Sabancigil et al. Journal of Inequalities and Applications (2023) 2023:140 ® Journal of Inequalities and Applications
https://doi.org/10.1186/513660-023-03053-6 a SpringerOpen Journal

RESEARCH Open Access
()]

Check for
updates

A new type of Szasz—Mirakjan operators
based on g-integers

Pembe Sabancigil'”, Nazim Mahmudov'? and Gizem Dagbasi'

"Correspondence:
pembe.sabancigil@emu.edu.tr Abstract
' Department of Mathematics,

Eastern Mediterranean University, In this article, by using the notion of quantum calculus, we define a new type

Famagusta, T. R. Northern Cyprus Szasz—Mirakjan operators based on the g-integers. We derive a recurrence formula
Mersin 10, Turkey o and calculate the moments @, ,(t"; x) for m = 0,1,2 and the central moments

Full list of author information is m o . .

available at the end of the article D, 4((t-x)";x) for m = 1,2. We give estimation for the first and second-order central

moments. We present a Korovkin type approximation theorem and give a local
approximation theorem by using modulus of continuity. We obtain a local direct
estimate for the new Szasz—Mirakjan operators in terms of Lipschitz-type maximal
function of order «. Finally, we prove a Korovkin type weighted approximation
theorem.

Keywords: g-calculus; g-Bernstein-polynomials; g-Szasz-operators; Moments;
Modulus of continuity

1 Introduction
Approximation theory is one of the most important research areas in mathematics, which
appeared in the nineteenth century. Since then, it has been studied by many mathemati-
cians all over the world. The main goal of this theory is to produce a representation of
any given function using other functions that have a simpler structure and more elemen-
tary properties such as differentiability and integrability. Positive linear operators have an
important place in approximation theory and the theory of these operators has been an
important area of research in the last three decades. Bernstein polynomials are the most
popular and have been used to approximate functions in many areas of mathematics and
also in some other fields. The first generalization of Bernstein polynomials using the con-
cept of g-integers is introduced by A. Lupas [13] in 1987. Later, in 1996, a different gen-
eralization of Bernstein polynomials using g-integers, is introduced by G.M. Phillips [16].
Until today, there are many generalizations of some positive linear operators based on g-
integers. It is proved by A. Lupas [13] and G.M. Phillips [16] that the rate of convergence
of g-generalizations of these operators are better than the classical ones.

Szdsz—Mirakjan operator [18] defined by O. Szasz in 1950 is as follows:

For f € C[0,00)

o]

k
Sul(f;x) = an,k(x)f<;>, x€[0,00,n=1,2,...,

k=0
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k!

where p, i (x) = e

The moments of the Szdsz—Mirakjan operator can be found in [11].

The operators S,(f; x) defined by O. Szész generalized the Bernstein polynomials to the
infinite interval [0, 00) and they have an important place among all the operators that can
be used to approximate functions on the unbounded intervals. Szasz—Mirakjan operators
have a simple structure and they have been widely examined in the recent years. Many
authors from this area introduced and discussed different modifications of classical Szasz—
Mirakjan operators and also Szdsz—Mirakjan operators based on the g-integers (see [2, 3,
5,7,9,14,15,17]).

For 0 < g < 1, the g-Szdsz—Mirakjan operators defined by A. Aral are as follows (see [2]):

k
Si(fi) :Eq< )Zf( ”)—k]”]ﬁ"))
q-

where 0 < x < oy (1), atg(n) =

(lq—n]’ f € C(Ry) and by, is a sequence of positive numbers
such that lim,,_, «, b, = 00. The operators S, are positive and linear and reduce to the clas-
sical Szasz—Mirakjan operators in the case g = 1.

On the other hand, g-parametric Szdsz—Mirakjan operator defined by N.I. Mahmudov
is as follows (see [14]):

ForneN,0<g<1landf:[0,00) — R
= [Hq>
Snq(f3%) = (7 Snk(q, %),
Q(f kZO:f qkfz[l’l]q k\q
where

oy [nlgt 1
[k];! E ([n]4x)

sui(q, %) =q

Like the classical Szdsz—Mirakjan operator S,, Mahmudov’s operator S, is also positive
and linear.

In this paper, motivated by the studies mentioned above, we define a new generalization
of the Szdsz—Mirakjan operators based on the g-integers.

The paper is organized as follows. In Sect. 2, we define new type Szasz—Mirakjan op-
erators based on the g-integers, @, ,(f;x). We derive a recurrence formula and use this
recurrence formula to calculate the moments &, ,(¢”;x) for m = 0,1,2 and the central
moments ®,,((t — x)”;x) for m = 1,2. We also present an estimation for the first and
the second order central moments. In Sect. 3, we give a Korovkin-type approximation
theorem and an estimation of the rate of convergence by using modulus of continuity. In
Sect. 4, we present a local approximation theorem by using first and second order modulus
of continuity and obtain a local direct estimate for the new Szdsz—Mirakjan operators in
terms of Lipschitz-type maximal function of order «. In Sect. 5, we prove a Korovkin-type
weighted approximation theorem.

2 Operators and estimation of their moments
Basic concepts and notations of the g-calculus and applications of g-calculus in operator
theory can be found in [12] and [4].
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Let B,[0,00) = {f : [f(x)] < Mf(1 + x™), x € [0,00), m > 0and My is a constant
depending on f},

’

Cnl0,00) = {f € Bal0,00) N1 C[0,00): [flli= sup L <oo}
x€[0,00) 1+xm

C10,00) = {fe C,u[0,00) : lim M < oo}.
x—o00 1 + x™
The spaces mentioned above are equipped with the norm

Vil sup LOL

x€[0,00) 1+xm )
We introduce new type Szdsz—Mirakjan operators based on the g-integers as follows:

Definition1 LetO<g < landn e N.Forf:[0,00) — R, anew type of the Szdsz—Mirakjan

operators based on the g-integers is defined as follows:

oo Lo (e L (K
@glfi) = o kX;ml)q( ) [k],,rf([n],,>’ M)

where (1 + 1)’; = ]_[]'.:01(1 +¢) and ele* = 32 (1 + 1)’,;( M{’")"ﬁq!.

Note that if we take g = 1, the operators ®,,,(f;x) reduce to the classical Szasz—Mirakjan
operators S, (f; x).

Moments and central moments play an important role in approximation theory. In the
following lemma we derive a recurrence formula for dD,,,q(t”’+1 ;%) which will be used to
calculate moments ®,, ,(t";x) for m = 0, 1,2 and the central moments &, ,((£ —x)"; x) for
m=1,2.

Lemma2 Let0<g<1, meZ"U{0}and n € N. For the operators ®,,,(f;x), we have

S[Vl]qqx

. X (m\ ¢ 4 4
CDnyq(t +1;x) = 5 Z( ,)W{%ﬂ(ﬂ;x) + Wd)n,q(t’;qx)}. (2)

o N lg
Proof By using the definition of the operators @, ,(f;x), we have

m+ 1 o0 [l’l] X , 1 [k]m+1
CDn,q(t l;x) = 8[}1]qu[<=0(1+1):;< 2q ) [k—]q'[”]zml

o]

R S 1)k+1<[n1qx)k+l 1 ke
q

el 2 k+ 10,0 [zt

oo

SR i (“‘]_qx)kﬂL [+ 117
; .

1
glrlgx — 2 (k]! [ml7




Sabancigil et al. Journal of Inequalities and Applications (2023) 2023:140 Page 4 of 17

With the help of the binomial formula, we can write [k + 1](’;’ =1 +qlkl)™ = Z;Zo (’]") X
(qlk]1,Y. Thus

e 1 o0 A 172 A WS W ;
o) = e T () g ()

A\ 1 ,
() pe (M) g )

j=0

now by using the identity (1 + l)k+1 1+ 1) (1 +4~), we get

) e["lqu }2'"0: (T) ki::(l 1)5( [n]qu>kﬂ [/jq' [nﬁ,w1 (alk%)
I
=851 +8,,
where

. ] k+1 1 1 j
51 WZ( )Z“ ! ( ) e ot )

q
1 3 x 1 (& [nlx\< 1 [k,
= = : 1 1k( d ) —
s[”]quz[n]’;”(f);( VAT W,
7oox 1 m :
R (7)ouaten
i

and

3 g\ 11 ,
e ()Z () e

k=0

1 m lax\* 1 [k,

_W o7 2[ ]’”’(J)Z +D ( ) [Klg! [nl],
8[”]qq’¢ 1 () 1)k<["l]qqx> 1 [k]]
g[nqu j-o7 2 IEAY; N\ 2 [k],! [nl]

e[”]qqx 1 m)
[n]gx i m —j
et q ]

S[Vl]qq
t qx
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Now combining S; and S,, we obtain

m

X o1 m , glrlqax ,
@ua(t"50) =5 S () @nat59) + S sl |

j=0 (g7 \J

O

From Lemma 2, by using the recurrence formula (2), we obtain explicit formulas for the
moments ®,,,(¢;x) for j=0,1,2.

Remark 3 Let 0<q<1andneN. We have
an,q(l;x) =1,
8["]qx
o (2 grlaa  clrlgay  olilad’s () glrlgax
n,q(t ’x) - Z q+9q S[n]qx +q g[n]qx tq 8[n]qx + 2[n]q + g[n]qx :

Now by using the linearity property of the operators ®,, ,(f;x) and Remark 3, we obtain
central moments ®,,,((t — xY;x) forj = 1,2.

S[Vl]qqx
D, 4(t%) = { 1+ },

Lemma4 Let0<g<1andneN. Forevery x € [0,00), we have the following equalities:

[Vl]q X
CD,,,q((t—x);x) =% (i - 1> and (3)

2\ glnlgx

Cbn,q ((t - x)Z; x)

x2 glnlqax Zgln]qqx 2S[n]qqzx 4ﬂ(.;[n]qqx x ) glrlqax A
S \ T e T T e T gy ) T gy \U T e ) ()

In the following lemma, we give estimations for the first- and second-order central mo-

ments.
Lemma5
%2
() | Pug((t—x)x)| < 5(1 -q"),
s 2 x2 X
i) ®ug((t—x%%) < = (201 -2 + )+ 2x(1 - 4")) + ——. (5)
4 (nlq
Proof (i) From the previous lemma, we know that |®,,((£ - x);x)| = |5(* [[nf;x 1)|. We
start by finding an estimation for | £ ]qqx -1].
gllats (nlgqs _ glnlgs
glnlgx T glrlgx (8 —¢ )
" (2 \* 1
= (1+1)k< 1 ) —(g"-1)
glle ; 7N\ 2 (k4!

&;_‘
x

o] k+1
k1 7 1
e 20 () g

k=0
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[n] g% 1 x
B 2’1 U I)W(g[n]qx +ellat) = 2 (a"-1) ey (ela® 4 glrlat)
[nlqqx
X etMa
zi(qn—1)<1+W>. (6)
Now we get
[n] qx [n] qx
& X, glnlq
e 1| - (1 )|
which implies
[nlgqx (nlpqe
e X . elhlq
" gllax E(l_q )<1+ glrlax > (7)
<x(1-4"). ®
Thus
2
| (€ - 2)52)| = = (1= ).

(ii) By using Lemma 4, we write

an,q((t - x)Z; x)

= @ (6 —5)%2)]

x2 gllaar— glrlqax 28[”]q‘72" 48[”]“7" * (4 glrlaax
4 q+qg["]qx T4 glnlgx T4 glrlgx - glrlax +2[”]q " glrla®

X S[Vl]qqx
+ 1+ .
2[n], ( gllgx )

x2

4

gllqax gllqax ) olnlqga?x gllqax
+q +q

q+q

g[n]qx 8[”1]qx 8[n]qx - S[n]qx

We start with the estimation of the term in modulus.

glrlqax glilgas gllgg™  glnlgax
1+4 glnlgx +tq glrlgx tq gllgxr 7 glnlgx
[n]qqx [n]gqx
eta 9 gltlq
= ‘(q -1+ <1 ~ ) +(q+q°-2) T (9)
, o eMad g glilad’s  pllggr
+ (q - 1) S[n]qx + ( 8[n]qx - S[Vl]qx )
= |11 +12 +13 +14 +15|
<Ll + || + 53] + |Iy] + |Is],
where
lhl=lg-1=1~gq,
I 1 glriaer 1 s 1-4") fi j 10
= — =1 - < —
| 2| 8[”]qx 8[n]qx - x( q ) rom part (l)' ( )




Sabancigil et al. Journal of Inequalities and Applications (2023) 2023:140 Page 7 of 17

. [n] (nlqq* .
For |I3] and |I4], since £ &qu <land® n[nqlzxx <1, we can write
&€ &
[n]gqx [n]gqx
_ 2 g € 2
13| = ’(Q‘HI _Z)W =(2-q9-¢q )W <2-q-q,
[n] qzx [n] q2x
2 e n€& ! 2
= — —_— | = — _— <] -
|La| ’(q 1) Dl (1-47) clgx = 1-q"
For |I5|, we write
glnlga®s  glnlgax
5] = elilgx — glnlgx
elrlgax 1 glnlgd?s glnlga*x
T | g < ellgax ~ ) =07 ghlgar

Now from the Equation (7), we know that

elrlgax 4 ; glnlqax
T el E(l_q )<1 * W)’

which gives us the following explicit formulas

glaax 2 4 x(q" - 1)

_ , 11
eltex 2 _x(g" - 1) (11)
glrlaa’s _ 2+qx(g"-1)

e 2= galg = 1)’
thus
s[n]qqzx
5] <1- 8["]7
2 "1 2gx(1 - q"
_q_ 2raxlg"-1) _ 2qx(1-4") <x(1-q"). (12)
2-qx(q"-1) 2+qx(1-q")
For the estimation of the second term, we use again the fact that s[[y:—]q:; <1,so0
€
* (4 gl x
- < —
20, \ " e ) = Tl
and we conclude that
CD,q,q((t—x)z;x)
2
x
< Z((l—q)+x(1—q”) +(2-g-7)+(1-4*) +x(1-q")) + oL
q

x? ; x
== (201-92+q) +2x(1-q")) + —. 0

4 [n]4

To show that the first- and the second-order central moments approach zero under some
conditions, we need to prove the following limits.
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Lemma 6 Assume thatq=q, €(0,1), q, — 1 and q" — b as n — co. Then we have

@ fim o 2eab-1)
n—oo glanr 2 x(b-1)
ellandis  glrland\ (2 4 x(b—1))2x(b ~ 1)
elmanx - glhanx ]~ (2 —x(b-1))2 ’

(b) lim

n—00

S 2-x(b-1)2

(¢) lim

n— 00

glilanans glilgpans elanain  glrlguanx 4(b—1)?
(qn ’ qn )

Y il I g~ g

g[n]qnx

Proof (a) From Equation (11), we know that

glmlann* _ 2+x(q,-1)
ganr 2 —x(gn 1)’

(13)

since g, — 1 and ¢/, — b as n — 00, we get

o glrananx . 2+x(qh-1) 2+x(b-1)
Iim ——— = lim = .
11— 00 g[n]qnx n—-00 2 —x(qz — 1) 2 - x(b — 1)

(b) For the proof of this part, we write

eMandis  glnlgnans  gllguanx <8[n]qnq%x )
— -1 ,

glmanx - glManx — glgux \ glnlgudnx

and from part (a), we can easily see that

lim

n—00

<g[n]qnq£x ) 2(b—1)

elanans ") T2 _x(b-1)

Thus we get
[ eMantix gllguanx
lim -

n— 00 g[”]%qx g[n]qnx

. glMlandns [ glnlgudux C(2+a(b-1))2x(b-1)
- gllann O 2-axb-1))?

n— 00 g[n]qnx

(c) From the Equation (9), we know that

gln]qn%x s[n]qn%x 9 S[W]qnqu" g[ﬂ]qnqnx
qn +qn lgn® +4, e llgn® +4, AT -4 el
Mg, qnx (Mg, qnx
ellan 2 eMan
:(qn_1)+ <1— W) + (qn+qn_2) g[”]qnx

) elan@lx  / glnlgudax  glnlguanx
+(q,-1

glrlgn® elanx — glnlgx

=hy+bhy+L,+1y,+15,
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thus

lim
n— 00

< 8[”]51;1%195 ) S[H]qnﬂhlx ) S[W]qnqyzgx g[n]q,,qnx>

qu+qu g[”]qnx +q +q

n olnlgx nolnlg,x -4 ellgnx

= lim (Il,n + 12,,,, + [3y,,, + 14,,1 + 15,,,,).
n— 00
Since g, — 1 as n — 00, we have

lim I, = lim 5, = lim Iy, = 0.
n—00 n—00 n—00

Now from part (a)

2+x(b-1)  2x(b-1)
2-x(b-1) 2-xb-1)

lim 12,,, =1-
n— 00

and from part (b)

lim 5, = lim
n— o0 n— o0

(g[nlqﬂqﬁx ginlqnw) _(2+x(b-1))2x(b-1)
T 2-xb-1)7

g[”]qnx B g[”]qnx

Thus we get

g[n]qnqnx ) S[Vllqnq;qx N S[n]qnqﬁx S[W]qnqnx) 4'.762(1’) _ 1)2

nlggo(qn-'-qn gllgnx t 4y glrlgnx t 4y elrlgnx -4 ellgnx - (2—x(b—1))2'

Corollary 7 Assume that q = g, € (0,1), g, — 1 and q, - 1 as n — oo. Then we have

()  lim @, ((t-x);x) =0

n—00

and
PN 2,,) =
(ii) nlglc}o N, ((t —x) ,x) =0.

Proof (i) From Equation (3) and Lemma 6, it is clear that, if g, — 1 and g}, — 1 as n — o0,
then

[nlgnanx

x [ &"Man

lim ®,,, ((£-x);x) = lim —(7 - 1) =0.
n— o0

n—oo 2\ glnlgnx

(if) From Equation (4), we write

lim ®,,, ((t - x)z;x)

n—00

. xz S[Vllqn%x S[W]qn%x ) S[H]an%x g[n]qn%x
= lim —{ g, +qx +q +q
n—o0o0 4

X S[H]qnqnx
+ lim 1+ .
n—>00 2[;1]% elMlgnx

TP T P TR FIP R T
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Now again from Lemma 6, it is clear that, if g, — 1 and g, — 1 as n — oo, then

lim
n—0o0

glantns glrlgnans gllgndix glilgudnr
qn t qn +q +4q, =0

glrlgnx n colnlg,x ellgnx a ellgnx

Let us show that also the second term approaches zero. If g, — 1, then for any fixed

positive integer m, we have [n],, > [m],;, when n > m. Therefore, liminf,_, [n],, >

lim,,_, o [m] 4, = m. Since m has been chosen arbitrarily, it follows that [#],, — co. Hence,
1
[n]qn

— 0. Thus we get lim,_, o0 D4, (£ — x)%x) = 0. O

3 Direct approximation results
In this section, we prove a Korovkin-type approximation theorem and give a rate of con-
vergence for the operators &, ,(f;x).

Theorem 8 Let g, be a sequence such that q, € (0,1). For each f € C5[0,00), &, 4,(f;x)
converges to f uniformly on [0, D] if and only iflim,_, o g, = 1.

Proof Suppose thatlim,_,« g, = 1 and D > 0 is fixed. Consider the lattice homomorphism
Tp : C[0,00) — C[0, D] defined by

Tp(f) :=fio,0)-

We can obviously see that
Tp(®ug, (1)) = Tp(1),  Tp(Pug, () = Tp(t) and  Tp(®Pug, (£)) — Tn(£)

uniformly on [0,D]. From the proposition 4.2.5, (6) of [1], we can say that C;[0,00) is
isomorphic to C[0,1] and the set {1,¢,£?} is a Korovkin set in C;[0,00). So the universal
Korovkin-type property (property (vi) of Thm. 4.1.4 in [1]) implies that

D4, (f;%) = f(x) uniformly on [0,D] as n — o0

provided f € C5[0,00) and D > 0.

For the converse result, we use contradiction method. Assume that lim,_,», g, # 1. Then
it must have a subsequence g, € (0,1) such that g,, — 8 €[0,1) as k — 0.

Thus from Equation (13) and the fact that limy_, (g, )" =0,

gllamex 2«

92
- > ask—>ooand—x7’1forxe(0,oo)
glnklx 2+x 2+x

and we get

gllamex
elnglx -

x
<I>nk,an (t;x) —x = 3 1+

- 0.

This leads to a contradiction. Thus lim,, g, = 1 as n — oc. O
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Theorem 9 Let0<g<1,f € Cy[0,00) and wa1(f,8) =sup {|[f(£) —f(x)|: |t —x| <$,x,t €
[0,A + 1]} be the modulus of continuity of f on the closed interval [0,A + 1], where A > 0.
Then we have

| nalf0) ~F )] o < 4My (1 + A2)en(A) + 200,01 (f /0 (A)), 14)
where Oln(A) = ATZ(Z(I — q)(2 + q) + 2A(1 _ qn)) + ﬁ.
Proof For x € [0,A] and £ > 0, we have

|t — x|

[f(t) —f(x)| <4M;(1 +A2)(t—x)2+ <1+ )a)AH(f;zS)

(see Equation 3.3 in [10]).
By using Cauchy—Schwarz inequality, we obtain

’(Dn,q(f;x) _f(x)’
< @, ([f () —f)];)

<4Ms(1+A%) D, 4 ((t - %)% %) + (1 + @n,q<%;x>>wm1(f;6)

< 4Mf(1 +A2)<I>,,,q((t—x)2;x) +0)A+1(f;8)<1 + %(fbn,q((t—x)%x))%).

For x € [0, A], using Lemma 5,

2

(£ )%5) = T (2012 + )+ 25(1 - ")) + %
q
A? ., A
= Z(Z(l—q)(2+q)+2A(l—q ) + T,
=a,(A).

Thus we get

D=

| @1 (f5 %) = f(%)] < 4My(1 + A*)u(A) + wA+1(f;8)(1 + %(an(A))

Now, choosing § = /&, (A), we obtain the desired result. O

4 Local approximation

In this section, we examine local approximation properties of the operators ®,,,(f;x) and
we give a local direct estimate in terms of Lipschitz-type maximal function of order .
Let Cg[0, 00) denote the space of all bounded, real valued continuous functions on [0, 00).
This space is equipped with the norm

Ifll = sup )Lf(x)l-

x€[0,00
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On the other hand, Peetre’s K-functional is defined by

Ky(f;8) = inf {If-gl+38|g"|}, s=0,
eCB[O,

4 00)

where C3[0,00) := {g € Cp[0,00) : ¢’,¢" € Cp[0,00)}. By Theorem 2.4 in [6], there exists an
absolute constant L > 0 such that

K3(f38) < Lan(f; V/6), (15)
where w;(f;8) is the second-order modulus of smoothness defined as

wy(f;8) = sup  sup [f(x+2w)—2f(x+w)+f(x)’.

0<w<8 x€[0,00)

In the following theorem we give a local approximation for the operators ®,,4(f;x) in terms
of the first modulus of continuity and the second modulus of smoothness.

Theorem 10 Letf € Cp[0,00). Then, for every x € [0, 00), there exists a constant L > 0 such
that

|Dg(f5%) —f ()| < Lo (f51/80(x)) + 0 (f5 Bu(%)),

where
8u(%) = B g (8 = 2)%52) + (D (£ — 0)5x))

x2 glnlgx 5 glnlgx 5 olnla?s glrlgx x glnlax
q+q +q +q -4 1+

% gl ol g gl ) T o bl
x2 (S[n]qx )2
+— -1
4 \ el
and

[nlqx
Bulx) = |¢n,q((t_x);x)| = g(l - E;[W)

Proof Let

*cbnyq(f;x) = q)n,q(f;x) +f(x) _f(pn(x)),

olnlgax
slrlgx

Wheref € CB [0’ OO], prl(x) = (Dn,q((t—x);x) +X = %C(
Using the Taylor’s formula, we get

+1). Note that *®,, ,((£ —x);x) = 0.

t
g(t) =glx) + £ x)(t —x) + / (t—s)g"(s)ds, ge C3[0,00).
x
Applying *®,, ; to both sides of the above equation, we have

* q)n,q(g; x) - g(x)
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=Dy ((t - 2)g (¥); %) +7 Py (/ (t—5)g"(s)ds; x)

t Pn (%)
= g,(x)*cbn,q((t - x),x) + @y (/ (t—s)g"(s)ds; x) - / (p”(x) - S)g”(s) ds

t Pn(x)
=d,, (/ (t-s5)g"(s) a’s;x) —/ (on(x) —5)g" (s) dis.
X X
On the other hand,

/ (t=5)g"(s)ds| < / (t=-3s)|g")|ds < ¢ / (t-s)ds < |g"[(t -7

and

Pn(x)
/ (0a(®) - )" () ds| < |lg" | (pa®) = 2)* = & | (Prq(t - 2:%))’,

which implies

|*q)n,q(g;x)_g(x)| = +

¢ pn(*)
®,, ( / (t—3s)g"(s)ds; x) / (ou(x) —s)g"(s) ds

= 1 H{@na((e=2752) + (@nglt - 52)’)
= [g"[|8n)- (16)

We also have

[ @ g (5 2)] < | ®@g(f3)]| + [f@)] + | (02 (®)| < Prg(If %) + 2111l < 3IIfl.

Using (16) and the uniform boundedness of *®,, ;, we get

|q)n,q(f;x) _f(x)|
< Pugf —g®)| + [ Prglgs®) — g@)| + [f(¥) —g@)| + [f (ou(x)) —f ()|
<4lf —gll + ||g" | 8n) + &(f, Bulx)).

If we take the infimum on the right-hand side over all g € C3[0, 00), we obtain
| @4 (f30) = ()| < 4K (f38,(%)) + 0 (f, Bu()),
which together with (15) gives the proof of the theorem O

Theorem 11 Let a € (0,1] and A be any subset of the interval [0, 00). Then, if f € Cg[0, 00)
is locally Lip(@); i.e., the condition

[f(y) —f(x)| <Lly-x|*, yeAandxe]l0,00) 17)
holds, then, for each x € [0,00), we have

|, (F56) — ()] < L{AE, () + 2(d(, 4))"),
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where
X2 ghilas glilax g™ glnlgx x glnlax
Ang@)=—\g+q +q +q -4 +— 1+ —
nq 4 glnlx glnlx glnlx glnlx 2[1’1] glnlx ’

L is a constant depending on o and f, d(x,A) is the distance between x, and A defined as

d(x,A) = inf{|t—x| it EA}.

Proof Assume that A is the closure of A in [0,00). Then, there exists a point x, € A such

that |x — xo| = d(x, A). By using the triangle inequality

[f (&) = f@)] < (&) —f(x0)| + |f(x) = f(x0)]|

and (17), we get

%)

@ F5%) = F )] = D ([ (0) = f0) 3) + By (£ 6) — F0)
< L{®uq(1t —%0l%%) + |x —x0]*}
< L{®@,4(1t — %" + |2 —20|% %) + [x —x0]“ |
g

< L{®uq(1t - x1%;%) +2lx — %0/ }.
Now, taking p = = and q = 5= in the Holder inequality, we get

| @1 (f5 %) = f(%)]
1 1 o
L{[®nq (It = 51732) | [ @1g (1%6) |7 + 2(d(x, A))" }
L{[®@ng (1t - al%%)]* +2(d )"}
22 gliles glrlax glnld®x  glnlgx % elrax\ 7%
:L{I:Z<q+q€[n]x tq g[n]x tq g[n]x _48[n]x>+m<l+ g[n]x ):I

- 2(d(x,A))“}

IA

= L{hnq(0)? +2(d(x,4))"}
and the proof is completed.

5 Weighted approximation
In this section, we study weighted approximation theorem for the operators &, ,(f;x).

Theorem 12 Letq=q, € (0,1),q, = landq), — 1asn — oo. Then foreachf € C;[0,00),

one has

im | @,,) 0], =

n—00
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Proof For the proof of this theorem, we will use Korovkin-type theorem on weighted ap-

proximation ([8]) and Remark 3. Thus, it will be sufficient to verify the following condition
form=0,1,2:

im |, (¢735) ~ "] -

n—00

Since @4, (1;x) = 1, it is obvious for m = 0.

For m = 1, we have

. . |(an (t;x)—xl
1 Dy (LX) —x|, =1 —
i | @g, (5%) =] = lim sup ===
1 x % glandn
= lim sup —— _— =
n—o0 ;o0 1 +x3 2 2 glanx
1 |x [/ eMandnx
= lim sup -1
00 40 1423 |2\ eltlan
x

lim sup

n—00 450 2(1 + x3) elrlgnx -

[Vl]qn qnx |

(o qn‘Inx

now from Inequality (10), since | -1 <=x(1-gq}), we get

nli)r{.lo” D, g, (%) x”3 < 11m sup

o )= )

For m = 2, we have

Jim [ @,,q, (£%0) -7
= lim sup —|<I>,,'qn(t2;x) —
n—>00 420 1+x3
_ %2 glilanans glilgnans olnlgudis
) ”ll’tgo{ilzlg 1+3 |4 (qn R T PR CaN T i LR T )
x glrlgnanx )
" 20, (1 e ) - }
%2 x2 glrlgnanx
< nlir&{igg e Z(qn |+ SUP I Z(qn D
1 |x 8[”]‘1"‘1”"
il (S )
%2, glnlananx 1 | x2 [/ glandn®
’ igg 1+a° Z(q” T gl up 0ol+x%| 4 < gllans 1)‘
2, ellandix 1 1«2 [ glandix
’ igg 1+43 Z(q” ol | ilzlg 1+a3 Z( elan® 1)‘

1 X
+ su
ng 1+ %3 2[n]y,

gln]qn%zx
+ .
gln]an )

Page 150f 17
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The terms with (g, — 1) and (g2 - 1) go to zero since g, — 1. Now from Inequalities (10)
and (12), we have

1
su
ng 1+x3

2 [nlgnqnx 3
x° [ &Man X
— -1)|<sup———(1-4")<1-4"
4( )‘_ p4(1+x3)( q,,)_ @

Sln]q”x x>0

and

1
sup

x2 8[n]qnq%x xB
— 1) <sup——(1-4")<1-47,
el () cap -1

4\ gllax e 4

thus

fim |, (¢52) -], =0

n—00

and we conclude that

lim || ®,q, (¢"%) -&"|,=0, m=0,1,2. O

n—00
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