1 [12] Consider a nonempty set & and a function f: & x § — [1,00). The
mapping d: £ x £ — [0,00) is said to be a CMS if for all 0,,0,,0; €&,
(0) d(01,0:)=0 & 0. =0>;
(ii) d(01,0.) =d(02,01);
(iii) d(01,0.) = §(01,05)d(01,05) + (05, 02)d(03,02).

The pair (§,d, ) is called a CMS.
Berinde and Pacurar [5] defined the Hausdorff distance as follows. Let X,Y € CB(§). The
mapping H : CB(§) x CB(§) — [0, 00) defined by

H(X,Y) = max{sulz D(o,Y), s_ug D(0,X) }
o€ o€

is called a Pompei—Hausdorff metric space, where D(p,Y) = inf{d(0,0) : 0 € Y}.

Following definition is due to Wardowski [19]. Let F : (0, 00) —> R satisfy the following
conditions:

(F1) F is strictly increasing;

(F2) For all sequences {Ws} C (0,00), lims—, 00 W5 = 0 iff limg_, oo F(¥5) = —00;

(F3) There exists k € (0,1) such that limy_, o+ WXF(¥) = 0.
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Let us denote by A(F) the set of all functions F that satisfy (F1), (F2), and (F3), Also,
assume that

A(Ox%) = {F € A(F) : (F4) holds for F},

where

(F4) F(infX) = inf F(X) for all X C (0, 00) such that inf X > 0.
Turinici [18] replaced (F2) by

(F2') lim¢_, o+ F(t) = —0c0.
Denote by A(0x) the set of functions F that satisfy (F1), (F2’), (F3), and (IF4), A mapping
Q: & —> CB(&) is called a multivalued F-contraction if there exist v > 0 and F € A(F)
such that for all g, 0 € &, H(S20, 20) > 0 implies v + F(H(Q0, 20)) < F(d(0,0)) [1].

Definition 2.2 [13] A mapping Q:& — £ is called an (&, F)-contraction (or a nonlinear
F-contraction) if there exist F € A(F) and a function E : (0, 00) —> (0, 00) that fulfill the

following conditions:
(H7) liminf,_, ¢+ B(s) > 0 for all ¥ > 0;
(Hy) E(d(o,0)) + F(d(Q20,20)) < F(d(p,0)) for all g, o € & such that Qo # Qp.

Definition 2.3 [10] By ® we denote the set of functions y : (0,00) —> (0, 00) such that

lim infx(s)>0 forall ¥ > 0.

s— Wt

3 Main results
The following definitions are indispensable before proving the main result.

Definition 3.1 By P we denote the set of all continuous mappings p : [0,00)> —> [0, 00)
that satisfy the following conditions:

i) o(1,1,1,¢ +1n,0)€(0,1] for&,n > 1,

(ii) p is subhomogeneous, that is, for all (01, 02, 03,04, 05) € (0,00]°> and A > 0, we have

p(A01,102, 103, 04, A05) = Ap(01,02, 03,04, 05),
(iii) p is a nondecreasing function, i.e., for g;, 0; € R*p; such that < p;,i=1,2,3,4,5, we

have p(01,02,03,04,05) < p(01,02,03,04,0s). If 0;,0; € R* are such that g; < g; for
i=1,2,3,4, then

p(QhQZ: 03,04, O) < p(éhéb é?n é4: 0)1

and

IO(Q17Q2;Q3)O;Q4) < p(él’é2’é3;0’é4)-
Also, define P ={p € P: p(1,0,0,¢,n) € (0,1]}. Note that P C P.

Example 3.1
1. Define p; : [0,00)° —> [0,00) by p1(01,02,03,04,05) = g min{o1, 3 (02, 03), (04,05},
where g € (0,1). Then p; € P, as p1(1,0,0,¢,n) = 0 ¢ (0, 1]. Hence p; ¢ P.
2. Define p, : [0,00)> —> [0,00) by p2(01,02,03,04,05) = % + 3% . Then p, € P.

Page 3 of 21
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3. Define ps : [0,00)° —> [0,00) by p3(01,02, 03,04, 05) = gmin{3 (01 + 03), 3 (04 + 05)},
where g € (0,1). Then p3 € P.

Lemma3.1 Ifp e P, y,8 € [0,00), and ¢,n € R be such that ,n > 1 and

y < max{p(é, S, Vs 7]5 + {]/,0); ,0(3; S, )/,0, 778 + ;V)’

p(8,v,8,18 +¢v,0),p(8,7,8,0,n8 + £ y)}.
Theny <.

Proof Without loss of generality, we can assume that

y < p(8,8,y,né +y,0). oY)
On the contrary, suppose that § < y. Now consider

p(8,8,7,m8+Ly,0) < p(y,v,v,ny +v,0)
<yp(1,1,1,n+¢,0)
<yQ),

p6,8,y,m8 +¢y,0) <y,
which is a contradiction to (1). Hence our supposition is wrong, so y <. 0

Definition 3.2 (xF-contraction) Let Fi, F, be real-valued functions on (0, c0), and let
p € P and x € ®. The mapping Q: & — CB(&) is called a x F-contraction if

(Ni) Fi(c) < Fy(c) forall ¢ >0,

(Nii) H(R0,20) > 0 implies

forall p,0 €&.
Theorem 3.1 Suppose that (§,d,f) is a complete CMS. Let Q : & — K(§) be a xF-

contraction. Suppose that Fy is nondecreasing and F, satisfies conditions (F2') and (F3).
For oo € &, define the Picard sequence {0 = %00} so that

sup Tim f(0i+1, 0i42)f(0is1, Om) <1 @

m>1i—>00 f(oi, 0i+1)

Also, suppose
lim f(os,0) <1 forallo€é. ®3)
5—>00

Then Fix Q2 is nonempty.
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Proof Let oo € & and 01 € Qpo. If 01 € Q0; then p; € Fix Q. Suppose 0; ¢ Q201, which im-
plies D(p1, 201) > 0, and, consequently, H(200, 201) > 0. As Qp; is compact, there exists
02 € Q01 such that d(o1, 02) = D(01, 201). Now

Fi(d(e1,02)) = F1(D(o1,R01)) < Fi(H(Q00, 01)) < F2(H(Q00, 201))
< Fi{p(d(00, 01), D(00, R00), D(01, 201), D(00, 201), D(01, R00) }
- x(d(co, 01))
< Fi{p(d(00,01),d(00,01),d(01,02),d(00, 02),d(01,01)) }-

As Fj is nondecreasing, we have

d(01,02) < p(d(00, 01),d(00, 01), d(01,02), d(00, 02), 0)

< p(d(00, 01), (00, 01) d(01, 02), F(00, 01))d(00, 01) + (01, 02)d (01, 02), 0).

By Lemma 3.1

d(e1,02) < d(00, 01).

Similarly, we get 03 € Qp, such that d(0,,03) = D(02, 202) with D(03, 02) > 0, and we
have

d(02,03) < d(01,02).

By induction we get a sequence {0s}seny C & such that 0.1 € Qo4 satisfies d(0s, 0441) =
D(os, 205) with D(gs, R05) > 0 and

d(0s,05+1) <d(0s-1,05) foralls eN.

So {d(0s,0s+1)}sen is a decreasing sequence of real numbers. Now

x(d(0s,0511)) + F2(H(Q0s, Q05:1))

< Fi{p(d(0s)05+1), D(0s, 205), D(05+1, 20541), D(0s, 20541), D(0s41, 205)) }

= Fi{p(d(0s,05+1)), d(05: 0s41), d(0s415 0542), A (055 0542), A(0541, 0541)) }

< Fi{p(d(0s)05+1), A(055 0s41), A(0s41, 05+2): 1055 0541) (055 0541) + F(0s415 0s42)
d(0s541,05+2),0) }

<Fi{p(d(0sr0541), d(0sr 0541), d(Qsr 0541), F(0s> 05+1) (05 0s11) + F(Qs+15 0s42)
d(05,05+1),0) }

< Fi{d(0s,0511)p(1, 1, 1,§(0s, 05:1) + f(0s41,05+2),0) }

< Fi(d(0s) 05+1))

=F (D(Qm QQ&))

Page 5 of 21
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<h (H(QQs—l, QQs))

< F(H(S205-1,205))-

Hence, for all s € N, we have

Fy(H(0s)R0s41)) < Fa(H((R0s-1,205)) = x (d(05)0541))-

(4)
As x € D, there exist h > 0 and s € N such that x(d(gs,0s4+1)) > h for all s > s9. Now from
(4) we have
FZ (H(QQS: QQE+1)) < FZ(H((QQS—I: QQE)) —X (d(Qﬁ; QE+1))
< FZ(H(QQs—Zy QQs—l)) - X (d(Qs—l’ Qs)) —X (d(Qs, Qs+1))
< F,(H(Q00,%01)) - Z x (d(0i> 0i41))
i=1
50—1 S
= F,(H(Q00, Q01)) - Z x (d(oi0i1)) - Z x (d(0i> 0i41))
i=1 i=sq
< F(H(Q00,201)) - (s —s0)h, s> 59
= F(H(Q0s Q0s41)) < F2(H((Q00,2201)) — (s —s0)h  for all s > 5. (5)
Taking the limit in (5) as s —> 00, we get F>(H (05, 20s+1)) —> —00 and then by (F2') we
have

lim H(QQm QQs-*—l) =0,

5§—> 00

which further implies that

Jim d(0s,0541) = lim D(0s,205) < lim H(205-1,205) = 0.

(6)
Now by (F3) there exists k € (0, 1) such that
. k
511_{1100(1'1(9@5» QQ5+1)) FZ(H(QQm QQ&H)) =0. (7)

Then from (5), for all s > s, we have

(H(R05) Q0441)) F2(H(Q05, 20411)) - (H(Q05, 206:1)) " F2 (H(Q00, Q01))
< (H(R06,20s:1))" (F2 (H(R00, 201)) - (5 - 50)h)
- (H(S20s, QQs+1))kF2 (H(S200,%201))

= —(H(R04,204:1)) (s - 50)h
<o.

Page 6 of 21
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Taking the limit as s — oo and using (6) and (7), we get that

0< lim s(H(QQmQan))k <0
5§—> 00
implies lim s(H(Q0s, QQ5+1))k =0
§—>00

By the above equation there exists 5, € N such that 5(H(0s, 20s1))f < 1 for all 5 > 5.

>

Thus for all s > 51, we have H(0s, 20s+1) < .
5

for all s > s;.

o
|

Now
d(Qs: Q5+1) = D(Qs’ QQs) < H(Q05-1,05) <

To prove that {0s}sen is a Cauchy sequencem consider 7,5 € N such that 7 > s > 5;. Then

d(Qs’ Qr) = f(Qs; Q5+1)d(Q5» Q5+1) + f(Qerl, Qr)d(Qsﬂ; Qr)
= f(QE’ 0s+1)4(0s> Qs+1) + f(@sﬂ: Qr)f(Qs+1¢Qs+2)d(Qs+1’Qs+2)

+ (0541, 02)f(0s+2, 00542, 07)
=< f(Qs’ Q5+l)d(gs’ QE+1) + f(Q5+l: Qr)f(@sﬂ: Q5+2)d(Q5+1: Qs+2)

+ f(Qerl; Qr)f(QerZ’ Qr)f(QerZ; Q5+3)d(95+2; Q5+3)

+ f(@sﬂ: Qr)f(Q5+2r Qt)f(@5+3: 0:)A4(05+3,07)

-2 i
< 105 05+1)d(05)0511) + ) (]_[ f(Qj:Qr))f(@i»9i+l)d(QirQi+1)
i=s+1 \j=s+1
-1
+ ( 1_[ f(Qir Qr)) d(Qr—l’ Qr)
Jy=5+1
-2 i
< {05, 0511)d(05,0511) + Y <1‘[ f(gj,gr))f(ai,gi+1>d<gi,gi+l>
i=s+1 \j=s+1
-1
+ (1‘[ f(gi,g»)f(grbgr)d(ngr)
Jy=5+1
-1 i
= (05, 05+1)A(0s5, 0541) + Z ( 1_[ §(0)s Qr)) §(0i» 0i+1)d(0i5 0is1)
i=s+1 \j=5+1
-1 i
< (05, 05+1)d(0s,05+1) + Z (1_[ f(Qir Qr)) f(oi, 0i+1)d(0ir 0ir1)-
i=s+1 \j=0
Therefore
-1 i 1
(1_[ f(Qj: Qr)) f(0is Qi+1)€~ (8)
i

d(0s,0:) < f(QE! 0s+1)A(0s) 0s+1) + Z
i=s+1 \j=0
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Now

Z (H f(o)» Qr)) f(0i, 0ir1)

o0
= Z uv,

i=s+1

>r~|>—| =
>r~|>—| =

-1 i
(1_[ f(Q}! Or )f(Qn Ql+1

i=s+1 \j=0

where U; = ._1 and V; = (]_[1 0 10 0:)f(0i> 0is1)- Since 1 z > 0, the series Yol T L) con-
verges. Also, F{V}, is increasing and bounded above, so lim;_, «{V;}; (which is nonzero)
exists. Hence {lim;_, o U;V;}s converges.

Consider the partial sums S, = Z 0(]_[] of Q],QT))f(Q,,QHl) I From (8) we have

d(Qs’ Qr) = f(Qs, Q5+1)d(95» Qs+1) + (821 = Ss). )

By using the ratio test and condition (2) we get that lims_, «{Ss} exists. By taking in (9)
the limit as s — 0o we get lims_, o d(0s,0;) = 0. Therefore {05} is a Cauchy sequence,

and the completeness of & implies that there exists o* € & such that

lim g5 =0".

5§—> 00

Now

Fi(H(Q0,90)) < F,(H(Q0,20)) < x(d(e,0)) + F>(H(R0,90))

Since F; is a nondecreasing function, we obtain that for all o, 0 €&,

H(Q0,90) < p(d(e,0), D(0, 20),D(6,20), D(0, 20),D(2, 0)).

To prove that o* is a fixed point of &, on the contrary, assume that D(o*, 20*) > 0. Now
due to the compactness of Q0*, there exists o € Q0™ such that

D(¢*,Q0") =d(0*,0)

f(0*,05+1)d(0*: 0s+1) + H(05+1,0)d(0s41,0)

f(0*: 0s41)d (0% 05:1) + f(QstQ)D(QsH, Q0*)

f(0*, 0541)d(0", 0541) + F(0s41,0)H (Q05, 20")

<#(0% 0s+1)d(0" 0s11) + (0541, 0)0(d (05, 0% ), D(0s, Q0s), D(0*, R0%),
D(0s,0%),D(0*, Q05))

<§(0* 0s41)d(0%, 05+1) + F(0ss1,0)p(d(0s,0%), d(05, 0541), D(0*, R20%),

f(es,0%)d(es:07) +f(e" 0) (0" 20%),d(0", 0541))-

Il IA

A
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Taking the limit as s — oo in the above inequality and using (3), we have
D(e* Q0") = (1)p(0,0,D(e*, 20%),0 +f(c",)D(¢*, 20%),0).

Using Lemma 3.1, we get D(0*, 20*) <0, and hence D(p*, 20*) = 0. As Qp* is closed, we
have o* € Qo*. Hence Fix 2 is nonempty. 0
Example 3.2 Let & = {0,%,%,%}. Define d: & x § — R* and f : § x & — [1,00) by
d(01,02) = (01 — 02)* and

1 ifQ1=Q2=0,
L if o1 #0 or o, #0.

(e1+02)*

flo1,02) =

Then (§,d,§) is a complete CMS.

Define Fy, F; : (0,00) — R by

L ifue(0,1),
Fiu=4{*" .1
u ifuell,o0),

and F,(u) = In(u) + u for u € (0,00). Then F; is nondecreasing, F, satisfies (F2') and (F3),
and F;(u) < F»(u) for all # > 0. Now define Q : £ — K(£), p : [0,00)> —> [0,00), and x :
(0,00) — (0, 00) by

{0} ifo=0,

Qo =
(0,5} ifo#0,

%, t € (0,00). Then p € P and x € ®. Since

p(01,02,03,04,05) = & + 2805, and x(¢) =
H(R0,20) > 0, it follows that,

x (d(e,0)) + F2(H(Q0,20)) < Fi{p(d(e, 0), D(e, 20), D(2,20), D(e, 220), D(6,20)) }-

Note that lim,,_, » f(0,, 0) < 1. Hence the assumptions of Theorem 3.1 are fulfilled, and
FixQ=1{0,1}.

Theorem 3.2 Let (§,d,§) be a complete CMS. Let 2 : &€ —> K (&) be an MVM, and let F,,
F, be functions satisfying x F-contraction. Suppose that F, is nondecreasing and F, satisfies
condition (F2'). Also, suppose limy_, o (0+;,0s,) < 1. Then Fix Q is nonempty.

Proof Let oo € £ and 0; € Q0¢. As in proof of Theorem 3.1, let {0} C & be a sequence
such that gs,1 € Qos. It satisfies d(0s, 0s+1) = D(0s, 205) with D(os, 205) > 0 and

d(0s,05+1) <d(0s-1,05) foralls €N, (10)

Fy(H(R0s,20s+1)) < F2(H(R200,201)) — (s — s0)h  forall 5 > 5. (11)
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Taking the limit as s — oo in (11), we get F>(H(Q0s, 20s41)) — —00, and by (F2')
lim H(Q0s,0s41) =0, (12)
5—>00
which further implies
lim d(Qs; Q5+1) = lim D(Qs’ QQS) < lim H(Qs—l» QQs) =0.
§—> 00 5§—>00 §—>00
Also, we claim that
lim d(gs,0:) = 0. (13)
5,T— 00
If not, then there exists § > 0 such that for all » > 0, there are t; > sx > r such that
d(0sy05,) > 5.
Moreover, there exists ry € N such that

Ay = d(05-1,05) <8 forall s> ry.

There are two sub sequences {gs, } and {0, } of {05} such that

ro<sy <7 +1 and d(0s,0q)>8 forallk>0. (14)
Note that
d(Qrk—l,ng) < ) for all k (15)

Also, 1; is the minimal index for which (15) is fulfilled.
Note that s + 2 < 7 for all k, because the case si + 1 < s is impossible due to equations
(14) and (15). This shows that
sp+l<ti<t+1 forallk.

By the triangle inequality, using (14) and (15), we have

d< d(Qrk: Qﬁk) = f(Qrkr th—l)d(Qrk’ Qrk—l) + f(Qrk—l,Qﬁk)d(Qrk—lr st)

< f(Qrerrk—l)d(Qrk,Qrk—l) + Sf(th—l;st)'
Taking the limit as k — oo,
8 < lim d(oy,0s) <0+38 lim f(or-1,0s,)
k—> 00 k—> 00

= < kgr)nood(gfk,gsk) < SkEI)HOOf(Qrk-l,st) <é

- kEI)nood(Qrk, st) =4. (16)
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Now using (12) and (16), we get
lim d(szH, Q5k+1) =4. (17)
k—>00
Consider

x(d(0z,05,)) + Fi(d(0r,+1,05,+1))
= x(d(0g 05,)) + F1(D(07,+1, 205,))
x(d(0z05,)) + F1(H(Q0q, 0s,))
< x(d(oy,0s,)) + F2(H(Q04,,R20s,))
< Fi{p(d(0g>0s), D(05» 205), D(0s1 205, ), D(01y 205, ), D(0s;» R07,)) |

=k {p(d(grk, 051): (015 011 ) A (051 Qs )y 4015 051 ) A0 ka+1)>}

IA

<h {:0 (d(th’ st)r d(Qrk’ Oty ) d(str OQspq ) f(stH ’ st)d(stﬂ ’ Qﬁk)

+ 1051, 00 )A(0515 05 )5 T(Q55 0511 )A(Q15 Osp1) + H(051,15 0 VA (051,15 0x1)) -

As F) is continuous, taking the limit as k — oo and using (16) and (17), we obtain

kgnoo X (d(Q‘L’k! st)) + Fl(a) = Fl{p(aro’ 0,0+ af(Qﬁk! Q‘Ek)’o + Sf(Q5k+l,QTk+1))}
< F1(0(5,0,0,8f(0s;»07,)» 8505111 05.1)) }
<h {8,0(1, 0,0, f(st, Qrk)¢ f(Q5k+1’ Oriyq )) }

Since p € P, we have p(1,0,0,§(0s;, 07) f(0sy,15 071,1)) € (0,1]

. kgnoox(d(grk’gsk)) +F1(8) SFI((S))
= klgnoo x(d(oy05)) <0,

= Sling+ inf x(S) <0,

which is a contradiction, and hence (13) holds. Therefore {05} is a Cauchy sequence, and
thus there exists o* € & such that lims;_, 05 = 0*. The rest of the proof follows from
Theorem 3.1, and we get 0* € Qp*. |

Theorem 3.3 Let (£,d,§) be a complete CMS, and let Q : & — C(§) be an MVM. Assume
that there are x € ®, F € A(0x), and a real-valued function L on (0, 00) such that following
conditions hold:

(G1) F(o) < L(o) forall o >0;

(Gy) H(0,90) >0 implies,

x(d(0,0)) + L(H(R0,0)) < F{p(d(0,0), D(0, 0),D(6,20), D(0, 20),D(0, 0)) }



Sagheer et al. Journal of Inequalities and Applications (2024) 2024:31 Page 12 of 21

forall 0,0 € & and p € P. Let 0o € &. Define the Picard sequence {0s = Q2°0s} such that

. f(QHl» Qi+2)f(Qi+1’ Qm)
sup lim
m>11—>00 f(Qi! Qi+l)

<1. (18)

Also, suppose that limg_, o f(0s,0) < 1 for all o € &. Then Fix Q is nonempty.

Proof Letog € & and 0; € Q0¢.1If 01 € Q07 then p; € fix Q2. Suppose g1 ¢ Q20;. This implies
D(p1,01) > 0, and, consequently, H(Q200, 201) > 0. Due to (F4), we obtain

F(D(o1, Q1)) = inf F(d(e1,2))- (19)
zeQo1
Then (19) with (G;) and (G,) imply that

inf F(d(en2)) = F(D(er, Q)

IA

F(H(Q00,Q01))

< L(H(R00,R01))

< F{p(d(00, 01), D(00, 200), D(01, 201), D(00, 201), D(01,200)) }
- x (d(o, 01))

= ZeigglF(d(Ql,Z))<F{p(d(go,Ql),d(Qo,Ql),d(Qsz),d(Qo,Qz),O)}.
Hence there exists g € Q0; such that
F(d(01,02)) < F{p(d(0o,01),d(00,01),d(01,02),d(00, 02),0) }. (20)
Since F is a nondecreasing function, so (20) with (p3) yield that

d(01,02) < p(d(00, 01),d(00, 01),d(01,02), d(00, 02), 0)

< p(d(00, 01),d(00, 01), d(01,02), F(00, 01))d(00, 01) + (01, 02)d(01,02), 0).
By Lemma 3.1
d(e1,02) < d(00, 01).

Next, arguing as previously, we get 03 € Q07 with D(03,03) > 0. By Lemma 3.1, using
(G1) and (G3), we have

d(02,03) < d(01,02)-
By induction we have a sequence {05} C & such that p4,; € Q04 with D(gs, Q205) >0 and

d(0s,0s:1) <d(0s-1,05) foralls e N. (21)



Page 13 of 21

Sagheer et al. Journal of Inequalities and Applications (2024) 2024:31

Now (21) implies that {d(0s,0s+1)}sen is a decreasing sequence of positive real numbers.
Hence from (F4)

inf F(d(0s,2))

z€Q0s

F(D(0s,920s)) < F(H(Q05-1,205)) < L(H(Q05-1,05))

F{p(d(05-1,05), D(0s-1, 205-1), D(05, 205), D(0s-1, 205), D(0s, 205-1)) }

IA

- x(d(0s-1,05))
= F{/O(d(Qs—h 05),d(05-1,05),d(0s, 05+1), F(0s-1, 05)A(0s-1,05) + (05 05+1)

d(0s,05+1),0))} — x (d(0s-1,05))

< F{p(d(0s-1,05), d(0s-1,05) A(0s-1,0s), }(05-1,05)A(05-1,05) + [(Qsr 05+1)
d(05-1,05),0))} = x (d(0s-1,05))

< Fld(0s-1,05)p(1,1,1,§(05-1,05) + §(05,05+1):0))} = x (d(0s-1,05)

< F(d(0s-1,05)) — x (d(0s-1,05))

= inf F(d(es)2) < F(d(es-1,05)) - x(d(es-1,05)) forallseN.  (22)

Since & € ¢, there exist i1 > 0 and s¢ € N such that x(d(0s,0s+1)) < & for all s > s49. From

(22)

F(d(Qs’ Qﬁ+1)) = F(d(Qﬁ—lr Qs)) - X (d(Qﬁ—l’ Qs))
< F(d(0s-2,05-1)) = X (d(05-2, 05-1)) — x (d(0s-1,05))

s5-1

< F(d(eo,01) - Y x(d(0i-1,0:)

s0-1 5-1

= F(d(go,01) = Y _ x(d(0i-1,00) = > x(d(ei-1,01))
i=1 i=s0
= F(d(00,01)) — (s — s0)1, 5> so. (23)
Taking the limit as s — oo in (23), we get F(d(0s-1,0s)) — —00, and from (F2’)
Jim d(0s-1,05) = 0. (24)
Now by (F3) there exists 0 < k < 1 such that
(25)

ggnoo(d(gs—l: Qs))kF(d(Qs—lr Qs)) =0.
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Thus from (23) for all s > 5o, we have

(d(0s-1,05)) F(d(05-1,05)) - (d(05-1,0)) F(d(00, 01))
< (d(05-1,00)) (F(d(00, 01)) - (5 — 50)h) — (d(05-1, 04)) “F (d(00, 01))

= _(d(Qs—l;Qﬁ))k(ﬁ —-50)h < 0. (26)

Taking the limit as s — oo in (26) and using (24) and (25), we get

0=~ lim 5(d(gs1,05) <0 (27)
5—> 00
. k
= sgnooﬁ(d(Qs—lrgs)) =0 (28)

Note that by (28) there exists s; € N such that 5(d(0s_1,05))* <1 for all 5 > 5,. We get

foralls > s;.

&
»|>-A| =

d(0s-1,0s) <

Now to prove that {05} scn is a Cauchy sequence, consider 7,5 € N such that t > 5> s;. The
rest of the proof follows from Theorem 3.1, and by using (18) with ratio test we deduce
that {0} is a Cauchy sequence, and thus there exists o* € & such that

lim o, = 0",

5§—> 00

Now

F(H(Q0,90)) < L(H(Q0,0)) < x(d(e,0)) + L(H(RQ0,90))

< F{p(d(e,2). Do 20), D(2,22), (e 20), D(2, 20)) }-
Since F is a nondecreasing function, we get
H(Q0,%0)) < p(d(0, 0), D(e, 20), D(0,20), D(0, 20), D(@,20)) forallo,0 €.

Let o* be a fixed point of &£. On the contrary, we have D(0*, 20*) > 0. Then by following
the proof of Theorem 3.1, D(0*, 20*) = 0. Since Q0™ is closed, o* € Qp*. Hence Fix Q is
nonempty. g

Theorem 3.4 Let (§,d,f) be a complete CMS, and let Q2 : & — C(&) be a multivalued
mapping. Suppose there exist x € ¢, p € P, and a nondecreasing continuous real-valued
function F : (0,00) — R that satisfy (F2'). Moreover, L be a real-valued function on (0, 00)
such that the following conditions hold:

(G1) F(o) <L(o) forall 0 >0;

(Gy) H(R0,R20) >0 implies

x(d(e,0)) +L(H(R0,20)) < F{p(d(0,0), D(0, 0), D(2,20),D(0, 22), D&, 0)) }

forall 0,0 €&.
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Also, suppose
lim §f(os,0) <1 forallg€é.
§—> 00
Then Fix Q2 is non-empty.

Proof Let oo € € be an arbitrary point, and let 9; € Q0¢. As in proof of Theorem 3.1, we
get a sequence {ps} C & such that p5,; € Qo5 with D(gs, 20s+1) >0,

d(0s,05+1) < d(05-1,05),
and
F(d(0s-1,05)) < F(d(00,01)) — (s — 50} for all 5 > so. (29)
Taking the limit as s — oo in (29), we get F(d(0s-1,0s)) — —00, and by (F2')
Jim d(0s-1,04) = 0.
Now we claim that
,Jm d(0s,0:) = 0. (30)
If (30) does not hold, then there exists § > 0 such that for all » > 0, we have 7} > s; > 7,
d(0s,01) < 6.
Also, there exists ry € N such that

Ary = d(05-1,05) <8 foralls > ry.

There exist two subsequences {o, } and {0, } of {0s}. Then following the proof of Theo-
rem 3.2, we get limy_, o, d(0+;,05,) = 6 and also

klg;noo d(QTk+l’st+l) =4. (31)
By the monotonicity of F, using (G;) and (G;), we get

x(d(0r 05,)) + F(d(0g,;» R05,,))

= x (d(0+»05,)) + F(D(0g,,»R0s,))

=X (d(Qrk,st)) + F(H(QQrk, Qst))

=X (d 075 Qs ) ( QQTk’ Qst))
<F{

0(d(0r051), A(0rr 0111 ) A(Qsyr Qs )s (@51 05 )51 5 05)
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+ 1051, 00 )A(051 05 )s T(Qp5 0511 )A(Q555 Osp1) + F(051,15 0 VA (051,15 0x1)) |-
(32)

By the continuity of F, taking the limit as kK — oo and using (31) and (32), we have
Jim x (d(0g06)) + F®) = F{p(8,0,0,8 1im §(0e 04,8 im f(eue,1r06.,)) |
= F{(S,O (1, 0,0,8V lim §(0s;,07),8 lim §(0s;,,, 07, )> }
k—> 00 k—> 00
Since p € IP, we have p(1,0,0,lim_, o (05 07, ), limg—, oo (05,5 07, ) € (0, 1]. Hence
lim inf <0,
Slim in x(s)<0

which is a contradiction to definition of ®. Therefore (30) is fulfilled and ensures that {05}
is a Cauchy sequence. Hence there exists o* € & such that

lim gs = 0"
5—> 00
By following the proof of Theorem 3.3 we get ¢o* € Qp*. a

4 Data dependence

For a metric space (&,d) and mappings 21,2, : £ — P(), the fixed points sets Fix Q;
and Fix €2, are nonempty. The problem of finding the Pomeiu—Hausdroff distance H be-
tween Fix ©; and Fix 2, under the condition that for s > 0, H(210, 2,0) < s for all ¢ € &,
is addressed by many authors. See, for example, [6, 7, 16]. In this section, we give a data
dependence result of the established result.

Definition 4.1 Let (¢,d) be an MS, and let Q: § — CL(&) be a multivalued operator.
Supopse that for all o € & and p € Qp, there exists sequence {0s}sen such that
(i) co=cand o1 =0,

(ii) 0541 = Qos forall s € N, and

(ili) the sequence {0s}sen is convergent, and the fixed point of €2 is its limit.
Then € is said to be a multivalued weakly Picard operator (MWP operator). The sequence
of successive approximations is defined as a sequence {0,}scn that satisfies conditions (ii)
and (ii) of Definition 4.1.

The main result of this section is as follows.

Theorem 4.1 Let (§,d) be a CMS, let Q21,2 : & — K(§) be multivalued mappings, and
let x € ®. Let Fy be a real-valued nondecreasing function on (0,00), and let F, be a real-
valued function on (0, 00) satisfying (F2') and (F3) such that x F-contraction is satisfied for
Qi, where i € {1,2}, and there exists ). > 0 such that H(Q21(0), 22(0)) < A forall o € . For
00 € &, define a Picard sequence {05 = 2°0¢} such that

sup ]lm f(Qi+l;Qi+2)f(Qi+lr Qm) <1 (33)

m=1i—>00 §(0i, 0i+1)

Also, suppose that lims__, » f(0s,0) <1 forall o € &. Then
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(@) Fix Qe CL(§) forie{l1,2},
(b) 1, Ry are MWP operators, and

A
1-max{p;(1,1,1,¢ +7,0), 02(1,1,1,¢ +7,0)}

H(FIX Ql, Fix Qz) <

where £,n > 1.

Proof (a) Using Theorem 3.1, we have that Fix Q; is not empty for i € {1,2}. Now we prove
that for i € {1, 2}, the fixed point set of ©2; is closed. Consider a sequence {g;} in Fix ; such
that o, — 0 as § — 00. Now

Fi(H(R0,90) < F,(H(Q0,20) < x(d(0,0) + F,(H(Q0,20))

< Fi(p(d(0,0),D(0, 20),D(2,20), D(0, 20), D(2,0))).

Since F; is a nondecreasing function, we have thatfor all p,0 €&,

H(Q0,90) < p(d(e0, ), D(o, 20), D(0, 228), D(0, 220), D(0, 0)). (34)

Assume that D(p, 20) > 0. Then there exists o € €20 such that

D(e,20) = d(0,0)

<§(0,05+1)d(0, 05+1) + f(0s+1,0)d(05+1,0)

= §(0,05+1)d(0, 0s+1) + (0541, 0)D(05+1, 20)

< (0, 0541)d(0, 0541) + §(05+1, ) H(Q05, $20)

< §(0,05+1)4(2, 05+1) + §(05+1,0)0(d(05,0), D(0s, 205), D(0, 20), D(0s, 20),
D(,%205))

< §(8,05+1)4(0, 05+1) + f(0s+1,0) 0 (d(0s,0), d(0s 0541), D(0, 20),
f(0s, 0)d(0s,0) + f(2,0)D(2,20),d(2, 05:1))-

Taking the limit as s — oo in the above inequality, we get
D(@,%0) =< (1)p(0,0,D(2,20),0 + (2, 01)D(0, 20), 0).

Using Lemma 3.1, D(p, 20) <0, and hence D(p, 20) = 0. As Q¢ is closed, ¢ € Q20.
(b) Using Theorem 3.1, we get that Q;, €2, are MWP operators. So we have to prove that

A
H(Fix Q, Fix ;) < '
(Fix Q1,Fix Q) < 1-max{p1(1,1,1,¢ +1,0), 02(1,1,1,Z + 1,0)}
Suppose q > 1 and oo € Fix 2. Then there exists 01 € Q,(00) such that d(0o,01) =
D00, 22(e0) and d(e1,02) = GH(R1(00), 22(00). Now there exists 0> € (1) such
that d(00, 01) = D(00, 22(00)) and d(01,02) < gH(22(00), 22(01)). Also, we get d(01,02) <
d(0o, 01) and

d(01,02) < qH (Q2(00), R2(01))
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< qp(d(00, 1), D(0, 2(00)), D(e1,22(01)), D(0, 2(01)), D(01, 2(00))
< qp(d(00, 01),d(00, 1), d(01,02), d(00, 02), d(01,01))
< qp(d(o, 01),d(00, 01), d(01,02), (00, 01))d(00, 01) + (01, 02)
d(01,02),0)
< dp(d(0o, 01), d(00, 01) d(00, 01), f(00, 01))d(00, 01) + (01, 02)
(00, 01),0)

< qd(00,01)p (1,1, 1, (00, 01)) + f(01,02), 0).

Hence we get a sequence of successive approximations of €2 starting from g that satisfies

d(Qs: Q5+1) =< (q,01(1, 1,1,¢ + U,O))sd(Qo, Q1) foralls e N

(@ (L, 1,1,¢ +1,0))°
d(0s, =
= (Q5 Q5+m)— 1—C|,01(1>1’1’;+n’0)

d(00,01) forallseN. (35)

Taking the limit as s — 00, we conclude that {0} is a Cauchy sequence in (§,d) and thus
converges to some v € £. Using the proof of Theorem 3.1, we have v € Fix Q,. Taking the

limit as m — o0, we get

(qpl(L 17 11 ; + ﬁﬁo))5

d(os, V) < d(0o, forall s € N.
(0s,V) < I —ap(LLLE+n.0) (00,01) foralls
Letting s =0,
1 gA
d(0o,V) < d(00,01) < .
(QO V) o l_qpl(lrl’lig +77’0) (QO Ql) a 1—qm(l,1,1,§ + 77’0)

Interchange the role of ©2; and ,, for each v, € Fix Q;, we get

1 qir

< d(vo, V1) < .
DS gL, e+ 00 OV S L L m0)

d(Vo,

So

A
H(Fix 1, Fix 2,) < 9 .
1- max(qpl(11 1) lu ; +n, O),qu(l, 1¢ 11) C + 7],0))

By taking the limit as g — 1 the result is proved. d

5 Strict fixed point and well-posedness
Definition 5.1 Consider an MS (§,d), B € P(¢), and a multivalued mapping Q: B —
C(&). The fixed point problem is said to be well posed for 2 with respect to D if
(a) FixQ={0"},
(b) if o5 € B, s € Nand D(gs, Q0s) — 0 as s — 00,
then o5 — 0* € FixQ as s — o0 [14, 15].

Definition 5.2 Consider an MS (§,d), B € P(¢), and a multivalued mapping Q: B —
C(&). The fixed point problem is said to be well posed for 2 with respect to H if
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(a) SFixQ = {o0*},
(b) ifos € B, s €N, and H(gs,R05) — 0 as s — o0,
then o; — 0* € SFixQ as s — oo [14, 15].

Theorem 5.1 Let (§,d,§) be a complete CMS, let Q : § — K(§) be a multivalued map-
ping, and let Fy, F, be functions satisfying a x F-contraction. Suppose F) is nondecreas-
ing, F, satisfies condition (F2') with p(1,0,0,1,1) € (0,1), and SFixQ # ¢. Also, suppose
lims_, o0 f(0s,0) <1forallo €&. Then
(a) FixQ2 =SFixQ = {0*};
(b) The fixed point problem is well posed for the multivalued mapping Q with respect to
H.

Proof (a) Using Theorem 3.2, we conclude that Fix € # ¢. Now we prove that Fix Q2 = {o*}.
Using (Ni) and (Nii), we have

Fi(H(Q0,90)) < F,(H(Q0,20)) < x(d(e,0)) + F>(H(Q0,90))

< Fi{p(d(e,0), D(0, 0),D(0,20),D(0, 20),D(0,20)) }-
Since F; is a nondecreasing function, we obtain that for all p,p € &,
H(Q0,90) < p(d(e, ), D(0, 20),D(6,20), D(0, 20),D(2, 0)).

Let v € Fix Q with v # o*. Then D(p*, 2v) > 0. Now we have

D(o*,Qv) = H(Q0" Qv)
< p(d(o*,v),D(0*, Q0*), D(v, 2v), D(0*, v), D(v, 20%))
= p(d(e"v),0,0,d(e",v),d(v.¢"))
<d(o*v)p(1,0,0,1,1).

As p(1,0,0,1,1) € (0,1), we have
d(o*,v) = D(o*, Qv) <d(o*,v),

which is a contradiction, and hence d(¢*,v) = 0 and o* = v.
(b) Let o5 € B and s € N be such that

lim D(os, 20s) = 0. (36)
5—> 00
Now we claim that
5@00 d(Qs’ Q*) =0,

where ¢* € Fix Q. If the above equation is not true, then for every s € N, there exists € >0
such that

d(0s,0") > €.
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But (36) implies that there exists s € N — {0} such that
lim D(gs, Qos) < €
5—>00
for each s > s.. Hence for each s > s, we obtain

d(Qs; Q*) = D(Qs» QQ*)'
The compactness of Qp* implies that there exists o € Q0™ such that

d(0s,0%) = D(0s,20*) = d(0s,0)
< (05, 05+1)d(0s 05+1) + f(0s+1,0)d(05+1,0)
= (05, 0541)D(0s, 205) + H(05+1,0)D(0s+1, 0*)
< f(05r0541)D(05, Q05) + (0541, 0)H (Q05, 20%)
<(0s) 05+1)D(05, 205) + f(0s+1,0)p(d (05, 0%), D(0s, 205), D(0*, Q0"),
D(0s,20%),D(0*, 205))
< §(0s, 05+1)D(05, Q05) + F(0s+1,0)p(d (05, 0%), D(0s, 205),d (0%, %),

d(0s,0%)§(0% 0s)d(0",05) + f(0s, 0s11)D(0s, R05))-

As lims_, o f(0s,0) < 1 and p(1,0,0,1,1) € (0,1), taking the limit as s — oo, we get
d(os,0%) — 0 as s — 00, which is a contradiction. Hence the fixed point problem is
well posed for the multivalued mapping Q2 with respect to D. Also, Fix Q = SFix 2, and
hence the fixed point problem is well posed with respect to H. d

6 Conclusion

In this research, we have established some fixed and strict fixed point results on controlled
metric spaces. We followed the scheme of Igbal et al. [10] and used the platform of con-
trolled metric setting, and hence results given in [10] are particular cases of those given
in the present paper. We have also provided the well-posedness of the theorems. The data
dependence problem of fixed points of the considered mappings is also established. Many
nontrivial examples are provided for authentication purposes.
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