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Abstract

In this paper, we generalize and extend the Baskakov-Kantorovich operators by
constructing the (p, g)-Baskakov Kantorovich operators
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o Zq 5300 [ 10 (0 Ty - B1,0) ooy
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The modified Kantorovich (p, g)-Baskakov operators do not generalize the
Kantorovich g-Baskakov operators. Thus, we introduce a new form of this operator.
We also introduce the following useful conditions, that is, for any 0 < b < w, such that
w € N, W, is a continuous derivative function,and 0 < g < p < 1, we have
S X0 Wo,(X) dpgx = 0. Also, for every W € Ly,
(a) there exists a finite constant y such that y > 0 with the property ¥ C [0, y],
(b) its first w moment vanishes, that is, for 1 < b < w, we have that
JeyV" Wl dpqy =0,
) and fp W) dpy =1.
Furthermore, we estrmate the moments and norm of the new operators. And finally,
we give an upper bound for the operator’s norm.
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1 Introduction and preliminaries

It has been three decades since Alexandru Lupas [18] for the first time introduced the no-
tion of quantum calculus in the field of approximation theory. Since there, the area has
become more active in research due to its application in different fields of science, engi-
neering, and mathematics. Many researchers work on the extension of operators (see in
Aral et al. [5]), the extended operators were known as exponential-type operators, which
include Baskakov operators, Szdsz-Mirakyan operators, Meyer-Konig-Zeller operators,
Picard operators, Weierstrass operators, and Bleiman, Butzer and Hahn operators. More-
over, g-analogue of standard integral operators of Kantorovich- and Durrmeyer-type was
introduced.
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The classical Baskakov operators for functions that are continuous on [0, c0) were estab-
lished by Baskakov [6], and the Baskakov-Kantorovich operators using integration were
constructed by Ditzian and Totik [10]. In 2009, Zhang and Zhu [27] investigated some
preservation properties, including monotonicity, smoothness, and convexity of Baskakov-
Kantorovich operators. Aral and Gupta [3] and Radu [26] generalized the Baskakov oper-
ators using a g-integer. With the use of g-integration Gupta and Radu [12] proposed the
following Kantorovich variant of the g-Baskakov operators:

~ b+1lq
[n]
(s 3) =y 30100 [ () diy (11)
b=0 [nlg

where

- n+b-1 xb q@.
” b (1+x)g+b

Recently, many researchers have established and investigated the approximation proper-
ties of positive linear operators by employing the techniques of post-quantum calculus.
Several operators have been defined, and their approximation properties are discussed in
[14-17,20-24].

(p, q)-calculus play a vital role in differential equations, physical sciences, hypergeomet-
ric series, and oscillator algebra. For example, Burban [8] uses the concept of (p, g)-calculus
to present the (p,q)-analogue of two-dimensional conformal field theory based on the
(p, q)-deformation of the su(1, 1) subalgebra of the Virasoro algebra.

Based on (p, g)-calculus, Aral and Gupta [4] constructed the (p, g)-analogue of classical
Baskakov operators for x € [0,00) and 0 < g < p < 1, which is given as

P blpg )

qb_l [n]p,q 12

(Topah)@) = 3 024 (x)h(
b=0
where

i n+b-1 ben(n=1)  b(b-1) xb
Un,b x) = p 2 q 2
A
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Furthermore, Aral and Gupta [4] give the moments of operators (1.2). That is, for ej(x) = X,
such thatj=0,1,2 and # € N, the following holds:

n—1

(Cpg€0)®) = 1, (T pger) () = %, (T pgen) (6) = 62 + 22 (1 + }—’x> (1.3)
[n]p,q q

forxe[0,1]and0<g<p<1.

Acar et al. [1] defined a (p,g)-analogue of modified Kantrovich-Baskakov operators,
such that for x € [0,00) and 0 < g < p < 1, the Kantrovich variant of modified (p,q)-
Baskakov operators is presented as follows:

b+1lpq

& Ty, n—1
B )=l Y- 7AW [ (”q—b_ly ) gy (14)
b=0 [nlp,q
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Definition 1.1 Suppose that 0 < g < p < 1, then for any nonnegative integer #n, we have
the (p, q)-integer denoted by [#],, and defined as:

n_ n

[lpg =2 and  [0],,, = 0.

rp—-q

Definition 1.2 The (p, q)-power basis is also known as (p, g)-binomial expansion, that is,

for n € N, we have:
L\ ahek) ke (7
n n=kn=k=1) KKk=1) n—k 1.k n—k k
(@x +by)p,q = Zp A (/() “TrY
k=0 2

Definition 1.3 The (p, g)-derivative of the function f : R — R is denoted as D, ,f and is
defined as:

fpy) —flay)
=" 7 7" f .
(Dp,af)y) o—ay ory#0

Iff is differentiable at y = 0, then (D,,4f)(0) = f'(0) holds. The assertions below hold true
Dps(y® b))y, = [nlpqlpy ® b)z,‘q1 forn>1,

D,,(b® y);,q =—[nl,,(b® qy)z;ll forn>1,

and D, (b ®y)) = 0.
The formula for product and quotient (p, q)-derivative is:

Dyq (f(x)h(x)) = h(qx)Dp,q (f(x)) +f(qx)Dp,q (h(x))

and D, (J% ) _ h(qx)Dp,q(f () —f (q%)Dp,q(h(x)) respectively.

h(gx)h(px)
Definition 1.4 Letf: C[a,b] — R for b > a, then the (p, g)-integration of f is:

“ -, (d \ 4 p
h(y)d,, :(p—q)ag h< : a) : when |[=| <1,
/(; ) dp.qy L p ) pind q
“ o, (P \ /P q
h(y)dy,y = (g —p)a h( - ) , when |=| < 1. (1.5)
/(; pqy Z qH—l ql+1 P

i=0

The integral in Equation (1.5) is not always positive unless is assumed that / is nonde-
creasing function. Therefore, Acar et al. [1] introduced the following (p, )-integration to
avoid some technical error during the construction of the Kantorovich modification of

various operators:

b S n n
/ h(y)dp,qyz(p—q)(b—a)Zh(a+(b—a) ql) T when |1] <1,
g — pt ) prt p
b S n n
/ h(y)dp,qyz(q—p)(b—a)2h<a+(b—a)q{;l)qlzﬂ when g <L (16
a n=0
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2 Construction of operators
Refer to some critical facts on wavelets as defined by Meyer [19] and Graps [11]. The
wavelets formed by dilation and translation of a single function ¥ (known as basic wavelets

or mother wavelets) are the set of functions that take the form
x—A
W) = n‘%‘ll(—>, forn>0and A € R.
n

If 2 and b are integers, then in the Franklin-Stromberg theory, we replace the constant 1 by
2%, and 2%b replaces A. Given an arbitrary function 4 € L, in analysis of this function, the

wavelets will take the significant part of orthonormal basis, and the function / is defined

as:
hx) =YY" Bla,b)ap(),
where,

Bla,b) =23 /Rh(x)‘-lf(2“x — b) dx.

An orthonormal basis for L,(R) defined in the form 2% W,,(2%x — b), where a and b are
integers, and w is the positive integer, was constructed by Daubechies [9] with [0, 2w + 1] as
W, support. If ¢w is the order of continuous derivatives of ¥, and « is a positive constant,

then for any 0 < b < w, where w is a natural number, we have:

/ 2w, (x) dx = 0. (2.1)
R

Now, if we put w = 0, the system reduces to a Haar system. Using wavelets in the con-
struction of Baskakov-type operators, Agratini [2] established the following condition for
Ve Ly,

(a) there exists a finite constant y such that y > 0 with the property ¥ C [0, y],

(b) its first @ moment vanishes; that is, for 1 < b < w, we have that [, YW (y)dy =0,

© [p¥(dy=1.
With the use of the Haar basis, Agratini [2] constructed wavelet Baskakov operators and
defined them as:

> b-1 xb
(Hnph)(x) = (” ’ ) | W)Wy - b)dy. (2.2)
; b (1 + x)m+b /1;

The operators defined by Equation (2.2) extend the Baskakov-Kantorovich operators de-
fined by Ditzian and Totik [10]. Furthermore, for ¥ C [0, y], Agratini [2] expressed the

operators i, »/ in the form of:

ad b- b v b
s =3 (n + v 1) (lfw /0 h(%)qj@) dy. (23)

b=0



Moreka et al. Journal of Inequalities and Applications (2023) 2023:134 Page 5of 16

In construction of the g-Baskakov-type operators, Nasiruzzaman et al. [25] introduced
other conditions. Let a positive constant be y, and let ¥, (x) be any continuous derivatives

of order yw. Also, for 0 < b < w, such that w € N and g > 0, we have:

/ xPW, (¥) dyx = 0. (2.4)
R

Note that if we put g = 1, Equation (2.4) reduces to Equation (2.1), and if we take w = 0 and
q = 1, the system goes to the Haar basis. So, Nasiruzzaman et al. [25] provide the following
conditions VW € L,
(a) there exists a finite constant y such that y > 0 with the property ¥ C [0, y],
(b) its first @ moment vanishes; that is, for 1 < b < w, we have that [ YW (y) dyy =0,
(©) f V) dgy=1.
The following is the g-analogy for Baskakov-Kantorovich-type wavelet operators intro-

duced by Nasiruzzaman et al. [25]

() (x) [n]qu” icf, f )W (¢ )y - 1b,) d. (2.5)

The operators defined by Equation (2.5) extended the Kantorovich g-Baskakov operators
defined by Radu [26]. That is, if we choose w = 0 and ¥ Haar basis, Equation (2.5) reduces
to operators defined by Equation (1.1). Additionally, by choosing w = 0, g = 1, and ¥ Haar
basis, we get the Kantorovich modification of Baskakov operators defined by Ditzian and
Totik [10]. For W C [0, y], operators defined by Equation (2.5) can be rewritten as:

8,5 N hy+b]q) .
(Grsgh) () ,,Z; . /0 (qbl v)d 2.6)

Taking g = 1, Equation (2.6) reduces to classical Baskakov-Kantorovich wavelet operators
defined by Equation (2.3).

In this section, the Kantorovich (p, g)-Baskakov operators is constructed with the help
of Daubechies compactly-supported wavelets. Since the modified Kantorovich (p,q)-
Baskakov operators defined by Equation (1.4) do not generalize the Kantorovich g-
Baskakov operators expressed by Equation (1.1), that is, for g = 1, Equation (1.4) is not
equal to Equation (1.1). Therefore, Equation (1.4) must be rewritten. Now, to achieve our
objective of constructing the Kantorovich (p, q)-Baskakov operators, we define the new

operators, generalizing the operators defined by Equation (1.1), as follows:

[b+1lp,q

ad [nlp,q qb_ly
( nmp,q (x) = [}’1 P9 Z (x)qb71 '/L\I[b]p,q h( - ) dp,qy- (27)
b=0 Tpg

n—1
[nlp,q p

We see that by choosing p = 1, Equation (2.7) reduces to Equation (1.1). Hence, Equation
(1.1) is generalized by Equation (2.7).
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Lemma 2.1 Forn € Nand 0< g <p <1. The following holds

[b+1lp,q
lp.q

qlb] \p.q
lnlp.q

pb

" il

qpb [b]p,q pr

nz, prqn,

3b

y 5= Zpb[b]lzg,q +2 pzbq[”]p,q + p
Do P (13, p+lnli, [n,@*+pq+q*)

pa b+1],,  qlblpg <= 4"
— )( Pq PQ>
/q[[nb]]ﬁ Pq (p q [Vl]pyq anVH-l
(p q) +q[blpq - q[bpq (g)
c=\p
:ﬂ@—m p
nlpap P—9q)
(nlpq

The two remaining parts can be proved similarly as the first part Note that for some simple
calculation, we have [b + 1],,4 = =pt+ q[bl,4 and >y 0( )= —q O

Though we have some conditions that are considered in the construction of the opera-
tors, we have to introduce other conditions to make the wavelets useful in our study. Let
a positive constant be y and W, be a continuous derivative of order y w; on top of that,
suppose that for any 0 < b < w such that w € N and g > 0, we have:

/ xP W, (%) dy g% = 0. (2.8)
R

Choosing g = 1, the system reduces to Equation (2.4), and for p = g = 1, the system reduces
to Equation (2.1). Equation (2.8) becomes a Haar system by choosingw =0anp=¢g=1.
Now, we present the following conditions. For every W € L,
(a) there exists a finite constant y such that y > 0 with the property ¥ C [0, y],
(b) its first @ moment vanishes; that is, for 1 < b < w, we have that [, YW () dy,y =0,
() f]R V() dpgy =1.
For x € [0,00) and 0 < g < p < 1, below is the (p, g)-analogue of the Baskakov-Kantorovich-
type wavelet operators:

(Cobp.gh) [”]qub IUSZ x)/h(y < Mlp.q = 1)’ [b]pq> pal- (2.9)

Page 6 of 16
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The operators Y, extend Kantorovich (p, g)-Baskakov operators defined by Equation
(2.7), that is, for the choice of w = 0 and ¥ Haar basis, Equation (2.9) reduces to Equa-
tion (2.7), in addition to that, for p = 1, Equation (2.9) reduces to Kantorovich g-Baskakov
operators defined by Equation (1.1). Furthermore, for the choice of w =0, p =g =1 and
W Haar basis, Equation (2.9) reduces to classical Kantorovich-Baskakov operators defined
by Ditzian and Totik [10]. Now, for ¥ C [0, y], Equation (2.9) is rewritten in the form:

n 1 b
(Yoopgh) ) = Z o) f (%)W) dyoy. (2.10)

Pq

Note that clearly for the choice of p = 1, Equations (2.9) and (2.10) reduce to g-Baskakov
Kantorovich wavelet operators defined by Equations (2.5) and (2.6), respectively. Similarly,
for the choice of p = g = 1, the Equations (2.9) and (2.10) reduce to classical Baskakov-
Kantorovich wavelet operators defined by the Equations (2.3) and (2.4), respectively.

3 Main results
3.1 Moments of Y4
In this section, we present the moments of wavelet Kantorovich (p, g)-Baskakov operators.

That is for 0 < g < p < 1, we have the following theorem:

Theorem 3.1 Let ¢j = ¥, VO < j < w and » € N. Then, for x € [0,00], we have
(Tn,h,p,qej)(x) = (Fn,b,p,qej)(x)‘

Proof To prove this theorem, refer to Inequality (2.10). Now, Equation (2.10) can be writ-

ten as:
(T @) = guﬁ'z(x) / (%)l\vm gy
- ivi’,ﬁ(x)(ﬁ)j [0+ 81, ¥0) dyy
- gug;f(x)(ﬁ)j / (foj ( )y Ol )w gy
- St ()

|:/ [bpqu(y)dpqy+/ Z( )J’ [b ‘D(V)dpqy]
From condition (b) above, given that [ >>°, (/ )y [b V() d,,y =0, we have

(Tnbpqe] (x)—ZU (x)([ ] ) /[bpq\l—’()/)dpqy

0 [b], n—1\/J
- Zﬁ;ﬂ@(#) /R W(y)dy,y.

b=0
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And from condition (c) above, given that [, W (y)d,qy = 1, we have:

[B]pqp" ! >"

[Vl]p,qu_l

(Tubpae)®) =Y upt (x)(
b=0

= (Cubpar €)). s
Remark 3.1 Theorem (3.1) implies that the moments of the operators Y, 4, defined by
Equation (2.9) is the same as that of the operators I',,;,,, 4, defined by Aral and Gupta [4].
So, we have the following Lemma proved by Aral and Gupta [4].

Lemma 3.1 [4] Forx € [0,1] and 0< g <p <1, we have
L. (Yn,b,p,qeo)(x) =1,
ii. (Tn,b,p,qel)(x) =X,

“en nil
il (Yyppqe2)®) =x* + xﬁl]p,q 1+ §x).

3.2 Characterization of second-order Lipschitz functions

In this section, we shall present some Bernstein-Markov types of inequality of Kantorovich
(p, q)-Baskakov operators, which will be used as our preliminary result to state our main
result of this section. The following facts are also needed:

Peetre’s K-functional defined as:

Kalhy) = geC”[O,oior)lffWCB[O,oo){ 1 =glleo +yHg””°°} fory>0. 8.1)

For g ¢ L [0,00), ||/ — g|l = 00, the K-functional defined by equality (3.1) is equivalent
to the modulus of smoothness. Johnen [13] gives the following relation: for some constant

0 >0and any v > 0, we have:
0 twy(h,y) < I(Z(h,yz) <owy(h,y) suchthat heCgandO<y<v, (3.2)

where

w,(h,t) = sup |A§h|oo,
O<g<t

and

Azh(x) _ h(x+g)—2h(x) + h(x—g) forg <ux,
0 otherwise.

Theorem 3.2 For all h € C[0,00) N Ly [0, 00), then the following inequalities hold for O <
q<p=1L
i ”Tn,b,p,qh”oo <ol ¥l oos

i 1,07 l00 < 2a[n]p gl Alloc W loo,

i 17 hlloo < alnlygln + 1 gllAll ool W oc-

Page 8 of 16
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Proof Take into consideration that

v -1 b
/ h(M)ww)dp'qy=%(n»b»P:q)'
0 (n)p.qq

Thus, for every & € C[0,00) N L[0, 00), the inequality

|71, b,p,9)| < @llll W]l holds.

From Equation (2.10), we have

Yy n—1 b
1 x)/o h(p—()/+ [b_]lp,q))‘y(y)dp,qy

1 Tonppqhll =
ot [”l]p,qq

[ee]

Z (*)T(n, b,p, q)

oo

<> )| Tu(n b,p,q)|

b=0

<allhllollW¥lico-

Employing the definition of (p, g)-derivative to prove inequalities (ii) and (iii). That is, in
vb i (x), we have that

b (1 + gx) P D], gx" ™ + (q) apqln + bl (1 + qx)s ™!
”"((1 T x);fqb> (1+ g (1 + )it

_ 1 <(1 +qx)[blyg +xq"pln + b]p’q>xb
x(1 + gx) (1 +px)psb

Here, pq(x ) = [b],, qxb L, Dy, (b x)"”’ —[n+ b]p 91 @ qx)”*b !, By making some
simple computations, we have [ + bl = p"[blpg + 4°[1lpg
Therefore, using the facts above, we have that

qu(UZZ( )) ((1 +qx)[blpq + xqb+lp(Pn (Dlpq + qb [”]p,q))

(1 + gx)

(Vl + b — 1) b+n(2n—1) @ xb
x P g ——
b pq (1 +Px)n+

~ [Mpq ((1 +qx+qb+1p”+lx)[

b] 2b+1 ) pq
LA x v, 7 (x), forx>0.
x(1 + gx) [1],,q T P )%

For every b € N, we have the following equality:

(Blog '™ »

[l’l]p n+1 bn

HOEESAMHCS

That is,

[l] Pq n+ Pq
qu ( ) xp 1qb 1U! 1 +2(x)
[”]p,q

Page9of 16
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Hence, we get that

[I’l] ) +1_ n+ n+ +
Dyt~ s (1 g P ) )+ 4 )
(n] +1_n+ n+
(1+‘;‘; ZJhnbp, D((L+gx+q"" P )™ " o))
+ q2b+1pvi’:3(x))
(1pq - bil, n+l 1 _b-1
_ ;5 1 +1_n+ n+ Pq ,b, X
Tres ;( +qx+ g P a)p" gl L @) T, b, p,q)
+ Zq”’“pv 1) Tn(n, b, p, q)]
[nlpq = b
= —="2_ 1+qx+q" " %)p"d?v?? (x) T, b+ 1,p,q)
T+ o bZ:(;( qx+q" " x)p g b () T pq
- 2b+1 q
+ Z pupa (@) Tu(n, b, p, q)]
b=0
Then,
(1] =
Y, 0, () = ﬁ[Z(quw”“p”” x)p"q" vy @) T, b+ 1,p,q)
b=0

b=0

+ Y @ ) Tu(n, b,p, q)} ‘
< %[Z!(l +qx + ¢ pt ) bvfn+1(x)jh(n,b+ 1,p,q)|
b=0
+ Y | pu () Tu(n, b p, q)l}

[Mpq |
= (1 +quC) |:b2: bn+1 x)|\7h }’l, +1 2Y | + |Tn,b,p,q,h(x)|i|

< [nlpg[@llBlloo 1 lloo + @llAlloo ¥ oo ]

= 205[”‘]}74”]’1”00”\IJ”oo-

In a similar way, we have that

1 1
(T pg ) () < % (T 1) () + [% (0,1 ()

b=0

x (Z vp @ T b+ 2,p,9) + Y vpt  (X)Tu(n b+ 1,p, q))}
b=0

Page 10 of 16
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Therefore, we have that

”T;,q,bpq ” (1+ ) (1 q)

Uty gy [u( W

X (Z v @ T b+ 2,p,q) + Y vpt (@) Tu(n b+ 1,p, q)) H

b=0 b=0

[n+1] (n]yqln+1
BUARV 7Y nbmhu{unr |

(1 +gx) (1 +gx) nbpa,

(Z bn+2(x) jh(n,b+2p,q)| Z bn+1 x)|‘7h(n’b+1’p’q)|):|

b=0
<[+ Upg| Vs g il + [lpg + g (@llBlloo W lloo + @llAlloo Wl oo) ]
= 2[nlpqgln + 1pgolhlloclWlloo + 2[nlpgln + 1p g Alloo W oo
= 4lnlp g [ + g0t |l oW - -
Theorem 3.3 Given that 0 < g < p <1 and K, is the Peetre’s K-functional, then for all
h € C"[0,00) N Cp[0, 00), we have the following

y? x p
| (Yo ppgh)(x) = B(x)| < (¥ Wl + 1)K <h S[n—];q + s <1 + 296)).

Proof Let h € C"[0,00) N Cp[0, 00), the Taylor series expansion of a function /% is given as

20) =) + (- Dg () + f(y () dpv.

Therefore, using Equation (1.3) and Theorem 3.1, we have

y
|(Tn,b,p,qg) (%) _g(x)| = ‘Tn,b,p,q(</ ()/ - V)g//(V)dp,q(v)),x)

0o P 1(;/ "
" B blpq)
_ qu f (/ [ pqq (p (y+[ rq) )
; bin (%) []pgd" ! v
X |g//(x)| dMV) V() dpqy
< 3 V7 (x) nlnllp(yqul "+ b]Pq) ‘
N Z b g ( [”]pqq -

b=0

|g”<x)|dpqv)||wuoo )

V[ ph1 b 2
< 1¥lloollg” IIOOZ“%(")/O (M _x) o
b=0

[Vl]p,qu !

2
=y||xv||oo||g”||m<3[ 2 +Hy unlpq(xnunzpq(x))
pq

p y? x P
=yl ”°°(3[n12 ' [n]pq<1+?1x)>'
bq ’
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Using Theorem 3.2 (i) and taking infimum over all g € C”[0, 00) N Cz[0, 00), we have the

following:
|(Tn'b'p’qh)(x) - h(x)| = geC”[O,oi<JI)1£CB[0,oo){ ” Tubpalh=g) HOO =gl
(T @) ) - )| }.
That is,
|(Tnspa) ) = hix)| < gecx/[o,;?ﬁcg[o,w){ (7 1Wlloo + 1)l - glloe + ¥ 1 Wlloc ¢,

2
R y||\v||oo||g”||oo<—3[z]§q + [ni’q (1 +§x>)}

< Wl +1 inf h—
SNVt 1) int gl

el (5 + e (1425))]
e\ 302, ", \ g

y? x p
- o + 1K Pe)).
(1wl +1)12<3[n]1%’q+ o (l+qx>> -

From Theorem 3.3,let N = ¥ ||V |0, & = %2 and @, ppq =x(1 + %x). The following corol-

lary holds for the operators (Y}, 5,,4/).

Corollary 3.1 Forany0<g<p <1 and h € Cg[0,00), then

& Dn,b,p,
|(Tn,b,p,qh)(x) — h(x)| < (N + 1K, (h, m + [nij:)

where K defined by Equality (3.1).

Furthermore, if Theorem 3.3 and Inequality (3.2) are well known, we easily obtain the
following results explained by corollary below.

Corollary 3.2 Forany 0< p <2 and h € Cg[0,00), if wy(h,y) = O(y”) then

E, ubna )
‘(Tn,hyp,qh)(x) - h(x)’ = k( [”];%,q i (1]p.q >

holds for the operators (Y, pp4h). Such that k > 0 is a constant, & = %2 and Quppq = x(1 +
By,
q

Remark 3.2 Corollary 3.2 gives the main result of this section. The function ¢ control the
rate of convergence of the operators Yy, 5,4

3.3 The norm of the operators Y, 4,4 in L,
In this section, we present the norm of Y, ., ; in L, space. We shall use r to avoid confusion
of using p as its already used in different definition and facts of (p, g)-calculus. Therefore,
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we shall write L, instead of L,. In this section, we shall use Theorem 3.2 and the Riesz-

Thorin theorem given below (also see in the book [7]).
Theorem 3.4 (Riesz-Thorin) Suppose that 0 < r <00 and 1 <s < 00, also let T : So(du;

C) — L'%(dv; C) be a linear operator. Now, if in the domain of T the following inequalities
are valid:

|73 = Nellkllwo  k=0,1,

then T extends by continuity to an operator acting from L) (dp; C) into Ly (dp; C). The
norm of this operator does not exceed Ny " N .

Now, we state the main theorem of this section.

Theorem 3.5 Letn>1,1<r <00, h € L,[0,00). Then, we have
1 o p,pqhllr < Colliall
where C, is a constant.
Remark 3.3 We shall not directly prove Theorem 3.5 because by the Riesz-Thorin Theo-
rem 3.4 and Theorem 3.2, we shall consider only one case for r = 1. Therefore, we prove

Theorem 3.6 below, and then we generalize it to Theorem 3.4 by finding the value of C,.

Theorem 3.6 Suppose that y < k for k € Z*, then for any h € L,1[0,00), we have the fol-
lowing

1T ppqhlls < Nillhll,

k
where Ny = [n[fl]f,fq W oo

Proof From Equation (2.10) for any / € L, [0, 00), we have

” Yn,b,p,qh ”1 =

S y n-1 b
ZUZZ(?C)/O h(IM>\I’(y)dp,qy
b=0

(1]pqq°~"

1

s 7|, (270 Bl)

S Up,q(x) </ h<p = ) ‘ \IJ = d ' ) d ’ *
/0 b=0 i 0 (n]pqq"™! 1¥loc %7 ) e
- 4 P"_l()’ + [b]p,q)) ) /-oo/A p.q
<[|¥]loo h| —————)|d, (X)) dy .

<] ;:0 ( /0 < (1] pgd®! ) A Uy (%) dp g

However, by doing simple calculations in (p, g)-calculus, we have the following facts;

0o/A xb 1
gt = b+1n-1).
fo o P = Kbt
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But
(blpq
b+1n-1)=—>2L_g (bn),
ﬂpq [}’l 1]pq’3pq
and
1 1)’ .
Ky)=——2o1+-] (Q+x),”
x+1 %) e
This implies that

o0/A 1 qb
/0 Ug,nq(x) dp'qx = W—

pa P"
Hence we have that
0] o PN r+blg)
n bilpgab!
pa a
Inspahtlh = o= ||wnoo2/n gy )y
g b=0 1

[Vl]p,qu_

o P Lktblpg)

[n]p,q [”]p,tﬂbfl
< W W]l oo Z 1Bl |h(x)| dpgx
P b=0 [n]p, qu—l
] o k-1 . PT 1[h+,+1]pq
_ Mpg ["]p qq
- e Y [ iy ]
b=0 i=0 [nlp qq

Is the same as writing

1] k-1 / oo M
[n
|m,b,p,qh||1=7[n_11’]q ||w||oo§:<z / Tre? |h(x)|dpqx)
0 o

b=0 [n ]pqu 1

[y
< _”annooZnhnl

[ ] k-1
= 24| lhlly Y 1
[ - l]pq i=0

= N1kl

Now, let us calculate the value of C,, which is the upper bound of the operator’s norm
According to the Riesz-Thorin Theorem 3.4, the norm of the operator Y,,;,, does not

exceed N{ " N{ . But, in our case, N; =N” and 1 - ¢ = 1 for & € (0, 1). Then, from Corol-

lary 3.1, we have N = y || V||, and from Theorem 3.6, we have N; = [l;[nl]”q ¥ ]loo. SO, we
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have
C,=N; "N’
k[n] ; 1
l’lp,q r 1-1
= 7”‘11”00) VIWlleo) 7
([n_l]p,q ( )
oy \7
11,1 Mlpg )'
=y ki ——— ) ¥
v ([n—l]p,q *©

By choosing W = x[o,1), we get W] =1, y =1, and k becomes y. Then, we have the
following estimation of operators Yy, 4:

1
(lpg \7
”Tn,b,p,qh”r = <i> ”h”r

(n—1],,

4 Conclusion

The constructed operators Y}, ;,,, generalize the Kantorovich wavelets g-Baskakov oper-
ators and Kantorovich-Baskakov wavelets operators; that is, for the choice of p = 1, we
get operators defined by Equations (2.5) and (2.6), and also by choosing p = g = 1, opera-
tors defined by the Equations (2.9) and (2.10) reduce to Equations (2.2) and (2.3), respec-
tively. Furthermore, operators Y, extend and generalize the Kantorovich g-Baskakov
operators defined by Equation (1.1) and the classical Kantorovich-Baskakov defined by
Baskakov [6] because, by choosing w = 0, p = 1 and W a Haar basis, we get &,,,. In ad-
dition to that, for g = 1, we get precisely the classical Kantorovich-Baskakov operators
defined by Baskakov [6]. Using these facts, we can conclude that the constructed opera-
tors are more general as they generalize classical, g, and wavelets Kantorovich-Baskakov
operators. We also observed that the moments of wavelets Kantorovich (p, g)-Baskakov

operators are the same as that of clasical Kantorovich (p, g)-Baskakov operators.
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