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Abstract
Let α ≥ 2,m ≥ 2 be integers, p be an odd prime with p �m(m + 1), 0 < λ1, λ2 ≤ 1 be
real numbers, q = pα >max{[ 1

λ1
], [ 1

λ2
]}. For any integer n with (n,q) = 1 and a

nonnegative integer k, we define

Mλ1,λ2 (m,n, k;q) =
q∑′

a=1

[λ1q]∑′

b=1

[λ2q]∑′

c=1
ab≡1( mod q)
c≡am( mod q)

n�b+c

(b – c)2k .

In this paper, we study the arithmetic properties of these generalized Kloosterman
sums and give an upper bound estimation for it. By using the upper bound
estimation, we discuss the properties ofMλ1,λ2 (m,n, k;q) and obtain an asymptotic
formula.

Keywords: Lehmer problem; Generalized Kloosterman sums; Incomplete interval;
mth power q

1 Introduction
Let q > 2 be an odd integer. For any integer 1 ≤ a, b ≤ q – 1 with (a, q) = 1, there exists a
unique integer 1 ≤ c ≤ q – 1 such that bc ≡ a(mod q). Let N(a, q) denote the number of
solutions of the congruence equation bc ≡ a (mod q) with 2 � b + c and (b, q) = (c, q) = 1.
The classic D. H. Lehmer problem (see F12 in [2]) is to find some nontrivial properties
about N(1, p), where p is an odd prime. Zhang [10] has given an asymptotic estimate

N(1, p) =
p
2

+ O
(
p

1
2 ln2 p

)
.

In [11], Zhang studied the D. H. Lehmer problem in the general case of an odd number
q > 2 and obtained

N(1, q) =
1
2
ϕ(q) + O

(
q

1
2 d2(q) ln2 q

)
,
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where ϕ(q) is the Euler function and d(q) is the divisor function. For further properties of
N(a, q), Zhang [15] studied the mean square value of the error term N(a, q) – ϕ(q)

2 , which
proved that the estimate in [11] is best possible. Lu and Yi [6] generalized the condition
“2 � a + b” of the classic Lehmer problem to the general case “n � a + b”. Let λ1, λ2 be any
real number with 0 < λ1, λ2 ≤ 1, n ≥ 2 be a fixed integer, c and q ≥ 3 be integers with
(n, q) = (c, q) = 1. They derived

[λ1q]∑′

a=1

[λ2q]∑′

b=1
ab≡c ( mod q)

n�a+b

1 =
(

1 –
1
n

)
λ1λ2ϕ(q) + O

(
q

1
2 d6(q) ln2 q

)
.

In [14], Zhang investigated the distribution behavior of |a – ā|. For any real number
0 < δ ≤ 1, he defined

S(q, δ) = #
{

a : 1 ≤ a ≤ q – 1, (a, q) = 1, |a – ā| < δq
}

and got an asymptotic formula

S(q, δ) = δ(2 – δ)ϕ(q) + O
(
q

1
2 d2(q) ln3 q

)
.

Khan and Shparlinski [4, 5] studied the maximal difference between an integer and its
inverse

M(q) = max
{|a – ā| : 1 ≤ a ≤ q, (a, q) = 1

}

and proved

q – M(q) = o
(
q

3
4 +ε

)

for any ε > 0. Then Xu and Yi [8] generalized the problem in [14], they focused on the
distribution behavior of |a – ā| over incomplete intervals. For any real numbers λ, δ with
0 < λ, δ ≤ 1, they studied

S(q,λ, δ) = #
{

a : 1 ≤ a ≤ λq, (a, q) = 1, |a – ā| < δq
}

and gave an asymptotic formula for it.
In addition, the research on the mean value distribution of the difference between an

integer and its inverse has also aroused the interest of many scholars. Zhang [13] was the
first person to explicitly address this issue, he proved

q∑′

a=1

q∑′

b=1
ab≡1( mod q)

(a – b)2k =
ϕ(q)q2k

(2k + 1)(k + 1)
+ O

(
4kq

4k+1
2 d2(q) ln2 q

)
.

Let (am)q represent the minimum positive residue of the integer am modulo q, that is,
1 ≤ b ≤ q is an integer with b ≡ am(mod q). Xu [7] generalized the problem in [13] and
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studied the distribution of the differences |a – (am)q| over incomplete intervals [1, [λq]]
with 0 < λ ≤ 1. He defined

Mλ1,λ2 (m, k; q) =
[λ1q]∑′

a=1

[λ2q]∑′

b=1
b≡am( mod q)

(a – b)2k

and obtained a sharp asymptotic formula

Mλ1,λ2 (m, k; q)

=
(
λ2k+2

1 + λ2k+2
2 – (λ1 – λ2)2k+2) ϕ(q)q2k

(2k + 2)(2k + 1)
+ Oλ1,λ2,k

(
q2k+ 1

2 mω(q)d(q) ln2 q
)
.

Let ā denote the inverse of a modulo q, and a is called a D. H. Lehmer number if 2 � a + ā.
Zhang [12] studied the even power mean of the distance between a and ā with a Lehmer
number and proved

M(k; q) =
q∑′

a=1

q∑′

b=1
ab≡1( mod q)

2�a+b

(a – b)2k =
ϕ(q)q2k

(2k + 1)(2k + 2)
+ O

(
4kq

4k+1
2 d2(q) ln2 q

)
.

In 2014, Xu and Zhang [9] considered the high-dimensional case. Let 0 < λ1, . . . ,λk+1 ≤ 1
be real numbers, q ≥ max{[ 1

λi
] : 1 ≤ i ≤ k + 1} be a positive integer with (a, q) = 1. For any

nonnegative integer m, they considered the distribution of the 2mth powers of b1 · · ·bk – c
and obtained an asymptotic formula for

[λ1q]∑′

b1=1

· · ·
[λk q]∑′

bk =1

[λk+1q]∑′

bk+1=1
b1···bk c≡a( mod q)

2�b1+···+bk +c

(b1 · · ·bk – c)2m.

Han, Xu, Yi, and Zhang [3] recently generalized the problem in [9]. They studied the high-
dimensional D. H. Lehmer problem

[λ1q]∑′

b1=1

[λ2q]∑′

b2=1

· · ·
[λk+1q]∑′

bk+1=1
b1b2···bk+1≡a( mod q)

n�b1+b2+···+bk+1

(b1 · · ·bt – bt+1 · · ·bk+1)m

and gave an asymptotic formula for it.
In this paper, we generalize the problem in [7, 12] and study the difference between ā and

(am)q with n � ā + (am)q. Let m ≥ 2, α ≥ 2 be integers, p be an odd prime with p � m(m + 1),
0 < λ1, λ2 ≤ 1 be real numbers, q = pα > max{[ 1

λ1
], [ 1

λ2
]}, n be an integer with (n, q) = 1, k
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be a nonnegative integer. For any integer a ∈ [1, q) with (a, q) = 1, we define

Mλ1,λ2 (m, n, k; q) =
q∑′

a=1

[λ1q]∑′

b=1

[λ2q]∑′

c=1
ab≡1( mod q)
c≡am( mod q)

n�b+c

(b – c)2k .

The main purpose of this paper is to study the asymptotic properties of Mλ1,λ2 (m, n, k; q)
by using the estimation for the generalized Kloosterman sums and properties of trigono-
metric sums.

We will prove the following result.

Theorem 1 Let m ≥ 2, α ≥ 2 be integers, p be an odd prime with p � m(m + 1), 0 < λ1,
λ2 ≤ 1 be real numbers, q = pα > max{[ 1

λ1
], [ 1

λ2
]}, n be an integer with (n, q) = 1, k be a

nonnegative integer. For any integer a ∈ [1, q) with (a, q) = 1, we have

Mλ1,λ2 (m, n, k; q) =
(

1 –
1
n

)(
λ2k+2

1 + λ2k+2
2 – (λ1 – λ2)2k+2) ϕ(q)q2k

(2k + 2)(2k + 1)

+ O
(
(m + 1)q2k+ 1

2 d(q) ln2 q
)
,

where ϕ(q) is the Euler function and d(q) is the divisor function.

Let

Fq(m, n) = #
{

a : 1 ≤ a ≤ q – 1, (a, q) = 1, n � ā +
(
am)

q

}
,

it is clear that M1,1(m, n, 0; q) = Fq(m, n), so we can get the following corollary.

Corollary 1 Let m ≥ 2, α ≥ 2 be integers, p be an odd prime with p � m(m + 1), q = pα > 2,
n be an integer with (n, q) = 1. We have

Fq(m, n) =
(

1 –
1
n

)
ϕ(q) + O

(
(m + 1)q

1
2 d(q) ln2 q

)
.

Taking n = 2, we get the following result.

Corollary 2 Let m ≥ 2, α ≥ 2 be integers, p be an odd prime with p � m(m + 1), 0 < λ1,
λ2 ≤ 1 be real numbers, q = pα > max{[ 1

λ1
], [ 1

λ2
]}, k be a nonnegative integer. For any integer

a ∈ [1, q) with (a, q) = 1, we have

Mλ1,λ2 (m, 2, k; q) =
q∑′

a=1

[λ1q]∑′

b=1

[λ2q]∑′

c=1
ab≡1( mod q)
c≡am( mod q)

2�b+c

(b – c)2k

=
ϕ(q)q2k

2(2k + 2)(2k + 1)
(
λ2k+2

1 + λ2k+2
2 – (λ1 – λ2)2k+2)

+ O
(
(m + 1)q2k+ 1

2 d(q) ln2 q
)
.
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2 Some lemmas
Lemma 1 Let 1

2α ≤ β < α, a = pβv + u, and (u, p) = 1. Then

ā ≡ ū – pβ ū2v (mod pα).

Proof See Lemma 1 in [1]. �

Lemma 2 Let α be an odd number, β = 1
2 (α – 1), a = pβv + u, and (u, p) = 1. Then

ā ≡ ū – pβ ū2v + p2β ū3v2 (mod pα).

Proof See Lemma 5 in [1]. �

Lemma 3 Let q and i be integers with q > 2, i ≥ 0. Let r and l be integers with 1 ≤ r ≤ q,
1 ≤ l ≤ n. Let 0 < λ ≤ 1 be a real number. For any given integer n ≥ 2, we have

[λq]∑

d=1

die
(

d
–rn + ql

qn

)
=

⎧
⎨

⎩

(λq)i+1

i+1 + O((λq)i), qn | –rn + ql,

O( (λq)i

| sin π (–rn+ql)
qn | ), qn � –rn + ql.

Proof See Lemma 2.1 in [3]. �

Lemma 4 Let p be an odd prime. Then

∣∣∣∣
∑

0≤t<pβ+1

e
(
at2p–1 + htp–β–1)

∣∣∣∣ =

⎧
⎨

⎩
pβ+ 1

2 , pβ | h, p � a,

0, pβ � h.

Proof See Lemma 7 in [1]. �

Lemma 5 Let r, s be integers and p be an odd prime with (r, s, p) = 1. For any positive
integers m ≥ 2 and α ≥ 2, p � m(m + 1), we define

Sm
(
r, s, pα

)
=

pα∑

a=1

′e
(

rā + sam

pα

)
,

then

∣∣Sm
(
r, s, pα

)∣∣ ≤ (m + 1)p
α
2 .

Proof Let 1
2α ≤ β < α, a = pβv + u, and (u, p) = 1, we can write

Sm
(
r, s, pα

)
=

pβ∑

u=1
p�u

∑

0≤v<pα–β

e
(

r(pβv + u) + s(pβv + u)m

pα

)
.
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(1) If 2 | α, then take β = α
2 . From Lemma 1, we obtain

Sm
(
r, s, pα

)
=

pβ∑

u=1
p�u

∑

0≤v<pα–β

e
(

r(ū – pβ ū2v) + s(pβv + u)m

pα

)

=
pβ∑

u=1
p�u

e
(

rū + sum

pα

) ∑

0≤v<pα–β

e
(

msum–1pβv – rpβ ū2v
pα

)

=
pβ∑

u=1
p�u

e
(

rū + sum

pα

) ∑

0≤v<pα–β

e
(

(msum–1 – rū2)v
pα–β

)

=
pβ∑

u=1
p�u

e
(

rū + sum

pα

) ∑

0≤v<pα–β

e
(

(ms – rūm+1)um–1v
pα–β

)
.

By the trigonometric identity

q∑

a=1

e
(

ra
q

)
=

⎧
⎨

⎩
q, q | r;

0, q � r,

we can see that the inner sum in the above formula will vanish unless msum+1 ≡ r(mod

pα–β ), so we can write

∣∣Sm
(
r, s, pα

)∣∣ ≤ pα–β

pβ∑

u=1
p�u

msum+1≡r( mod pα–β )

1 = pβ

pα–β∑

u=1
p�u

msum+1≡r( mod pα–β )

1.

Now we consider the number of solutions to msum+1 ≡ r(mod pα–β ). Because p � m(m +
1), each solution of msum+1 ≡ r(mod p) can be uniquely extended to the solution of
msum+1 ≡ r(mod pα–β ) and vice versa. Therefore there are at most m + 1 solutions of
msum+1 ≡ r(mod pα–β ). We obtain

∣∣Sm
(
r, s, pα

)∣∣ ≤ (m + 1)p
α
2 .

(2) If 2 � α, then take β = 1
2 (α – 1). From Lemma 2, we have

Sm
(
r, s, pα

)
=

pβ∑

u=1
p�u

∑

0≤v<pα–β

e
(

r(pβv + u) + s(pβv + u)m

pα

)

=
pβ∑

u=1
p�u

∑

0≤v<pβ+1

e
(

r(ū – pβ ū2v + p2β ū3v2) + s(pβv + u)m

pα

)
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=
pβ∑

u=1
p�u

e
(

rū + sum

pα

)
F(s),

where

F(s) =
∑

0≤v<pβ+1

e
( (smum–1 – rū2)pβv + ( 1

2 sm(m – 1)um–2 + rū3)p2βv2

pα

)

=
∑

0≤v<pβ+1

e
(

(sm – rūm+1)um–1v
pβ+1

)
e
( ( 1

2 sm(m – 1) + rūm+1)um–2v2

p

)
.

From Lemma 4, |F(s)| will vanish unless pβ+1 | sm – rūm+1 and p � 1
2 sm(m – 1) + rūm+1,

i.e., sm ≡ rūm+1(mod pβ+1) and 1
2 sm(m – 1) + rūm+1 �≡ 0(mod p).

If sm ≡ rūm+1(modpβ+1) is valid, then we find that

1
2

sm(m – 1) + rūm+1 ≡ 1
2

sm(m – 1) + sm

≡ 1
2

sm(m + 1)
(
mod pβ+1)

�≡ 0(mod p).

This yields

∣∣F(s)
∣∣ ≤ pβ+ 1

2 .

Therefore

∣∣Sm
(
r, s, pα

)∣∣ ≤ pβ+ 1
2

pβ∑

u=1
p�u

smum+1≡r( mod pβ+1)

1 ≤ (m + 1)p
α
2 .

So the lemma is proved. �

Lemma 6 Let r, s be integers and p be a prime. For any positive integer m ≥ 2, if (r, s, pα) =
ph, then we have

Sm
(
r, s, pα

)
= phSm

(
rp–h, sp–h, pα–h).

Proof We have (r, s, pα) = ph with 0 ≤ h ≤ α. The case h = α is trivial, so we let h < α,
a = pβv + u, where β = α – h, we can write

Sm
(
r, s, pα

)
=

pα∑

a=1

′e
(

rā + sam

pα

)

=
pβ∑

u=1
p�u

∑

0≤v<ph

e
(

r(pβv + u) + s(pβv + u)m

pα

)
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=
pβ∑

u=1
p�u

∑

0≤v<ph

e
(

r(pβv + u) + sum

pα

)

=
pβ∑

u=1
p�u

∑

0≤v<ph

e
(

rp–h(pβv + u) + sp–hum

pβ

)
,

and we know

pβv + u ≡ ū
(
mod pβ

)
if p � u,

where pβv + u denotes the integer satisfying 1 ≤ pβv + u ≤ pα , (pβv + u) ·(pβv+u) ≡ 1( mod

pα), ū denotes the integer satisfying 1 ≤ ū ≤ pβ , uū ≡ 1(mod pβ ). Therefore we have

Sm
(
r, s, pα

)
=

pβ∑

u=1
p�u

∑

0≤v<ph

e
(

rp–hū + sp–hum

pβ

)

= ph
pβ∑

u=1
p�u

e
(

rp–hū + sp–hum

pβ

)

= ph
pβ∑

u=1
p�u

e
(

rp–hū + sp–hum

pα–h

)
,

that is,

Sm
(
r, s, pα

)
= phSm

(
rp–h, sp–h, pα–h). �

Lemma 7 Let r, s be integers and p be an odd prime. For any positive integers m ≥ 2 and
α ≥ 2, p � m(m + 1), q = pα , we have

∣∣Sm(r, s, q)
∣∣ =

∣∣∣∣∣

q∑

a=1

′e
(

rā + sam

q

)∣∣∣∣∣ ≤ (m + 1)(r, s, q)
1
2 q

1
2 .

Proof It follows from Lemmas 5 and 6. �

Lemma 8 Let α ≥ 2, m ≥ 2 be integers, p be an odd prime with p � m(m + 1), q = pα . Then
we have

n–1∑

l=1

1
| sin π (–qn+ql)

qn |2 � n2, (1)

q–1∑

s=1

∣∣∣∣∣

q∑

a=1

′e
(

sam

q

)∣∣∣∣∣
1

| sin πs
q | � (m + 1)q

3
2 d(q) ln q, (2)

q–1∑

r=1

∣∣∣∣∣

q∑

a=1

′e
(

rā
q

)∣∣∣∣∣
1

| sin πr
q | � (m + 1)q

3
2 d(q) ln q, (3)
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q–1∑

r=1

q–1∑

s=1

∣∣∣∣∣

q∑

a=1

′e
(

rā + sam

q

)∣∣∣∣∣
1

| sin πr
q |

1
| sin πs

q | � (m + 1)q
5
2 d(q) ln2 q, (4)

n–1∑

l=1

q–1∑

s=1

∣∣∣∣∣

q∑

a=1

′e
(

sam

q

)∣∣∣∣∣
1

| sin π (–qn+ql)
qn |

1
| sin π (–sn+ql)

qn | � n(m + 1)q
3
2 d(q) ln q ln n, (5)

n–1∑

l=1

q–1∑

r=1

∣∣∣∣∣

q∑

a=1

′e
(

rā
q

)∣∣∣∣∣
1

| sin π (–rn+ql)
qn |

1
| sin π (–qn+ql)

qn | � n(m + 1)q
3
2 d(q) ln q ln n, (6)

and

n–1∑

l=1

q–1∑

r=1

q–1∑

s=1

∣∣∣∣∣

q∑

a=1

′e
(

rā + sam

q

)∣∣∣∣∣
1

| sin π (–rn+ql)
qn |

1
| sin π (–sn+ql)

qn | � n(m+1)q
5
2 d(q) ln2 q, (7)

where “f (x) � g(x)” means that there exists a constant C > 0 such that |f (x)| ≤ Cg(x).

Proof Here we only prove inequalities (6) and (7), the others can be obtained by the same
method. To prove (6), using Lemma 7 and the inequality

2
π

≤ sin x
x

if |x| ≤ π

2
,

we can write

n–1∑

l=1

q–1∑

r=1

∣∣∣∣∣

q∑

a=1

′e
(

rā
q

)∣∣∣∣∣
1

| sin π (–rn+ql)
qn |

1
| sin π (–qn+ql)

qn |

≤ (m + 1)q
1
2

n–1∑

l=1

q–1∑

r=1

(r, q)
1
2

1
| sin π (–rn+ql)

qn |
1

| sin π (–qn+ql)
qn |

� (m + 1)q
1
2

n–1∑

l=1

q–1∑

r=1

(r, q)
1
2

qn
| – rn + ql|

n
l

� n(m + 1)q
3
2
∑

d|q
d– 1

2

n–1∑

l=1

1
l

q–1
d∑

r=1

1
r

� n(m + 1)q
3
2 d(q) ln q ln n.

To prove (7), we can write

n–1∑

l=1

q–1∑

r=1

q–1∑

s=1

∣∣∣∣∣

q∑

a=1

′e
(

rā + sam

q

)∣∣∣∣∣
1

| sin π (–rn+ql)
qn |

1
| sin π (–sn+ql)

qn |

≤ (m + 1)q
1
2

n–1∑

l=1

q–1∑

r=1

q–1∑

s=1

(r, s, q)
1
2

1
| sin π (–rn+ql)

qn |
1

| sin π (–sn+ql)
qn |
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� (m + 1)q
1
2

n–1∑

l=1

q–1∑

r=1

q–1∑

s=1

(r, s, q)
1
2

qn
| – rn + ql|

qn
| – sn + ql|

� (m + 1)q
5
2
∑

d|q
d– 3

2

n–1∑

l=1

q–1
d∑

r=1

q–1
d∑

s=1

1
rs

� n(m + 1)q
5
2 d(q) ln2 q.

This proves Lemma 8. �

Lemma 9 Let m, α ≥ 2 be positive constants, p be an odd prime with p � m(m + 1), 0 <
λ1,λ2 ≤ 1 be real numbers, q = pα > max{[ 1

λ1
], [ 1

λ2
]}, n be an integer with (n, q) = 1. Then,

for any integer a ∈ [1, q) with (a, q) = 1, we have

q∑′

a=1

[λ1q]∑′

b=1

[λ2q]∑′

c=1
ab≡1( mod q)
c≡am( mod q)

n|b+c

bicj =
λi+1

1 λ
j+1
2 ϕ(q)qi+j

(i + 1)(j + 1)n
+ O

(
(m + 1)qi+j+ 1

2 d(q) ln2 q
)
.

Proof

q∑′

a=1

[λ1q]∑′

b=1

[λ2q]∑′

c=1
ab≡1( mod q)
c≡am( mod q)

n|b+c

bicj

=
1

nq2

n∑

l=1

q∑

r=1

q∑

s=1

q∑′

a=1

q∑′

b=1

q∑′

c=1
ab≡1( mod q)
c≡am( mod q)

[λ1q]∑

d=1

[λ2q]∑

f =1

dif je
(

r(b – d)
q

)
e
(

s(c – f )
q

)
e
(

l(d + f )
n

)

=
1

nq2

n∑

l=1

q∑

r=1

q∑

s=1

q∑

a=1

′e
(

rā + sam

q

) [λ1q]∑

d=1

die
(

–rn + lq
qn

d
) [λ2q]∑

f =1

f je
(

–sn + lq
qn

f
)

.

We divide the above summation over l, r, and s into the following eight cases:
(1) l = n, r = s = q;
(2) l = n, r = q, 1 ≤ s ≤ q – 1;
(3) l = n, 1 ≤ r ≤ q – 1, s = q;
(4) l = n, 1 ≤ r, s ≤ q – 1;
(5) 1 ≤ l ≤ n – 1, r = s = q;
(6) 1 ≤ l ≤ n – 1, r = q, 1 ≤ s ≤ q – 1;
(7) 1 ≤ l ≤ n – 1, 1 ≤ r ≤ q – 1, s = q;
(8) 1 ≤ l ≤ n – 1, 1 ≤ r, s ≤ q – 1.
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Therefore we can write

q∑′

a=1

[λ1q]∑′

b=1

[λ2q]∑′

c=1
ab≡1( mod q)
c≡am( mod q)

n|b+c

bicj

=
ϕ(q)
nq2

[λ1q]∑

d=1

di
[λ2q]∑

f =1

f j

+
1

nq2

q–1∑

s=1

q∑

a=1

′e
(

sam

q

) [λ1q]∑

d=1

di
[λ2q]∑

f =1

f je
(

–sf
q

)

+
1

nq2

q–1∑

r=1

q∑

a=1

′e
(

rā
q

) [λ1q]∑

d=1

die
(

–rd
q

) [λ2q]∑

f =1

f j

+
1

nq2

q–1∑

r=1

q–1∑

s=1

q∑

a=1

′e
(

rā + sam

q

) [λ1q]∑

d=1

die
(

–rd
q

) [λ2q]∑

f =1

f je
(

–sf
q

)

+
ϕ(q)
nq2

n–1∑

l=1

[λ1q]∑

d=1

die
(

–qn + lq
qn

d
) [λ2q]∑

f =1

f je
(

–qn + lq
qn

f
)

+
1

nq2

n–1∑

l=1

q–1∑

s=1

q∑

a=1

′e
(

sam

q

) [λ1q]∑

d=1

die
(

–qn + lq
qn

d
) [λ2q]∑

f =1

f je
(

–sn + lq
qn

f
)

+
1

nq2

n–1∑

l=1

q–1∑

r=1

q∑

a=1

′e
(

rā
q

) [λ1q]∑

d=1

die
(

–rn + lq
qn

d
) [λ2q]∑

f =1

f je
(

–qn + lq
qn

f
)

+
1

nq2

n–1∑

l=1

q–1∑

r=1

q–1∑

s=1

q∑

a=1

′e
(

rā + sam

q

) [λ1q]∑

d=1

die
(

–rn + lq
qn

d
) [λ2q]∑

f =1

f je
(

–sn + lq
qn

f
)

.

From Lemma 3, we know

ϕ(q)
nq2

[λ1q]∑

d=1

di
[λ2q]∑

f =1

f j =
λi+1

1 λ
j+1
2 ϕ(q)qi+j

(i + 1)(j + 1)n
+ O

(
qi+j),

while the other terms are

� 1
nq2

q–1∑

s=1

q∑

a=1

′e
(

sam

q

)
(λ1q)i+1

i + 1
(λ2q)j

| sin πs
q |

+
1

nq2

q–1∑

r=1

q∑

a=1

′e
(

rā
q

)
(λ1q)i

| sin πr
q |

(λ2q)j+1

j + 1

+
1

nq2

q–1∑

r=1

q–1∑

s=1

q∑

a=1

′e
(

rā + sam

q

)
(λ1q)i

| sin πr
q |

(λ2q)j

| sin πs
q |

+
ϕ(q)
nq2

n–1∑

l=1

(λ1q)i(λ2q)j

| sin π (–qn+ql)
qn |2



Liu and Han Journal of Inequalities and Applications        (2023) 2023:128 Page 12 of 14

+
1

nq2

n–1∑

l=1

q–1∑

s=1

q∑

a=1

′e
(

sam

q

)
(λ1q)i

| sin π (–qn+ql)
qn |

(λ2q)j

| sin π (–sn+ql)
qn |

+
1

nq2

n–1∑

l=1

q–1∑

r=1

q∑

a=1

′e
(

rā
q

)
(λ1q)i

| sin π (–rn+ql)
qn |

(λ2q)j

| sin π (–qn+ql)
qn |

+
1

nq2

n–1∑

l=1

q–1∑

r=1

q–1∑

s=1

q∑

a=1

′e
(

rā + sam

q

)
(λ1q)i

| sin π (–rn+ql)
qn |

(λ2q)j

| sin π (–sn+ql)
qn |

�λ1,λ2,i,j n–1qi+j–1
q–1∑

s=1

∣∣∣∣∣

q∑

a=1

′e
(

sam

q

)∣∣∣∣∣
1

| sin πs
q |

+ n–1qi+j–1
q–1∑

r=1

∣∣∣∣∣

q∑

a=1

′e
(

rā
q

)∣∣∣∣∣
1

| sin πr
q |

+ n–1qi+j–2
q–1∑

r=1

q–1∑

s=1

∣∣∣∣∣

q∑

a=1

′e
(

rā + sam

q

)∣∣∣∣∣
1

| sin πr
q |

1
| sin πs

q |

+ n–1qi+j–1
n–1∑

l=1

1
| sin π (–qn+ql)

qn |2

+ n–1qi+j–2
n–1∑

l=1

q–1∑

s=1

∣∣∣∣∣

q∑

a=1

′e
(

sam

q

)∣∣∣∣∣
1

| sin π (–qn+ql)
qn |

1
| sin π (–sn+ql)

qn |

+ n–1qi+j–2
n–1∑

l=1

q–1∑

r=1

∣∣∣∣∣

q∑

a=1

′e
(

rā
q

)∣∣∣∣∣
1

| sin π (–rn+ql)
qn |

1
| sin π (–qn+ql)

qn |

+ n–1qi+j–2
n–1∑

l=1

q–1∑

r=1

q–1∑

s=1

∣∣∣∣∣

q∑

a=1

′e
(

rā + sam

q

)∣∣∣∣∣
1

| sin π (–rn+ql)
qn |

1
| sin π (–sn+ql)

qn | .

Using Lemma 8, we know the above formula is � (m + 1)qi+j+ 1
2 d(q) ln2 q.

Therefore

q∑

a=1

′
[λ1q]∑

b=1

′
[λ2q]∑

c=1

′

ab≡1( mod q)
c≡am( mod q)

n|b+c

bicj =
λi+1

1 λ
j+1
2 ϕ(q)qi+j

(i + 1)(j + 1)n
+ O

(
(m + 1)qi+j+ 1

2 d(q) ln2 q
)
.

This proves Lemma 9. �

3 Proof of the theorem
In this section, we will prove Theorem 1. Observe that

q∑

a=1

′
[λ1q]∑

b=1

′
[λ2q]∑

c=1

′

ab≡1( mod q)
c≡am( mod q)

n�b+c

(b – c)2k =
q∑

a=1

′
[λ1q]∑

b=1

′
[λ2q]∑

c=1

′

ab≡1( mod q)
c≡am( mod q)

(b – c)2k –
q∑

a=1

′
[λ1q]∑

b=1

′
[λ2q]∑

c=1

′

ab≡1( mod q)
c≡am( mod q)

n|b+c

(b – c)2k . (8)
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Firstly, we expand the first term in (8). Using the binomial theorem,

q∑

a=1

′
[λ1q]∑

b=1

′
[λ2q]∑

c=1

′

ab≡1( mod q)
c≡am( mod q)

(b – c)2k =
2k∑

i=0

(
2k
i

)
(–1)i

q∑

a=1

′
[λ1q]∑

b=1

′
[λ2q]∑

c=1

′

ab≡1( mod q)
c≡am( mod q)

b2k–ici.

The same way as in the proof of Lemma 9, we can write

q∑

a=1

′
[λ1q]∑

b=1

′
[λ2q]∑

c=1

′

ab≡1( mod q)
c≡am( mod q)

b2k–ici =
λ2k–i+1

1 λi+1
2 ϕ(q)q2k

(i + 1)(2k – i + 1)
+ O

(
(m + 1)q2k+ 1

2 d(q) ln2 q
)
.

Note that

2k∑

i=0

(
2k
i

)
(–1)i λ2k–i+1

1 λi+1
2

(i + 1)(2k – i + 1)

=
1

(2k + 2)(2k + 1)

2k∑

i=0

(
2k + 2
i + 1

)
(–1)iλ2k–i+1

1 λi+1
2

=
–1

(2k + 2)(2k + 1)

(2k+2∑

i=0

(
2k + 2

i

)
(–1)iλ2k+2–i

1 λi
2 – λ2k+2

1 – λ2k+2
2

)

=
1

(2k + 2)(2k + 1)
(
λ2k+2

1 + λ2k+2
2 – (λ1 – λ2)2k+2).

Therefore we obtain

q∑

a=1

′
[λ1q]∑

b=1

′
[λ2q]∑

c=1

′

ab≡1( mod q)
c≡am( mod q)

(b – c)2k

=
ϕ(q)q2k

(2k + 2)(2k + 1)
(
λ2k+2

1 + λ2k+2
2 – (λ1 – λ2)2k+2)

+ O
(
(m + 1)q2k+ 1

2 d(q) ln2 q
)
. (9)

Similarly, using Lemma 9 we have

q∑

a=1

′
[λ1q]∑

b=1

′
[λ2q]∑

c=1

′

ab≡1( mod q)
c≡am( mod q)

n|b+c

(b – c)2k

=
ϕ(q)q2k

(2k + 2)(2k + 1)n
(
λ2k+2

1 + λ2k+2
2 – (λ1 – λ2)2k+2)

+ O
(
(m + 1)q2k+ 1

2 d(q) ln2 q
)
. (10)

From formulas (8), (9), and (10), Theorem 1 follows.
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