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1 Introduction

In the 17th century, Newton and Leibniz independently discovered differential and inte-
gral calculus. Since then, differentiation and integration have been considerable significant
in analysis and calculus. These are operations on numbers that allow for infinitesimal ad-
dition and subtraction.

Grossman and Katz defined a new type of derivative and integral between 1967 and
1970, which replaced the roles of addition and subtraction with multiplication and divi-
sion. They called the newly established calculus “multiplicative calculus” Multiplicative
calculus, also known as non-Newtonian calculus, is only applicable to positive functions.
Because of its restricted area of application, it is not as well known as the calculus of Leib-
niz and Newton. One of the initial studies of multiplicative calculus was performed in the
1970s [14]. The classical calculus introduced by Newton and Leibniz in the 17th century
was modified in this study. Since the area of application of multiplicative calculus is quite
limited, it is not as popular as the calculus of Newton and Leibniz. However, a number
of intriguing results have been obtained in various fields. For example, in [5] Bashirov et
al. gave a fundamental theorem of multiplicative calculus. In [6], Bashirov and Riza in-
troduced complex multiplicative calculus. In [11] and [17], some properties of stochastic
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multiplicative calculus have been studied. For some applications and other aspects of this
discipline, see [2, 4, 25, 28] and the references cited therein.
Recall that the concept of multiplicative integral called * integral is represented by
QQJZ(T(m))d”l, while the ordinary integral is represented by fQQlZ(T(%l)) ds . This is due
to the fact that in the definition of a classical Riemann integral of T on [g1, 02], the sum
of the products of terms is used, while in the definition of the multiplicative integral of Y
on [g1, 07], the products of terms raised to certain powers are used.

The following connection between Riemann integral and * integral exists [5].

Proposition 1.1 If Y is Riemann integrable on [01,02], then Y is * integrable on [01, 03]

and

Q2 - 0 » »
[ (e < elitnranes,

01

In [5], Bashirov et al. show the following results and notations for the * integral.

Definition 1.1 If Y is positive and Riemann integrable on [g;, 02], then T is * integrable
on [01,02] and
1) [2(OCGa)P) P = [0 Ga) ),

@) [P Ga)oGa) = [Z(X (). [P (w(a)),

(3) QZ(T(%l))dxl _ fglz(T(%]))dhl )
01 ‘() .[512((9(%1))01%1

@) [20Ga)™ = [T [(YGa)™, 01 < < 02,

(5) [ (TGa) = Land [2(T(a) = (f2 (X ()2,

Convexity, on the other hand, is important in a variety of fields, including mathemati-

cal finance, economics, engineering, management sciences, and optimization theory. By
employing convexity, several extensions and generalizations of integral inequalities were
discovered along with their useful applications (see [1, 8, 18, 27]).

2 Preliminaries

Definition 2.1 A non-empty set R is said to be convex if for every 01,02 € X we have
o1 +k(@2—01)€R, Vi el0,1].

Definition 2.2 The function Y : [p1,02] C R — R is said to be convex in the classical

sense if the following inequality holds:
T(K%l +(1- /c)%z) <kY(r)+(1-K)Y(50)

for all 511, 55 € [01,02] and « € [0, 1].
The function Y is said to be concave if =Y is convex.

The Hermite—Hadamard inequality is one of the most well-known inequalities involving
the integral mean of a convex function. This double inequality is stated as follows (see
[13, 15, 26]).
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Definition 2.3 Let Y : I = [01,02] C R — R be an integrable convex function. Then

1 (e (o) +
T(Ql * 92) < / Y (o) doey < @D+ T(@2) @2.1)
2 02— 01 Jo, 2

Both inequalities hold in the reversed direction if Y is concave.

The Hermite—Hadamard inequality can be considered as an improvement of the con-
cept of convexity. Many researchers have looked into this inequality in great detail since
it was discovered independently by Hermite (1883) and Hadamard (1896). Especially, in
the previous two decades, many researchers have focused on obtaining novel boundaries
for the left and right sides of the Hermite—Hadamard inequality. For some findings that
enhance, improve, and expand the inequalities in (2.1), please refer to the monographs
[3,9,12,20,22-24].

Now it is time to present basic definitions and results. Note that I is an interval.

Definition 2.4 [26] A function Y : I — (0, 00) is said to be log- or multiplicatively convex
on set N if

Y (1= k) +130) < [T(a)] “[T6a)], Veelo1l.
Definition 2.5 [16] Let I € R\ {0} be an interval. A function Y :/ — R is said to be a

harmonically convex function if

T - <1 =-K)Y(0a) + kY (36)
Kk + (1 —K)sn
for all 51,200 €I, k € [0,1].

Definition 2.6 [19] Let I C R\ {0} be an interval. A function Y : 7 — R is said to be a

multiplicative harmonic convex function or a log harmonic convex function if

T(&) < (06a)) ™ (X G2))* (2.2)

Kk + (1 =K)sn
for all 51,200 € I, k € [0,1].

In [16], Iscan proved the Hermite—Hadamard inequality for harmonically convex func-
tions as follows.

Definition 2.7 Let Y :I C R\{0} — R be a harmonically convex function andlet 9;, 0, € I
with 01 < 02. If T € L[01, 02], then the following inequalities hold:

(2.3)

0
T( 20102 ) 0102 Y (5a1) doey < T(o1) + T(Qz)'

<
01+02) -0ty 4 - 2

Some recent results for Hermite—Hadamard inequalities for harmonically convex func-

tions can be seen in [7, 10, 21].
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3 Hermite-Hadamard integral inequalities

In this section, we obtain some Hermite—Hadamard type integral inequalities in the set-

ting of multiplicative calculus for multiplicative harmonic and harmonic convex functions.
Throughout the paper, for the sake of simplicity, we use the following notations for spe-

cial means of two non-negative numbers 01, 02 (01 < 02):

(1) arithmetic mean:
01+02

Ao1,02) = 5 01,02 €RY;

(2) geometric mean:

G(01,02) = /0102, 01,02 €RY;

(3) logarithmic mean:

02— 01

I N 1.7\ 01 #QZ)QLQZ 7‘/0!@1:@26R+;
log(o2) —log(o1)

L(o1,02) =

(4) generalized log-mean:

n+l n+l

Lo =|-2-——% |" 4ez\{-1,0}01,0: € R*;
(n+1)(02 - 01)

(5) identric mean:

1=K ) 01, if 01 = 02,

=1{01,02) = 02 1 .

¢Gr)m, if o1 #02,01,00>0.
1

Now we give our first main result.

Theorem 3.1 Let Y be a positive multiplicative harmonic convex function on interval

lo1,02]. Then

20102 - Q2 (Y (5¢1) o %
T<Q1+Qz>_</gl ( 2 ) ) = G(Y(e1), Y(02)). (3.1)

The above inequality is called the Hermite—Hadamard integral inequality for multiplica-

tive harmonic convex functions.

Proof Let T be a positive multiplicative harmonic convex function. For « = % in (2.2), we

have

Nl=

T(M) < (TGa), Y(0)) . (3.2)

M + 21y

Page 4 of 18
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This implies that
2
ln(T( 0102 ))
01+ 02
1
2
< ln<T< 0102 )T( 0102 ))
k02 +(1-K)o1 ko1 +(1-K)o>
1
S0 (i) e (ises)
2 k02 + (1 -K)o1 k01 + (1 -K)o2
Integrating with respect to « on [0, 1], we have
2
ln(T( 0102 ))
01+02
1 1
[ o o )
2 Jo k02 + (1 =K)o1 ko1 +(1-k)o2
1 Q2 ’Y‘ Q2 ’Y‘
_ _(( 0102 )/' ln( (z&))d < 0102 > ( (%1)>d%1>
2\\02-01/ Jo n Q—-01/) Jo,
2 /v
_ ( 0102 )/ ln( (%1)>d .
Q2-01/ Jog e
Thus, we have

2 02 e dsy (%)
T( 0102 ) < (/ ( (?;1)) ) et (3.3)
01+0Q2 01 3

To prove the second inequality in (3.1), we have

(/92 (T(% ))d"l)%z‘%)
o1 2

f92 In( "1’)01%
l

)( 9213921 )

9102 )jQZ ln

(oo=61 Hdsar)

1
e(,fo ln(T(ﬁ)) di)

o (T (e2) ) (T (1)) di)
= G(T(Ql), Y(02))- (3.4)
Hence, the second inequality is proved. By adding both inequalities we get (3.1). d

Example 1 Let the function Y be defined as Y(sr) = e*. Then the function Y is multi-
plicative harmonic convex on [g3, 02]. We have

2
T(ﬂ) o
01+ 02

0102
Q2 A1\ 2301 03-0? 0102
(/ (T(%l)> ) — (e(%—ﬂgz In03-202)+(201 ln91—291))) T
2
01 %1

Page 50of 18
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— Right
' Middle
5.0f o — Left

2.1 22 23 24 25

Figure 1 Graphical visualization of Theorem 3.1

21+e2

G(Y(01), Y(e2)) =€ 2

The graph of the inequalities of Example 1 is depicted in Fig. 1 for 0; = 1 and o, € [2,2.5],
which demonstrates the validity of Theorem 3.1.

Theorem 3.2 Let Y and w be two positive multiplicative harmonic convex functions on

interval [01,02]. Then
2 2
T( 0102 )a)( 0102 )
01+ 02 01+ 02
010

2 (Y () \ P[22 [ 0(30) P 22
S(*Ll(”%)ﬁl(”%))

< G(Y(01), Y(02))G(w(01) w(02))- (3.5)

Proof We have
2
M)
01 +02 01+ 02
2 2
:1n<T(—QlQ2 )) +ln(a)(—Q1Q2 ))
Q1 t+02 01 t+02
1
2
< ln(T< 010> )T( 0102 ))
ko2 + (1 -K)o1 ko1 +(1-K)o2
1
( ( 0102 ) ( 0102 ))2
+In{ w w
Koy +(1-k)o1 ko1 + (1 -K)oz
1
- _(m(T(iglgz )) +ln(T(7Q1Q2 )))
2 ko2 +(1—-kK)o1 ko1 +(1—«)os
1
+ —<ln<w<$>> +1n(a)(7gyg2 >)> (3.6)
2 ko2 +(1-kK)o1 ko1 + (1 —-k)oa
Integrating with respect to « on [0, 1], we have
2
n(r(Z5)(225)
01 t+02 01+02
1 1 1 1
= _/ IH(T($>> di + —/ hl(T(&))dx
2 Jo ko2 + (1 -K)o1 2 Jo ko1 + (1 —«)02




Ozcan and Butt Journal of Inequalities and Applications (2023) 2023:120 Page 7 of 18

Sl ) -
S ) o) G (L (”’“) <))

S o)) G ) () ))
(G U ) o) U, (7)) o

Thus, we have

20102 2010 2 (YGa)\ [ [ w(a) )P\ B o
e o2 (1) () )T e
01+ 02 01+ 02 o 22 o .

and the first inequality is proved.

To prove the second inequality in (3.5), we have

22 Y (51) @2 (517) %
([ 5 ) ([, 25 )

( 921n( "1>)d 1422 In( ‘“(”1))d;¢1
= (e 1

(22 (22 In( T doer 4 [2 (225 d3en)
e 1

)( 99215921 )

1 010 010
~( oo (Y Gy ey inte g e )»dk)

< (ef (Y (02) (T (01))¥ ) dic + f} 1n«w(gz)><1**>(T(gl))ﬂdx))

= G(Y(01), Y(02))G(w(01), w(02)). (3.9)

Hence, the second inequality is proved. g

Theorem 3.3 Let Y and w be two positive multiplicative harmonic convex functions on

interval [01,02]. Then

T
T(ZQle) Q912( (%1))d%1 0102
<

" 32 02-e1 T(01), T
50105 e )gz = (é(( EQI; ((Qz))))' (3.10)
w(mwz) o1 ( ) ! @ier), Q2
Proof We have
2010
1Il T(Qligi)
a)(Zsz)

01+02

2 2
=ln<T( 0102 )) —ln(w< 0102 ))
01+02 01+ 02

1
2
< ln<T( 0102 )T( 0102 ))
ks + (1 -k)o1 ko1 + (1 -K)o2




Page 8 of 18

Ozcan and Butt Journal of Inequalities and Applications (2023) 2023:120

( ( 0102 > < 0102 ))7
—Inl w w
Koy + (1-kK)o1 ko1 +(1—k)oy

Ao ) o )
ko2 + (1 -K)o1 ko1 +(1—-k)oz

2
1 0102 0102
- E(ln(w<'€~92 +(1 _K)Ql)> +ln(a)<K91 +(1 —K)Q2>>>' (311

Integrating the above inequality with respect to « on [0, 1], we have

( 20102 )
ln 01102
(22122 20102 )

01+02

I 0102 1 0102
55/0 IH(T<K92+(1 K)Ql)) 5 ( <K91+(1 K)Qz>>dK
1 ! 0102 4 0102
() s (e (o m)) o

A A

G o) @) n(75) )

2\\e2-01
Q2 02
(25U ln( ) ) () ([ (25%) =)
@2- a1 T 02— 01 37
Q2 (122
Y (521) (zar) 92 a)(%l) 02-01
= / In 5 ds
o1 %1 01
Hence, we have
20102 02 (Y (5e1) ydsey 102
T(gl+g2) (= ( s} ) ox-e1 (3.12)
w(2Q1Q2) - Qz( %1 )dm .
01t+02 01 %

and the first inequality is proved.
To prove the second inequality in (3.10), we have

02 ( Y (321) )d;q 0102

o1 %% 02-01
02 (w(51) \dse;
()
f@zl ( "1>)d f@z ]n( )d%l (212
) 02-01

="

(2222 (K ) doer - [ 2 1n( 225 )
—e ™ =7
1 Q1@ Q10
_ U0 OO G A )t S ) i)

< ¢Uo (Y (@) ) (T(e1))) dic— g In((@(02) ') (Y (1))*) di))

_ G6(Y(e1), Y(e2)
"~ Glw(o1),w(02) (3.13)
O

Hence, the second inequality is proved.
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Theorem 3.4 Let Y and w be harmonic convex and multiplicative harmonic convex func-
tions, respectively. Then we have

02(YGa)ydsa 010 (C(e2)) @)\ ¥y oy
o CITNEE (g QT(GZ) - (3.14)
02 (2] i Glw(o1), @(02))e ‘
Proof Note that
Qz(T(%l))dm 0102
o1 ;,% 02-01
g@12 ( wz?) )dx1
J€2 n( ””)dm 0100
02-01
< fgzln( %1))61%1
fgz In( X0z ) Yd e — fg2 In( ob) )d%l) 0102
= (e 1 1 )QZ—Ql
_ 2 e o Y e
(M)iﬂez)lﬂgl)
(Y(en) ¢ 0
G(w(01), w(02))e
Example 2 Let the functions Y, o be defined as Y(5) = > and w(3¢) = . Then Y and w

are harmonic convex and multiplicative harmonic convex functions, respectively,

QZ(T(%I))d;«q 0102

o1 5 22701 e(-021nga+e2+011ne1-01)
02 ( w(341) - 2_ 2
(—%2 Y1 (e

0102
) 02-01
o1 L —(202 In02-202)+(201 In01-2¢1))

and
Q2 1
(@) )\ 357707 9 yoz-or
(Grgnyran) " :(a‘i’l)
G(w(01), w(02))e Qg2

The graph of the inequalities of Example 2 is depicted in Fig. 2 for 0; = 1 and o, € [2,3],
which demonstrates the validity of Theorem 3.4.

o o
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22 24 2.6 28 3.0

Figure 2 Graphical visualization of Theorem 3.4
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Theorem 3.5 Let Y and w be multiplicative harmonic convex and harmonic convex func-

tions, respectively. Then we have

02 ( Y (1) )d;q 0102

2 22-01 G((T , T e
o1 (%1) - (T(e1) (Q?)) ‘ (3.15)
(2 5)d (2”@ y o ooy
@A (@(en)@ler)
Proof Note that
Qz(T(%l))dm 0102
o1 ;,% 02-01
02 (w(>1) \d
Ql( 2] ) “
w5 aa o0
1 02-01
< fgzln( %1))d%1
fgzln d:q fgzln )d%l) 0102
( o ) 02-01
_ e(fol In(Y (g ety ) die= o In(o( oo Aoy )
o 1
(In(GOY (1), Y (g2))-In( A2V 02 570217 41
<e (@(e )1
_ G(Y(01), Y(02))e
- (0] % :
(e y oot O
(@(on)”e1)

Theorem 3.6 Let Y and w be harmonic convex and multiplicative harmonic convex func-

tions, respectively. Then we have

(/QZ(T(%I))d%I /@(a)(%l))dm)f;f’gl
o1 2 o1 e

YQ ) P S
_ (i) T Gller), w(ea)
=L . (3.16)
e

Proof Note that

2102
(/QQ (T(%ﬂ)d”l /92 (a)(%l))d”l> 2-01
2 2
o1 1 o1 1
J&2 () s f"z (2 ey 010
( 3 P )92*@1
fgz ln d%1+f92 In( %1))0[%1) 0102
( )92791
1 0102 Q102
_ o O g gy Vo et gy ) )

1

(Ce2) 22 YGTGn G(e(gy), w(02))

Y(e1)
(Y(e1)) et ) 0

e

Page 10 of 18
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Figure 3 Graphical visualization of Theorem 3.6 i Risht
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Example 3 Under the assumptions of Example 2, we have

( /92<T(}f))d’” /@z(w(%)>d”1)5£iﬁ
01 %% 01 %%

33
_ (e(—921“92+gz+91 Ing1-01) (e( 5

Q102

)

and

Y(o

(%)mz Tlen) G(w(o1), w(02)) o2 Y o1r0r 2
<:__EI{> e 2 .

e 07

The graph of the inequalities of Example 3 is depicted in Fig. 3 for 0; = 1 and o, € [2,4],
which demonstrates the validity of Theorem 3.6.

Theorem 3.7 Let Y :I — R be a positive multiplicative harmonic convex function where

01,02 €1 and 01 < 02. Then

2 dsq %
(/Q(Yﬁ?)> ) 531@1%31@2, (317)
o 1

1

Proof Let Y be a positive multiplicative harmonic convex function. Then we have

(1))
01 %%

010y
(fezl W"l Y1) @201

ez 01 /gzln( %1))”{”)
e =7

1 0102
= efo In 1 ( ko +(1-x)o1 e

1 0102
< / e]n R kea+(1-r)o1 Jx
0

:/1T( Q102 >d/<
0o \ko2t+(l-k)or
! 1
< [ 1Tt (1) ae
0

! (Ql))
-A <»<(ﬂ dic
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Figure 4 Graphical visualization of Theorem 3.7

_ T(e1) - Y(02)
log T (01) —log Y(02)

- T(o1) + T(Qz)'
- 2

(3.18)

Hence, we get the required result. O

Example 4 Under the assumption of Example 1, we have

0102
02 A1\ 956 03-0? 0102
(/ (T(%l)> ) 2mel _ (e( 25 1—(2921n92—2Q2)+(291ln91—291))) 2201
2
4

1 1

and

Y(o1) + T(o2) e +e®
2 2

The graph of the inequalities of Example 4 is depicted in Fig. 4 for 0; = 1 and o, € [2,3],
which demonstrates the validity of Theorem 3.7.

Theorem 3.8 Let T,w : I — R be two positive multiplicative harmonic convex functions
where 01,03 € I and 01 < 02. Then

@2 /Y do1\ 23
(/Q (M) ) f%p(al,gz), (3.19)

1 3

where

0(01,09) = (T(01)" + (T(02))* + (@(01))” + (@(02))*.

Proof Let Y, w be two positive multiplicative harmonic convex functions. Then we have

o

( / (T(%l)w(%l) )"”1) o
o1 %%

0102
T =
(32 ln(i(;q:%)(%l))d%l)Q2 a

Q102 ([
e3—01 ™
=e

09 17 T(3e1)w(321)
o1 In( %% )dsey)

1 0102 0122
= efo ln[T(wr(lﬂ«)Ql) (K92+(1*K)Ql e

1 0102 0102
< / e]n[wk@r(l—i()m )‘”(ng+(1-,()g1 Jde
0
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AR O e e o | L
0 koy +(1—k)o1 ko2 + (1 -k)o1

1
< / [(T(en)* (T(02) "™ (wlen)* (wle2) ] di

B ' Y(o)w(o1)\"
~ T(en)o(o2) fo (m) de

_ T(o1)w(o1) — Y(02)w(02)
log(T(e1)w(e1)) — log(T(02)w(02))

- T(01)w(01) + Y(02)w(02)
- 2

1! 0102 2 0102 2
<3 [ OOy (ri@n) ™)+ (wlon)* (wlen)'™ s
_ 1[ (Y(e1)* = (Y(02))* ]+ 1[ (w(e1)? - (w(02))* }

"~ 4[log (1) -logY(es) | 4[logw(a)) - logw(os)
< 2(T@)+ (T(@) + (0(e)” + ((02)”. (3.20)
This completes the proof. d

Theorem 3.9 Let Y,w:1 — R be two positive multiplicative harmonic convex functions

where 01,02 € I and 01 < 03. Then

02 s %
(/ <7T(”1);"(%1)> ) < %¢(91,Qz) + %qj(QI’QZ)’ (3:21)
Q1

>
where
0(01,02) = (Y(01)" + (T(02))” + (@(01))* + (w(02))*
and
W(01,02) = T(e1)w(o1) + Y(e2)w(e2)-

Proof Let Y, w be two positive multiplicative harmonic convex functions. Then using the

inequality
1 2
0102 < 1(91 +02)°, Vo0 €R,
we have

@2 (Y (561)w(521) N
(L (=5))

1 0102 0102
= efo In[r( ko+(1-x)o1 Jol Kkog+(1-r)oy e

Page 13 0f 18
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= /01 [T(wz +Q(11Qi k)01 )w(wz +Q(11Qi K)o1 ﬂ e
s st o) | o
S /; [ iy rotea(5) ]
(G e )
Tl [ ()
(2
1 K
e () o

_17(e)+(0a)  Ylo1)—Y(o) lw(or) + ®(02)  w(o1) - w(o2)
4 2 log T(01) —log T(02) 4 2 log w(01) — log w(02)

. 1 T (01)w(01) — Y (02)w(02)
2log(Y(o1)w(01)) —log(Y(02)w(02))

< <[(Te)” + (@)’ + (@lo)” + (@(e2)’]
+ 2 [Tenelon + Teler]. (3.22)
This completes the proof. O

Theorem 3.10 Let Y,w : I — R be positive multiplicative harmonic convex functions

where 01,02 € I and 01 < 03. Then

( /Qz (T(%l)a)(%l))d’”) =Ty
01 %%

< Pw [L1_,(T(e1): Y (e2)] 5
2O (o), 0e)] T (323)

Proof Let Y, w be two positive multiplicative harmonic convex functions. Then using the

Young’s inequality

1

1 1
0102 <poy +90y, P,a>0p+q=1,

we have

@2 (Y (561)w(521) N
(L (=5)0)

B efOl In[Y( 0102 Yool Q102 ) dk

ko +(1-K)o1 7 kg +(1-K)ey
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! 0102 0102
<[ (e ) e )

! 0102 0102 %
[Pl (ases) () ]

< [ LTy (rie) ™1 +aloten) (wien) ] ax

1 i/
=¥ (T(QZ))p/o (ngg) de +afofen) (60(92)>

2ot [T T(m)) ( (g))
vt [7(555) e rloe)? /o olen))
_p(T@D)P = (T@)? (@) - (e

log (1) ~log T(e2) logw(en) ~loga(ey)

L (X(@)? — (Y(ea))?
Y (1) - Y(02)

L @(01) — (w(02))d

ol

L(T(01), T (02))

w(01) — w(02) L(w(e1), w(e2))
Spw[ 7—1( (01), T(Qz))]kTp

+ qw [L1_1((e1) w(e2))] -

This completes the proof.

d

Theorem 3.11 Let Y,w : I — R be increasing multiplicative harmonic convex functions

where 01,02 € I and 01 < 03. Then
In G(w(07)),w(02)
( /@2 (T(%I))d”l)gm e T < /@z (a)(%l))d”l) o0
01 %% 01 %%

<2L[T(e1)w(02), T (e2)e(01)].

0102 nG(Y(e1)). Y (e2)

(3.24)

Proof Let Y, w be two positive multiplicative harmonic convex functions. Then using the

inequalities

T(L) < (T(e2) "™ (T (1)),

ko2 +(1—k)o1

w($> < (0(01))" ™ (0(02)",

ko1 +(1—k)os

with ()Ll — )\,2)()»3 - )\4) > 0, A.l,)\,z, )\,3,)ul, € R, and )»1 < )\,2 < )Lg < )L4, we have

T<$)(w<gl>)““(w<92))“

ko2 + (1 —k)o1

ro B ) (rte) ™ (o)

ko1 +(1—k)oy

Page 150f 18



Ozcan and Butt Journal of Inequalities and Applications (2023) 2023:120

< T( 0102 )w( 0102 )
ko2 + (1 —kK)o1 ko1 + (1-x)o2
+ (102) "™ (00)* (@(e1) ™ (@(02))*

Taking the logarithm and integrating the above inequality with respect to « on [0, 1], we

have

[ ] (2 Y wten) ot |

K02+ (1-K)o1

1
+/0 ln|:w<%>(T(Qz))(l_K)(T(Ql))K] dk

ko1 +(1—«

1
< / ln[T( 0102 )w( 0102 )
0 ko2 + (1 -kK)oy ko1 +(1—k)o

+w@m“%wmww@W”%wmﬂw.

Since T and w are increasing, we have

/1 lnT<$> dk /l ln[(w(gl))(l‘K)(w(Qz))K] dk
0 0

K02+ (1-K)or

1 1
+/ lna)(&)d/c/ ln[(T(Qz))(l_K)(T(Ql))K]d/c
0 0

ko1 +(1-K)o2

1
5/ ln[T( 0102 )w( 0102 )
0 ko2 + (1 —K)o1 ko1 +(1—k)os

+ (T(QZ))(I—K)(T(Ql))l((a)(gl))(l—/()(w(gz))/(:| dk,

which means

1
lnG(a)(Ql):w(QZ))/o lnT(%) a

Koy +(1 -k

1
+InG(w(01), ®(02)) _/0 lnw<m) “

1
< / ln|:T< 0102 )w( 0102 )
0 kor + (1-kK)o1 ko1 + (1 —k)oy

+ (T(QZ))(I_K)(T(Ql))K(a)(Ql))(l_K)(CU(Qz))K:| dic.

Now taking the exponential on both sides, we get the required result:

0102 InG(w(e1)).w(02) 0102InG(Y(01)),Y(09)

() (e
01 %% 01 %%

<2L[Y(e1)e(02), Y (@2)a(01)]. (3.25)
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4 Concluding remarks

In this paper, we investigated multiplicative harmonic convex functions. We obtained a
new version of the Hermite—Hadamard type integral inequality in the setting of mul-
tiplicative calculus for multiplicative harmonic convex and harmonic convex functions.
We also derived several integral inequalities of Hermite—Hadamard type for the mul-
tiplication and division of harmonic convex and multiplicative harmonic convex func-
tions in multiplicative calculus. New upper bounds for products of two multiplicative
harmonic convex functions are also given. As a result, several new integral inequalities
of Hermite—Hadamard type are established. Furthermore, by providing examples with in-
cluded graphs, both obtained results have been verified and a better understanding of the
subject has been achieved. In recent years, Hermite—Hadamard inequalities have grown
into a significant tool for mathematical analysis, probability theory, optimization, and
other fields of mathematics. Many studies have been dedicated to bringing a new dimen-
sion to the theory of inequalities. We believe that this class of functions will be deeply
researched in this attractive and absorbing field of inequalities and also in different areas
of pure and applied sciences. We also believe that our techniques and ideas will stimulate
further research in this field.
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