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Rayleigh—Taylor problem. Then, motivated by the Grenier’s idea in (Grenier in
Commun. Pure Appl. Math. 53(9):1067-1091, 2000), we further construct approximate
solutions with higher-order growing modes to the capillary Rayleigh—Taylor problem
and derive the error estimates between both the approximate solutions and
nonlinear solutions of the capillary Rayleigh-Taylor problem. Finally, we prove the
existence of escape points based on the bootstrap instability method of Hwang-Guo
in (Hwang and Guo in Arch. Ration. Mech. Anal. 167(3):235-253, 2003), and thus
obtain the nonlinear Rayleigh—Taylor instability result. Our instability result presents
that the Rayleigh—Taylor instability can occur in the fluids with capillarity effects for
any capillary coefficient k¥ > 0 if the critical capillary coefficient is infinite. In particular,
it improves the previous Zhang’s result in (Zhang in J. Math. Fluid Mech. 24(3):70-23,
2022) with the assumption of smallness of the capillary coefficient.
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1 Introduction

The two-dimensional (2D) motion equations of a nonhomogeneous incompressible vis-
cous fluid with capillarity effects in the presence of a uniform gravitational field in a do-
main D C R? are given as follows:

pe+V-Vp=0,
pVi+pV -VV +VP—-uAV = —pges —kVpAp, (1.1)
divV =0,

where the unknowns p := p(x,£), V := V(x,t) and P := P(x,t) denote the density, velocity
and the pressure, respectively, i > 0 stands for the coefficient of shear viscosity, g > 0 is
the gravitational constant. The positive constant « > O represents for the capillary coef-
ficient, e, := (0,1)7 the vertical unit vector, the superscript T the transposition and —ge,
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the gravitational force. Here and in what follows x € R? and ¢ > 0 are the spacial and tem-
poral variables, respectively. In the system (1.1), the equation (1.1); describes the law of
conservation of mass and (1.1), the law of conservation of momentum. We call (1.1) the in-
homogeneous incompressible Navier—Stokes—Korteweg equations. We mention that the
general capillary tensor K is written as

K = (pdiv(k(p)Vp) + (k(p) = pk'(0)) IV pI*/2)I - k(p)Vp ® Vp, (1.2)

where I denotes the identity matrix. However, we assume that the capillarity function « is
a positive constant for the sake of the simplicity, and thus divK = -« VpAp.

The well-posedness problem of Euler—Korteweg/Navier—Stokes—Korteweg equations
has been widely investigated, see [4—16] and the references cited therein. In this paper,
we are interested in the Rayleigh—Taylor (RT) instability problem in the inhomogeneous
incompressible fluids with capillarity effects.

It is well-known that the equilibrium of a heavier fluid on top of a lighter one, subject
to gravity, is unstable. In this case, the equilibrium state is unstable to sustain small dis-
turbances, and this disturbance grow and leads to the release of potential energy, as the
heavier fluid moves down under the gravitational force, and the lighter one is displaced
upwards. This phenomenon was first studied by Rayleigh [17] and then Taylor [18], and
thus is called the Rayleigh—Taylor (RT) instability. In the last decades, this phenomenon
has been extensively investigated from mathematical, physical, and numerical aspects, see
[19-24] for examples. Moreover, the RT instability also has been investigated under other
physical factors, such as internal surface tension [25-29], the elasticity [22, 30-37], mag-
netic fields [38—44], rotation [45, 46] and so on. Next we further introduce the nonlinear
RT instability results, which are closely related to our results in this paper, on the inho-
mogeneous incompressible fluids.

In 2003, Hwang—Guo [2] proved the existence of classical solutions of (nonlinear) RT
instability in the sense of L2-norm for a 2D inhomogeneous incompressible inviscid pure
fluid. Then Jiang—Jiang further showed the existence of strong solutions of RT instabil-
ity for the nonhomogeneous incompressible viscous pure fluids in the sense of L>-norm
[47]. Similar instability result was also established in the inhomogeneous incompressible
magnetohydrodynamics fluids [48]. Later, Jiang—Wu—Zhong [23] also investigated the RT
instability in the inhomogeneous incompressible viscoelastic fluids and surprisingly found
that the elasticity can inhibit RT instability.

Recently, Zhang proved the RT instability for viscous incompressible fluids with cap-
illarity effects for small enough capillary coefficient [3], in which the fluid domain is
(27 T)? x R. Motivated by Zhang’s result, we further investigate the RT instability for the
system (1.1) with any given capillary coefficient by a new method, where the fluid domain
is given as follows:

D:=27T xR. (1.3)

Obviously, we automatically obtain the RT instability solutions for the three-dimensional
inhomogeneous incompressible Navier—Stokes—Korteweg equations in the presence of a
uniform gravitational field, defined on (277 T)? x R, if the ones for the system (1.1) defined
on (27 T)? x R are constructed, see (1.12) for the details.
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Now we consider the RT equilibrium state (po, 0, Py) of the system (1.1), where the den-
sity profile py is independent of x; and satisfies

py € C5°(R), inf {po} >0, inf {pg} >0, (1.4)
xQER x2ER
Po(2) = O(Ixz - 5602|2+l°) as xy — Xgp for a point Xy € R. (1.5)

Here and in what follows ’ := d/dx;,, [y >0 is a fixed constant and x, denotes the second
component of x € D. Then the corresponding equilibrium pressure can be computed out
by the following relation of hydrostatics:

VPy = —poges — kV poApo. (1.6)

We remark that the second condition in (1.4) prevents us from treating vacuum, while
the last condition in (1.4) implies that the steady density profile has larger density with
increasing height x,, thus may lead to the classical RT instability, as shown below.

We now consider a perturbation around the RT equilibrium state (oo, 0, Py) by

o =p - Po, v=V -0, p=P-D,, (1.7)

then, the triple (o, v, p) satisfies the following equations:

o+ V(o +pg)-v=0,
(0 + po)ve + (0 + po)v-Vv+Vp—puAv 1.8)
=—kVo Ao —kVpgAo —kVoApy—oges, '

divv=0.

To complete the statement of the perturbed problem, we specify the initial and boundary

conditions:
(G;V)|t=0 = (GO’VO) in D’ (19)
lim v=0 foranyt>D0. (1.10)
|x|— 00

From now on, we call the initial-boundary value problem (1.8)—(1.10) the CRT problem
for the sake of simplicity.

In order to study the instability of RT equilibrium state, it seems to be convenient to
start with the linearized (perturbation) equations, because the linearized perturbation
equations not only enable us to understand the physical and mathematical mechanisms
of capillarity, but also provide a beginning for the study of the nonlinear case. Hence, we
omit the nonlinear terms in (1.8) and thus get the linearized CRT equations

o+ pyv2 =0,
Pove + Vp— uAv=—«kVpoAc —kVaoApy —oges, (1.11)
divv=0.
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The linearized system (1.11) with the initial-boundary conditions (1.9)—(1.10) constitutes
the linearized CRT problem.
Now we state the main result of this paper.

Theorem 1.1 For any « > 0, the steady state (po, 0, Py) of system (1.1) is unstable under
the assumption (1.4)—(1.5), that is, there is positive constant &q > 0, such that for any small
8 > 0 there exists a family of classical solutions (0°(t,x), V3 (t,x), P (t,x)) to (1.1) such that

|| ('05(0: ) - IOO() ||H4(D) + || VB(O’ ) ||H3(D) = 3,

but for T® = O([In§])

sup { ”pa(t) ) - /00() ||L2(D) + || V(S(tr ) ||L2(D)} 2> €0.
0<t<T®

The proof of Theorem 1.1 is based on the bootstrap instability method, which has its
origin in Guo and Strauss’s articles [49, 50]. Later, various versions of bootstrap instability
approaches were established by many authors, see [51-54] for instance. Recently, Zhang
used the bootstrap instability method with the energy inequality of Gronwall-type in [54]
to prove the RT instability for the inhomogeneous incompressible viscous fluids with cap-
illarity effects for small enough capillary coefficient [3]. However, in this paper we use the
other version of bootstrap instability method established by [2] to prove Theorem 1.1 for
any given capillary coefficient. Such bootstrap instability method was also used to investi-
gate the nonlinear instability of Hele—Shaw flows with smooth viscous profiles by Daripa—
Hwang [55]. In addition, we automatically obtain the RT instability solutions for the three-
dimensional inhomogeneous incompressible Navier—Stokes—Korteweg equations defined
on (27 T)? x R. In fact, let

Qs(t:xO:xI:xZ) = er ua(t:xO:xI:xZ) = (0: Va)» Qa(t’xO’xlle) = Pa; (112)

where (0%(¢,x), U%(t, %), Q(t, %)) is the instability solution in Theorem 1.1. It is easy to
check that the solution (0%, U°, Q%) is the RT instability solution for the three-dimensional
inhomogeneous incompressible Navier—Stokes—Korteweg equations in the presence of a
uniform gravitational field, and such instability result presents that the smallness condi-
tion of capillary coefficient in Zhang’s result can be removed.

In view of Hwang—Guo’s bootstrap instability method in [2, 55], the proof of Theo-
rem 1.1 can be divided into three steps. First, we use modified variational method to
construct (linear) unstable solutions for the linearized CRT problem in Sect. 2. Then we
further construct approximate solutions with higher order growing modes to the CRT
problem in Sect. 3.1 as in Grenier’s work [1] (also see [56, 57]); moreover we also derive
the error estimates between both the approximate solutions and nonlinear solutions of the
CRT problem in Sect. 3.2. Finally, we prove the existence of escape points based on the
bootstrap instability approaches, and thus completes the proof of Theorem 1.1 in Sect. 3.3.

We end this section by introducing some abbreviations, which will be repeatedly used
in the rest parts of this paper.

HF:=w*?(D),  H®:= H®(D), L7 = 1*(D),
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2 Linear instability

This section is devoted to constructing a family of unstable solutions to the linearized
CRT problem (1.9)—(1.11), which have growing H*-norm for any k. We will construct
such solutions via Fourier synthesis by first constructing a growing mode for any but fixed

spatial frequency.

2.1 Linear growing modes

We make the following ansatz of growing mode solutions to the linearized problem
(1.9)-(1.11).

(0 (x, 1), v(x, £), p(, t)) = e”(& (%), f/(x),i)(x)) for some A > 0. (2.1)

Substituting this ansatz into (1.11) and then eliminating & (x) by using the first equation,

one obtains the following time-independent system:

A2 oV + AVP = MrAV = kV po A(pg¥2) + & V(ph72) Apo + pyiage,

(2.2)
divv=0
with boundary-value condition
lim v(x) = 0. (2.3)

|%|—o00

We fix a spatial frequency & € (L~'Z), and define the new unknowns ¢, ¥ and @, which
depend on x; by the following relations

V(%) = —ip(x2)e™E,  Tr(x) = Y(%)e™E,  Plx) = w(v)e™e.

Inserting the above expressions into (2.2) and (2.3), it is easy to check that ¢, ¥, @, and A
satisfy the following ODEs:

“A2pop + M@ — Mu(E2@ — @) = kEpog Y,
W2por + ae’ + AuEY —U") = k| Py P62 + Ky (04, (04W)) + WG, (24)
V' +Ep=0

with boundary-value condition
@(=00) = Y (-00) = p(+00) = Y (+00) = 0. (2.5)
Eliminating @ in (2.4); by using (2.4); and (2.4)3, we have the following ODE for /

—32(E%p0¥ — (po¥)) = A (¥ = 2829 + E4) + k| pg|2E Y
—kEX(1051*Y) — g&2 o, (2.6)
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with boundary-value condition

¥ (-00) = ¢'(-00) = Y(+00) = ¥'(+00) = 0. (2.7)
Next, we use the modified variational method to construct a solution of (2.6)—(2.7). (For
more details on this idea, check out Guo and Tice’s paper on compressible viscous strati-

fied flows [26]). We now fix a non-zero vector £ € (L™1Z) and s > 0, then we get a family of
the following modified problems from (2.6)—(2.7).

—32(E2p0% — (00¥)') = s (W™ — 262" + E*9) + k| pp P&
—kEX(1051*Y) — g&2pyr. (2.8)

Multiplying (2.8) by ¥ € H%(R), integrating by parts and using the boundary-value condi-
tions (2.7), we thus get

2 [ (ol 9Py d = [ (1ot el - gon?) dn
+sM/R (|| + 28|y |” + £492) das. (2.9)

Then the standard energy functional for the problem (2.8) is given by

E(Y) = E2E1(Y) + sEx(y) (2.10)
with an associated admissible set

A= {w € H*(R) \J(w):: pro(szwz [y dey =1 } (211)
where

£ = [ (6% g 02 el - i)

B = [ (7282w €09%) dn
Thus we can find a —A? (depending on &) by minimizing

—A*(§) =a(§):= inf E(). (212)
In order to emphasize the dependence on s € (0, 00), we will sometimes write

E(Y,s):=E(y) and «fs):= wirelijE(z//,s) < +00.

Before constructing the growth solutions, we shall introduce some preliminary results,

which will be used later. In order to get a positive A(£) in the variational problem (2.12), let
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the critical capillary coefficient k. and the critical frequency constant |&,| by the following

variational forms

ng:O(/)w2 dx2

K¢ = /2—/2d’
ver2®,p=0 Jg 1ooI"1¥|* dxy

and for k € (0, k),

Gl sup | e8Pk AR
cl = .
Y eH2(R),¥£0 K [ 10171 1* d

More precisely, we have the following conclusions:
Proposition 2.1 If p, satisfies the conditions (1.4)—(1.5), then k. is infinite.
Proof See Remark 1.2 in [58]. O

Proposition 2.2 If p, satisfies the conditions (1.4)—(1.5) and « € (0, +00), then |&.| is infi-
nite.

Proof Since the proof is similar to Proposition 2.1, we omit the details here. g

Next we show that a minimizer of (2.12) exists and that the corresponding Euler—

Lagrange equations are equivalent to (2.7)—(2.8).

Proposition 2.3 For any fixed s > 0 and & with & #0, the following assertions hold.
(1) E(Y) achieves its minimum on A.
(2) Let Yo be a minimizer and —\* := E(yy), then the pair (o, 1) satisfies the problem
(2.7)~(2.8). In addition, Yo € H*®(R) := (oo HX(R).

Proof (1) Noting that for any ¢ € A

/

Po
Lo

/

Po
Lo

) (2.13)
LOO

E(y) > —ézngp()wz dx, > —g /Rpoézwdxz > —g‘

L>®

we see that E(¢) is bounded from below on A by virtue of (1.4), then infyc 4E(V) is well
defined and finite. We choose a minimizing sequence {y,}5°; C A. It is easy to check
that E(y,,) is bounded. This fact, together with (2.10) and (2.13), implies that {1,,}5; is
bounded in H?. Therefore, there exists a weak limit v, € H?(R) and a subsequence (still

denoted by v, for simplicity) such that
Y, — Yo weakly in H*(R)
and

Y — Yo strongly in H (R).
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Next, we show that v, is a minimizer and satisfies the constraint (2.11). By the lower semi-
continuity and the properties of minimizing sequence, one has

E(¥o) < liminfE(yr,) = winlfétE(W) <0 and 0<J(yo) <1 (2.14)

Suppose by contradiction that /(1) < 1, we could find an « > 1 such that J(a ) = 1 by the
homogeneity of J(), i.e., @y € A, which implies that

E(ayo) < o*lim j&fE(lﬁn) = a%infyc 4E(Y) < win& E(y) <0, (2.15)

leading to a contradiction. Thus ¥ is a minimizer satisfying the constraint (2.11). (2) By
the same order homogeneity of E(y) and J(v/), we can find that (2.12) is equivalent to

inf EW)

A% = —
veH R),yz0 J (V)

(2.16)

For any 7 € R and vy € H%(R), we define that V(1) := Yo + 7. Then, by (2.16) we have
E(¥ (1)) + 2 (¥ (2)) = 0. (2.17)
If we set I(7) = E(¥(1)) + A2J (¥ (1)), then we have I(t) > 0 for all 7 € R and 1(0) = 0. This

implies I'(0) = 0. Recalling the definitions of E( (1)) and J(¥ (1)), a direct computation
leads to

22 [ (&b v dy
i [ (€ loi ooy +€esPus) - 2 [ enpio e
o [ (€ van 28050 4 U (2.18)
which, together with the arbitrariness of ¥, shows that v, satisfies the equation (2.8) in

the weak sense on R for the horizontal case. In order to improve the regularity of v, we

rewrite (2.18) as

[ v as,
R
1
-l (&2gpgvow —ic (€% 0| Wow + &2 op | wgv')) dxs
- /}R 32 po(E200v + il ) (E Vo + 26200) doy o= /R F ds. (2.19)

For any n > 1, let 1, Y2 € C°(R) satisfying ¥y ,(x3) = 1 for |xy| < n. If we take ¢ =
Vi [2 Y2 dy in (2.19), then we get

/R (i) ¥ ey = /R ( / (Foram— 000 dy—zwi,,,wa’>wzdx2,

Page 8 of 30
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which together with v, € H*(R) yields ¥ € H}

loc

(R) and

+00

¥ = (Vi) = / (F1n = ¥1,¥5) dy  for any fxz| <.

x2

Integrating by parts, we can rewrite (2.19) as follows
_ / w(/)//‘(p/ cl‘x2
R

1 ,
— | (E%gnpwrov — &%\ | wovr — E2(|0h [ wg) W) dxs

_S,U- R

) /R)‘Z(E *oov0 = (pod) )V + (6" W0 = 267v) v da,

which, keeping in mind that v € H(R), yields 1//(54) € L*(R). Hence, ¥ € H_ _(R) N
C>V2(R), and Y(00) = Y (00) = Y’ (00) = 0. Using these facts, Holder’s inequality, and

loc
integration by parts, we conclude that

06 ey == [ 08" 02 = 198 e |98 ey 220)

Consequently, ¥, € H*(R) solves (2.7) and (2.8). This immediately gives that 1o € H*(R)
by applying the bootstrap method and the classical elliptic regularity theory to the formula
(2.9). O

Next, we show that there exist a fixed point s = A such that v/—a«(X) = A. For this purpose,
we give some properties of a(s).

Proposition 2.4 The function o(s) defined on (0, +00) enjoys the following properties:
(1) als) e Clo(;i(O, +00) is nondecreasing;

(2) Forany & € (L7YZ) with € #0 and «k > 0, there are two positive constants ¢, and c,
which depend on g, po, k, u and & such that

a(s) < —cy +cos. (2.21)

Proof (1) Let {v{};2] C A be a minimizing sequence of infyec 4E(Y,s;) = a(s;) for i = 1
and 2. Then for any 0 < 53 < sp < +00

a(sy) <liminfE(y,,s1) <liminfE(y,s7) = ae(sy).

n—+00 n—+00

Hence, a(s) is nondecreasing on (0, +00). Next, we verify that «(s) is a local Lipschitz con-
tinuous function. Let I := [a, b] C (0, +00) be a bounded interval. In view of (2.13) and the
monotonicity of a(s), we have

|oe(s)| < max{|a(a)|,g ’p{)/poHLm(R)} < 00. (2.22)

On the other hand, for any s € I, there exists a minimizing sequence {{/}>°; C A of
infyc 4E(¥, s) such that

|au(s) - E(¥),s)| < 1. (2.23)

Page 9 of 30
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Making use of (2.22) and (2.23), we infer that

0552(%")
E n’ 2
= M + E—/gpo(w:)zdxz
N S JR

i / oy 2+ oy (w) ) ds
R

1 + max{|a(a)|, 2|l ph/ 0
- {la(a)l, gl po/ poll oo gy} N

o
Lo

=M. (2.24)
Lo(R)

a a

Fors; €I (i = 1,2), we further find that

als) < ligjgoflf(l/fs’;,sl) < l}igj&fE(l//;,Sz) + |51 — splliminf,, oo Ea (%05, 52)

< a(sy) + Mls1 — 52, (2.25)
which yields
a(s1) - alsy) < Misy = 5|
Reversing the role of the indices 1 and 2 in the derivation of the inequality (2.25), one has
|au(s1) — ae(s2)| < Mlsy = 52,

which yields a(s) € C*X(0 + c0).

loc
(2) Recalling the virtue of Propositions 2.1 and 2.2, for any & and «, there exists a function

Vo € HX(R)

(o) = /R (€] opwol” + bW ) - goywd) da <. (2.26)

On the other hand, H%(R) is dense in H*(R), thus there is a function sequence {,,}3°; C
H?*(R), so that

Y, — Yo stronly in H'(R).
Furthermore, there exists a function ¥, € {¥,}32; such that ,, 3 0 and
’ 2 1o 12 ’
ExCUng) = [ ({2l + o, ) - g0i) s (227)

Thus, we have

O{(S) _ E(W) < E(wno) _ ngl(wno) SEZ(Ipno)

) % == ’ 2.28
‘I'€H21(I]}§),l//¢0 JW) = J(¥n) T (Wno) + T (Vo) c1 + 8co ( )

where the two positive constants ¢; and ¢, depend on g, «, i, po, and &. O

Page 10 of 30
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Given £ € (L71Z) with & # 0, by virtue of (2.21), there exists a constant sy > 0 depending
ong, k, i, po and &, such that «(s) < 0 for any s € (0, s0]. Hence, if we define

¢ = sup{s |a(t)<O0foranyt € (O,S)}, (2.29)

then ¢ > 0. This allows us to define A(s) = /—a/(s) > 0 for any s € (0, ;). Therefore, as a
result of Proposition 2.3, we have the following existence result for the modified problem
(2.7) and (2.8).

Proposition 2.5 Forany& € (L7'Z) withé #0and s € (0, &), there is a solution (£, x,) #
0 with A = A(&,s) > O to the problem (2.7)—(2.8). Moreover, s € H*(R) for any positive inte-
ger k.

Proof Thanks to Proposition 2.4, (2.13) and (2.29), it is easy to check that A(s) € c!

loc

0,¢)
is nonincreasing, A(s) < |l\/gpy/ pollz> and lims_>¢s A(s) = 0 if € < oo. Hence, we can em-
ploy a fixed point argument to find s € (0, ¢¢) such that s = A(£,s), and thus obtain a solu-
tion to the original problem (2.6)—(2.7). O

Proposition 2.6 Foreach & € (L™YZ) with & #0, then there exists a unique s € (0, C;), such
that M(&,s) = /—a(s) >0 and s = L(&,s).

Proof Please refer to Theorem 3.8 in [26] (or Lemma 3.7 in [59]) O

Therefore, in view of the Propositions 2.5 and 2.6, one immediately gets the following

conclusion.

Theorem 2.1 For each & € (L7YZ) with &€ #0, there exist W = (&,%,) % 0 and A(&) >0
satisfying (2.6)—(2.7). Moreover, Y € HX(R) for any positive integer k.

We end this subsection by giving some properties for A(§), which shows that A is a

bounded continuous function of &.

Proposition 2.7 The function A(§) is continuous and satisfies

A= sup A(E) = /gl oo/ oo oo (2:30)

£e(L717)5#0

Proof The boundedness of 1(§) in (2.30) follows from (2.13). Now, we pay attention to the
proof of the continuity of A(§). Since A(§) = \/T(é), it suffices to prove the continuity of
a(&). For any but fixed &y # 0, there exists an interval (a, b) C (0, 00) such that |&| € (a, D).
Assume |&] — |&| with |£] € (a,b), and denote y = |£]? — |&|?, then |€]| — |&] as y — O.
By Theorem 2.1, there exists ¥ € A satisfying (2.6)—(2.7) and

a6 = [ (€Xl0sPut + €210t iy ) - € [ goiu s,

+S(5)M/R (", + 282yl [P+ v ") dea <0, (2.31)



Zhang et al. Journal of Inequalities and Applications (2023) 2023:119 Page 12 of 30

where s(&) = \/—a(£). In order to make use of (2.31), we must show that s(&) is bounded
from below for any |£| € (a, b). By Proposition 2.4, there exists two positive constants ¢;
and ¢, which depend on 4, b, g, po, k, and p, such that «(§) < —c¢; + ¢35(¢), and —a(§) =
s*(§), so

0 < s%(&) + ca8(8) — c1. (2.32)

Thus, for any |§| € (4, b), s(§) is uniformly bounded below by a positive constant. Then it
follows from (2.31) and the fact that v € A that ¢ is uniformly bounded in H*(R), i.e.

Vel 2wy < €3 (2.33)

for any |£| € (a,b), where c3 depends on g, i, po, a, b and k. Inserting |£|* = |&|* + y into
(2.31) results in

a(1&1) = all&l) + vf (v, ¥ie)s (2.34)

where
flysve) =« /R (2180 + v) 5 it + logwy ) daa - /R gp5U dra
es(lei [ @i + @&l +)vh) dn
By (2.33), we obtain that for any [£] € (a, b)

[f (s Wie)| < ca (2.35)

where ¢, depends on g, i, po, 4, b, and k. Similar to (2.34), we also have

a(léol) = @(161) = vf =y, ¥e),

which together with (2.34) yields

v, ve) < (I€]) — a(l€l) < vf =y, Yig)- (2.36)

Furthermore, combining (2.35) and (2.36) and letting ¥ — 0, we obtain

lim a(&]) =a(|&l). (2.37)
[§1— 150!
Therefore, A(|€]) is continuous. This completes the proof of this proposition. O

2.2 Construction of a solution to the ODEs system
Next, we will find a family of unstable solutions that satisfy (2.4)—(2.5), and provide an
estimate for the H* norm of the constructed solutions.

Theorem 2.2 For any & € (L™'7Z) with & #0, there exists a family of solutions (¢, v, @) :=
(o, ¥, )(&,%7) with A = A(E) > 0 to (2.4)—(2.5).
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Proof First of all, multiplying (2.4); by £ and then utilizing (2.4)3, we find that ¢ and @
can be expressed by ¢ and 4, i.e.,

'l/f,
( )
—)\_Zpow/ —)»/L(%'zl/f/ ¢,//) KF(,)/C(/)/W. (2.39)

AE2 )

Thus, thanks to Theorem 2.1, one finds that the solution (¢, ¥, @) constructed above sat-
isfies (2.4)—(2.5). a

Next, we would provide an uniform estimate for the H* norm of the solutions (¢, v/, @)
constructed in Theorem 2.2, which would be used in the next subsection.

Lemma 2.1 Suppose 0 < a < b < oo such that |&| € [a, b]. Let (¢, ¥, @) be the solution con-
structed in Theorem 2.2. Then, for any nonnegative integer k, there exist positive constants
A, Bk, and Cy depending on the parameters a, b, po, g, k, and k, such that

[ (& %2) | 25y > O (2.40)
| & %) | 1ty < Ao (2.41)
l 0% 1ty < Bro (2.42)
|7 &) 1y < Cie (243)

Proof Throughout this proof, we denote by ¢ a generic positive constant which may vary
from line to line, and may depend on a, b, po, g, k and k. Recalling the fact ¥ (§,x;) € A,
we have (2.40), and there exists a positive constant ¢ such that

[ @© e <@ (2.44)

Next, we further derive the estimate (2.41), by virtue of the arguments in Proposition 2.7,

we have
AME)>c¢ forany |£| € [a,b]. (2.45)
In addition, we rewrite (2.6) as,

Y (€) = (-2 (E2pov — (pov’)) — | oy &4w + k&2 (|| v — g&20bw)
+ 282" — g4y (2.46)

Multiplying (2.46) by v (£) in L2(R), one has
19" )| 2y = )™ /R (=2(E20002 + po| ¥/ |") — | op 6" 0% dxy

- /}R e8|y 2 =g + 282 + ) s (247)
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which together with (2.44) and (2.45) yields

v @) o =< (2.48)

Thus, using Cauchy—Schwarz’s inequality, (2.47), we deduce from (2.46) that

[ @©)] ey < (2.49)

Utilizing Gagliardo—Nirenberg interpolation inequality, we obtain

@l < v @51 ©l% <& (2.:50)

which, together with (2.44), (2.48), and (2.49), yields

[¥©) ey <€ (2.51)

Now we proceed by induction on k. Suppose that the boundedness holds some k > 1,

ie.,

|9 ) gy < Ar- (2.52)

Then by differentiating the equation (2.46) and using (2.51), we easily derive that there
exists a constant ¢ depending on the various parameters so that

[ @) | rr ey < ENVE) | pr ) = EAK = A (2.53)

It is easy to check that the bound holds for k + 1, we thus find that (2.41) holds for any
nonnegative integer k. Employing the expressions (2.38) and (2.39), we can also deduce
that (2.42)—(2.43) holds. O

2.3 Instability of the linearized CRT problem
In this section, we will construct growing solutions to (1.9)—(1.11) by using the solutions
to (2.4)—(2.5) constructed in Theorem 2.2.

Theorem 2.3 Let f € C°(0,00) be a real-valued function. For any & € (L™\Z) with & #0,
we define

W(&,x2) = —ip(§,x0)e1 + ¥ (§,%2)ey, (2.54)

where ¢, V, w are the solutions provided by Theorem 2.2. Let

o t) = —4—;2 . Po(x2)f (€)iba (€, x2)e™ e dg, (2.55)
_ ! ] MO gin&
o= [ MEOMExe e d (256)

1 )
1w0= 1 || O e et ds (257)
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Then, (0,v,q) is a real-valued solution to the linearized equations (1.9)—(1.11). For every

k € N we have the estimate

o e+ 1O+ el =B [ (1162 0 ) a2

L'7z)

<00 (2.58)

for the constant By > 0 depending on the parameters py, g, k, k. Moreover, for any t > 0 we
have (o (t),v(t), q(t)) € H* and satisfies

& o O 1 = o @] e = & o O 100

& |0 e = [vO ] = & [vO)] 00 (2559)

e PO = PO 16 = & PO 100

where

A= inf A(€]) >0, 2.60
St (I51) (2.60)

and A is given by (2.30).

Proof We can easily establish the above conclusion by following the argument of Theo-
rem 2.4 in [26], and thus the proof is omitted. O

3 Nonlinear RT instability

This section is devoted to the proof of the nonlinear RT instability. We first construct
approximate solutions to the CRT problem (1.8)—(1.10) in Sect. 3.1. Then we formally
derive error estimates between both the exact and approximate solutions Sect. 3.2. Finally,
making use of approximate solutions and the error estimates, we prove the existence of

escape points, and thus complete the proof of Theorem 1.1 in Sect. 3.3.
3.1 Construction of higher-order approximate solutions
In this section, we construct approximate solutions by using a similar method to [2] and

make further energy estimates. Now we construct approximate solutions to (1.8), we
choose and fix a £ with A = A(£¢), such that

0<A<A. (3.1)

We define T° by

7% =

[STRIRNLY

In—, (3.2)

> =

where § is an arbitrary small and positive parameter, 0 is a small but fixed positive constant

(independent of §).
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Lemma 3.1 Let po(xy) be a smooth profile satisfying (1.4)—(1.5). Then, there is an approx-

imate solution to (1.8):

N
o“(tx) =Y S(t,x),

Jj=1

N
VAi(t,x) = Zéjwj(t, x), (3.3)
j=1
N .
P =) dgtx),
j=1

where

U:l+vp0.V“:—VO'“.V“+R;‘\[’
poV? + Vp® + 0ges + kVpoAc® + kVa® Apy + LAV
= -0 — (6% + po)v* - VV* =k Vo " Ac” + S,

divw;=0 (1<j<N). (3.4)

Moreover, for any positive integer s, there is small 6 > 0 such that if 0 < t < T?® with T®
defined by (3.2), then the j-th order coefficients ¢;(t,x), wj(t, ), q;(t,x) for 1 <j < N satisfy

|65(8)] s < Cexpjre), (3.5)
0:5(8)]| s < Cexplint), (3.6)
V(@) s < Cexpir), (3.7)
|w;(@®)||,1 < Cexp(js), (3.8)
|a;wi(®)],,s < Cexp(in), (3.9)
IVa;(8)] s < Cexp(ine), (3.10)

where the (N + 1)-th order remainders R%,(t, x) and S%(t,x) satisfy

|R% () + S4(8)]

s < C8Nexp(N + 1Az, (3.11)

Proof The construction of ¢;, w), g, Rj’, and S;l will be made by introduction on j.

When j = 1, choose the the following growing mode solutions as in (2.1):

¢1 =0 (x) exp(rt),
wy = V(x) exp(At), (3.12)

q1 = p(x) exp(rt).
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Utilizing Holder’s inequality and Sobolev embedding for ¢, w1, g1, we see that the above
expressions satisfy (3.5)—(3.10). Plugging (¢1, w1,41) into (3.4), we have

R} =V(3¢1) - (3w1),
ST = (81)(6wir) + (31 + po)dwr - V(Ewi) + k V(8p1) A(S¢h1).
Recalling Theorem 2.3, we have (¢, wy,q1) € H* for any k > 0, then it is easy to check that
R{ and SY satisfy (3.11).
Assume that we have constructed ¢, wj, gj» R, and S}, which satisfy (3.5)—(3.11) for

j <N, we now construct @,1, Wj.1, gj1, R ;+1r and Sfu
Let

j j j
o= 8o v=) w,  p=) saq
k=1 k=1 j=1
We further define the nonlinear part of the system (3.4) substituted by (o}, v}, pj) by

F}+1(8) = VU]‘ Vi, (313)

Gj1(8) = ojvj + 0jv; - Vv + povj - Vv + kVoj Ao, (3.14)

Now, we expand Fj,1(8) and Gj,1(6) in terms of § around § = 0, thus we have

(j+1)
F, (O)

j+1

G+ Z Ajyjy Vi - Wiy, (3.15)

J1+j2=j+1

(j+1)

G"Y(0)

j+1

G+ 1) = Z Bjy j, $j, 9:wj,

Ji+j2=j+1
+ § : Cijnjs®in Wi - VWi
Jj1tj2+j3=j+1

§ : Wi - VWi,

Ji+j2=j+1

tK Z Ej, ,Vj, Adyy, (3.16)

jitj2=j+1

where 1 <ji <j,and A, ;,, Bj, ,, Cj, j»,j3» Dj1 j»s Ejy j, depend on pp(x2) and g.
By the introduction hypothesis (3.5)—(3.10) for ¢x, 9:@k, Vi, Wk, d:wi, and qx, 1 < k <},
we have, for all s,

F\Y )

(+1)
H G(/+1

S Cel12M < Coltit, (3.17)

j+1

(]+1

C(e(h At | 14243 )M)
HS

< CeltDH, (3.18)

Page 17 of 30
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We now define the (j + 1)-th order coefficients ¢;,1, wj.1, and gj,1 as solutions of the fol-

lowing inhomogeneous linear system:

E0)

_ J*

091 + Voo - W1 = G (3.19)

P0d:Wjs1 + Vi1 + ¢j18€x + KV 0o Ay
oAC)

+ Vi1 Apg — WAWj = ) (3.20)

G+ 1)

divwj, =0 (3.21)

with initial data ¢,1(0,%) = 0, wj,1(0,%) = (0,0).
For s = 0, multiplying the equations (3.19) and (3.20) by ¢;.1, wj,1, respectively, and in-

tegrating over domain D, we arrive at

j+1
A0

F
2dtf|¢]+l| dx‘—/vpo W1+1¢1+1 dx - (].+1 ) ¢j+1 dx, (3.22)

2dt/|«//00W1+1| dx=- /(Vq/+1+¢/+1g€2+KVP0A¢;+1) W1 dx

_/Kv¢j+1APO'Wj+ldx+Mf Aw;j1-wi dx

Gi(0)

G+ 1)

s Wil dx. (323)
As for the terms involving «, using (3.19) and integrating by parts, we obtain

- f kV oA - Wi dx =+ / kV(Vpo-wj1) - Vo dx

1d
=5 [ €IVl dx

2dt
FL0)
o vy ) Vo (3.24)
—KfV¢;+1Apo~wj+1dx=K/Vp{)’~wj+1¢/+1dx- (3.25)

Putting (3.24) and (3.25) into (3.23) yields

1d
2dt/|\/,00W;+1| dx+ S & K|V¢j+1|2dx+ﬂfij+1'VW/+1dx

—/(qu+1 + ¢jg8€2) - Wi dx

F.(/+1)(0)
_/KV<_ jo ) Vo

Page 18 of 30
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o [ k0wt

(j+1)
G, (0)
—/ 1 * Wil dx. (326)

(G+1)

Adding (3.26) and (3.22) together, then applying Holder inequality and Cauchy—
Schwarz’s inequality to the resulting equation, coupled with the virtue of (3.17)—(3.18),
we obtain

d
2 2 2 2 2
E<H¢"+1HL2 + Wi llz + 1V l72) < C(ldjaall2 + 1wy ll72)

+ C(IVjr |2, + 200, (3.27)

Applying Gronwall’s inequality, one finds that
I9js1llz2 + 1V @jaallz2 + lIwjea 12 < Cel* . (3.28)
Clearly, d;¢j.1, 9;wj.1 and Vgj,; also satisfy (3.6), (3.9) and (3.10) for s = 0, we thus verify

our lemma for s = 0. A similar argument works for s > 0.

Now, assume that we have constructed all ¢;, wj, g; for all 1 <j < N, we define

N N N
ot=) ¥, V=) dw,  pi=) g
j=1 j=1 j=1
Clearly

N ¢j+l pU+1)
ST (0)
j=1 '

. (3.29)
¥, 5160)
a V a a V A a V ﬂA _ A a - _ 7""
povi + Vp® +0%ges + kVpgAc® + kVa®Apy — LAV IXI: G+ 1!
where
F()=Vo* -V, (3.30)
G(8) =a?9* + o™ - VV* + pov* - VI* + kVa*Ac?. (3.31)
Compared to (3.4), we find that
N i+1 pU+1)
; S+ FL7(0)
Ry=->" 701 T F(8), (3.32)
j=1
N gj+1 U+D)
Gl (0)
Sy=-Y —T— 4 G(O). (3.33)

(+1)

j=1

Noticing that R, and S, are the sum of all higher terms than N in the nonlinear part of
the §-expansion, which clearly satisfy (3.11). Thus the proof is complete. d

Page 19 of 30
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3.2 Error estimates

This section is devoted to establish the error estimates between the exact solution (o, v)
to (1.8) and the approximate solution given by Lemma 3.1. To begin with, we shall recall
the local existence of the CRT problem (1.8)—(1.10).

Proposition 3.1 (Local existence) Assume that py satisfies (1.4)—(1.5). For any given initial
data (0y,vo) € H* x H? and

inf p(0) = inf{po(x2) + o0(x)} > 0,

then there exists a T > 0 and a unique solution (o,v) € C([0, T]; H* x H®) to (1.8)—(1.10)
satisfying

inf {o + po} >0,
Dx(0,T)

where T denotes the maximal time of existence of the solution (o, v).

Proof We mention that the local existence of the strong solution to the incompress-
ible Navier—Stokes—Korteweg equations has been established, see [60—63] for examples.
In particular, by a slight modification of the arguments in [63] and using the expand-
ing domain technique in [64], we can prove that there exists a unique strong solution
(o,v) € C([0, T); H* x H3) to the CRT problem (1.8)—(1.10), and thus obtain Proposi-
tion 3.1. g

In what follows, the notation a < b means that a < Cb for a universal constant C > 0,
which may depend on some known physical parameters. C(gp) means that the positive
constant C further depends on &;. We define

E) = E(a® ) () =/ |02 + || <wi2 <1, (3.34)
1/2
lull = ( / (0 + po)u? dx) 2= Y el (3.35)
la|<s

where o = (a7, @y) denotes a multi-index of order || = a1 + as.
In addition, we list some classical Sobolev embedding results, which will be repeated
used in later.

1 3
leellzo < Naal el B < Nl (3.36)
-
S A T e (3.37)
leell e S Nullwr = Nullp (3.38)

Let (o (t,x), v(t,x)) € C([0, T]; H* x H?) be a local solution as constructed in Proposi-
tion 3.1 and (0*(¢, x), v*(t, x)) the approximate solution provided by Lemma 3.1. Next, we
shall establish the error estimate for (6%, %), which is defined as follows

c=0-0" Vvi=v-—v4 (3.39)
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Noticing that (o4, v?) satisfies the following equations:

9,0%+1% . Vp+1*.Voi = —-R%,
,ovf + crdvf + v VA1) + oW V(A +v4),
+ (0% + po)* - Vv + Vp? — n AV + kV pAc?, (3.40)
+KkVa? Ao + po) + kVpoAc? + kVo?Apy + oge,
=-S%,

divv? =0,

where R%, and S%; are defined in (3.4). Next, we make standard estimates for the error terms
of density and velocity.

Lemma 3.2 Let (o%(t,x), v*(t, x), p*(t, %)), (R% (¢, x) Sk (t,x)) € LS

i (H®) as in Lemma 3.1.

Assume that ||o || gs < 1nfx2€R{,o0}, and |0%||ya < 5 mf xocrip0}. Then, there exists a posi-
tive constant C depending on g, po, k, |4 such that

d
22115+ o)

< Clllo 2 + o Vs + Do D 1 0 + o s + 1 s + 1 s

# 1l + DAV + o) + CIR I + 15 s (341)

Proof We first establish some estimates of the difference o? of perturbation density. Ap-
plying 9, with |a| = 4 to (3.40);, and multiplying the resulting identity by 8,0 in L2, we

arrive at

< /|a o d

0<\a|<4
——Z/ Va 3adx—2/ 90 dx
0<|x|<4 0<|x|<4
-y fa R% - 8,09 dx =: G, + Gy + G, (3.42)
0<|or| <4

Using (3.36), (3.37), Holder’s and Young’s inequalities, G; can be bounded as follows:

G S [V s Vo s [Vl o + (192 s [ V0
[V o [V | ) IV + (V2 Vo
A Y A PR A P A B9 A 1
S UNAE PP N PR Ao Y A P
[V Vo0 o+ 99 e [ VA0 ) [ V70 2

S ([ +1)E% (3.43)
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To bound G, and Gs, arguing in a way similar to that used for (3.43), thus, we can deduce
from (3.42) that

1d

5 717 L < e Lo + o 7 + DE + e[V s + 1R - (344)

We proceed to derive higher-order estimates of the difference of velocity. Applying dg
with | 8| = 3 to (3.40),, and multiplying the resulting identity by 951 in L%, we have

1d
AN P T

:%/pt|35vd|2dx—/ ( Z (ﬁ)aﬂpauvf> - 9p17 dx

u+v=p
lul=1

- / dp(o™ve) - 851 du — / dp (0" - V(" + 1)) - 9pv* dx
- / (o - V(v + 7)) - 9pv dx — / 3p((0” + po)v* - Vv?) - 31 d
- / 3p(S%) - g da— / 3p(VolA (o + po)) - dpv? dx

—K/Bﬁ(VodApo) : Bﬂvddx—/aﬁ(odgez) - 9517 dacdac

12
—Kfaﬁ(VpoAad)-Bﬁvddx—Kfaﬁ(VpAad)~3,3Vddx:= ZI,. (3.45)
j=1

To bound I, we need to estimate the time-derivative of the difference o of the density. Us-
ing (3.36), Holder’s and Cauchy—Schwarz’s inequalities, we can easily deduce from (3.40),

that
lo 122 S 1V 0 (o B + lo i + 1) + 10 [ o N + RS s (3.46)
1Voi 7 S 1 (o s + I B + 1) + 12 [ o U + RS (3.47)
| a3 S 1V s (lo [us + o s + 1) + [ s o s + 1S o (3.48)

Using (3.37), Holder’s and Cauchy’s inequalities, I; can be bounded as follows:

1

1
h= [ ool ax = 5108 + o) |0 0]

=Y L P I P T R il e g (3.49)

Recalling the virtue of £ < w/2 < 1 and putting (3.46)—(3.48) into (3.49), we get

S (o N + 1o s + ol + D1V
+ v lalo? Ds + 1R D + 1V

S (o 7 + o L + o Bis + 1[5 + 1)E2 + R [ (3:50)
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Next we continue to derive more higher-order derivatives estimates of the difference v of
perturbation velocity. Multiplying (3.40), by v in L? and recalling the virtue of div v/ = 0,

one gets

115 S Ivavil
S ilne + o € + o [ v 1€
L PR ) e I s
ot sE + E2 4 EX 4 £ + S5,
Sl + o s + Do L 7

1V G+ 1 e + D€+ 832 (351)

Applying 9; to (3.40),, multiplying the resulting equation by 3¢ in L2, and using
(3.36)—(3.38) and (3.51), we have

A S N
S (e + o7+ Do Ll e
# 1Vl + 17D + D)€+ 85+ 1712
(] i L P L P T

1V s + 1V s + DE + IS5 - (352)
Furthermore, applying 9;0; to (3.40), yields

pddv? = =82 pv — dipdve — 3,90 ™Ve) - 3;3;(pv? - V(v* + 7))
—3:8i(c v - V(¥ + 7)) = 9;9;((0* + po)V* - V) — 8;8;Vp?
- /LE),»B,-AV‘Z - /c8,'8j(VpAad) - Kaiaj(VodA(a“ + po))

— k3;3(VpoAc?) = k3;8;(Vo? Apo) — 8307 ges — 39Sy (3.53)

Multiplying the (3.53) by 9;0;v¢, integrating over D, and utilizing (3.51), (3.52), and
(3.36)—(3.38), we have

iy 2 < oy 2
S (W0 + o Is + Dol s
# 1V s+ 1 L+ DE + 2 L+ 15 e + 1
S (0 + o7 + Do La 1 W + 1 s

# vl + D&+ [V + 183 (354)
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In particular, summing up the above three estimates, we conclude that

[ < (1 7 + Do s + Dol U + 1 + 12 e + 1)

# [ s + 183 (355)

Therefore, the second term on the right-hand side of (3.45) can be bounded as follows.
Using the embedding theorem, Holder’s, Cauchy—Schwarz’s inequalities, and (3.55), we

have

I =/ Z (l‘f)aupauvf -1 dx

n+v=p
lul=1

SIVollise | AV 2 |05 12 + 180l [ 99 o 06V 2
< #1092 [ ] 1357 2 + 0l [ + Cleo) |
< Cleo) (1 1o + 1o ls + o Wi 1 [ + 1 + 1 1o + 1) €2

+ oV + 18 (3.56)

Arguing in a way similar to that used above, it is easy to verify that

11
D5 S Ce) (o s[548 + 1V s€ + 150"
j=3

w0l Ve + (11 + ol + D€+ 8% 185 o

< Cleod (I a1 I + 17 e + 16 W + o s + 1) €2

] I R o (357)

To estimate the term I;5 in (3.45), we shall further rewrite I;; as follows by using the

divergence-free condition and integration by parts.

—Kfaﬁ(VpAGd) 91 dw

= —K/B,gVod . V(V,o . Bﬁvd) dx

—K/ ( 3 (l:)auv,ow‘).,Aad) 950 dx. (3.58)

ut+v=p
lul=1

Therefore, using (3.36), (3.37), and Holder’s and Cauchy—Schwarz’s inequalities, we de-
rive from (3.58) that

o 5 Cleo) (0| + [120) + oV S €2+ 0| (359
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Inserting all the above estimates into (3.45), we conclude that

d
e N PR A 2
S (ot e + o Ias + o o 1 s + o s
Vo 1 s + I s + 1)E
RS+ 1S5 s + 0V [ (3.60)
Recalling Proposition 3.2 and the definition of py, we known the two norms | - || and

Il - llzs are equivalent. By applying a similar argument to the case 0 < |8] < 3, and then

using (3.44), we arrive at, for sufficiently small &.

d
2115+ o)

S (o e + oW + Do Do 1 s + o s + 17 s + 1 s

+ 1D+ DAVD5 + 1o D) + 1R s + 15 e (3.61)
This completes the proof. O

3.3 Existence of escape points

In this section, we are going to prove the Theorem 1.1. Let (6%(¢, x), v*(¢, x)) be an approx-
imate solution as in Lemma 3.1 with N to be determined later. For any § > 0, by Proposi-
tion 3.1, we known that exists a local-in time solution (6% (¢, x), v’ (¢, x)) with the initial data
(6%(0),v*(0)) to the full system (1.8). Obviously,

(c?(0),v(0)) = (¢°(0) — *(0),v*(0) — v*(0)) = 0.
By (3.11) and Lemma 3.2, we have

d
215+ 10707
< (ol + 1ol + o Ba 115 + Do Do + 1 W+ 1 s

+ 1+ DAV + o) + CURK s + 1%L 0)

< Clllo 2 + oW+l D 1 s + o s + 1 e + 1 s

+ ||V? ||i,4 + 1)(Hvd ||§ + ||0d||24) + C§*N+D exp(2(N + I)M)‘ (3.62)
Let
a a a a w
T= Sup{t \ Vel s + ol + o las + 115 = 5

w

ol + 11, < 5 33
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where w is a small positive number that assures the local existence. If T < 0o, we have

[T s + 10D s + [ s + 0D = 5 (364)

or
d d w
o (D) || + |vH(T)| 5 = > (3.65)
Since (0%(0),v(0)) = (0,0), and [|c*(0)|| 5 = [[V*(0)|| s = O(8) by Lemma 3.1, T is well

defined for § small enough.

Next we will prove that for 6 small enough, 7% < T by contradiction, where 6 = 5T is

defined by (3.2).
Let
C. C.
6=min] —— 2 = = 1l (3.66)
2Cn1 2C,’ 2Cns’ 4G,

Suppose that 7% > T, then for ¢ < T By the construction of approximate solutions in (3.3),
we can deduce that

lo“ @l s + lof @l s + [V @Ol s + [/ O] s

N N
=2 GO s + 3G 050 5

j=1 j=1

N N
+ 2 G @) 5 + 2G|y (0)]
j=1 j=1

N N
<G Y §IT <y FeT
j=1 j=1
N w
=G ;9’ =Cuif =5 (3.67)
When t = T, we obtain
[0 s + [0 (D) s + (D) s + V(D5 < % (3.68)
Now we appeal to the definition of T as in (3.63) and (3.62) to get, for £t < T,
d d 2 Fi 2y cl1 w? dan2 4112
S U @Ol + [V @l5) = 1+ 5 ) (o s + [v15)

+ CSZ(N+1)62(N+1))»£'
Then we choose N > 0 such that

W
C 1+§ <2(N +1)A.
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Using Gronwall’s inequality leads to
2 2
[o4@)] % + [(0)]2 < CoND 2N (3.69)
Hence

“o,d(t) ”H4 + ||Vd(t)HH3 < C28N+18(N+1)M < C28N+16(N+1)AT‘5

GO <G < X (3.70)
2

When t = T, we have
w

5 (3.71)

o + V(D5 <

which, together with (3.68), leads to a contradiction to (3.64)—(3.65), thus T° < T.
Finally, utilizing (2.1) and Lemma 3.1, we obtain

N
[ ()2 = 81w (1) = 329w (T7)] 2

j=2

N
> Csae)»T(S _ Z C}Sjel')xTS
j=2

N
=Go-Y GO
j=2

> C36 — Cy26°

Thus, when ¢ = T, using (3.70), we deduce that,

() = ()] = 102 = v )T 2
= [v(T) o = 1O = v )T s
= (7)o = [VA(T) o

> %9 _ C29N+1
2
C

> 220 - G6?
2
Cs

>—0=g,>0.
4

This completes the proof of Theorem 1.1 by defining gy = C56/4.

4 Conclusion

This paper focuses on the Rayleigh—Taylor instability in the two-dimensional system of
equations of inhomogeneous incompressible viscous fluids with capillarity effects in a hor-
izontal periodic domain with infinite height. First, we use the modified variational method
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to construct (linear) unstable solutions for the linearized capillary Rayleigh—Taylor prob-
lem. Then, motivated by the Grenier’s idea in [1], we further construct approximate so-
lutions with higher-order growing modes to the capillary Rayleigh—Taylor problem and
derive the error estimates between both the approximate solutions and nonlinear solu-
tions of the capillary Rayleigh—Taylor problem. Finally, we prove the existence of escape
points based on the bootstrap instability method of Hwang—Guo in [2], and thus obtain
the nonlinear Rayleigh—Taylor instability result. Our instability result presents that the
Rayleigh—Taylor instability can occur in the fluids with capillarity effects for any capillary
coefficient « > 0 if the critical capillary coefficient is infinite. In particular, it improves the
previous Zhang’s result in [3] with the smallness assumption of capillary coefficient.
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