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1 Introduction
Let H be a real Hilbert space. Consider the mixed variational inequality problem: find
x € H such that

fx) -f(®) +({A@®),x-%) >0, VxeH, (MVI)

where the following assumptions are made throughout the paper:

o f:H — (—00, +00] is proper, lower semicontinuous, and convex.

+ A:H — H is a nonlinear monotone mapping.

« The set of solutions to problem (MVI), denoted by Sol(MVI), is nonempty.
Mixed variational inequalities are general problems that encompass as special cases sev-
eral problems from continuous optimization and variational analysis, such as minimiza-
tion problems, linear complementary problems, vector optimization problems, and vari-
ational inequalities, having applications in economics, engineering, physics, mechanics,
and electronics (see [6, 7, 12, 13, 19] among others).

We note that if f is the indicator function of a closed convex set C in H, then the mixed

variational inequality problem (MVI) is equivalent to finding x € C such that

(A®),x-%)>0, VxeC, (1)
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which is called the standard variational inequality problem. On the other hand, if A = 0,
then the mixed variational inequality problem (MVI) reduces to the unconstrained opti-

mization problem of minimizing f over H:
. ' 5
minf(x) 2

For mixed variational inequalities, one can find various algorithms in the literature, for
instance, in [3, 11, 15, 17, 20]. It is known that problem (MVI) is characterized by the fixed
point equation

X = prox; (x - tA(x)),
where ¢ > 0 and
t . 1 2
prox;(x) = argmin ¢f (y) + 5 llx— 11" -
yeH
This equation suggests the possibility of iterating (see [4])

Xpel = prox}” (x,, - tnA(xn)).

This method is called the forward—backward splitting method. Forward—backward meth-
ods belong to the class of proximal splitting methods. These methods require the compu-
tation of the proximity operator and the approximation of proximal points (see [9]).

Problem (MVI) might have multiple solutions, and in this case it is natural to consider
the minimal like-norm solution problem in which one seeks to find the optimal solution
of (MLN) with a minimal like-norm:

min  w(x). (MLN)
x€Sol(MVI)
The function w(x) : H — R is assumed to satisfy the following:

+ w is a strongly convex function over H with parameter ¢ > 0 (see Definition 2.1).

+ w is continuously differentiable.

If Sol(MVI) is a nonempty closed convex set, then by the strong convexity of w, prob-
lem (MLN) has a unique solution. For simplicity, problem (MVI) will be called the core
problem, problem (MLN) will be called the outer problem, and correspondingly, @ will be
called the outer objective function.

When A =0, w(x) = % [|lx]|2, the best known indirect method for solving problem (MNP)
is by the well-known Tikhonov regularization [18], which suggests solving the following
alternative regularized problem for some A > 0:

A
_min f(x) + 5||x||2. Q)

In [5], the authors treat the case that f is an indicator function of a closed and convex set
C and show that under some restrictive conditions, including C being a polyhedron, there
exists a small enough A* > 0 such that the optimal solution of problem Q;+ is the optimal
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solution of problem (MLN). In [16], Solodov showed that Y ;- Ax = 0o and f is again an
indicator function of a closed and convex set, there is no need to find the optimal solution
of problem Q;,, and it is sufficient to approximate its solution by performing a single pro-
jected gradient step on Q,, . In [2], a first order method for solving problem (MLN), called
the minimal norm gradient, was proposed, for which the authors proved an O(ﬁ) rate
of convergence result in terms of the inner objective function values. The minimal norm
gradient method is based on the cutting plane idea, which means that at each iteration
of the algorithm two specific half-spaces are constructed and then a minimization of the
outer objective function w over the intersection of these half-spaces is solved.

In [21], for finding the minimum-norm solution to the standard monotone variational
inequality problem (1), Zhou et al. proposed the following iterative method:

Xn+l = PC (xn — OpXy — ﬂnA(xn)):

where P¢ stands for the metric projection from H onto C. They proved that the proposed
iterative sequences converge strongly to the minimum-norm solution of the variational
inequality provided {«,} and {B,} satisfy certain conditions. In [8], when A is pseudo-
monotone and Lipschitz continuous, Linh et al. introduced an inertial projection algo-
rithm for finding the minimum-norm solutions of the variational inequality problem. In
[14], Linh et al. introduced an inertial method for finding minimum-norm solutions of the
split variational inequality problem.

Our interest in this paper is to study regularization forward—backward splitting method
for finding minimum like-norm solution of the mixed variational inequality problem in in-

finite dimensional real Hilbert spaces when operator A is monotone and hemicontinuous.
2 Mathematical toolbox

Let f: H — (—00, +00] be an extended real-valued function. The subdifferential of f is the
set-valued operator 3f : H — 2/, the value of which at x € H is

If () = {x* € H: (x*,y —x) <f(y) - f(x),Vy € H}.

Consider the Moreau envelope envy (x) and the set-valued proximal mapping proxy (%)
defined by

env}‘(x):yigg{af(y)+ %||x—y||2}, (3)
proxy (x) = argmin{af(y) + %Hx —y||2}-
yeH

The operator prox{ is called the proximity operator. For every x € H, the infimum in (3) is
achieved at a unique point proxy () that is characterized by the inclusion

x— proxj‘i‘ (%) € 3(af) (proxj‘? (x)).

The proximity operator possesses several important properties, three of them will be

useful in our analysis and are thus recalled here.
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(i) Variational inequality:

{x — prox{ (x), y — prox{ (%)) < af (y) — af (prox{ (x)), Vx,y € H.

(i) Nonexpansive:

lle =yl > ||pr0xj‘3‘(x) —proxg(y)|, Vx,y€H.

(iii) Firmly nonexpansive:

2, Vx,y € H.

x =, prox¢ () — prox{ (y)) > || prox{ (x) — prox (y)

Definition 2.1 A strictly convex and Gateaux differentiable function /1 : H — R is said to

be strongly convex with parameter ¢ > 0 if
W) - ) - (VHO)x-3) 2 v =yl Vay e H.
Definition 2.2 A mapping T : H — H is called monotone if
(Tx)-T@),x-y)>0, VxycH.

Definition 2.3 A mapping T : H — H is called strongly monotone if there exists ¢ > 0
such that

(T(x)—T()’),x—J’)Zt”x—y”z» Vx,yeH.

If a strictly convex and Gateaux differentiable function /1 : H — R is strongly convex with
parameter ¢ > 0, then V/ is strongly monotone with parameter ¢ > 0.

Definition 2.4 A mapping T : H — H is called Lipschitz continuous if there exists L > 0
such that

|T@) - TW)|| <Lllx-yl, Va,yeH.

If a mapping T : H — H is strongly monotone with parameter ¢ > 0 and Lipschitz con-
tinuous with constant L, then L > ¢.

Remark 2.1 As a matter of fact, it is know that:
(i) If Vo is strongly monotone with constant ¢ and A is monotone, then A + aVw is
strongly monotone with constant to.
(ii) If Vw is Lipschitz continuous with constant L,, and A is Lipschitz continuous with
constant Ly, then A + @V is also Lipschitz continuous with constant (L4 + «L,,).

Definition 2.5 [1] A function f is called lower semicontinuous at the point xy € domf if
for any sequence x,, € domf such that x,, — x, there holds the inequality

f(xo) < limintf (). @
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If inequality (4) occurs with the condition that the convergence of x,, to x, is weak, then
the function f is called weakly lower semicontinuous at xy.

Lemma 2.1 (1] Let f be a convex and lower semicontinuous function. Then it is weakly
lower semicontinuous.

Definition 2.6 [21] A mapping T is said to be hemicontinuous if for any sequence {x,}
converging to xy € H along a line implies T'(x,,) = T (x0), i.e., T'(x,) = T (x0 + tux) — T'(x0)
ast,— Oforallx € H.

Lemma 2.2 [21] Let {«,} be a sequence of nonnegative real numbers satisfying
Uyl < (1= Yu)oty + YuBn, n>0,

where {y,} € (0,1) and {B,} satisfy

(1) Z;.IZO Yn = OC;

(i) either limsup,,_, .o B <0 0r Y 20 |YuPul < 00.
Then lim,—, oo a,, = 0.

Lemma 2.3 [10] Let A : H — H be a hemicontinuous monotone operator. Assume that the
following coercivity condition holds: there exists v € domf such that

S@) =f() + (Au), u —v)

lloel]—+00 [lz]]

= +0Q.

Then Sol(MVI) is a nonempty set.

3 Main result
Before describing the algorithms, we require the following notation for the optimal solu-
tion of the problem consisting of minimizing w over a given closed and convex set C:

Q(C) = argmin w(x). (5)

xeC

By the optimality condition in problem (5), it follows that
x=Q(C) & (Vo@),x-x>0, VxeC. (6)

Lemma 3.1 Let A: H — H be a hemicontinuous monotone operator. Then, for a fixed
element x € H, the following mixed variational inequalities are equivalent:

(i) fx)—fx) + (Ax),x—x) >0,Vx e H.

(i) f(x)—f(®) + (A(x),x—x) > 0,Vx € H.

Proof (ii) = (i) Since A is a monotone operator, then for any x € H, we have
(A(x),x - 5c> > <A(5c),x - 56)
Hence,

f&) —f®) + (AW, x - %) = f(x) - f(%) + (A(R),x — %) > 0.
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(i) = (ii) Letting x; = X + £(x — %), 0 < £ < 1. Then we have
) = f(®) + (Alxe), % — %) > 0
and

Sl —f (%) + (A(xt);xt - 9_C>
<)+ 1 -t)f (%) —fE) + (A% + tx — X)), % + t{x — X) — X)
= tf (x) — tf (%) + (A(% + t(x — X)), t(x — X)).

Hence,
0 < limf(x) - f(&) + (A (X + £ — &), 0 - &) = () =f (%) + (A(R), % - X).
This completes the proof. g

Lemma 3.2 Let A: H — H be a hemicontinuous monotone operator. Then Sol(MVI) is a
closed convex set.

Proof Let %,& € Sol(MVI), let 0 < ¢ < 1. Then, for any x € H, by Lemma 3.1 we have
tf (%) - tf (%) + (Ax), tx — £%) > 0

and
(1-8)f(x) - Q- 0)f () + (Ax), (1 - t)x — (1 - 1)&) > 0.

Hence,
f@) —f(tx+(1-0%) + (A@x),x - (tx+ (1-1)%)) =0, VxeH.

Then we have tx + (1 — £)x € Sol(MVI), that is, Sol(MVI) is a convex set.
Let {x,} C Sol(MVI) and x,, — x. Then, for any x € H, by Lemma 3.1, we have

) = f () + (A(x), % - x,) > 0.

By the weak semicontinuity of f, we have
(@) < liminff (x,).

Then we have
fx) —f®) +{Ax),x-x) >0, VxeH.

Hence, x € Sol(MVI), that is, Sol(MVI) is a closed set. O
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In this section, we use the idea of regularization to attach the general case. For given
y > 0, we consider the following regularization mixed variational inequality problem: find
x € H such that

fx)—f(x) +(yVa)(5c) +A(5c),x—5c)20, Vx e H, (7)
where y > 0 is the regularization parameter.

Lemma 3.3 Let A: H — H be a hemicontinuous monotone operator. Then the regulariza-

tion mixed variational inequality problem (7) has a unique solution.

Proof For any v € domf and v* € 9f(v), by Remark 2.1, we have

fw)—f(v) + (yVo(u) + A(u), u —v)
flull

- (vSu—-v)+ {(yVo+A)(u) — (yVo+ A)v),u—v) + ((y Vo + A)(v),u —v)

o]l

- W5 u—-v)y+tyllu—v)|?+ (y Vo + A)v),u—-v)

flaell
Hence,

i L0020V M)
uj|—+00 u

Then, by Lemma 2.3, the set of solutions to the regularization mixed variational inequality
problem (7) is nonempty. Next, we show that problem (7) has a unique solution.
Assume that ¥ and % are solutions of the regularization mixed variational inequality

problem (7). Then we have

f&) -f®) +(yVo&) + ARX),Z - %) >0 (8)
and

fE) -f®) +(yVoR) + AR), X - &) > 0. 9)
Combining (8) and (9), we get

(¥ Vo) + A®) - (yVo(®) + A)),% - &) > 0.
Hence, by Remark 2.1, we have

ty % - %1 < ((y Vo) + AR)) - (y V() + A(X)),& - %) < 0.

Therefore, % = x. This completes the proof. d
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Remark 3.1 For any y >0 and B >0, we have

% is a solution of problem (7)
& fx)-f@)+(yVoR) +ARX),x-%) >0, VxeH
&  —yVo@) - A) € If (%)
& x-yBVo(x) - BAx) —x € 0(Bf)(x)
&

%= prox}9 (* - yBVw ) - BAR)).

In this section, we will introduce two iterative methods (one implicit and the other ex-
plicit). First, by Remark 3.1, we introduce the implicit one:

I = Prox)” (v — V() — BuAG)), (10)
where {o,} and {B,} are two sequences in (0, 1) that satisfy the following condition:
oy

— —> 0, asn— +o0.

Bn

Theorem 3.1 Let A be a hemicontinuous monotone operator. Then the sequence {y,} gen-
erated by implicit method (10) converges to x = Q(Sol(MV])), which is the minimum like-
norm solution of (MVI).

Proof Put z, =y, — a,Vo(y,) — B.A(y,). For any p € Sol(MVI), we have

19 =PI = 9 = 20 Y = P) + (2 = P2 Y = P)- (11)
By using (10) and (11), we get

(¥n = Znr Y = P) = (prox}" (2,) = 2, Prox/" (z,) - p).
It follows from the property of prox}q” that

(2 — proxf" (z,), p — prox;” (z,)) < Buf (b) — Buf (prox}" (z.)). (12)

By (11) and (12), we have

llyn = 21
= Wn—2wYn—P) + (Zn =P Yn — P)
< Buf () - Buf (prox}" (z,)) + (2u = p,3yn — 1)
= Buf (0) = Buf (Proxf” (z,)) + (Y = tu V& (yn) = BuA(n) = b, 3~ P)
< B () = Buf (prox}" (z,)) + llyn = pII* = (0t VX 3) + BrAW) ¥ = P),

which simplifies to

ﬂnf(p) - ﬂnf(pI'OX};” (Zn)) = (anvw(yn) + ,BnA(yn)’yn —P>,
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and then
Ay
f(P) —f(PYOXff" (Zn)) Z <ﬁ—Vw()/n) +A()’n)1yn —P>
Setting y, = 3, we have

f(p) - £ (prox}" (z,))
> (yu Vo) + AQn)yn — p)
= (¥aVoUn) ¥ = p) + (A0 = AW), Y5~ p) + {AP), 7 - p)

Since A is a monotone operator and p € Sol(MVI), we know

(A(yn) ~A@),yn —P> >0

and

F(prox(z,)) —f(p) + (A®), yn — P) =f On) = £ B) + (A(P), 30 — p) = 0.

Combining the above three relations yields

(Vo) yu—p) <0. (13)

Then we have

(Va)(y,,) - Vo(p) + Vo (p), v, —p) = (Va)(y,,),y,, —p> <0,

from which it turns out that

(Va)(y,,) - Vo(p),yn _P) = (_Vw(l’)ryn —P).

Hence, by the strong monotonicity of Vw and the Cauchy—Schwarz inequality, we have

tlly, — plI* < (Vo) — Vop),yu —p) < (~-Vo@),y, —p) < | Vo@) | ly. - pll.  (14)

Therefore, {y,} is bounded. Then we know that {y,} has a subsequence {y,x} such that
Yk — X as k — oo. Furthermore, without loss of generality, we may assume that {y,}
converges weakly to a point x € H. We show that x is a solution to (MVI). For any x € H,
by Remark 2.1, we have

(YuVo(x) + A),% = yu) = (Ya VO ) + AWn), X = Y)
=((yaV + A) (%) = (Ya Vo + A)¥n), % = yu)
> t)’n”x_yn”z

>0. (15)
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Combining (15) and (10), we get

F@&) =f ) + (yVorlx) + A(x), x — y,)
Ef(x) _f(yn) + (Van()/n) +A(yn):x _yn>
> 0. (16)

Taking the limit as # — oo in (16) yields
f&x) —f®) +{A(x),x-%) >0, VxeH.
By Lemma 3.1, we get
f@®) —f®) +({A@®),x-X)>0, VxeH,
that is, x € Sol(MVI). Therefore, we can substitute p by x in (14) to obtain
Elly, — &I < (~Vo(E), y, - &) (17)
Since y, — ¥ as n — 00, by (17) we get y, — X as n — 0o. Moreover, from (13) we get
(Vo(x),x-p) <0, Vp e Sol(MVI),

from which we know that x is the minimum like-norm solution of (MVI). This completes
the proof. O

Now, we introduce an explicit method (regularization forward—backward splitting) and
establish its strong convergence analysis. From the implicit method, it is natural to con-
sider the following iteration method that generates a sequence {x,} according to the re-

cursion.

Algorithm 3.1 Given x( € H, for every n € N, set
Xn+l = (1 - Sn)xn + S PFOX}(}” (xn - anvw(xn) - ﬁnA(xn)): (18)

where {s,}, {o,}, and {8,} are three sequences in (0, 1) that satisfy the following conditions:
(i) auts, <1,0<5<s,;

2
) 250,82 0asn— o0;
Bn Op
-0
(iii) oy, — 0asn— 00, Y -1 oy = 00;
) lotn=0tn—11+1Bn=Bu-1l

a2

n

(ii

(iv — Q0 asn— oo.

Proposition 3.1 Let A be a hemicontinuous monotone operator. Let {x,} be defined by
Algorithm 3.1. Assume that {B,A(x,)} is bounded. Then the iterative sequence {x,} is
bounded.
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Proof For any p € Sol(MVI), from the property of prox‘3 ", we know

ne1 = 11>
= (1= 50 + 5 Proxt” (xy — @ Vao(w) — BuA(5,))
—(1=s,)p = s, prox;” (p - B,A(p))
= [ = 5)6n = ) + 5 (Prox}” (s — €w Veolie) = BuA ()
— prox” (p— ,A(p)) |
< (1= $,)l60 = pI> + 54| proxf (s, — 0y Var(w) = BrA(x) = proxt” (p - BuAP)) |
< (=5l =PI + 8| (50 — 0tu Veot) = BuA () — (p — BuA (D) ]
= (1= su)llxn - pII>
+ 5n| (60 = ) — 2 (Voo (%) = Vo (p)) = au Vo (p) = Bu(Alxn) — Ap))
= [l = pI* + 025, | Vool) = Vo@) | + sul| anVerp) + Bu(A,) - A@) |
= 2058u( VO (%) = Vo (0), % — ) = 28u{tn Vo (p) + Bu(AXn) — A(P)), % — p)

+ Zan5n<anvw(p) + Bu (A(xn) —A(P)), Val(x,) - Vw(l”))

I

I

Then, by the monotonicity of A, strong monotonicity and Lipschitz continuity of Vw, we
have

1 12
< 1% =PI + 2Ll =PI + 50 | @a Voo (p) + B (An) — A)) |
= 20,18, 1% — P1|* = 28u{n Voo (p), %, — p)
+ 20,8500 V() + B (Alxn) — AP)), Vo) — Var(p))
< (1 +@2L2 5, — 2ayt5,) [0 — PI + 500t Vo) + B (Alxn) —A@)) |
+ 20,8, | Vo) | 1%, = pll + 207 Losy | Vo) I1x, - pl

+ 200 Lo Busul| A () = A@) | 12 — I (19)
Suppose that {x,} is unbounded, then there exists {x(,x+1} C {*,} such that
%41 — Il = max{|lx1 — pl, lx2 = pll, ..., 1%nk — Il }-
Hence,
%(n, 1041 = pll = +00.
Then, by (19) and {8,A(x,)} is bounded, we have

%k — pIl = +00.

Page 11 0f 18
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Using inequality (19) again, we get

%k — pII?
= (1 + aikLi,sn,k - 2O‘ri,kté‘n,k) S —P||2 + Suk ”an,kvw(p) + Bk (A(xn,k) —A(P)) ”2
+ 2Oln,ksn,k H VCU(P) || ”xn,k —P” + zaiklfwsn,k H Va)(p) || ”xn,k —17||

+ Zan,kLwﬁn,kSn,k ||A(xn,k) —A(P) || ”xn,k —P”

Then we have

(2t = 0tk L2)) ln = pII

2
< k| Vo(p) + P Z (A@ui) —A®)) | +2LoBuk|Ank) = AP)| 1%k - Pl
+ 2| Vo@) |14k — Il + 201 Lo || V@) | 120k - pII- (20)

Since o, — 0 and {8,A(x,)} is bounded, then by (20) {x,,x} is also bounded. This contra-
dicts ||x,x — pll = +00. Hence, the iterative sequence {x,} is bounded. (]

Theorem 3.2 Let A be a hemicontinuous monotone operator. Let {x,} be defined by Al-
gorithm 3.1. Assume that both {$,A(x,)} and {A(y,)} are bounded. Then the iterative se-
quence {x,} converges to x, which is the minimum like-norm solution of (MVI).

Proof By using Theorem 3.1, we know that {y,} converges strongly to x. Therefore, it is
sufficient to show that x,,,1 — y, — 0 as n — oo. By using (10) and Algorithm 3.1, we get

net =yl
= [0 = s, + 5 prox” (s, — ty Var(y) = BuA(x,))
(1= $,)7 = 54 PrOX. (ys = V() — BuA ()|
= [0 = 5, Gon = 3) + 50 (prox” (s, — s Var(ay) — BuA(x,))
= proxf” (3, = Vo) - B AGW)) |
< (1=l = Yul® + 85| prox}” (s, — et Vo) — BuA(,))
= Prox” (v, = ctu Vo (yn) = BuA(y))
< (L =815 = yull> + 8u | (%0 — 0t Vor() = BuA (%))
= On = Vo) - BuAlyn)) |
= (=50 @ -
45| Gn = yn) = ot (Vo) = Vo) = Bu(Aa) - Alyn)) |
= 110 = yull? + 02| Vo) = Veolyn) |* + 25| Alwa) = Aly) |
= 20,5,V (%) = V), %0 = V) = 2BSu{ A1) = AWn)s % = V)
+ 20, BusulAn) = AW, Vo) = Vor(y,)).

I



Guan and Song Journal of Inequalities and Applications (2023) 2023:126 Page 13 0f 18

Hence, by the monotonicity of A, we have

[1%241 _yn||2
< 11960 =yl + @25 | Voo () = Vo) || * = 2008, (Veo(,) = Vo), %0 = ¥,

+ ﬂzsn ||A(xn) —A(yn) HZ + Zanﬂnsn(A(xn) —A(yn), Voo(x,,) — Vw()’n)),

and then, by the strong monotonicity and Lipschitz continuity of Vw, we have

2
1241 = Yl

2 2
< |l%x _yn” +o,

+ ,335,, HA(xn) —~AQyn) ”2 + 2anﬂn5n<A(xn) ~A(yn), Vor(x,) - Vw@n))

2 2.2 2 2 2 2(r12 2.2 2
= |, _yn” +a,,t Sn”xn _yn” — 20, L8, |1% _yn” to, (stn -t Sn)”xn _yn”

2 2 2
stn”xn _yn” — 200,18, 1%, _yn”

+ B2, [ AGa) = A |* + 2000 BusulAn) = Aya), Vor() = Voo(y))
= (1= auts,) 1% = yull® + o (L2 50 — £50) 1960 — 9

4 B25u | AG) = A |* + 20 BusulAxa) = A, Vor(,) - Vor(y,,)
< (1= antsy)* (160 = Yt I1? + 2090 = Y1 15 = Yt |+ 190 = yua I?)

+ g (L2 sn — £250) 1% — yull> + Brrsn| Alxn) —A()’n)||2

+ 20 Busul{A %) = A(n), Vo (%) = Vo (yn))
< (1= auts) 1% = Yot 1% + 208 = Yuct 1170 = Yt | + 190 = Yucr I

+ @2 (L2 sy — 252) %0 = yall® + B254 ]| Ax) - A |

+ 20, Busn ”A(xn) _A(yn)” ”Vw(xn) = Vo(y,) ” (21)

Since prox}s” is a firmly nonexpansive mapping, we have

”.yn _yn—l”2
E ( n _yn—l: (yn - anvw(yn) - ,BnA(yn)) - (yn—l - an—lva)()/n—l) - lgn—lA(yn—l)))'

Then we have that

1y =y l®
< = Y1590 = Y1 = VO ¥) + 0y VOY-1) = 0n VO Y1) + @y VO (Y1)
= BuAWn) + BrAWn-1) = BrAWn-1) + Buo1r A1)
= 11y = yua lI?
= (Y = Yu-1, VOW) = VOOu-1)) = (@ = tu-1)(n = Y1, VO Y1)
= Bulyn = Vn-1,A0m) = An-1)) = (Br = Bu-1)(¥n = Y1-1, A1)
<My =Yt 1 + 1B = But 1y = Yt || A1) |

’

= ot |[yn = Yu1 II” + etn = @t |1y = Yur || Vo 1)
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and so that

Autl|yn = Yn-1 ”2
E |/3n - /Sn—l | ”yn _yn—l ” HA(yn—l)H + |an - an—l“lyn _yn—l ” va(yn—l) ”

Hence, we get

ﬁ ﬁnl

Vl

H9 = | < |AGu-D| + | === || Vo) -

Since {y,} and {A(y,)} are two bounded sequences, there exists M; > 0 such that
sup{|Vo@u-D) I, IAWu-1)|I} < M; for any n > 1. Then we have

Qy — Oy

IBn - ,Bn—l
+

n

tyn =yl < ( >M1~ (22)

Ay

From conditions (ii) and (iv) we know that % = o(e,) and B2 = o(a,,). Then
(21) turns out to be

1 = yll?
< (= autsy) 1% = Yot > + 209 = Yuca 1170 = Yt | + 19 = Y I
02 (L2 = £252) 160 = yull® + B25u | An) = A |
+ 20, B | An) = AQn) | | Vo) = Vo) |

< (1 - antsn)”xn —Vn-1 ”2

nLZ_tzn
+wm<ﬁL%—i% —mu+ “MM)AWW

|Br — ,3n-1| + oy, — o1 | My

2 2
o Syl

+ (2”xn = Y1l + 1¥n = Yn1 ”)

) 00| [V - Vo]

= (1 = autsy) %0 = Y1 1> + 0(ctntsy).

By Lemma 2.2 and condition (iii), we have ||x,,1 — ¥,|| = 0, as n — o0. It follows that {x,,}
converges strongly to X = argmin, o vy @(%). This completes the proof. O

If A: H— H is an Ly-Lipschitz continuous and monotone operator, then we have the
following convergence result.

Theorem 3.3 Let A be an Lu-Lipschitz continuous and monotone operator. Let {x,} be
defined by Algorithm 3.1. Then the iterative sequence {x,} converges to x, which is the min-
imum like-norm solution of (MVI).

Proof From Theorem 3.1, we know that y, — X = argmin, g\ rvy) @(%). Therefore, it is suf-
ficient to show that x,,,; — y, — 0 as n — oc. In view of conditions {«,} and {8,}, without

Page 14 of 18
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loss of generality, we may assume that
0 < Ay, =20,ts, — Lz)aﬁsn - ﬁﬁLisn — 20, BuLoLas, < 1. (23)
By using (10) and Algorithm 3.1, we get

Fnet =yl

= [0 = 505 + 5, prox” (s, — &y Veolis) — BrA (5,))

— (1= )9 = $u PrOX}” (yn — @y Ver(yn) = BuA(yn) I?

= |1 = 50)Gen = 3n) + 5 (PrOx{" (s = ctn Veoli) = BrA (1))

— proxf” (v — auVar(y) = BuA()) |
< (L= )60 = 9l + | Proxf” (s = s Vo) = BuA ()

— prox}” (v — auVar(y) — BuA(y)) |
< (1= sl — yull®

+ 8| (50— s V() = BuA(50)) = (7 — VO 3) = BuA(y) |
= (1= s2) 1%, = yull?

+ S| (¥n = ¥n) = n (Vo (%) = Vo (3)) = Bu(A(xn) = A(yn))
< 6 = yull? + 02| Vo) = Vaolyn) |* + 25| Aw) = Ay |

= 20$5(V (%) = VOT), %0 = V) = 2Busul{Axn) = AYn)s X — V)

+ Zanﬁnsn<A(xn) —~A(yn), Vorx,) — Vw(yn))'

I

Hence, by the monotonicity of A and the strong monotonicity of Vw, we have

2 2 272 2 272 2
[1%41 —yn” <% _yn” + aanSn”xn _yn” + ﬁnLASn”xn _yn”

— 200,18, 1%, —Yn ”2 + 20, BnLoLaSnll%n —Yn ”2 (24)
Then, by (24) and (23), we have

[1%241 _yn||2 <1- (Zantsn - O[}%Lis,,, - ﬁﬁLisn - ZanﬂanLASn) | B _yn”2

= (1= A)lloen = yall (25)

From (25), (22) and condition (iv), we obtain

1
”xn+1 _yn” = (1 - E)Vn> “xn _yn”

Page 150f 18
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By condition (iii) and Lemma 2.2, we deduce that x,,,; —y, — 0 as n — 00. This completes
the proof. d

Corollary 3.1 Let A be a hemicontinuous monotone operator. Let w(x) = % llx|12. Let {x,,} be
defined by Algorithm 3.1. Assume that both {B,A(x,)} and {A(y,)} are bounded. Then the
iterative sequence {x,} converges to X = Pyesoimvr)(0), which is the minimum norm solution
of (MVI).

Corollary 3.2 Let A be an La-Lipschitz continuous and monotone operator. Let w(x) =
%||x||2. Let {x,} be defined by Algorithm 3.1. Then the iterative sequence {x,} converges to

% = Pyesoimv) (0), which is the minimum norm solution of (MVI).

4 Application
Let f : H — (—00,+00] be a proper, lower semicontinuous, and convex function, let
g:H — (—00,+00) be a convex and Gateaux differentiable function. Consider the opti-

mization
minf(x) + g(x). (P)
xeH

We denote by Sol(P) the solution set of problem (P). Notice that

x€Sol(P) <« 0edf(®)+ Vg
& -Vg(®) € ¥f(®)

& fO)-f@) +(Vg),y-%=>0, VyeH.

Note that if g is convex and Gateaux differentiable, then Vg is norm-to-weak continuous
and monotone. Hence, Vg is a hemicontinuous monotone operator. On the other hand,
when A = Vg, the minimization problem corresponding to regularization mixed varia-

tional inequality problem (7) becomes
minf(x) + g(x) + y,o(x). (26)
xeH

Since w(x) is a strongly convex function, the minimization problem (26) has a unique so-

lution. Therefore, as an application of Theorem 3.2, we have the following result.

Algorithm 4.1 Given x, € H, for every n € N, set
Fns1 = (L= 82)%n + Sy prOXﬁ" (xn -, Vao(x,) - ,ang(xn))y

where {s,}, {«,}, and {8,} are three sequences in (0, 1) that satisfy the following conditions:
(1) auts, <1,0<5<8y,;
(i

i) g”—>0 ‘3”—>Oasn—>oo,
(i) ay — 0asn— 00, Y 1} oy = 00;
)

lotn—0t— 1|+|ﬁn Bu-1l
O‘n

(iv — 0asn— o0.
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. . . . . . . .
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Number of iterations

Figure 1 Numerical results of Algorithm 4.1

Theorem 4.1 Let the sequence {x,} be generated by Algorithm 4.1. Assume that both
{B.Vg(x,)} and {Vg(y,)} are bounded. Assume that Sol(P) is nonempty. Then the iterative
sequence {x,} converges to x = argmin p) @(x), which is the minimum like-norm solution

xeSol
of (P).

5 Numerical experiment
Example 5.1 Let H=RR. Let
1
2

X, , x>0,

x>0 % X2,
fx) = glx) = A(x) = Vg(x) =
0, x<0, 0, x <0, 0, x <0,

and let w(x) = %xz. It is clear that A = Vg is a hemicontinuous monotone operator and w(-)
is a strongly convex function with parameter 1. Choose the sequences {,}, {8,}, and {s,}
such that

Q
=
I
X
=
=
I
X
wie

SV,:E.

Then it is clear that conditions (i)—(iv) of Algorithm 3.1 and Algorithm 4.1 are satisfied.

In Fig. 1, we present the numerical results by Algorithm 4.1. If xy = 10, then the optimal
solution can be obtained through 8 steps of iteration. If xy = 50, then the optimal solution
can be obtained through 19 steps of iteration.

6 Concluding remarks

In this paper, we considered a class of regularization forward—backward splitting meth-
ods for finding the minimum like-norm solution of the mixed variational inequalities and
convex minimization problem in a Hilbert space. Strong convergence results have been
obtained for the forward—backward splitting method under the hemicontinuous assump-

tion.
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