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1 Introduction

Let H be a real Hilbert space with a nonempty, closed, and convex set C € H. Let | - || and
(-,-) denote the induced norm and inner product on H, respectively, and let F: H - H
be a single-valued mapping. The variational inequality (VI) problem formulated by (1) is
an age-old problem in mathematical analysis with present relevance. It was introduced in-
dependently by Fichera [15] and Stampacchia [40], and since then, numerous researchers
have developed various methods for solving the VIs with applications in diverse fields,
such as the sciences, engineering, medicine, cryptography, image processing, signal pro-
cessing, optimal control, etc., see [2, 3, 13, 14, 17, 18, 21, 22, 27, 29, 33], for more details.
The VI, with solution set denoted by VI(C, F), is defined as finding a point p € C such that

(Fp,z—p) >0, VzeC. (1)
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Two main known methods for solving VIs are the projection and regularization meth-
ods. The foremost projection method is the gradient method (GM) that generates a se-
quence {x,} according to the following rule:

Xp+l = PC(xn - van)r (2)

where P¢ is the metric projection of H onto the feasible set C. Although the GM has a
simple structure, it has two major drawbacks. The first is the quite strong monotonicity
assumption required for its convergence and the second is the need for computing the
projection onto the feasible set C, per iteration.

As a way to overcome the first GM’s monotonicity limitation, Korpelevich [31] (Antipin
[5] independently) proposed the extragradient method (EGM) that, on the one hand, con-
verges under a weaker monotonicity assumption but requires the evaluation of two pro-
jections onto C, per iteration. Censor et al. [9] introduced the subgradient extragradient
method (SEGM) in which one of the projections is replaced by an easy-closed formula
projection onto a “superset” containing C. Other modifications in this directions can be
found, for example in [32, 47].

Other relevant EGM extensions are Tseng’s extragradient method (TEGM) [49], and the
projection and contraction method (PCM) [41], see also [10, 13, 19, 50]. Both methods use
only one projection onto C, per iteration. The PCM, for example, generates {x,} according
to the following rule:

X1 €H,

Yn = Pc(xy — §Fxy),

A yu) := (%n = ) — & (Fxn — Fyn),
X1 = X = PPud (X, Yn),

3)

where p € (0,2), & € (0, %),L is the Lipschitz constant of F, 8, := %, a(xy, yy) =
(%0 = Y (X, yn)), Y1 > 1.

As the implementation of the above methods (SEGM, TEGM, and PCM) still requires
the computation of P¢ for each iteration, a need for a “free-projection” method encour-
aged many researchers to come up with some creative ideas. One such idea is the two-
subgradient method (TSEGM) of Censor et al. [9]. Suppose that the closed and convex set

C can be represented as a sublevel set of some convex function ¢: H — R, that is
C:{er:c(x)§O}. (4)

Denote by dc(x), the subdifferential of the convex function c(-) at x. The TSEGM gener-

ates {x,} according to the following rule:

x1 €H,

In = Pc, (X — LEFxy),

Cni={x € H:c(xy) + ($x — x4) <0},
Xne1 = Pc, (X0 = AFyn),
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where ¢, € dc(x,). Observe that if ¢, = 0 then C,, = H and otherwise it is a half-space
containing the set C. The convergence of (5) was raised as an open problem in [9].

Recently, Cao and Guo [8] as well as Ma and Wang [34] partially answered this open
question by proposing an inertial two-subgradient extragradient method (ITSEGM), and
self-adaptive TSEGM for solving a Lipschitz continuous and monotone variational in-
equality problem with weak convergence properties.

Other relevant works related to the subgradient extragradient method are of He and
Wu [24], in which a line search is involved and the two projections onto the set C are
replaced by projections onto two particular half-spaces. He et al. [23] proposed a relaxed
projection and contraction method where again the projections onto the set C are replaced
by projection onto a particular constructible half-space.

In this paper, we are interested in studying VIs where the feasible set C is given as a finite
intersection of sublevel sets of convex functions defined as follows:

k
C::ﬂCi = {zeH:ci(z)SO}, (6)
i-1

where k is a positive integer and ¢; : H — Rforalli € I := {1,2,...,k} are convex functions.
A very recent result for solving VIs defined over sets of the form (6) is the He et al. [25]
totally relaxed self-adaptive subgradient extragradient.

Remark 1.1 Although all the above results, He and Wu [24], He et al. [23], He et al. [25],
Cao and Guo [8], and Ma and Wang [34] managed to replace successfully the projections
onto C by some closed-formula projections onto some set, there are still some limita-
tions. First, we note that their proposed methods either require knowledge of the Lips-
chitz constants of F and the Gateaux differential ¢'(-) of ¢(-) (which are often unknown or
very difficult to estimate) or employed a line-search procedure, which is known to be time
consuming to implement. In addition, all results obtain weak convergence, that is known
to be a drawback when solving optimization problems, see, e.g., Bauschke [6].

Following the above methods and results, in this paper we establish a totally relaxed,
inertial, self-adaptive projection and contraction method (TRISPCM) for solving VI
(1) defined over a finite intersection of some closed, convex sublevel sets (as seen in
(6)). Our method employs projections onto some constructable “supersets” and inertial
([4, 10, 20, 37, 42, 50, 52])) and relaxation [28] techniques are incorporated to speed up
the convergence rate of our method. Although we assume that F is Gateaux differentiable,
and c}(-) of ¢;(-) are Lipschitz continuous, our method does not require any line-search
procedure, rather we employ a more efficient self-adaptive step-size technique that gen-
erates a nonmonotonic sequence of step sizes. Moreover, under suitable conditions we
prove strong convergence to a minimum-norm solution of the problem. Relevant numer-
ical experiments at the end of this paper clearly display the efficiency of our methods over
those in the literature.

The remainder of this paper is organized as follows. Section 2 contains definitions and
existing results relevant to our analysis. In Sect. 3, the proposed algorithm is presented and
its strong convergence is established in Sect. 4. Numerical experiments and comparisons
with related methods are given in Sect. 5, illustrating the performance of our scheme.
Finally, some concluding remarks on our work are presented in Sect. 6.
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2 Preliminaries
In this section, we review basic definitions and important lemmas, vital in proving our
main results.

Let C be a nonempty, closed, and convex subset of a real Hilbert space H. Also, through-
out this paper, we let the strong and weak convergence of a sequence {x,} to a pointx* € H
be denoted by x, — x* and x,, — x*, respectively. The set of weak limits of {x,}, denoted
by w,,(#,), is defined by

Weo (%) := {x* € H : x,, — x* for some subsequence {x,, } of {x,,}}. 7)

The metric projection Pc : H — C ([1]) is defined, for each x € H, as the unique element
Pcx € C such that

[ — Pex|| = inf{||x—z|| 1Z € C}.

It is known that P¢ is nonexpansive (see [4, 38]). For more interesting features of the

metric projection, see Lemma 2.1.

Lemma 2.1 [25, 30] Let H be a real Hilbert space, and I be the identity map on H. Let C
be a nonempty, closed, and convex subset of H. We have the following results for any x € H
and f,g € C:
(i) g=Pcx <= (x-g,g-f)=0;
(i) ((I—Pc)x—(I—Pc)f,x—f) = (I - Pc)x — (I - Po)f |1%;
(iii) [[f — Pexl|® + lx — Pexl|® < [lx —f11%
(iv) (x—f,Pcx —Pcf) = ||Pcx — Pcf |1%;
(v) Let D={u € H: (x,u—d) <0} be a half-space, where x #0, and d € R. Then, for
acH,

8)

Ppla) = a—max{O, tra—d) }

— X
fl]1>
Note that (8) is the explicit formula for the orthogonal projection onto the half-space D.

Definition 2.2 [44, 51] Let F : H — H be a mapping defined on a real Hilbert space H.
Then, F is said to be:
(i) L-Lipschitz continuous, where L > 0, if

|Fu—Fv|| <L|lu-v|, Vu,veH.

A contraction if L € [0,1), and nonexpansive, if L = 1;

(i) A- strongly monotone, if there exists A > 0 such that
(u—v,Fu—Fv) > Allu—v|®>, Vu,veH;
(iii) monotone, if

(Fu—Fv,u—-v)>0, VYu,veH.
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Lemma 2.3 [43, 50] Let H be a real Hilbert space. Then, the following results hold, for all
x,yeHand ¢ eR:
M N+ y12 < el + 20y, +9);
i) floe+y1% = lloell> + 242, 3) + Iy 11
(iii) [1gx+ (1= yI* = g lxll* + A=)yl = ¢ (1= Qe —ylI>.

Definition 2.4 [36] Let ¢: H — R be a real-valued function. Then,
(i) cis said to be Gateaux differentiable at z € H, if there exists an element in H,
denoted by ¢/(z), such that

. cz+th)—c(z)
lim ———* =

lim p (n,c(2)), VheH, )

where ¢/(z) (also written as V¢(z)), is known as the Gateaux differential (or
gradient) of c at z.

(ii) If c is convex, then c is said to be subdifferentiable at point z € H, if ¢(z) is
nonempty, where dc(z) is defined as follows:

dc(z) = {x e H:c(y) > cl2) + (x,y — 2) Vy € H}. (10)

¢ is said to be subdifferentiable on H, if for each z € H, ¢ is subdifferentiable at z.

(iii) c is said to be weakly lower semicontinuous (w-Isc) at z € H, if z, — z implies
¢(z) < liminfc(z,). (11)
n—00
¢ is said to be w-Isc on H if for each z € H, c is w-Isc at z.

Remark 2.5 We note the following from Definition 2.4:
(i) Each element in dc(z) is referred to as a subgradient of ¢ at z. Also, (10) is said to be
the subdifferential inequality of ¢ at z, where dc(z) is the subdifferential of c at z.
(ii) It is also known that if ¢ is Gateaux differentiable at z, then c is subdifferentiable at z,

and dc¢(z) = {c(z)}, in particular, dc(2) is a singleton set (see [25]).
Lemma 2.6 [7] Letc: H — RU{+00} be convex. Then, the following results are equivalent:
(i) ¢ is weakly sequential lower semicontinuous;

(ii) c is lower semicontinuous.

Lemma 2.7 [45] Let {&,} and {1} be two nonnegative real sequences such that
$n+1 < Sn + U Vn>1.

If Y07 n < +00, then lim,,_, &, exists.

Lemma 2.8 [12] Suppose C is a nonempty, closed, and convex subset of H, and suppose
F:C — H is a continuous monotone mapping, with x € C, then

xeVI(C,F) <<= (Fy,y—-x)>0, VyeC.
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Lemma 2.9 [39] Suppose {x,} is a sequence of nonnegative real numbers, {«,} is a sequence
in (0,1) with y_,", a, = +00 and {z,} is a sequence of real numbers. Let

X1 < (L —ay)xy, + 0tyzy, foralln>1,

iflimsup;_, o, z,, <0 for everysubsequence {x,,} of {x,} satisfyingliminfy_, o (%, —%,,) >

0, then lim,,_, 5o x,, = 0.

Lemma 2.10 (26, 35] Let C be a set defined as in (6), and let F : h — H be an operator. Sup-
pose the solution set VI(C,F) is nonempty. Then, the following alternating theorem holds
for the solution of the VI(C,F), that is, given z € C, z € VI(C,F) if and only if one of the
following holds.
(i) Fz=0;0r
(ii) z € bd(C), and there exist B; > 0 (depending on the point 2), and
K € conv{c;(2) : i € I}} such that F(z) = — Bk, where bd(C) denotes the boundary of
the set C, I} = {i € I : ¢;(2) = 0} and conv{cj(2) : i € I} is the convex hull of the set

(@) :iel).

3 Proposed method
Here, we present our algorithm: A totally relaxed inertial self-adaptive projection and con-

traction method (TRISPCM) for solving the monotone variational inequality problem de-
fined over the feasible set (6). Our results are based on the following assumptions:

Assumption A
(Al) F:H — H is monotone and J — Lipschitz continuous on H.

(A2) The solution set VI(C, F) is nonempty.
(A3) For all i € H, the family of functions c; : H — R satisfy the following conditions:
(i) Any c;(i € ) is convex on H.
(i) Any c;(i € I) is weakly lower semicontinuous on H.
(iii) Any ¢;(i € I) is Gateaux differentiable and c}(i € 1) is L;,— Lipschitz on H.
(iv) There exists a positive constant K such that for all Z € bd(C), the following
holds:

IF2|l < Kinf{|m(2)| : m(2) € con{c}(2) : i € I} }},
where 7 is defined as in Lemma 2.10.
Assumption B
(B1) Lett>0,%1>0,£€(0,2),8 € (0, >5);
(B2) @, €(0,1), lim, 0@, =0, Y32, @ = +00, {6,,} C R, such that lim,, ., 2 = 0;
(B3) Let u, be a nonnegative sequence such that > - u, < +00.

We show our algorithm below:

Algorithm 3.1
Step 0. Set n=1, and let x,x; € H be two arbitrary initial points.

Page 6 of 28
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Step 1. Given the (n — 1)th and nth iterates, choose t, such that 0 < 7, < 7, with 7,
defined by

. O .
T, = min{r, llxn=xn-1ll b if, 7 %n-1s (12)
T, otherwise.

Step 2. Compute
Wy = (1= o) (0 + T (o0 — %-1)). (13)

Step 3. Given the current iterate w,, construct the family of half-spaces

C = {weH:ci(w,,)+(c;(wn),w—w,,>50},1‘61. (14)
Set,
Co=(Ch (15)
iel

and compute:

Yn = PCn (wy — VnFWn)- (16)

If w, = y,,, then stop, w, € SOL(C, F), otherwise, proceed to Step 4.
Step 4. Compute:

Xn+l = Wy — ZWde;

where, d,, := w,, — y,, — Y,(Fw,, — Fy,), and

Wn=yn,dn) , if dn 7:/0’

Y = ldn 112 (17)
0, otherwise.
Update:
mln{ Swn—ynll Vi + 1 }
||FWn—FJ’nH"’HC;n(Wn)—C;n(J’n)”’ " n
Yurt =1 if [ Fw, = Byl + €}, (W) = ¢}, )| #0, (18)

Vu + MUy, otherwise,

where [|¢; (W) — ¢} ()|l = maxier{llc;(wn) = c;(ya)|I}. Set n:= n + 1 and return to
Step 1.

Remark 3.2 We highlight below some of the key features of our proposed Algorithm 3.1.
(i) Observe that the feasible set is constructed as a finite intersection of sublevel sets,
as seen in (6), which is more general than the feasible set adopted in
[8, 19, 23, 24, 34]. Also, observe that in (14), if ¢/(w,,) = 0, then we have that C = H.

Page 7 of 28
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(ii) We note that our proposed algorithm completely avoids projection onto the
feasible set, but rather allows only one projection onto some half-space, as seen in
(14)—(16). This obviously ensures easier computation, since projection onto
half-spaces can be calculated using an explicit formula, see (8).

(ili) We note that our Algorithm 3.1 employs the relaxation and inertial techniques to
improve its rate of convergence. Also, we observe that Step 1 of our proposed
algorithm is easily implemented, since we have prior knowledge of the estimate
|, —x,-1] before choosing t,,.

(iv) We emphasize that while the cost operator is Lipschitz continuous, our algorithm
does not require any line-search procedure (unlike the methods of [23-25]).
Instead, we adopt a more efficient self-adaptive step-size technique that generates
nonmonotonic sequence of step sizes (as seen in (18)).

(v) We also point out that unlike the results in [8, 23—25, 34], our proposed algorithm
generates a strong convergence sequence, which converges to a minimum-norm
solution of the VI.

Remark 3.3 By applying condition (B2), from (12) we have that

. LT
lim 7, )%, —%,_1]| =0 and  lim —=||x, —%,_1]| = O.
n—o0 n—00 0y,
4 Convergence analysis
In this section, we carry out the convergence analysis of our proposed algorithm. First, we
establish some lemmas that are needed to prove the strong convergence theorem for the

proposed algorithm.

Lemma 4.1 Let C and C, be the sets defined by (6) and (15), respectively, then we have
that CC C,, Vn > 1.

Proof Foralliel,let C':={x € H:c;(x) <0}. Thus,
we see that C = (0),; C". Then, for each i € I and any x € C’, by the subdifferential in-
equality, it follows that

iel

ci(wn) + (cj(wn), % = wy) < €i(x) < 0. (19)

By definition of the sets C!, (14), we see that x € C'. It then follows that C' C C., Vn > 1,
i€l Hence, C C C,, Vn > 1 as required. O

Lemma 4.2 Ify, =w, for some n > 1 in Algorithm 3.1, then w, € VI(C, F).
Proof Suppose y, = w,, for some n > 1. Then, by (16), we obtain

Wy = Pc,(Wy = YnFW). (20)
From (20), it follows that w,, € C,, in particular, w,, € C! for each i € I and n > 1. Then,

we have that ¢;(w;,) + (c}(w,), w, — w;,) < 0, by the definition of C!. From this, we obtain
ci(w,) <0 foreachiel. Thus, w, € C.
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Next, by (20) and (2), we have w, € VI(C,, F), which implies that
(Fwy,z—w,) >0, VzeC(C,. (21)
Therefore, from the fact that w,, € C € C, and (21), the conclusion follows. O

Lemma 4.3 Let {y,} be the sequence generated by (18). Then, {y,} is well defined and
lim, o Y =y, Wherey € [min{%, 1}, Y1 + @], for some constants M > 0 and ® = Z;Oﬂ D,.

Proof Since c; and F are both Lipschitz continuous, considering the case ||Fw, — Fy,|| +
llc;,(wn) = c;, (yu)|l # 0 in (18), we obtain for all n > 1, that

Sllwn_yn” = 8||Wn_yn||
1 Ewy = Eyll + llc;, (wn) — ¢, @)l = T liwy = yull + LIwy = yull

Slwa—yall 8

(T + D)W —yull M

’

where M := (J +L) >0, L = max{L; : i € I}. Thus, by the definition of y,,1, it is obvious that
the sequence {y,,} has upper bound and lower bound y; + ® and min{j%, y1}, respectively.
Hence, by Lemma 2.7, we have that lim,_, », y,, exists, and we denote by lim,_, o ¥, = ¥.
Clearly, y € [min{A%, by + @ O

Lemma 4.4 Let {x,} be a sequence generated by Algorithm 3.1. Suppose Assumptions A
and B are satisfied, then the following inequalities hold for all p € VI(C, F).

1 [ Vus1 + 0V, 2

||wn—yn||zse—z(ﬁ) Wi = 1 1® (22)
n+l — n

and

2-¢ 2K$ Yn
%01 = pI* < llw, = plI* - [— -

— Wy = x| (23)
E Z (Vn+l_8yn)] !

Proof From (18), we obtain

. 5||Wn _yn” }
Vsl = MIN yVn t I (24)
" { IEw,, = Fyull + i€, (W) — ¢, )l "
< 8||lwy _yn”
= N Fwy = Fyall + i€, (W) = €, )l
which implies that
, , 8
IEwn = Fyull + | ¢} (wi) = ¢, ()| < — [Wn = yull, Vn>1. (25)
n+1

Since both terms on the left-hand side of (25) are positive terms, then it implies that

)
”C;',,(Wn) - C;'n(yn)H = ﬁ Wn = yull, Vn=1 (26)
n+
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Next, we proceed to prove the first inequality (22). From the definition of v, if d, #0

and by applying (25), we have

Valldall® = Wy = Y dn) > 1Wo = Yull* = Yl Fwy = Fyull Wy = vl

1)
> “Wn_yn”z_yn( )”Wn_ynllz
VYn+1
8Yn
= (1— )nwn —yull®. (27)
n+l
Also,
”dn” =< ”Wn _yn” + Vn”FWn _Fyn”
8y,
=< ||Wn _yn” + _nHWn _yn”
n+l
8Yn
= <1+ )”Wn_yn”- (28)
Vn+l

From (27), we obtain

v\
(Iﬁnlla’nllz)2 > <1— yy ) W = yull®.

n+l

From the last inequality and by applying (28), we obtain

8V \2 Wy — vl
vf,fndnnzz(l— L ) 1w =7
VYn+1 ”dn”

3¥n
(1= 22, 1

= 3
1+ ynyjl VW = yaull?
(1- 222
VYn+1 2
= — 5 Wn —yull” (29)
S¥n y2
(1 + Vn+l)

Observe that (29) still holds when d, = 0. Hence, from (29) and the definition of x,,.1, we

have that

2 2 2 2,12 2
%41 = wall™ = Wy = €dndy — wull” = [1€udu|l” = € 1 dyl
(1 _ 3¥n \2
2 Vi 2
= el ”Wn _yn” .

- Sy y2
(l + Vn+1)

Hence,

2
Vns1 + 3Vn 2
| Wn —xpaall”

1
Wy _yn||2 = _2(
14 Vel = 8Vn

as required.
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Next, we proceed to prove the second inequality (23). Now, if there exists #n* > 1 such
that d,» = 0, then x,+,1 = w,», and hence, (23) holds. Hence, we consider the nontrivial
case, where d,, #0, for each n > 1.

Let p € VI(C, F). Then, from (17), we have that

s = pI* = 1 Wn = €rud ~ pII?
= 1Wn = pI* = 200(wn = s d) + C 1. (30)

By the definition of d,,, we obtain

(Wn _p;dn) = (Wn _ymdn> + (,Yn _p;dn>
= Wy = V> dn) +< w =D Wn = Yn = Vu(FWy _Fyn)>
= (wy _ymdn> + Y =Py Wn = Yn — VuFwWy)

+ Yu(On = s Fyn).- (31)
By the monotonicity of F, we have that (y, — p, Fy,, — Fp) > 0, which implies that
On = s Fyn) = (9n — . Fp). (32)
Also, since y, = Pc,(w, — y,Fw,) and by Lemma 2.1, we have
(Wi = Y = YnFWn, yu = p) = 0. (33)
By (31), (32), and (33), we obtain
(Wn = p,dn) = (Wn = Y dn) + Vn(Yn — p, Ep). (34)

Now, we consider the following two cases:
Case 1: Fp = 0. If Fp = 0, then from (34) we obtain

(Wn—pydn) = Wy =Y, dn). (35)

Then, it follows from (30), (35), the definition of ¥, and the conditions imposed on the

control parameter that
%51 =PI < Iy =PI = 260 (Wy = Yy do) + W2 (||
= lwy = plI* = 2092 | dull® + € | d

2/
= lw, - pl* - T||wndn||2

2-¢
= ||Wn_P||2_7”Wn_xn+1”2- (36)

Hence, the desired inequality (23) follows from (36).
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Case 2: Fp # 0. By applying Lemma 2.10, we have that p € bd(C) and we have

Fp=-B, ) aic|(p), (37)

sk
zelp

where B, is some positive constant, I ={iel: ¢i(p) = 0}, and {Oti}ia; are nonnegative
numbers satisfying ) %= 1. Then, by the subdifferential inequality, we obtain

i) + (P yn—p) < cilyn), Vn=0,iel}. (38)

Since p € bd(C), we have that ¢;(p) = 0, for each i € I;, and then

(i) yn—p) < cilyn), Vn=0,iel’. (39)

We have from (37) and (39) that

(~Ep,yn—p) < Bp Y tici(yn). (40)

sk
zelp

Since y, € C, = [,; Ct, we have

iel “n

Ci(Wn) +{€i(Wn), Y — W) < 0. (41)
Then, by the differential inequality, we obtain

¢in) +(c;n)s Wn — yu) < ciwn), Vn>0,i€ 1. (42)
From (41) and (42), and by applying (26) we have

i) + (i) W = Yu) < ~(ci (W), Y = W)
= i) < (;Wn) = )y Wi = )
= (c(yn) = (W), Y — W)
< [l cim) = ciwn) [ llyn = wal

1)
=< ”yn - Wn||2~ (43)

n+l

Observe that by condition (A3)(iv), we have
B, <K. (44)

Hence, from (40) and by applying (43), (44), and the condition on y,,, we obtain

8

(~Fp,y, —p) < 1<y g — wall*

n+l

2
I

1)
= (Ep,yn —P) Z_1<]/ lyn —wn

n+1

Page 12 of 28
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8Vu

n+1

= VulEpyu—p) = ~K—" |y, — wyl*.

By substituting (45) into (34), we obtain

8Yn
<Wn _p’dn> = (Wn_yn’dVI)_I( ”yn_Wn”z-

n+1

Then, substituting (46) into (30), we have

§¥n
|2 —P||2 < llwn —P||2 - 2£1/fn|:<wn _ynrdn> -K lyn — Wn||2]

n+1l
+ Oy d )
= 1wy =PI = 200, (Wy = Yy dr) + 292 | ||
8Yn

+ 20, K g = wall®
n+l
2-¢ 3y,
= lwu = pII> = ——10udnll* + 209, K = ||y — wal|*
£ VYn+l
2-¢ 8y,
= 1wy = plI> = =W = i1 1> + 269, K == 1y, — w,|I*.
4 n+1
From (27), we obtain
Vnlld,
Wy, _yn||2 B N
O¥n_
(1 N Vn+1)
Hence, using (48) and the definition of x,,,1, we have
B B dy?
200Ky — | < 20,1 Y Lol
Vn+1 Vn+1 (1 - K:’l)
2KS  y
= |[tYdy |
14 (Vn+1 - 5%,)
2wy 2
=W, —x .
14 (yn+1 - 5)’?1) ! el
By substituting (49) into (47), we obtain
2-¢ 2K§ ¥,
2 2 n 2
Kpel — <|lw, - - — - |lw,—x ,
” n+l P|| = ” n P|| [ ¢ ¢ (]/n+1 —8)/;1):|” n n+1||

which is the required inequality.

Page 13 of 28

(45)

(46)

(47)

(48)

(49)

O

Since the limit of {y,,} exists, we have that lim,,_, o5 ¥, = lim,—,  ¥4+1. Hence, by the con-

ditions imposed on the control parameters, we have that

lim
n— o0

|:2—E 2K§ Vn :| |:2—€ 2K 6 :| 0
- = -— > 0.
14 L (Vi1 —6yu) 14 L (1-9)
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Thus, there exists 79 > 1 such that for all # > 1y, we have

2—-¢ 2K§ -
[— - —Vi} 0 (50)
14 4 (Vn+1 —8¥n)
Hence, from (23), we have that for all #n > #n,
%1 = pII < llwn = pll. (51)

Lemma 4.5 Let {x,} be a sequence generated by Algorithm 3.1 such that Assumptions A
and B hold. Then, {x,} is bounded.

Proof Let p € VI(C, F). Then, by the definition of w,,, we have
lwn —pll = ||(1 - an)(xn + Tp(Xn — %p-1) —P) H

= (1 = ) = p) + (1 = )T — 20-1) — ctp ||

=< (1 - an)”xn —P” + (1 - an)Tn”xn — Xn-1 ” + an”p”

Ty
=(1-ay)llx, —pll +a, [(1 - oen)a— %6, — %1l + ||l7||]~ (52)

n

From Remark 3.3, we obtain that lim,,_, o, [(1 — a,,);—’; |, —xu-1]l + llpll] = llpll. Thus, there
exists M; > 0 such that

(=) 2 s =t + ) < My, V2 1, (53)
Combining (52) and (53), we obtain

wn =PIl = (1 = an)llxn = pll + anMy. (54)
Now, using (54) together with (51), we have

[%ne1 = pll < llwn = pll < (1 = an) %0 — Pl + €nMy

< max{||x, - pll, M; }

< {llxn —pll, M1}

Therefore, we have that the sequence {x,} is bounded. Consequently, {w,} and {y,} are
both bounded. O

Lemma 4.6 Suppose {x,} is a sequence generated by Algorithm 3.1 under Assumptions A
and B. Then, for all p € VI(C, F) the following inequality holds:

|:2—€ 2KS vy

B TR LA < |lx, — e — oM.
Y2 Y (Vn+1—5)/n)}” n ae1ll” < %, —pll %41 — Pl WMo
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Proof Let p € VI(C,F). Then, we see from (54) that

wn = plI* < (1= ) [l%0 = pII* + 2000(1 = )M ||% — pll + 02M
= “xn —P||2 + oy (2(1 - an)Ml ”xn —P” + anM%)

< 1%, = pI* + @uMs, (55)

where M, = sup, . {2(1 — a,)M ||x, — pl| + o, M3} > 0.
Then, by substituting (55) into (23), we have

2 2
”xn+1 —P|| = ”xn —P” + C\!an

[2—13 2Ky,
14 14 (Vn+l_6yn)

2
] Wy — %1 ll°

The desired result follows from the last inequality. O

Lemma4.7 Assume that {x,} is a sequence generated by Algorithm 3.1 under Assumptions
A and B. Then, for all p € VI(C,F), the following inequality holds:

[%ne1 = pI* < (1= @)1, - plI?

T,
+ oy |:2(1 —a,)llx, -pl — 1%, = -1 [l

n

Ty
+ Tull®n = X1 | — % — X1l
ay

+2[lpllwn = %uia ll + 2(p, p _xn+1>]-
Proof Using Lemma 2.3 and (51), we obtain

I%ns1 = pII* < 1wy - plI>
= (1 = @)@ = p) + (1= @) T = 20 1) —
< (1 = @)t = ) + (1 = ) T = 20-1)||*
+ 20, (=p, Wy — p)
< (1= )% = pI* + 201 = )Tl = Pl 196 — -
+ T 1% = %1 1 + 20 (P, p — W)
= (1= ) lln = pII* + 21 = ) Tl — P 19650 — 2t |
+ T % = %1 I” + 2000 (P, X1 — Wa) + 20 (0P — Kii1)

<1 -anlx, —P||2
Ty
+ oy 2(1 - an)”xn —17” —_ ”xn —Xn-1 ”
Qy

Tn
+ Tyl — X1 | — Il — %1 ||
oy
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+ 2”]9” Wi = %ue1ll + 2(P,P—xn+1>],

which is the required inequality. O

Lemma 4.8 Let {w,} and {y,} be two sequences generated by Algorithm 3.1 such that As-
sumptions A and B hold. If there exists a subsequence {wy, } of {w,} such that w,, — x* € H
and limy_, o | Wy, — Y || = 0, then x* € VI(C, F).

Proof Assume that {w,} and {y,} are two sequences generated by Algorithm 3.1 with
subsequences {w,, } and {y,,}, respectively, such that w,, — x*. By the hypothesis of the
lemma, we have y,, — x*. Since y,,, € C,, by the definition of C,, we have

Ci(wnk) + (C;‘(W}’lk):ynk - Wnk) = 0. (56)
By applying the Cauchy—Schwarz inequality, from (56) we obtain

Ci(wnk) S ||C;(Wr1k)|| “yl’lk - Wnk”' (57)
By the Lipschitz continuity of ¢(-) and the fact that {w,, } is bounded, then {c(w,,)} is
bounded. This implies that there exists a constant My > 0, such that ||c;(w,, )| < My, Yk >
0. Hence, we see from (57) that

Ci(wnk) = M4||J’nk — Wy ”' (58)

Since ¢;(-) is continuous, then it is lower semicontinuous. Also, since ¢;(-) is convex, then
by Lemma 2.6, ¢;(-) is weakly lower semicontinuous. Then, we have from (58) and the
definition of weakly lower semicontinuity that

c(x) < liminfc;(wy,) < lim Mallyn, = wy (59)

Hence, by the hypothesis of the lemma it follows from (59) that x* € C. By the property of
the projection map (see Lemma 2.1), we have

(ynk—Wnk+VnkFWnk¢p—ynk>207 Vpecccnk~
Then, by the monotonicity of F, we obtain

0 = (J’nk - Wnk)p_yrlk> + J/nk (Fwnkrp_ynk>
= (ynk - Wnk;p_ynk) + Vi (Fwnk)p_wnk> + )/nk<FWnk’Wnk _ynk>

S ()’nk - Wnkrp _yrlk> + J/nk (FP,P - W”k> + )/nk (erlkrwnk —)’nk)' (60)

Since limy_, o |y, = Wy, |l = 0 and limg_, o ¥y, = ¥ > 0, then by letting k — oo in (60), we
have

(Ep.p-x*)=0, VpeC.

Hence, by Lemma 2.8, we have that x* € VI(C, F).
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At this juncture, we proceed to prove the strong convergence theorem of our proposed
Algorithm 3.1. g

Theorem 4.9 Let {x,} be a sequence generated by Algorithm 3.1 under Assumptions A
and B. Then, {x,} converges strongly to an element x € VI(C,F), where ||X|| = min{||p| : p €
VI(C,F)}.

Proof Since ||2|| = min{||p| : p € VI(C, F)}, then we have & = Pyy(c,r)(0). From Lemma 4.7

we obtain

%6001 = 201 < (1 = o) [l — %I (61)

~y Tn
+ 0y | 2(1 — o) [l — || Ot_ lloey — %1l
n

Tn
+ Tyl — X1l — ey — X1l
Oy

+ 2”&” Wy = %ue1 |l + 2(&’& _xn+l>]

= (1 - o) [l = X% + ot (62)

where, dy = [2(1 o) 16, =Xl 22 196 = Fp-1 1|+ Tl = -1 1| 2 1% = 201 | + 2 Z [ Wy = 2011 +
2(%, % — Xp41)]-

Now, we claim that lim,,_, « ||x, — X|| = 0. To verify this claim, it suffices to show by
Lemma 2.9 that limy_, o d,,, <0, for every subsequence {|lx,, — x|} of {||x, — ||} satisfying

timinf([,,, = &l = s — 1) = 0. (63)

We assume that {||x,, —X||} is a subsequence of {||x, — %||} such that (63) holds. Then, from

Lemma 4.6 we have

[2 —0 2K$ Vi

T wy — st |2 < g — &
14 ¢ (Vnk+1_8ynk):| " e "

- ”xnk+l - 56”2 + ankMZ' (64')
By applying (63) and the fact that limy_, o, ,;, =0, we obtain

2-¢ 2Ké n
[— - —#} Wy = %> = 0, k= oo.
¢ ¢ (ynk+1 —5Vnk)

Hence, by (50) we obtain
”Wnk _xnk+1|| -0, k— oo (65)
Also, from (22) and (65), we obtain

”W}’lk —}’nk” g 0! k — OQ. (66)
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By Remark (3.3), the definition of w,,, and the fact that lim;_, o, &t,, = 0, we have

”Wﬂk - xnk ” = H (1 - ank)(xnk + tnk (xnk _xnk—l) _xnk) ”
= ” (1 - ot,,k)(xnk _xnk) + (1 - otnk)‘rnk(xnk _xnk—l) — Uy Xy ”
=< (1 - ank) ”xnk - xnk ” + (1 - Olnk)fnk ”xnk - xnk—l ” + Oy ”xnk ”

—0, k— oo. (67)
From (65) and (67), we obtain
”xnk _xnk+1|| =< ”xrlk - Wnk” + ”Wnk _xnk+1|| - O) k — OQ. (68)

To complete the proof, we need to show that w,,(x,,) C VI(C, F). Since {x,} is bounded,
then w,(x,) # 9. Now, let x* € w,(x,) be an arbitrary element. Then, there exists a sub-
sequence {x,,} of {x,} such x,, — x* as k — oo. It follows from (67) that w, — x*
as k — oo. Then, by Lemma 4.8 together with (66), we see that x* € VI(C, F). Hence,
We(x,) C VI(C, F) since x* € w,,(x,) was chosen arbitrarily.

Again, since {x,, } is bounded, then there exists a subsequence {xnk/} of {x,, }, such that

xnkj — z,and

lim (%, % — Xy, ) = limsup(&, & — x,,, ). (69)

] 00 k—o00

Since % = Pyy(c,r)(0), then by the property of the projection map and (69), we obtain

limsup (%, % — x,, ) = lim (&,&—xnkj) ={x,x-2z) <0. (70)
j

i
k— 00 —
By combining (68) and (70), we obtain

limsup (X, & — %y, 1) = limsup(%,% —x,,, ) = (%, % —z) <0. (71)

k— 00 k— 00

Using (65), Remark 3.3 together with (71), we clearly see that limsup;_, ., d,, <0. Then,
by applying Lemma 2.9 to (61), we easily conclude that lim,_, » [|%, — 2| = 0 as required.
This completes the proof. O

Remark 4.10 We note that our strong convergence analysis completely avoids the “two-
cases” approach, which is usually employed by researchers in the proof of strong conver-
gence theorems (see [32, 46]). However, we adopted a much simpler and more straight-

forward approach in our proofs.

5 Numerical examples

Here, we perform some numerical experiments to illustrate the performance of our
method, Algorithm 3.1 (Proposed Alg.), in comparison with Algorithm A.1 proposed by
Ma and Wang (Ma and Wang Alg.), Algorithm A.2 proposed by He et al. (He et al. Alg.),
Algorithm A.3 by He, Wu et al. (He, Wu et al. Alg.), Algorithm A.4 by Thong and Gibali
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(Thong and Gibali Alg.) and Algorithm A.5 by Thong and Gibali (Thong and Gibali Alg.).
Our experiments were carried out on MATLAB R2021(b).

The choice of values for our parameters are as follows: In Algorithm 3.1, we chose 7 =
0.88, 0, = (527)% n = 527, Y1 = 0.99, y = ﬁ £ =0.25. Also, we chose y_; = 0.0017,
£ =0.76, v = 0.87 in Algorithm A.1, x = 0.97 in Algorithm A.2 o = 0.02, w = 0.05 in Al-
gorithm A.3, g =0.66, . = 1.2, §, = %, By = 1’2‘3”, in Algorithm A.4 and f(x) = ix in
Algorithm A.5.

Our numerical experiments will be conducted using the following examples below:

Example 5.1 Let F: R? — R? be defined by F(x;,x») = (6/(x1), 3%, +x,) on the feasible set
C:= C1 N C?% C R?, where

Ccl:= {(xl,xz) eR:cy(x1,x2) =] + 45 -2 < 0}'
C? = {(x1,%2) € R*: ca(1,%2) 1= &7 — %, <0}, and,

e(t—-1)+e ift>1,
h(t):= §ef if —1,

elt+1)+e! ift<-1.

We see from Lemma 2.10 that VI(C, F) is nonempty, in particular, the solution, VI(C, F)
of the VI 5.1, is the set {(—1,1)}. We note that F is monotone and Lipschitz continuous.
The functions ¢(-) are also Lipschitz continuous, for i = 1,2, with constants L; = L, = 2,
where L = max{L,Ly}. Also, K = 3+/e2 + 1, and K’ = 6+/€2 + 1, see [25]. For this example
we choose § = 0.068 and set M = K.

We test the algorithms for four different initial points as follows:

Case I: g = (5,5), 1 = (-2,-1);

Case II: x = (2,6), x1 = (1,-2);

10 F
Ma & Wang Alg.
\ He et al. Alg.
He, Wu et al. Alg.
—O— Thong & Gibali Alg.
—+— Thong & Gibali Alg.
—— Proposed Alg. (non-inertial)
—A— Proposed Alg. (inertial)

103k . 5
10° 10 102 10°
Iteration number (n)

Figure 1 Example 5.1: Case |
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—¥—— Ma & Wang Alg.
He et al. Alg.
He, Wu et al. Alg.

Figure 3 Example 5.1: Case Il

Iteration number (n)

—&6— Thong & Gibali Alg.
—+— Thong & Gibali Alg.
o —P— Proposed Alg. (non-inertial)
10 \ —A— Proposed Alg. (inertial)
<4
2107 F
w
102
103k . !
10° 10 102 10°
Iteration number (n)
Figure 2 Example 5.1: Case Il
10° E
; —#—— Ma & Wang Alg.
\ He et al. Alg.
He, Wu et al. Alg.
—6— Thong & Gibali Alg.
—+— Thong & Gibali Alg.
ol | —F— Proposed Alg. (non-inertial)
10 ) \ —A— Proposed Alg. (inertial)
4
210"
w
107
103k . . .
10° 10° 10? 10°

Case III: xo = (3,6), x; = (1,0);
Case IV: xo = (5,5), x1 = (-1,1).

The stopping criterion used for this example is ||x,,; — ;|| < 1073. We plot the graphs of
errors against the number of iterations in each case. The numerical results are reported

in Figs. 1-4 and Table 1.

Next, we provide an example in infinite-dimensional spaces for the experiment of our

strong convergence result.
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102

—#— Ma & Wang Alg.

He etal. Alg.

He, Wu et al. Alg.
—O— Thong & Gibali Alg.
—+— Thong & Gibali Alg.

—P— Proposed Alg. (non-inertial)

—A— Proposed Alg. (inertial)

103 . . e
10° 10" 102 10°
Iteration number (n)
Figure 4 Example 5.1: Case IV

Table 1 Numerical results for Example 5.1

Case 1 Case 2 Case 3 Case 4

lter.  CPUTime Iter. CPUTime Iter. CPUTime Iter. CPUTime
Ma and Wang Alg. 172 0.0090 172 0.0080 180  0.0080 191 0.0079
He et al. Alg. 335 00168 335  0.0169 355  0.0158 389  0.0157
He, Wu et al. Alg. 222 0.0059 222 0.0061 235  0.0056 249 0.0056
Thong and Gibali Alg. 169  0.0064 169  0.0071 170 0.0067 171 0.0065
Thong and Gibali Alg. 322 0.0081 322 0.0078 323 0.0073 325 0.0079
Proposed Alg. 3.1 (noninertial) 159 0.0207 159  0.0213 160 0.0202 160 0.0202
Proposed Alg. 3.1 149  0.0171 149 00177 150  0.0170 149 00172

Example 5.2 Let F(x) = 3x, Vx € H, and let C C H be the closed, convex, feasible set de-

fined as follows:

m m

C:=(\Ci:= ﬂ{er:ci(x) = |l -2 < 0}, foreachi=1,...,m,

where, H = (2(R), || - 1), lxlla = | D ol
k=1

1

2

o]

k=1

and, £&5(R) := {x = (%1,%2, ..., %,...), %k € R: Z k| < 00

k=1

J®y) = %k Yx € L(R),

Also, note that F is monotone and 3-Lipschitz continuous, c; is Lipschitz continuous, and
K =1. We chose § = 0.14 in this example.
We chose different initial values as follows:

CaseI:xo=(—4,1,—i,~--),x1=(1 1

274y

)

Case Il %o = (3,1,%,...), 21 = (1,0.1,0.01,...);

» 3

CaseIlL: %9 = (5,1, 4,...), x1 = (1,-0.1,0.01,...);

’ 5

CaseIV:xp=(4,1,1,...), 2 = (-1, 1

’ 40

-

1
L)
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10'F

—6— Thong & Gibali Alg.
—+— Thong & Gibali Alg.
—%— Proposed Alg. (non-inertial)
—A— Proposed Alg.

Errors
5

102

103 . 3 3
10° 10’ 102
Iteration number (n)

Figure 5 Example 5.2: Case |

—&— Thong & Gibali Alg.
—+— Thong & Gibali Alg.
—¥— Proposed Alg. (non-inertial)
3 —A— Proposed Alg.

10° 10 102
Iteration number (n)

Figure 6 Example 5.2: Caselll

The stopping criterion used for this example is ||x,,; — ;|| < 1073, We plot the graphs of
errors against the number of iterations in each case. The numerical results are reported

in Figs. 5-8 and Table 2.

6 Conclusion

In this paper, we studied the classical variational inequality problem defined over a
finite intersection of sublevel sets of convex functions. We proposed a new iterative
method called a “Totally relaxed inertial self-adaptive projection and contraction method”
(TRISPCM), in which the projection onto the feasible set is replaced with a projection onto

some half-space. Our method does not require any line-search procedure, rather it uses
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—O— Thong & Gibali Alg.
—+— Thong & Gibali Alg.
§ —¥— Proposed Alg. (non-inertial)
—A— Proposed Alg.

102

103 .
10° 10
Iteration number (n)

Figure 7 Example 5.2: Case lll

102

—&— Thong & Gibali Alg.
—+— Thong & Gibali Alg.
—#— Proposed Alg. (non-inertial)
—A— Proposed Alg.

10° 10’ 12
Iteration number (n)
Figure 8 Example 5.2: Case IV

Table 2 Numerical results for Example 5.2

Case 1 Case 2 Case 3 Case 4

lter.  CPUTime Iter. CPUTime Iter. CPUTime Iter. CPUTime
Thong and Gibali Alg. 86 0.0147 76 0.0140 93 0.0140 83 0.0146
Thong and Gibali Alg. 106 0.0052 98 0.0056 115 0.0053 107 0.0053
Proposed Alg. 3.1 (noninertial) 54 0.0110 49 0.0118 56 0.0190 53 0.0074
Proposed Alg. 3.1 29 0.0096 28 0.0101 28 0.0091 29 0.0097

a more efficient self-adaptive step-size technique. We also employed the relaxation and

inertial techniques to speed up the rate of convergence of our proposed method. More-

over, under some mild conditions we proved that the sequence generated by our proposed
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algorithm converges strongly to a minimum-norm solution of the problem. Lastly, we con-
ducted some numerical experiments to clearly showcase the computational advantage of
our proposed method over the existing methods in the literature.

Appendix
Algorithm A.1 Algorithm 2 in [34]

Step 0. Choose x_1,x0,y-1 € H; &,v € [a,b] C(0,1), y_1 € (0, 21/3;%]‘ Setn=0.

Step 1. Given y,,_1,y-1,and x_y. Let p,, | = %,_1 —y_1.

V1= VYn-1, V-1l Fxp-1 — Fyn—lll <é&llpn-ll,
ne=
Va1V, otherwise.

Step 2. Compute

In = Pc, (%n — YuFxy).

Step 3. Compute
%1 = Pc, (U — Vu(Fyn — Fx)),
where,
Coi= [ € H: () + (o), 2 — ) < O).

Set n:= n + 1 and return to Step 1. Where F : H — H is monotone and L,— Lipschitz
continuous, ¢'(-) is Lipschitz continuous, and B, is the parameter in Lemma 2.10.

Algorithm A.2 Algorithm 1 in [23]

%o € H chosen arbitrarily,

In =Pc, (Xn = YnFXn)s

If x,, = y,,, stop, x, is a solution. Otherwise,
A% Yn) = %n = Yn) = Vu(Fxn — Fyn),

Xpi1 = % = EYud (%0, V),

or,

xZJrl =Py, [, — EWnVnFyn];

where C, and T, are half-spaces given by C,, := {w € H : c(x,) + (c'(x,),w — x,,) <0} and
T,:={weH:{(xy, — Y, YuFyn — d(x,,y,)) > 0}, respectively, and

(X = Y A, Y1) — My %0 — Yl
ld X, y) 112 '

wn =

X

M M

for some constant M > 0 and L, satisfying certain conditions.
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Algorithm A.3 (Algorithm 3.1 in [25])
Step 0. Set L =max{L;:i €I}, K' = KL, where K is defined in Lemma 2.10, and L;(i € I)
is the Lipschitz constant. Choose arbitrarily, xo € H, £ € (0,1), and set n = 0.
Step 1. Given the current iterate x,, construct the family of half-spaces

Cﬁ, = {w € H:ci(x,) + (c;(x,,),w—x,,) < 0}, iel

Set,

Co=()C}

iel
and compute:
In 1= Pc, (%n = YuFxp);
where, y,, = cw®,0 > 0,w € (0,1),
and g, is the smallest integer, such that

Vil Exy — Eyull* + K Yullot — yull* < &l — vl

Step 2. If w,, = y,, then stop, x, € SOL(C, F), otherwise, calculate the next iterative step
by:

Xn+l = PC,, (xn - ynFyn)v

or by,
Xn+l = PT,, (xn - VnFyn)r

where T, = {w €H: (xy— Y%y — Y Ww—y,) < 0}.
Set n:=n+ 1 and return to Step 1.

Algorithm A.4 (Algorithm 3.1 in [46])
Step 0. Given A >0,g € (0,1), v €(0,1), £ € (0,2). Let x5 € H be chosen arbitrarily.
Given the current iterate x,, calculate x,, + 1 as follows:
Step 1. Compute:

Yn = Pc(x, — Vann)’
where y,, is chosen to be the largest 1, € [A,Ag,Ag?,...] satisfying
N Exy = Fyall < vz = ynll-

If w, =y, then stop, x,, € SOL(C, F), otherwise,
Step 2. Compute:

Zy = PT,, (xn - zVnF(yn)):
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where T, := {x €H : (% — YuFxy — Y, x — yy) < 0}, and

Ay := % = Yn = Vn(Fxn = Fyp).

Step 3. Compute:
Xni1 = (L =8y = Bu)n + Puzn.
Set n:=n+ 1 and return to Step 1.

Algorithm A.5 (Algorithm 3.2 in [46])
Step 0. Given A >0,g € (0,1), v €(0,1), £ € (0,2). Let xy € H be chosen arbitrarily.
Given the current iterate x,, calculate x,, + 1 as follows:
Step 1. Compute:

In = Pc(Fn = YnFxn),
where y,, is chosen to be the largest 1, € [A, Ag, Ag?,...] satisfying
N Fxy = Fyall < vllxn = yull-

If w, = y,,, then stop, x,, € SOL(C, F), otherwise,
Step 2. Compute:

Zy = PTn(xn - ZVrlen):
where T, := {x €H : (% — YuExy — Y, X — yu) < 0}, and

dn =X —Yn— yn(Fxn - Fyn)
Step 3. Compute:
Xn+l = anf(xn) + (1 - )z,

Set n:=n+ 1 and return to Step 1.
Where f : H— H is a contraction with constant ¢ € (0, 1).
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