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Abstract

In this paper we study the initial boundary value problem for a class of
integro-differential time fractional order parabolic equations with a small positive
parameter g. Using the Laplace transform, Mittag-Leffler operator family,
Co-semigroup, resolvent operator, and weighted function space, we get the existence
of a mild solution. For suitable indices p € [1,+00) and s € (1,+00), we first prove that
the mild solution of the approximating problem converges to that of the
corresponding limit problem in LP((0, T), *(£2)) as &€ — 0*. Then for the linear
approximating problem with & and the corresponding limit problem, we give the
continuous dependence of the solutions. Finally, for a class of semilinear
approximating problems and the corresponding limit problems with initial data in
L*(£2), we prove the local existence and uniqueness of the mild solution and then give
the continuous dependence on the initial data.
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1 Introduction
In this paper, we study the following initial boundary value problem (IBVP) for integro-
differential time fractional order parabolic equations with a small positive parameter ¢ in

a suitable L”-space:

D ue(£) + x (&)(=A)uc(2) + (A)K* * u)(t) = fe (1),

(1.1)
M&‘ (O) = uO,E,
where the kernel k(£) : R — R is a continuous function such that
1 (¢t ¢
ké(t) = gk o) (k‘8 * ug)(t) = / k(£ = s)u(s) ds, (1.2)
0
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o € (0,1), and DY u(t) represents the Caputo fractional derivative of u defined by

8

Dfu(t) = /Otgl_a(t—s)u/(s) ds, gs(t) = Tﬂl)’ t>0,8>0, (1.3)

where the Gelfand—Shilov function gg(t) satisfies the semigroup property g, * gg = gy,
while x is a positive scalar function defined in (0, &o] for a given real number &y > 0 such
that

x(€) = xo ase—0". (1.4)

In general, A is a linear unbounded operator defined on a bounded domain € C R” with
C?-boundary, here we consider that 4 is a second-order differential operator in divergence

form,

A=AW,Dy) = Y Dy (aj(®)Dy) + ao(x), (1.5)
ij=1

endowed with vanishing Dirichlet boundary condition on €2, and there are positive con-
stants co, ¢1, ¥ such that ag(x) > y, g € C(Q), a; = aj; € C(Q), and

lEl <) aj®EE <alf, VYxeQVEER" (1.6)
ij=1

The time-fractional integro-differential equations are very popular due to their applica-
tions in real-world problems in physics, mechanics, civil and mechanical engineering. In
the recent years, the research on time-fractional differential equations has attracted many
authors. For fractional calculus and Mittag-Leffler function, we refer to references [15, 20].
For abstract integro-differential equations and abstract evolution equations, we refer to
the monographs [19, 22] and papers [13, 14, 24]. For the fractional integro-differential
equations, we refer to the references [8—10, 12]. For fractional evolution equations in Ba-
nach spaces, we refer to the PhD thesis [2]. Zhang and Li [25] considered the global well-
posedness and blow-up of solutions of the Cauchy problem for a time-fractional superdif-
fusion equation. Li [16] discussed the regularity of mild solutions for a fractional abstract
Cauchy problem with order « € (1,2). Chen and Tang [5, 6] considered the homogeniza-
tion of nonlinear nonlocal p-Laplacian operators with convolution kernels.

For a = 1, Lorenzi and Messina [17] considered the approximation of solutions to linear
integro-differential parabolic equation (1.1) in L?-spaces and extended the results to the
corresponding nonlinear equation [18]. For « € (1,2), Zhao and Tang [26] discussed the
approximation of solutions to nonlinear integro-differential time fractional wave equation
(1.1) in the L?-space.

In this paper, we first consider the linear integro-differential parabolic equation (1.1)
with & € (0, 1], the time-fractional order evolution equation in a Banach space. Our main
task is to show that, under suitable assumptions on the functions f;, f and the initial data
Uo,e, Uo, for suitable indices p € [1, +00) and s € (1, +00), in L?((0, T'), L*(£2))-norm, the mild
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solution u,(t) of problem (1.1) converges to the mild solution u(t) of the limit problem

Dfu(t) + (1 + xo)(-A)u(t) =f(¢), te(0,T],
u(0) = uo,

(1.7)

as e — 0%,

In general, any order Caputo fractional derivative of u(¢) for & > 0 is defined by [21]

t
o dm
D u(t) = /0 Gnalt —s)ds—mu(s) ds, (1.8)
where m is the smallest integer greater than or equal to «, and g,,_,(¢) is defined by (1.3)

with m — « instead of 8.
Similarly, the Riemann—-Liouville fractional integral is defined by

F(0) = (g #)(0) = fo gult =)/ (s) ds (19)

thus we have

m-1 k
DY@ =f0,  JEDEF®) =f0) - :f(k)(O)%. (1.10)
k=0 :

Applying the properties of Laplace transform and taking into account that g,(A) = A™* and
TEA)() = (g %)) = G (W)F (1) = A2F (1), the second equation in (1.10) implies that

m-1
DFF () =2F0) = Y _ P+, (1.11)
k=0

For the linear time fractional order parabolic equation (1.1) with a small positive param-
eter ¢, we now consider a semilinear approximating problem

Dfue(t) + x(e)(=A)ue(t) + (=A)(k® * ue)(t) = fe(t) + N[u] (),
ue(0,%) = uge(x), x€8, (1.12)
u(t,x) =0, (t,x)€(0,T) x 0L,

and the corresponding semilinear limit problem as ¢ — 0*, namely

DYu(t,x) + (1 + xo0)(=A)ult,x) =f(t,x) + N[u](t, %),
u(0,x) = up(x), x€€, (1.13)
u(t,x) =0, (t,x)e€(0,T)x 0,

where N is a nonlinear operator admitting the following representation:
N(u)(t,x) = ¥ (£, u(t, %)), (1.14)

and v is given later.
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For Banach spaces (X, | - ||x) and (Y, ] - |ly), we consider the closed linear operator
A :D(A) C X — Y, the notation [D(A)] represents the domain of A endowed with graph
norm [|x|; = ||x|lx + ||Ax|y, x € D(A). Recalling the classical theory of semigroups [11],
the Mittag-Leftler function E, and the nonnegative Wright function ¥, have the relation
and property (see [2])

E,(-z) = /-oo v, (e dt, zeC, (1.15)
0
o0 r o, Dr+1) B
/0 W, (s)s" ds = 4F(ar+ 1’ > -1, (1.16)

where the Gamma function is defined by I'(«) = 0+°° t* et dt. In this paper we will use
also the Beta function B : (0, 00) x (0,00) — (0, 00) defined by

B(a, b) = /01(1 —s)* bl gs, (1.17)

Using the subordination principle, we can write the Mittag-Leffler family associated to the

operator A in the form
E,(tA) = / Wy () A ds, (1.18)
0

where {€"},>¢ is an analytic semigroup associated with the operator A defined in (1.5).

Regarding the convergence of approximating IBVP to the a-order time fractional evolu-
tional equation DY u, + x (€)(—A)ue + (=A)(K® % u,) = N[u,] to the corresponding limit IBVP
of the equation D u + (1 + xo)(—A)u = N[u] as scale parameter ¢ — 0%, for a general class
of sectorial operators A = ZZ;‘:I D,, (aij(x)ij) +ao(x) defined in equation (1.5), the novelty
of this paper is to extend the results in [17, 18] from « = 1 (classical integro-differential
parabolic equation) to « € (0, 1] (time fractional order integro-differential parabolic equa-
tion). Also we consider a more general kernel k(¢) in equation (1.1) instead of the kernel
included in the series representation in [17].

This paper is divided into five sections. Section 2 is devoted to showing some basic prop-
erties of the resolvent operators F;, G, defined in equations (2.2)—(2.5) and the nonlinear
operator N. Our main results are stated in Sect. 3, and their proofs are given in Sect. 4.
A discussion is given in Sect. 5.

2 Properties of resolvent operators

We first state some assumptions on the operator A and the initial data u(.(x) to our ab-

stract Cauchy problems of the linear equation (1.1) and the semilinear equation (1.12),

respectively. We assume that X is a given general Banach space with a norm denoted by

Il - lx- And approximation results we want to study in L?((0, T'); X) involve the norm de-

noted by ||f | z7o,1);x) = fOT £ (£)|I% dt. Furthermore, we state the following assumptions:
(H1) The operator A : D(A) C X — X is a closed linear operator, with D(A) dense in X,

and for some ¢ € (7, 7) there is a positive constant Cy = Cy(¢) such that

Top = {» € C:larg()| < ¢} C p(A),
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and the resolvent operator R(,A) = (Al — A)™! satisfies

C
”R()WA)” = ﬁ; Vi e EO,(b'

-~ -~

(H2) The kernel k(¢) € L-. _(R*) is such that k(}) exists for Re(X) > 0, k(1) can be

loc

extended to ZO.¢’ and ||’l;()\)|| = O(ﬁ) as |A| = +00. For p € [1,+00), @ € (0,1],

there exist constants 6y > }7 + o, ko, >0,and rg > r, C > 0 such that
[k(1) - ko| < CIAIP, Vi € Tos N B(O, 7).
(H3) There exist constants M, C > 0 such that
| (1= (1 + x@)A) | 1 < f‘f_| VA € S, Ve € (0, 8).

(H4) The sequence {f;}e-0 C C([0, T1,X) converges to f in C([0, T],X) as € — 0.
(H5) Functions ug, 4 € X and {uo, }e>0 converges to ug in X as ¢ — 0*.

Remark 2.1 Assumptions (H1), (H2), and (H3) have been considered in [7-10, 12], with
the operator B(t) = K(£)A for a given function K(¢) and « = 1.

In the sequel, for r > 0 and 6 € (7, ¢), we denote a sector by

To={reC:|Al=r,

arg(k)| < 9}. (2.1)

In addition, for a given Banach space, p(F;) and p(G)) are the sets

p(F) = {r e C:F(1) = (A1 - x(e)A —k(en)A) " € LX), (2.2)
p(G:) = {1 €C:GL(1) =2 (A1 - x(e)A —k(e1)A) " € L)}, (2.3)

and p(F,) and p(G,) are the sets

p(F,) = {A € C:Fy(0) = (A1 - xoA - koA) ™ € LX)}, (2.4)

p(Gy) = {1 € C: Go(h) = 271 (AT - xoA — ko) ™ € L(X)}. (2.5)
Next we collect some properties established in [7, 23].

Lemma 2.1 ([7]) Under Assumptions (H1), (H2), and (H3), there exists an r > 0 such that
> s C0(GL), D, 4 C p(Fy), and the operator-valued functions F, Gy, : Y, , — L(X) are

o
analytic. Moreover, there exists a constant M such that

M
[z =

M
Ao’ ”GZ()»)H < m, VA e Z, 4.

Definition 2.1 ([7, 23]) The operator families {S;,(£)};>0 and {S,(¢)};>0 are defined by

1 ~ - 1
SE(t) = — / 1A — x(e)A - k(eM)A) Y= — f e G (M) dh,
27i Jr,, 27i Jr,,
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1 _ 1
Sult) = — / e 1 (A - xoA - koA) R/ N— MGy (\) dA,
27i Jr,, 27i Jr,,

and the operator families {7 (¢)}:>0 and {T(t)}s>0 are defined by

1 -~ _ 1
TE(t) = — / e (A" - x(e)A — k(sh)A) L/ — eMFE(L) d,
2wi Ty i Jr,,
1 - 1
T,(t) = — e (M1 - xoA — koA) Ydn= — e*F,(\) d,
27i Jr,, Tt Jr,,

where I';(r,0) = {te? : t > r}, Ty(r,0) = {re : |£] <0}, [3(r,0) = {te ™ :t > 1}, 0 € (w/2,9),
and I,y = U?:l I';(r,0), oriented counterclockwise.

Using the Laplace transform, we give the definitions of L7-mild solutions to the equa-
tions (1.1), (1.7), (1.12), and (1.13), respectively.

Definition 2.2 Let T > 0, ¢ € (0, &9, uo, o € L4(S2). Functions u, € C([0, T],L(2)) and
u € C([0, T, L9(£2)) are called L?-mild solutions of equations (1.1) and (1.7) in [0, 77 if u,
and u respectively satisfy the following equations:

ue(t) = S5 ()uo,e + /t T (t - 5)fz(s) ds, (2.6)
0

u(t) = Se(t)uo + /t To(t —5)f(s)ds. (2.7)
0

Definition 2.3 Let 7 > 0, ¢ € (0, &o], uo,, o € L4(S2). Functions u, € C([0, T],L7(2)) and
u € C([0,T],L%(S2)) are called L7-mild solutions of equations (1.12) and (1.13) in [0, T] if
u. and u respectively satisfy the following equations:

ue(t) = S5 (t)uo,e + ft T (t — s)fe(s) ds + /t T¢ (t — s)Nu(s) ds, (2.8)
0 0

u(t) = So ()ug + /Ot To(t—s)f(s)ds + /: T (¢t — s)Nu(s) ds. (2.9)

Lemma 2.2 ([7]) Under Assumptions (H1), (H2), and (H3), the operator-valued func-
tion S, (t) defined in Definition 2.1 is (i) exponentially bounded in L(X); (ii) exponentially
bounded in L(D[A)); (iii) strongly continuous on [0, 00) and uniformly continuous on (0, 00)
in L(X); (iv) strongly continuous on [0, 00) in L(D[A]). The operator function T:(t) defined
in Definition 2.1 is (v) exponentially bounded in L(X); (vi) uniformly continuous on (0, 00)
in L(X).

Lemma 2.3 Let 1 < g <r < o0 be such that g(% - %) < 1. If the operator A is defined in
equation (1.5) and satisfies Assumption (H1), then for every ¢ € L1(Q2) we have

[

_an(l 1
1S || iy = CE 2T gllag), (2.10)

_ancl 1 _
| T 1oy < CE 2@ )10, (2.11)

L1(Q)

where C is a positive constant. Moreover, the operator family {S,(t)}:>o is strongly contin-
uously in L"(R2).
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Proof The proof of estimate (2.10) can be found in [18]. In order to compare the operator
families {Sy (t)}:>0 and {T4(£)}s>0, here we give the proof of estimate (2.10) again. From
Theorem 3.1 [23], we get

o0
SJﬂ¢=/ W, (s)etkor 1014, g, (2.12)
0
o0 o
T,(t)p = t"‘_l/ asWy (s)ethor X0t A, g (2.13)
0

From the proof of Lemma 2.1 [1] and using equation (1.16) of the Wright function ¥, we
have

(@) 98

S @)

o0
(ko+x0)st*A
U®§A Wy (s)]|eforroit4g

—an(l_ 1y o _zl_1
<Ct 74 Wy (s)s 20 dsllellra(e)
0

r-2E-H4o
_an(l 1 2 r
=Ct 2(q r) _ a7

11

—cr 2 ’)||90||Lq(9)~

Similarly, we have

oy %

| T ()

oo
- . .,
e =t 1/0 as Wy (s) | eorrost?d

—%”(l—l)ﬂx—l oo —%(l—l)+l
<Ct 2~ W (s)s 20 7 ds|lolliaq)
0

)+a—1
lellzae r(a

1 1y,
=t 2T o) )

Now, for 0 < #; < ,, we have

o0
H&@ﬂw—&&ﬂwhui/ Wy () || ekorrontia [ ghorxoiz Ay _ ]| ds,
0
thus, Vs > 0, as t, — ¢, one gets
”e(k0+xo)st‘f/\ [e(k0+X0)S(t§‘—t‘f)A(p _ 90] < C||e(ko+xo)8(t§‘—t‘f)A¢ -0, — 0.

Now Lebesgue’s dominated convergence theorem and the fact fooo W, (s)ds =1 imply that

oo
lim W, (s) ” eko+x0)Asty [e(ko+xo)AS(t§ -17) o- go]
t2—>t1+ 0

”U ds =0,

therefore,

:0,

lim+ HSa (£2) — Su(t1)p 1r(Q)
=t
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so the operator family {S,(£)};>0 is strongly continuously in L"(2). This completes the
proof of Lemma 2.3. d

Lemma 2.4 There exists a positive constant C depending only on o, T, M, 6, r such that

[ o0 =€ vEeloT), (214)

| 7@ ;o = € VEEIO,T]. (2.15)
Proof From (i) and (v) in Lemma 2.2, for any A € %,,,, ¢ € [0, T], we have

[AGY Lo = Cet <G,

| T5@)] ol < CeT < C.
This completes the proof of Lemma 2.4. d
Lemma 2.5 Under Assumptions (H1)-(H3), for p € [1,+00), o + % >1,00 € (a+ %, +00),

and &1 € (0, min{g, r7° 1), there exists a positive constant C depending onlyon o, T, M, 0, r,

&0, 00, p, 1o such that

IS5 = Sell o0.17.000 = Cle? +£™ + [x(e) - xo]), Ve e ©Oe1), (2.16)

1 Te = Tal om0y = Cler™ ™ + 6% + |x(e) ~ xol), Ve €(0eal. (2.17)

Proof From Lemma 2.1, we have

[ (1= (x(e) + K(en)A) ™ = (21 = (ko + x0)A) ™ | 1
< [{21= (x(@ + Ken) A} {(x(6) = x0) + (k(en) — ko) Y o
X HA()»(XI - (k() + Xo)A)
M
A

-1
”L(X)

=

(1) = xo| + [ker) = Ko} JA(x = (ko + x0)A) | £

. =

<
Al

< M(l + C())
A% (ko + x0)

(7€) = xo| + [K(e) = ko) 7 = 2 (1 = (ko + x0)A) ™| s

(Ix(e) = xo| + [k(en) = ko

)
then

|55,(8) = S (2) ”c(x)

< —
27

< M(1+C0)/ t?tRe)L
= 27 (ko + xo0) Jr,, Al

/ AT (A = (x(e) + k(en)A) ™ = (A% = (ko + x0)A) '} dr
)

L(X)

(Ix (&) = xo| + [k(e) = ko) d,
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and

1750 - Ta(t)”z:(x)

! & ¢ T -1 o -1
=5 /Fr'ee {[2°1 - (x(e) + k(eM)A]™ = [A% = (ko + x0)A]™ } di "
M(1 + Co) etRer

= o+ 1a) Iy, e (1 70l KR o .

Hence, we have

2 = Sell 0,170

o~ 1

- MA+Co) [ 1x(e) = xol + [k(e) ~ Kol ( /*‘”etpkem dt)*"dk
~ 27 (ko + X0) Jr,, 4] 0 (2.18)
1M1+ Cy) / 1x(€) = xol + [k(eA) — kol
:p p— 1 d}n
27t (ko + x0) ‘= Jrjr0) | Re(1)|7 |A|
and
” Tof - Ty HLI’((O,T),X)
o~ 1
_ M+Go) [ 1x(e) = xol + [k(er) — Kol ( /“’"eRem dt)f“ "
~ 27 (ko + x0) Jr,, [A]* 0 (2.19)
1ML+ G) o / 1x(8) = xol + [k(g2) — kol
_ph y d.
2 (ko + x0) ‘= Jrjr0) | Re(1)|7 |1

We first estimate the integrals over I';(r,6), j = 1,3. From Assumption (H2), there exists
a positive constant C such that for I'y(r,0) = {te? : t > r} and T'3(r,0) = {te™® : t > r}, we

have

k(er) — k 0 [k(se?) — k
/ k(e )l 0|d)»§cos_ll’(9)8}’/ |k(se™) 0|ds
rj6) |Re |7 |Al er s

o Bo-1-1 +oo -1-1
where I) = [;° 57 "7 ds converges for 6, > 117, and I, = fro s~ P ds converges for p > 1.

Similarly, there exists a positive constant C such that

K(er) — K
/ |k ( )1 O'dk
Tj6) |Re A|7 Al

1 1 +00 7(\ i60 _k
5005“117(6)811’“’ 1/ L)l()'ds

r s P

(2.21)
-1 Lig-1 0 Bo-1-1 o e -1-1_¢
<Ccos ?(0)eP (/ §O0 P ds+/ s r ds)
0 )

Page 9 of 28
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1
_ C81—7+a—1,
_1-1_ _1-1
where I3 = foro s g converges for 6 > }7 +oand I, = frgoos "5~ ds converges for

p>landa€(0,1).
For the function y (g), we can also get

(8)— +00
/ X ;_X()'d)‘:/ —K() 4 ds < C|x(e) - xo|r (2.22)
Ti(r0) |ReA|? |A| ros )

P cos?
and
| x (&) = Xol " Ix(e) = x| -
/ 71061)»: —ds<C|X(8) X0|’” 1’, (2.23)
Lj(r) |Re A|? |A|* r §%"P cos? (6)

where C is a positive constant.
From (2.20)—(2.23), we get the estimates of the integrals over I';(r,6) (j = 1,3):

(&) = xol + [k(e1) — k 1 -1
/ | X Xol |1 oldkicgﬂqx(g)_m, v, (2.24)
(r0) |[Re A7 |A|
_ /k\ A) — k 1,0 —a—3
/ Ix(£) X°|+1| €0 kol 1y _ cepre L+ Clx(e) - xolr R (2.25)
) [ReA|P ||«

We now estimate the integrals over I';(r,6) in (2.18) and (2.19). Choosing ¢ € (0, &1] with
&1 < min{e, r7°} and making use of assumptions (iv) and (v) in Lemma 2.2, we have

/ Ix(e) = Xo|+|k(8k) kol
o (r,0)

|ReA| 2]
_/ [k(ex) - kol , / x(&) - Xol ;.
) |Re)\|§|x| ra-0) |ReA|? |2
0 i& 0
gr-;[ / Rere®) kol / 1x(e) = xol ds] (2.26)
-0 cosP &) cosP

1 o 1 1
<o [(sr)% [ cosb@rs + |- ) f cos 7 (Ws]
] -0
< C(e% + |x(e) - xol),

and

/ [x (&) — xol + Ik(ek) kol
I (r,0)

IReM"IM"
k(eA) — k -
-[ Kex) =kl / 1x©) ~x0l 4
r2:6) |Re A7 |4 Fa(n0) | Re |7 [A]*
0 zs 0
Srl_m}f [/ [k(ere) k°|dg / 1x(€) = xol X0| $:| (2.27)
-6 cosP(E) cosP

Crl_a+’l’(8r)90 /_9 COS_}’ (&) dE + |X(3) — X0| _/_9 COS_I% (&)dé&

Page 10 of 28
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< C(e% +|x(e) - xol)-

From (2.18), (2.24), and (2.26), we get the estimate (2.16); and from (2.19), (2.25), and
(2.27), we get the estimate (2.17). This completes the proof of Lemma 2.5. O

Lemma 2.6 Iff. and f satisfy Assumption (H4), and }7 +a>1(p=>1),then

|75« fe = T = f

L7((0,7),X)

1.,
< Cllfs —fllcqo i + C(e?7 ™ + % + [x (&) = xo| ) I llcio,rx

where C is a positive constant depending only on o, T, M, 0, r, &g, 0o, p, 1o, and

1 117+é_1’ lf}?+%ZLPELQZL
r 1%, if}%+%<1,p>l,q>1,

the convolution is defined by (T = f)(t) = fot T(t - s)f (s) ds, and we have

TS s f, — Ty xf inL’((0,T);X) ase — 0" (2.28)
Proof From the identity

Tosfe—Toaxf=Tox(f —f)+ (To — To) % f,

we have

| 7o+ fe = Ta 5 f | om0
= Tox (e =)+ (T = Ta) % £ | o

= “ TG = (fe = f) ||L’((0,T),X) + “ (Tj - Ta) *f”m(o,T),x)'

(2.29)

For 117 + 011 >1(p=>1,q=>1), we can use Young’s inequality for convolution, together
with Minkowski’s inequality and Lemmas 2.4 and 2.5, to obtain

|75 «fo — T+ f

L7((0,7),X)

<|7a ||Lp((o,T>,X)|lfs ~flaqonx + | Te - Ta ”LP((O,T),X)”f”Lq((O’T)'X)

< C{Ife = fllcqomx + (81%”‘71 +&% +|x(e) = xo|) Iflcqorin }-

For }7 + ;1] <1(p>1,g>1),wefirst choose r = p in (2.29) and then use Young’s inequality
for convolution, together with Lemmas 2.4 and 2.5, to get

|| T s fe —To xf ”LP((O,T),X)

< Tell om0 Ve =l + 1T = Tl oo 10 W 10110
< C{Ife = fllcqomx + (8}”“71 +&% + [x (&) = xo) If lcqo.rr0 }-

Thus the estimate (2.28) holds true for 117 + % <l(p>1,g9>1).
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Since L1((0, T), X) < L*((0, T), X), we easily get the convergence (2.28). This completes
the proof of Lemma 2.6. O

Lemma 2.7 If ug. and uy satisfy Assumption (H5), then for p > 1 and for any ¢ € (0,¢1],

we have
155 40, — Satao | < C{lluoe —u I+ (67 + 6% + |x(e) = xo) 1 I} (2.30)
aU0.e = Qa0 || 1p((0,7),x) = 0, — Uo X Xo oll f» .
for some positive constant C depending only on o, T, M, 0, 1, &9, 0y, p, ro. Moreover,
St uoe — Sattg  in 17((0,T),X) ase — 0*. (2.31)

Proof Due to the identity S5 uo, — Setto = S5 (4o, — o) + (S, — Sa)ubo, from Minkowski’s
inequality and Lemmas 2.5 and 2.6, we obtain that

H Seto,e = Satho ” LP((0,T),X)

15 (o — o) + (S, = Sa) o “L!’((O,T),X)

IA

| S (o.c = o) ”LI”(((),T),X) + [ (S5 = Sa)uo ”LP((O,T),X) (2.32)
= ”SZ ||U’((0,T),X) ”uO,S - I/l()” + ||S§t - Sot ||l}’((O,T),X) ||M()||

< C{lluoe —uoll + (67 + 2™ + |0 — x(&)|) ol }.

This completes the proof of Lemma 2.7. d

3 Statement of the problems and main results
Now we consider the existence of solutions u, and u to problem (1.1) with a small pa-
rameter ¢ and the limit problem (1.7) as ¢ — 0%, respectively, and then we focus on the

convergence of i, to u in the space X, where

X, = {ue c((o,T1,L77(%) : sup £550 u(t) |y < 0 (3.1)
te(0,

is endowed with the norm

a1
lulx, = sup 309D u(®)] g e (3.2)
te(0,T]

Define the space

Y, = {uel?((0,T),LrR)): ||tm(p_l>u(t,x)||U,((O'T),LM(Q)) <0} (3.3)
endowed with the norm

lzly, = ¢33 Vu(t,x)| (34)

ully, = WX | 1p((0,1),L00(02))" :

We now state our main results.
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Theorem 3.1 Suppose the operator A defined in equation (1.5) satisfies Assumptions (H1),
(H3), the coefficient x satisfies the convergence condition (1.4), the convolution kernel k
satisfies Assumption (H2),and p > 1,q>1,q> G (p-1),a € (%, 1]. Then
(i) There exist constants T >0 and R > 0 such that the problem (1.1) admits an L1-mild
solution u, : [0, T] — L1(2) in the ball By which is unique in C([0, T],L1(2)) N X,,
for any (fe, uo,e) € C([0, T, LP9(2)) x LP1(2), € € [0, &o]-
(ii) For constants T >0 and R > 0, in the ball Bg the problem (1.7) admits an L1-mild
solution u : [0, T] — L1(2) which is unique in C([0, T],L1(2)) N X,,, for any
(f,uo) € C([0, T, L1(K2)) x L(S2).
(iii) The solutions u., u depend continuously on the initial data, that is, if ue, ve and u, v
are solutions of problems (1.1) and (1.7) starting from g, vo,. and ug, vo,
respectively, then

A (h_1
sup 301V ug(6) = ve(®) | g gy < Cllttoe = voellirae), (3.5)
te(0,T]

A (p-1
sup 204" )”u(t)—v(t)”L,,q(Q) < Clluo - vollza)- (3.6)
te(0,T]

Theorem 3.2 Suppose the operator A defined in equation (1.5) satisfies Assumptions (H1),
(H3), the nonlinear operator N : [0, T] x X — X defined by equation (1.14) is continuous
with respect to t, and there exists a constant M > 0 such that

INGx)| <M1+ x177Y), VayeX, (3.7)

IN(x) = N@y) | < M(L+ [l + 17 ) Ilx=yll,  Vx,y € X. (3.8)

Assume that the coefficient x satisfies the convergence condition (1.4), the convolution ker-
nel k satisfies Assumption (H2),and p > 1,g>1,a > pB, a € (%, 1], g9 > %. Then
(i) There exist constants T > 0 and R > 0 such that the problem (1.12) admits an
Li-mild solution u, : [0, T] — L1(R2) in the ball By which is unique in
C([0, T, L9(2)) N X, for any (fe, uo,e) € C([0, T],LP9(2)) x LP4(2), € € [0, &o].
(ii) For constants T >0 and R > 0, in the ball By the problem (1.13) admits an L1-mild
solution u: [0, T] — L1(2) which is unique in C([0, T, L1(2)) N X, for any
(f,uo) € C([0, T], L9(2)) x L1(R2).
(iii) The solutions u. and u depend continuously on the initial data, that is, if u., v and
u, v are solutions of the problem (1.12) and the problem (1.13) starting from uo, Vo,
and uy, vo, respectively, then we have

a1
sup 301V 1, (8) = ve(0) | g gy < Cllttoe = voellirace), (3.9)
te(0,T]

]
sup 200" )||M(t) - V(t)”qu(Q) < Clluo —vollza(e)- (3.10)
te(0,T]

In the following, we denote 8 = 2“7;;(,0 -1).

Theorem 3.3 Suppose the operator A defined in equation (1.5) satisfies Assumptions (H1),
(H3), the coefficient x satisfies the convergence condition (1.4), the convolution kernel k sat-
isfies Assumption (H2),and p > 1,p,q> 1, € (%, 1], }17 +a>1.Iff., f € C([0, T]; L*1(R2))
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and ug e, uy € LP1(2) are such that
Ife = fllcqo,reray — 0 and  |luge — uollpra) — 0 ase— 0, (3.11)

then the mild solution u. of the approximating problem (1.1) converges in the space Y,
to the mild solution u of the limit problem (1.7) as ¢ — 0*. More precisely, there exists a

positive constant C such that

e — ully, < C{lluos — tollra) + Ife = fllco. 1000
1
+ (7 +&% + | x(e) - xo|) ol Lrae (3.12)

(677 6%+ | x(8) = o) If o, ramscen -

Theorem 3.4 Suppose the operator A defined in equation (1.5) satisfies Assumptions (H1),
(H3), the nonlinear operator N : [0, T] x X — X defined by equation (1.14) is continuous
with respect to t and satisfies (3.7) and (3.8). Assume that the coefficient x satisfies the
convergence condition (1.4), the convolution kernel k satisfies Assumption (H2), and p > 1,
nquq>ﬂ%ikaeQJLa>ML§+azLyﬁJecmxﬂ¢Mmmamumm%e
LP1(QQ) are such that

e —fllcqorLray = 0 and  |uoe — uollrrae) =~ 0 ase— 0", (3.13)

then the mild solution u, of the approximating problem (1.12) converges in the space Y,
to the mild solution u of the limit problem (1.13) as ¢ — 0*. More precisely, there exists a

positive constant C such that

e = ully, = Cfllutoe = uollrag) + e =fllcqorir
1
+(e7 + gfo 4 |X(8) - Xo|)||u0||LM(SZ)
(3.14)

+ (8}’%_1 + &% + | x(e) = xol) (luollLoa@) + l1#0l|7 pa g

+ fllcorierae + [F O o ry,0m@) -
4 Proofs of Theorems 3.1-3.4

Proofof Theorem 3.1. For the approximating problem (1.1) with a small positive parameter
¢ and the limit problem (1.7) as ¢ — 07, due to Definition 2.3, we can transform them into
the integral equations (2.6) and (2.7) by the operator families {S (£)}>0, { T« (£)}:>0 and the

Laplace transform. Direct computation then implies that

oan on
pB=p—(p-1)=—(p-1)<1,
2pq 2q

n(l 1) ne-1 B 1
“-—-—)= =—<—x<1,
2\q rq 209 a pa
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from which, together with ug, € L7(2) and Lemma 2.2 (i), we obtain

A

°(t —s)fe(s)ds

”us”X/J = ”SZ(t)uO,e ||Xp +
Xp

sup tﬂ”Sg(t)uoS”W + sup tﬁH Ts(t s)fu(s)ds
te(0,T) (0,71

LPA(Q)

IA

sup Ce"'t? gl eai) + sup tﬁ/ [T (¢~ s)ﬂ(s)”m
te(0,T] te(0,T

t
< CeTTP |lug e || ray + C sup tﬂ/ A ”fS(S)Hqu(Q ds
te(0,T] 0

t
< Ce TP luoe || eaey + Clifs lcqorLra(e) SUp e’ttﬂ/ e ds
te(O T] 0

C
< CeTTP |lug, || poae) + 7T‘3 (e - D) llcqorzea) < R

Next, we will prove that u, is an L?-mild solution. Indeed, as ¢ — 0%, we have

H ue (t) — to,e ”Lq(Q)

A T (¢ —s)fz(s)

< ||Sg(t)l/lo,g —Up,e ”Lq(sz) +
L1(Q)

t
< C|185 (0t —th0e | ey * /0 56 = 5 )]y B
' (t-s)
-
< CIS5Otos =0 |y +C | 0]
t
< C”SZ(t)u(),s — U ”LM(Q) +C||fe ||c([o,T],qu(gz))ert/ e"ds
0

= C||S5 ()uo,e — Cler-1

= C||S5 (®)uo,e = ttoe | pggy + ; (¢" = D) IfellcqoriLray) = 0.
Therefore, u, € C([0, T],L7(2)) N C((0, T],L*1(£2)) is an L7-mild solution of the approxi-
mating problem (1.1). In order to obtain the continuous dependence on the initial data of
the solutions, we assume that . and v, are solutions of the problem (1.1) starting from

Uoe, Vo, € LP1(S2), respectively. For T > 0, we have

tﬁ H u&‘(t) - V&‘(t) ”qu(Q) =< tﬁ ”SZ Up,e — S (t VO £ Hqu

T
< CeTTPlug, —voellea) < Clluo, — Voelloa)

Next, we prove the existence of a solution to the linear limit problem (1.7). Using

Lemma 2.3 and the integral equation (2.9), we have

A

lullx, < |Sa@uol|, +

t Tyt —5)f(s)ds
0

Xp

sup ¢P H So(B)ug H

t
To(t —s)f(s)ds
te(0,T] 0

B
104(Q) + sup ¢
te(0,T] Lr4(Q)

Page 15 of 28
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< sup tﬂt ﬁlluolqu(Q + SU[) tﬁ ”I (t—S)f(S)” ra(Q
L
te(0,T] te(0,T

t
< Cllugllray + C sup tﬁ/ (t—s)’ﬂ“)"l|[f(s)||Lq(mds

te(0,T]
< Clluollza) + Clif llcqo, 11,090 Sup L‘ﬁ/ t-s)"Pds

< Clluollza) + CT*|f llco,riza(e) < R.

The contraction principle implies the existence of the mild solution u in the ball Bgz. We

will prove that # is an L7-mild solution and is unique in X,. Indeed, as ¢ — 0%, we have

t
””(t) —Uo ”Lq(Q) = ”Su(t)uo —Uo ”Lq(sz) + /0 ”Ta(t =s)f(s) ”Lq(sz) ds

t
= ||So,(t)u0 —HUo ”Lq(sz) + / (=) ”f(s)”Lq(sz) ds
0

IA

t
”%“Wvﬂmhmn+QVM®MMm»/(FﬂVAﬁ
0

C
|1 Se (€)ato — o ”Lq(Q) + Eta If lcqo ey — O

Therefore, u € C([0, T],L7(2)) N C((0, T, LP1(2)) is an L7-mild solution of the linear limit
problem (1.7). In order to obtain the continuous dependence on the initial data of the
solutions, we assume that u and v are solutions of the problem (1.7) starting from ug, vy €

L1(2), respectively. For T > 0, we have

£ () = (&) | g < [ Sa(t0 = SOV g

<P 3 a7 leo — vollza@) = Clluo — vollza(e)

finishing the proof of Theorem 3.1. O
Proof of Theorem 3.2. For pp <1, 2(= — 1 -) <1, we can choose T such that
CTP(eT -1)
Ce' TP |luo,e | oaey + f[llﬂllcqo,ﬂ,mm)) +M]|

CMRPe T T'~1P+P
- @@ <
1-p8 -

o

Clluollzae) + = ”f“C([O,T];Lq(Q))

+CMT‘“5|: +R°T"PB(a,1 - pﬁ)]
o

CMeTTET(1-8) 2CMR'eTTPI(1 - pp) _1
rl-B * rl-rB =9

N

1
MCT*B(«t,1 - B) + 2RP 1 T*F=PPB(o, 1 - pp) < 3
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where I'(«) and B(«, B) are the Gamma and Beta functions, respectively. Let B be the
closed ball in X, centered at the origin with radius R. Then, for the nonlinear approximat-
ing problem (1.12), define an operator A : By — By by

t t
Au(t) =S5 (H)uo, + / T (¢ —s)fe(s) ds + / T¢ (¢ — s)Nu,(s) ds. (4.1)
0 0
By the assumptions on the nonlinear operator N, due to Lemma 2.2 and for u, € X,,, we
have
| Auclix,
t t
< || S (B)uo,e ||X + T (¢ —s)fe(s) ds / T (t — s)Nu(s) ds
P 0 X, 0 X,
< sup t# ||S (B)ug,e ||qu + sup t# / ||T8 (t- s)fg(s)Hqu
t€(0,T1]
t
+ sup tP / ||T3(t — 8)Nu,(s) HLM(Q) ds
telo,r] Jo
L
< sup tPCe? llet0,e || ra() + sup / # ||T2(t—s)f5(s) ”LM(Q) ds
te(0,7) te(0,71J0
t
+CM sup t5/ eI (1 + |ue(s) ||qum)) ds,
te(0,T] 0
thus,
| Auellx,

t
< CeT TP ||lugellrraie) + CTP||fellco .00 SUP 6”/ e"ds
te1]  Jo

t
+CM sup e"tP / e ds
0

te(0,T]

t
+CM sup e"tP / e s PSP || 1o (5) |17 g S
0

1e(0,T] ||qu(Q)
C
< CeTTP |luge || poaey + 7Tﬂ (&7 = 1)l lcqornerae)

C
+ =T M(eT - 1) + ——R°Me " T "P*F <R.
r

If u.,v, € Bg, we have
| Aue — Avellx,

< sup tﬂ/”TS — 8)(Nute(s) = Nve(s )”Lﬂq

te(0,7T]

<MC sup o [0 gy + )
te(0,T) 0

x te(s) = ve(®)| g ) A
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t
< MCllue - vellx, sup e’ttﬂ/ e s P ds
te(0,T] 0

t
+MCllue —vellx, sup e"tf / e s Ps PO |y |07 ds
£€(0,T] 0 .

t
+MCl|lu, - ve|lx, sup e’ttﬁ/ e s Ps PO |y 107 ds,
te(0,T) 0 ?

thus,

| Awe — Avellx,
<CMTT T (1 - B)r’ M ue - vellx,
+ CMETTT (L - pB)r™ ™ty = v, a1
+ CMeTTPT (1~ pB)rP e = ve lx, Ive 1!
< CMTTPT (1 - B)rf e —vellx,
+ CMR T TTPT (1= pB)r”P e — vellx,
+ CMR* e TPT (1 - pB)r*Plus — vellx,

< CMe" TP |lu, = vellx, ("' T(1 = B) + 2R” P71 (1 - pPB))
1
= 2 e = vellx, -

This yields that A is a contraction operator on X,. We shall prove that u, is an L7-mild
solution and is unique in X,,. Indeed, we have
[14e(8) = w0 | o g

<[ Sa®uo.e — wo, ”UI(Q)

+
L9(Q)

+

/t T¢ (¢ — s)Nu,(s) ds
0

/tTg(t—s)fg(s)ds
0

L9(Q)

t
=< C[Se®uo,e = o | yog(q) + € /0 NS5 s
t
+MC/ e’(tfs)(l + ||u8(s)”fq(sz)) “
0
t
< C||S5(O)uo,e — tho,e ”Lﬂq(Q) +C|f. IIC([Ole’LM(Q))ert/ o
0

t t
+ MC/ ¢ ds + MC||u, ||§)(p e’ / e 5sP ds,
0 0

thus, as t — 0%, we obtain

C
[14:8) = o | oy = CUSe®moe =t | gy + — (€ = Dfellcqory ey

MC C
+— (" = 1) + ——€"t"P|lu.llx, — 0.

r 1-p8



Zhao and Tang Journal of Inequalities and Applications (2023) 2023:145

Therefore, u, € C([0, T, L1(2)) N C((0, T, LP1(£2)) is an L7-mild solution for the nonlinear

approximating problem (1.12).
If v, € X, is a solution of problem (1.12), taking 0 < 7" < T such that ||v, ||)7;; <R, the
uniqueness in By implies that u,(¢,x) = v.(¢,x) for all ¢ € [0, T']. Now, we set

R = max[ s(upT]tﬂ ||ug(t)||qu ) SUP tf ||v5(t)||qu ]
0

For t € [T, T], we have
P u () - v (2| Loa(@)
SMCtﬂ/O (14 |ue (s) ||qu(Q + [|ve(s) ||qu(g )] ZAORSAO]
< MCiPe /0 P (L s I+ 5B 5
X 87|t (5) = Ve (5)] g ) s

t
<MC(1+ 2T/’(p71)ﬁR/”’1)e” / e s PP H g (8) — ve(s) ||qu(9) ds.
T/
Defining a function 7 : [0, T] — [0, +00) by 1. (£) = £ ||uc(£) — ve(£)|| 1ra(e), we have
t
ne(t) < MC(l + 2T’_(p_1)’3R’p_1)e” / e sPn.(s)ds,
0

so, due to the singular Gronwall’s lemma [4, Theorem 4], we obtain the uniqueness.

In order to obtain the continuous dependence on the initial data of the solutions, for
T > 0, we assume that ., and v, are solutions of equation (1.12) starting from ug, v, €
Lr4(S2), respectively. From the choice of T, it follows that

£ e (6) = ve ) ”LP‘I(Q)

< Ce"' tP ||lupe — voellLeaia)
e MC [ B 9]+ 1 ) 1) 6

T
< CTTPuo, —vorllea)

+ CMeT TP ||u8(s) —ve(s) pr <,,.1L—ﬂr(1 -B)+ rfpﬂ RIT(1 - ,0/3))

1
< Clluoe = voellea) + E llue - Ve”Xp-

For the nonlinear limit problem (1.13), let Bz be a closed ball in X, centered at the origin

and with radius R, and define a map I" : By — By by

Tu(t) = Se (H)ug + /t Tyt —s)f(s)ds + /t T, (t — s)Nu(s) ds. (4.2)
0 0

Page 19 of 28
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Forue Xp; we have

ITallx,

IA

Lol - )f(s)ds
0

[Sa@uol], +
Xp

+

/t T (t — s)Nu(s) ds
0

Xp

IA

t
sup ¢7|[Se(O)tto| gy + SUP tﬁ/ | Ta(t = ) ()| ) A
t€(0,T] t€(0,T] 0

+ sup £ / [ Tat = INU(S) g g 5
te(0,T]

Using Lemmas 2.3—-2.4, one gets
ITuly, < Clioluse +C sup ¢ / (=9 IOy

+CM sup tﬂ/ -9 1+||”(S)”Lﬂq )
te(0,T]

C_ Toz+ﬂ

C o
< Clluollra) + «—p If(s) ”C([O,T];Lq(Q))T Ty

t
+CM sup tﬁ/ (t-s5)°" ||”(S)H€pq(9) ds
te(0,T] 0

C M ot
o =7 ot
< Clluollra) + w8 If(s) ”c([o,T];Lq(Q))T L d

t
+ CMR” sup t° / (t—s)*'s™P ds

t€(0,T1] 0

C o CM o+p
< Clluollzae) + a_B |V(S)||C([0,T],Lq(sz)>T * 7T

+ CMRP T* PP*PB(a,1 - pB) <R.
For u,v € By, we also get
ITu—Tvllx,

< sup t‘s/ | Ta (2 = 5) (Nuu(s) = NV(9)) | 0 ) &
te(0,7]

<MC sup tﬁ/( -5 1+ ||”(5)||Lﬂq
te(0,T] 0

A 1) = 09 s

<MCl|lu-v|x, sup tﬂ/(t s)* s ds

te(0,T1]

+MCllu-vlx, sup tﬂ/ (t—s)“*ls*ﬂs*<f’*1>ﬁ(||u||§’( +Iv)Ix, Yds
te[0,T] 0

<MCl|lu-v|x, T*B(a,1 - B)
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+2MCllu — v x, R T*P~"PB(at, 1 - pp)

<MCllu-vlx,(T*Ble,1 - B) + 2R T*** "’ B(a, 1 - pp))
1
= Slu=vix,.

The contraction principle implies the existence of a mild solution # in Bg. We will prove

that # is an L?-mild solution and is unique in X,,. Indeed, we have

Hu(t) —Ho “L‘I(Q)

< [[Sa(®)uo ~ 10| o,

R /0 Tl =5 6) |y s + /0 T~ N5
e P K S L CI

oM /0 9 (14 [19) L) s
< ||Sa(@®uo = tto| 14 + Cllf lctom1.202) /Ot(t —s5)*lds

t
+CM[ )"‘lds+CM/ (t-s)*" 1|| S)HM(Q
0

thus, as £ — 0%, we obtain

lu(®) - uo ”Lq(Q) < [[Sa(t)uo ~ o ”L”I(Q) + Ca 't |[fllcqomiae@) + CMa™ ¢

+ CMt* "PB(o, 1 — pﬁ)nung;p —0.

Therefore, u € C([0, T'], L4(£2)) N C((0, T], L(£2)) is an L7-mild solution for the limit prob-
lem (1.13). If v € X,, is a solution of problem (1.13), we may take 0 < T” < T such that
||V||)T(; < R. Then, by the uniqueness in Bg, we have u(t,x) = v(¢,x) for all ¢ € [0, T']. Set

R = max{ s(l(l)PT] & ” (t) ”LP‘I Q)’ SuP t? ”V(t)”Lﬂq(Q}

For ¢ € [T", T], we have
t# () - v(e) .
< MCtP / (£ =97 (14 | 6) | e + V) | ragey) [468) = V()| g s
SMCf‘g/o(t D O T 7
X [|1(5) = V() | gy 4

<MC(1+2(T")" (=D pro- 1)(T/) /t(t —8)*7sP | us) - v(s) ||qu(9) ds.
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Now, let & : [0, T] — [0, +00) be defined by &(£) = t#||u(t) — v(£)|| 1r1(), thus we have
t
£ =MC(1+2(1) VR (1) Y f (- 5)*&(s)ds.
0

Apply the singular Gronwall's Lemma [4, Theorem 4], we obtain the uniqueness of the
solution.

In order to obtain the continuous dependence on the initial data of the solution, we
assume that # and v are solutions of problem (1.13) starting from ug, vy € L?4(£2). From
the choice of T, it follows that

tf ” u(t) - v(t) “WI(Q)

=< Cllug —vollra()

t
+MC sup tﬁ/ (t—s)"‘_l(l + ||u(s) ”f;ql(g) + ||v(s) ||€;;(Q))
te(0,7]  Jo

X ”u(s) —v(s) ||LM(Q) ds
< Clluo = vollra(@

+MCllu—vlx,(T*B(e, 1 - B) + 2R~ T**#~PB(ar, 1 - pp))
1
=< Clluo - vollzae) + 5 llu—vlx,
which finishes the proof of Theorem 3.2. O

To give the proof of Theorems 3.3 and 3.4, we need the fact that the solutions u,u, €
L3((0, T), L7(K2)), where the space

L((0,7),L*1(2))

an(p-1) (43)
= [uer(©.1),L7%9)  sup £H [(®)] 05, < 00}
te(0,T)
is endowed with the norm
an(p-1)
lullLgeo,7),L00(0)) = sup ¢ 24 Hu(f)”qu(Q)‘ (4.4)
te(0,T)

Lemma 4.1 Ifu,, u are defined by equations (2.6) and (2.7), respectively, then we have

el e o102 < Clllkoe loa) + e lriomyiray)s (4.5)

llatll 20 0,1),Lra(e)) < CllnollLae) + TNf o, 1,099 (4.6)

C
oa-p
Proof From equations (2.6) and (2.7), and estimates (2.14) and (2.15), we get

||”8(t) ”LM(Q) = ||Sz(t)||c(mq(sz))”u0’5”U’q(ﬂ) + ”T«i(t) ”L(Lﬂq(sz)) * Hfs(t) HM(Q)

< Clluoellzrae) + ClifellLro,m00(2))

< Clluoellzea) + I ll1o,ry.2rae)»
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and

ll2e Il .50 (0, 7),100) = CT? (lluoe lrracy + e ll 1 o000
< C(lluoellzea + el 2o, my0a(c)) )
|#®)]| paggy = [1Sa(®tto]| Loy + [ Ta® £ 1o,

< Ct P lluoliza + CEP* 5 [f(O)] g
therefore

o0, 1y200) < C sup t_ﬁtﬁ”l/iO”Lq(Q) +C sup t* (t‘ﬂ“"_l * Hf(t) ||Lq(9))
te(0,T) te(0,T)

< Clluollza) + T \fllcqo,11,L99))s

C
a-p
ending the proof of Lemma 4.1. O

Lemma 4.2 Ifu, and u are defined by equations (2.8) and (2.9), respectively, then

llate Nl 50 0,17 200(2)) < MC (e llzoae) + e 1o, y.200(02))s (4.7)
llell 3 t0,79,L00) < C(llttollLac) + 10| 7a(qy

+ ”f”C([O,T],L‘I(Q)) + Hf”g([o,T],Lq(Q)), (4.8)
where C = C(a,1,0,T, p) >0 is a constant.

Proof From equations (2.8), (2.9) and Lemmas 2.3-2.5, we get

” ue(t) ||qu(sz)
= ” Sg (t) ” L(LP(R)) ”uO,é‘ ”L/NI(Q)

+ ”Tz(t)HL‘,(LP‘I(Q)) * £ ”qu(g) +[ Te@® ”E(L/”I(Q)) * ”Nus(t)HLﬂq(Q)

t
< Clluoellzra) + ClifelLro,myr00(2) +MC/ (1+ ||Ms||qu(g)) ds
0

t
< C(lluoe lzoae) + I 1 o, 1),00(52)) + MT) +MC/ ||”8(S)||fﬂq(ﬂ) ds.
0
Applying a generalization of Gronwall’s inequality proved in [3], we get

” U (t) ||WI(Q)
< [Clluoellzra) + Ifell1 0,000 + MT)H) +(p - l)tMC]pil

-1
< Clluoe lrraey + el i oy iracy + MT) + Cl(p = 1) TMC]™,
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thus
e llgeo,ry0m) < CTP (luoe Neacy + el o,7),L00(0) + MT)
PG - 1M
< CM(lluoe lleae) + Ifellr o,ry.L00(0))
and
[ 6@ oaiey = £ [Se@o] gy + [ Ta @ # £ O] ya(ey
+ 17| Ta (@) % Nu(t) | g g
= C P Nuolluaey + £ CEP x| (0)] g g

+ tPMCr* ! « (1+ ||M||€pq(sz))

£ ta+ﬁ
<C| ||u + +
< (II ollzae) + —— /3|[f||C([0,T],L”1(Q)) " )

t
+CtP / (t—s)* s PPsPP “”(S) ”qu(sz) ds
0

T® TOH'IS
<Clllu + +
=< (II ollza@) + —— ﬂllfllcqo,ﬂ,m(m) - )

¢
+CT?P T—pﬂ/O (t- s)"‘"ls”ﬂ ”M(S)prq(fz) ds.

Applying the singular Gronwall’s inequality [4, Theorem 4], we get

H tPu(t) HW(Q)

T Ta+ﬂ
<C| ||u + +
< (II ollza a_ﬂllflla[o,ﬂ,m(sz» " )

o
+ Ca TP PP ol fae) + T“ W llcqo,mza@) + e )
a—-pf T o

therefore,

2l Lo (0,1),209)

Tut TOH,B
<C| ||u + +
< (II ollzace) a_ﬁﬂfllcqo,n,mm)) " )

TB-rB+a

T a+p\ P
+ CT(Iluolqu(sz) Yu_p I lleqo.rza@y + — >

< C(lluollza) + 4ol faegy + Ifllcqo,riae) + [ O | om0

ending the proof of Lemma 4.2. O

Proofof Theorem 3.3. The space Y, = L?((0, T'), L*1(2)) is defined in (3.3). Using equations
(2.8) and (2.9), as well as Lemmas 2.4—2.7, we have

llue —ully,

= [Se@uos —uo)y, + (S0 = Sa(®)) o]y,
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+

/0 (T, (t = 8)fe(s) — Ta(t - s)f(s)) ds

Yp

< C{lluo.e — uollzrage) + (8}’ +&% + | x () = xo|) ol racey }

+o— o

Lia-1
+ C{Ilfe =fllrqom iy + [6777 +e

+|x0 = x @ o o,m020 }

< C{lluoe — uollzracy + IIfe = fllco,mLra)
1
+ (gp +&% 4 |X(8) - X0|)||u0||LP‘1(Q)

1o
+(er™ Pty |xo = x @) If llcqo .00}
ending the proof of Theorem 3.3.

Proof of Theorem 3.4. From Lemma 4.2, we have

ll2e [l .0 (0, 7),L00) = CM (lluoellra) + Ifellzio,myeae)) < Co
lull Lz 0,7),00) < Clluollza) + ||Mo||fq(g)

+ I llicqo,rea@y + I llEo () < C-

tf ””8(’5) - u(?) “LM(Q)

Se(D)uoe + /(;t T (t - s)fe(s) ds + /Ot T: (¢t — s)Nu,(s) ds

— Sy (B)ug — /t Tyt —s)f(s) — /t Ty (t — s)Nu(s) ds
0 0

LP4(Q)

< P [S, (O uoe — 10) | gy + £ [[(S5,(8) = Su () tho | oo
et [T 96016 |y
+tP fo t (Tt = 5) = Ta(t = ))f) | (o) ds
vt | T = ) (Nike ) — Niss) s
it | T =) = T~ )N o 5

< D;() + ML | T (6) = Ta ()| £ ey * (L4 [#®)] o))
et [ (e il

+ [uts) Hf;qlm)) () = (S) | gy

<D(t) + DX(¥)
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+ M TTP / (1+2Cs"P)s7PsP s (s) — uls) ||LM(Q) ds,
0
where
D) =1 ||Sg(t)(u0,g - uO)“L/)q(Q) +1 ” (SZ(t) - Sa(t))”o ”LM(Q)
+ P /0 | TS0 = () =) | agey ds

4P fo (T4 = 8) = Tat = )/ )] oy 5
D(t) = Mt | T (8) = Ta @) £gpagay) * 1+ (4O paqy)-

Applying Gronwall’s inequality, we obtain

tf ” ue (t) — ult) HLM(Q)

4 _ -B _ -pB
5D§(t)+D§(t)+Me’TTﬂ/ eXp{(l PP + 2C( - B)(s™ )}
0

(1-p8)1~-pB)
X [D; (s) + D?(s)] (s_'S + 2Cs’pﬂ) ds.

Taking the Y,-norm and using Young’s inequality, we get

llue —ully, < (”D}r(t)uw(o,n + ”Dg(t)HLP(O,T))
T'-F 2CT' P
1-8" 1-pB )

+ Me T TP exp(

T'-F 2CT' P
+ (HD;(t)Hl}’(O,T) + HDg(t)Hl}?(O,T)) (ﬁ Tz 0 )

= C([D: @] oz + 1P2O ] 11):

Applying Young’s inequality again, from Lemmas 2.4-2.7, we deduce that

|1D: @) o7y = Cllltoe = wolloae) + Ife = Fllcqo,reea)
L9
+ (g7 + &% + | x(e) = xo|) luollLraie)
+ (Sl%m_1 +&% + | x(e) = xo|) If lcco, a2 )
||D§(t) HL!’(O,T) = C”tﬂ (Tf;(t) - Ta(t)) HLP((O,T)L(L/”I(Q)))
x (T+ ”t_ﬂtﬂu(t)”EI((O,T),LP‘I(Q)))

< C| ¢ (T5(8) - Ta(0)) Hw((o,T),z:(m(sz)))

Tlfpﬂ 8 P
8 (T+ e 20 ||Loo(<o,T>,m<m>>

< C[ ¢ (T5(2) - Ta(0)) Hl}’((O,T),E(L/’q(Q)))
1-pB

1-pB

x {T + Cllluollea) + ol Zrae
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+ If llcqo,m,Lea(e) + |lf||g([0,T],qu(Q)>]},
therefore,

llus — ully, < C{lluoe — uollzra) + Ife —f lco, 11002
1
+ (g7 + 8% + | x(8) - xol) 1ol rae)
1
Lig-1
+ (€77 4 6% 4 | x(e) = xo|) (Iuollra@) + l10l|7 paq)

+ If leqorieae) + o ryeraey) b

completing the proof of Theorem 3.4. d

5 Discussion
This paper mainly discusses two problems. One is the well-posedness of mild solutions of
integro-differential time-fractional order ordinary differential equations (1.1), (1.7), (1.12),
and (1.13). The other is the convergence of mild solutions u,(t,x) to the initial boundary
value problems (1.1) and (1.12) which contain the small positive scale parameter &, and
the asymptotic behavior of the approximating mild solution u.(¢,x) near the limit mild
solution u(¢,x) as e — 07, where u(t, x) is the mild solution of the limit problems (1.7) and
(1.13), respectively.

An interesting problem is that the second-order differential operator A in equation (1.1)

and equation (1.12) has the following divergence form:

A=A, t,Dy) = Y Dy (az(x, t)Dy) + ao(x). (5.1)
ij=1

In contrast to the differential operator A = szzl Dxl.(aij(x)ij) + ag(x) defined in equa-
tion (1.5), the difference is that a;(¢,x) depends on the time variable ¢. For the special
case a;(t,x) = K(¢)a;j(x), one can see Remark 2.1. For the problems (1.1) and (1.12) with
A defined in equation (5.1), our method is invalid. So the question is, for example, how to
characterize the analytic semigroup of the operator A? And how to define a mild solution

by the Laplace transform?
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