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1 Introduction and preliminaries

In 1922, Banach [6] proposed the well-known Banach contraction principle (BCP), which
employed a contraction mapping in the domain of complete metric spaces. Later, it was
regarded as an effective approach for locating unique fixed points. According to the BCP,
in a complete metric space (M,d*), a mapping f : M — M satisfying the contraction
condition on M, i.e.,

d*(f¢,fB) < cd*(¢, B),

for all ¢, 8 € M, provided ¢ € [0, 1), has a unique fixed point.

The BCP was generalized using varieties of mappings on several extensions of metric
spaces. In 1969, Nadler [7] generalized the BCP for multivalued mappings. In order to op-
timize a variety of approximation theory problems, it is much more advantageous to use
proper fixed-point results for multivalued transformations. The notion of F-contractions
was introduced by Wardowski [15]. Altun et al. [2] focused on the existence of the fixed
point for multivalued F-contractions and proved certain fixed-point theorems on the set-
ting of metric spaces. Many extensions and generalizations of BCP were produced and
the existence and uniqueness of fixed-point were proved. Ali et al. [1] introduced the no-
tion of «-F-admissible type mappings in the setting of uniform spaces. One can see many
interesting results on «-F mappings in [3-5, 18].

In 2014, Shukla [12] gave a new direction for extending the metric space. He blended the
principles of a partial metric space [9] and a b-metric space [10, 11] together and proposed
a new notion of a partial b-metric space to present a fine interpretation of BCP in such
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a space. Kumar et al. [8] extended these results to partial metric spaces and proved fixed
point results for multivalued F-contraction mappings. Kumar et al. [8] presented an article
in April 2021, using multivalued F-mappings in partial metric spaces. A sound general-
ization of BCP under this new direction was given. One can see more work in the papers
[16, 17, 19] and the references therein. Motivated by his work, an idea of extending the
BCP in the globe of a partial b-metric space by integrating the notion of «-admissibility
introduced by Samet et al. [13] under multivalued F-contractions, is presented.

Take R* = [0,00) and denote by N the set of positive integers. Throughout the article,
the compact subset of the underlying space M will be denoted by K(M). Let us now look
at some essential concepts and consequences that will set a foundation for our main result.

Definition 1.1 [12] Let M # ¢ and b > 1 be any real number. A map py : M x M — R*
satisfying the following properties on M is called a partial b metric on M:
Dpu(1): po(my, my) = po(my, my) = py(my, my) if and only if my = my;
P(2): po(my, my) > py(my, my);
Po(3): po(my, my) = py(ma, my);
Pp(4): po(my, my) < b{pe(my1, m3) + py(m3, ma)} — py(m3, m3) for all my, my, mz € M.
The pair (M, py) is said to be a partial b-metric space (PbMS).

Example 1.2 Let M =R*. We define pp : M x M — M by
po(my,my) = |my —my |7 + [max{ml,mz}]q, for all m, my € M.
Let g > 1 be any constant, then (M, pp) is a PbMS with b = 2771,

Definition 1.3 Let (M,p;) be a PbMS with b > 1. Let {m;} be a sequence in M and
mgy € M be any arbitrary element.
(1) The sequence {m;} is called a convergent sequence with limit 1 if

lim py (mg, mo) = pp (mo, mo).
E—>00
As an example, consider M = [0,1] and let m; = {% : & € N}. Define a map

Po : M x M — R* by py(my1, my) = |my — my|° + v, where v > 0. It is easy to see that
(M, pp) is a PbMS with b = 2%, Now,

li ( 0) =1l —1 0)=1 —1 -0 = (0 0)
m me, = 1m » = 11m +V|= ,U).
£ Po Mg £ Po £ p £ Po

That is, {m} is a convergent sequence in (M, pp).
(2) A sequence {my} in M becomes a Cauchy sequence if

lim py (2, my)
k,l— o0

exists and is finite.
(3) (M, py) is called a complete POMS if every Cauchy sequence converges in M.

Some useful ideas concerning Hausdorff distance under the structure of PbMSs have
been suggested by Felhi [14] and recently revised by Anwar et al. [3].
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Definition 1.4 Let (M, p;) be a PbMS with b > 1, and CB,, (M) be the collection of all
nonempty bounded and closed subsets of M. For P, Q € CB,, (M), the partial Hausdorff
b-metric on CB,, (M) induced by py, is given as follows:

Hp, (P, Q) = max{épb (P, Q),8p, (Q, P)},

where 8, (P, Q) = sup{py(p, Q) : p € P} and 8, (Q, P) = sup{py(, P) : q € Q).

Lemma 1.5 Let (M, py) be a PoMS with b > 1. Consider two nonempty subsets P, P* €
CB,, (M), and k* > 1. For some p € P, there exists q € P* so that

po(p,q) <k*H,, (7),77*).

Lemma 1.6 Let (M,py) be a PbMS with b > 1, then for two nonempty subsets P, P* €
CB,, (M), and for each p € P, we have

po(p, P*) < H,p, (P, PY).
A new concept was given by Wardowski [15] in 2012 by introducing Ag-family.

Definition 1.7 A mapping F from (0,00) to R is a member of As-family if F satisfies
these properties:
(F1): F is strictly increasing, i.e.,

my<my =  F(my) < F(my), forallmy,my;eR.
(F): For every positive term sequence {m; : £ € N},

lim m; =0 <= lim F(mg)=—o0.

n—00 n—oo
(F3): If we have y € (0, 1), then limg_, o+ £V F(£) = 0.

Example 1.8 Let F : (0,00) — R be defined as F(m) = In(m). F is a member of As-family.

Let (M, pp) be a PbMS with b > 1. This paper initiates the concept of new multivalued
contraction mappings involving the As-family and a given function & : M x M — R* in
the context of a PbMS. We develop some fixed point results for such contractions. Fur-
thermore, we illustrate our main result with concrete examples. An application is also
presented for a deeper understanding of the obtained result.

2 Main results
We start with the following definition.

Definition 2.1 Consider a set M # ¢ and let S: M — 2 be a multivalued mapping.
Given a function a : M x M — R*. S is called a multivalued a-admissible mapping if for
m,n € M, we have

Ol(}’}’l, I’I) >1 - Ol(}IHO! nO) >1,

where m € S(m) and ny € S(n).
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Definition 2.2 Let (M, py,) be a PbMS with b > 1 and define amap S : M — K(M). Then
S is said to be a MV F-contraction mapping if there are 7 € A — family and 7 > 0 such
that

Hpo(Sm1,Smy) >0 = T+ ]:(prb(Sml,Sng)) < f(M(ml, mz)), (2.1)

where

M(my, my) = max{l?b(ml,mz),Pb(ml,Sml),Pb(mzrSle),

po(m1, Smy) + py(my, Smy) }
2b '

Definition 2.3 Let (M, py) be a PbMS with b > 1. Given a function o : M x M — R*.
The mapping S : M — K(M) is said to be a MVa.F-contraction if there are 7 € Ay —
family and 7 > 0 such that

Hpo(Smy, Smy) > 0

= 1+ F(a(my,my)(6Hye(Smy, Sm))) < F(M(my, my)), (2.2)

where

M(mlr m2) = max{pb(ml’ m2);Pb(m1; Sml)rpb(er SmZ)y

polmy, Smy) + py(ms, Smy) }
2b ’

Lemma 2.4 Let (M, py) be a complete PoMS with b > 1 and S : M — K(M) be a MV F-

contraction mapping, then

lim b¥ve =0,
E—>o0

where ve = py(Me1, Men) and £ =0,1,2,....

Proof We take an arbitrary m € M. As Smy is compact, it is nonempty, so we can choose
my € Smy. If m; € Smy, this means that m; is a fixed point of S trivially. Suppose m; ¢ Sm;.
As Sm; is closed, so we have py(m11, Sm;) > 0. Also, we know that

po(my, Smy) < Hy, (Smo, Smy). (2.3)
As Sm; is compact, so there exists m, € Sm; such that

po(my, my) = py(my, Smy).

Thus,

po(mi, my) < H, (Smo, Smy).
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Similarly for ms3 € Sm,, we get
po(ma, mz) <H, (Smy,Smy),
which ultimately gives
Po(mg1,mgn) < Hy,, (Sme, Smeg.y).
This leads to
b(po (M1, me.n)) < b(Hy, (S, Smz.1)).
The condition (F;) implies that
F(6(po(mei1,me12))) < F(b(H,p, (Sme, Sme.1))).
By (2.1), we have
F(b(po (e, me.n))) < F(M(mg,,me)) -1,
where

M(m?jrmé‘-#l) = maX{pb(mE! m%‘+l)rpb(m§rsméj)!pb(m§‘+1! Smé+l);

Pol(me, Smg1) + po(mg.1, Smg) }
2b

= max{pb (Wl5¢ m§+1)rpb (mér m§+l)rpb(m€+lr m§+2)x

Po(mg, mg,1) + po(mg 1, Mgy0) }
2b

< maX{ph(rng, Mg 1), Po (Mg, Mg 1), o (Mg 41, Mg 42),

b [Pb(mg, Mgi1) + po (Mg 1, Mg L) :| }
2b ’

= max{py (Mg, Me.1), po (M1, Me2) -
Assume that
max {pe (mg, mg.1), po(Msi1, Mg12) | = po (Mg, me.o).
The inequality (2.5) yields
T+ F(b(po(me1,me12))) < F (0o (g, men)),
which is a contradiction. Therefore,

max {pe (mg, me.1), po(Mes1, Meia) | = po(me, mg.).

(2.4)

(2.5)

Page 5of 17



Sagheer et al. Journal of Inequalities and Applications (2023) 2023:109 Page 6 of 17

It implies that

F(b(po(mes1,mes2))) < F(po(me, mean)).

For convenience, we are setting v = py(#g.1, M¢42), where £ = 0,1,.... Clearly, v¢ > 0 for
all £ € N. Now, substituting this into the above equation, we have

T+ ]-"(b(vs)) < F(vg-1).
Iteratively,
T+ F (6% (ve)) < F(b5 7 (ve_n)).
We will get
F(b5 (vg) < F (b5 (vem1)) — 7 < F(652(ven)) =27 < -+ < Flvp) — &7 (2.6)
Hence,
slggo .7-'65(1/5) = —00,
we have
lim b*ve =0, by (Fy). 0

E—o0

Theorem 2.5 Let (M, py) be a complete PbMS with b > 1, such that py is a continuous
mapping and S : M — K(M) is a multivalued o F -contraction mapping. Suppose that
(1) S is continuous;
(2) S is an a-admissible mapping;
(3) there exist mg € M and my € Smyq such that a(mgy, mp) > 1.
Then S has a fixed point.

Proof For my € M, we have by assumption «/(mg, m;) > 1 for some m; € Smy. Similarly,
for m, € Smy, we have a(m;, m;) > 1 and for any sequence mg,; € Smg, we get

a(mg,mg)>1 forall& e NU{0}. (2.7)
Now, by the contraction condition (2.2), we have

T+ F(a(mg, mea1)b(Hpo (mes1, mes2))) < F (M(mg,, me)).
The inequality (2.7) implies that

T+ F(0(Hpo (mz11,me12))) < F (Mg, mz)),
where b > 1. We have

F(b(po(mgi1,mes2))) < F(M(mgi1,me)) — 7. (2.8)
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By lemma 2.4, one writes
Sll)rrolQ b¥ve = 0.
By (F3), for any y €(0,1)
Jim (b%vg) " Fbf(v) =0, VEeN.
Using (2.6), one writes
(65ve)" (F b8 (ve) — F(vo)) < —(bfvg) &7 <0. (2.9)
Now, as 7 > 0, we have
Sli)nolo (b5ve)"& = 0.
So, there exists & € N, such that
(bve) 6 <1, V&=

It implies that

|-

bfve < —. (2.10)

XI=

3

Now, we will prove that {m;} is a Cauchy sequence in M. For this, let £,/ € N provided
that £ > [ > &;. Using the triangular inequality of a PbMS, we have

po(mg,my) < b{py(mg, mg.1) + po(mg1,m,)} — po(mg.1, me.q)
< b{po(mg, mg.1) + po(mg.1,m,)}
< bpy(mg, me1) + 0*{po(mg .1, Mg 12) + po(mg.2,my) )
— po(Mg2, Mg,2)

< bpy(me, mg,1) + 0*{po(mg .1, mg12) + po(mg.2,my) )

= bpo(me, me 1) + b2 {po (Mg 1, Mg o) + - + b py(m,y_y, my)

n-1
= Z bF 5 py (mg, mp.1)

=
oy

IA

M 31

bﬂpb(mﬁﬂ; mﬂ+2)

bﬂVﬂ

=
1
e
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1

I
BY
{m;} is a Cauchy sequence in M. Since M is complete, there exists m* € M such that

The convergence of the series ) 5°, — implies that lim;, o ps (¢, m,) = 0, which shows

Slim Do (mg,m*) :pb(m*,m*) =0. (2.11)
—00
We claim that m* is a fixed point of S, that is,

po(m*,Sm*) = py (m*, m”).

Suppose py (m*, Sm™*) > 0. So, there exists ko € N such that pg(mg, Sm*) > 0 for all £ > k.
We have

po(me, Sm™) < Hyp (Smgiq, Snr*).
By using our contraction condition and taking limit £ — oo, we have

T+ F(pp (m*, Sm*)) <t + F(a(m*, m*)Hyp (Sm*, Sm™))
< F(M(m*,m*))
=< F(po (", 5m)),

where,

M(m*, m*) = max {pb (m*, m*), po (m*, Sm*), pe (m*, Sm*),

po(m*,Sm*) + py(Sm*, m*)
26
<po (m*,Sm*).
It yields that
T+ F(po (m*, Sm*)) < F(po(m*, Sm*)).
Since 7 > 0, the above relation yields a contradiction, therefore py, (m*, Sm*) = 0. Also,
po(m*,m*) =0.
This gives m* € Sm* = Sm*. Proving that m* is a fixed point of S. O

Example 2.6 Let M ={0,1,2,3,...} and pp : M x M — R* be defined as

po(¢,v) =1¢ —v|7 + [max{¢,v}]? forallg,ve M.
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It is easy to check that (M, pp) is a complete PbMS with b = 2771, where g > 1. We also
define a multivalued map S : M — 2 by

Or 1 ’ f = O, 1,
5o {{ Y
{¢ -1,z} otherwise.

Consider o : M x M — [0,00) as

i .f ) 11)
a({,v):{? ifz,ve{0,1}
2

, otherwise.

Let o =0,¢; = 1,then 8¢ = {0,1} and ¢; = {0, 1}. Giving @(&o, {1) = @(0,1) = 2 > 1, for some
£, =0€ 8¢, we get a(1,82) =«(1,0) =2 > 1. That is, S is an «-admissible map.
Define F : (0,00) — R as F(¢) =In(¢) + ¢. It can be observed easily that F is a member

of Ar-family. Now, applying F on our contraction condition, one gets
T+ F(a(g,v)H,y, (S¢,8v)) < F(M(¢,v)).
That is,

T+ ln{a(g, V)Hp, (S;,SU)} +a(s,v)Hp, (S¢,Sv)
<In(M(¢,)) + M(¢, ).

Hence,
T+ (g, v)Hy, (S¢,Sv) = M(Z,v) < In(M(Z,v)) - In{a(Z, v)H,, (S¢,Sv)}.
Therefore,

Trale ) Hyg (Ses0-Mew) o MEGV)
= wC, ) Hy, (5T, 50)

e

That is,

a(l,v)H,y, (SC’SU)ea({,v)’Hpb(S{,Sv)—M({,v) <& (2.12)
M(¢,v)

Now,

8py (P, P*) = 8y, (S, Sv)
= max{py (£, Sv),pu(¢ —1,5v)}
= max{inf{py (¢, v), po (¢, v = 1)}, inf{pe (¢ = 1,v),ps(¢ - 1,v - 1)}}
=max{|¢ = v|7+¢%|¢ —v -2[7+ 7}

= lg —vit+ 0.
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Similarly, we can calculate
8py (P5P) =g —v|T + 27,
Hence,

Hy, (P, P*) =max{|¢ —v|T+¢9,|¢ —v|T+ 1
1o (PP = | -
=1 —v|T+¢%

Also,
M(¢,v) = po(§,v) = ¢ —v| + 7. (2.14)
Setting these both in the contraction condition, we get

(g, v)H,, (S¢,Sv) E W) Hp (SE,5v)-M(Ev)
M(¢,v)

S S T
2M(¢,v)

< 72”2 — ‘qu +iqe%(l(*vlqﬂq)*l(*vlqﬂq using (2.26)

- le%(lz—vm;q)

This implies that (2.12) is satisfied with T = %(|§ —v|? + ¢9), which is a positive number for
¢ #v. All conditions of Theorem 2.5 are true, and 0 and 1 are two fixed points of S.

Theorem 2.7 Let (M, py) be a complete PbMS with b > 1 such that py is a continuous
mapping. Let S : M — CB,, (M) be a MVa F-contraction mapping and B C (0, 00) with
inf B > 0. Suppose that

(1) S is continuous;

(2) S is an a-admissible mapping;

(3) there exist mg € M and my € Smq such that a(mgy, m1) > 1;

(4) F(infB) = inf F(B), where F € Ay — family.
Then S has a fixed point.

Proof We take an arbitrary my € M. As Sm, the set of all images of m € M, is nonempty
for all values in M, we can choose m; € Smyg. If m; € Sm;, this means that ; is a fixed
point of S. So suppose m; ¢ Sm;. As Sm; is closed, we have

pel(my, Smy) > 0.

Also, we know that

po(my, Smy) < Hy, (Smo, Smy).
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We have

]:(pb(ml,Sml)) < ]-"(th (Smo,Sml)), byF,. (2.15)
Using (4)

F(po(m, Smy)) = geiISlrfll F(po(my,g)).
That is,

0f Fpo(mi)) < F(Hy, (Smo, Sm)). (2.16)
As Sm is compact, so we can find a m;, € Sm; such that

Jof F(po(m1,9)) = F(po(my, my)).
From (2.15),

F(po(my1,my)) < F(H,p, (Smo, Smy)). (2.17)
Similarly, for m3 € Sm,, we get

]-"(pb(mz, ng)) < ]:(Hpb (Sml,sz)),
which ultimately gives

F(po(mea1, me.s)) < F(Hp, (Smg, Sme.,1)).
As b > 1, so we can write

F(b(po(mgi1,mes2))) < F(b(Hp, (Smg, Smg,1))). (2.18)

For mo € M by assumption, «(mg,m1) > 1 for some m; € Smy. Similarly, for some m, €

Smy, we have a(my, m,) > 1 and for any sequence mg,1 € Smg, we may write

a(mg,mg) >1 forall & e NU{0}. (2.19)
Using (2.2), we have

T+ F(a(mg, mea) (Hpo (Mg, mg12))) < F (Mg, mg)),
The inequality (2.19) implies that

T+ -F(b(Hpb(m§+lrm$+2))) < .F(M(m§+1,m5)).
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Using (2.18), we have

]:(b (p[,(mgﬂ, m§+2))) < ]—'(M(m&l, m;)) -T. (2.20)
Now, using Lemma 2.4, one writes

lim b¥ve =0,
Now, by (F3), for any y € (0,1) and for all £ e N,

Jim (b%ve)” FbF (ve) = 0.
It implies that

(65vg)" (F b8 (ve) — F(vo)) < —(bfvg) &7 <0. (2.21)
As 7 >0, we have

Sli)nolo (b5ve)"& = 0.

So there exists & € N such that (b5v)"& <1 for all £ > &. Then

|-

bs Ve < (2.22)

XI=

3

Next, we prove that {m;} is a Cauchy sequence in M. For this, following the same steps
as done in Theorem 2.5, one can easily have

Slirgopb (mg, m*) = py (m*, m*) = 0. (2.23)

We claim that m* is a fixed point of S. Suppose that py(m*, Sm™) > 0, this means there
exists ko € N such that we have py, (¢, Sm*) > 0 for all £ > ky. One writes

Po (l/l’lg, Sm*) < Hpb (SWIngl, Sm*)
Using (2.2) and taking limit § — oo, we have

T+ F(po(m*,Sm*)) < v + F(a(m*, m*) Hpp (Sm*, Sm*))
< F(M(m*,m*))
< F(po(m*,Sm”)),

where

M (m*, m*) = max {pb (m*, m*), po (m*, Sm*), pe (m*, Sm*),
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po(m*,Sm*) + po(Sm*, m*) }
2b

<pe (m*,Sm*).
It implies that
4 Flpu(m* 5%) < Flpo (o, 501)).
Since 7 > 0, the above relation yields a contradiction. Thus,
po(m*,Sm*) = 0.
Also, py(m*, m*) = 0. This gives m* € Sm* = Sm*. Hence, m* is a fixed point of S. (]
Example 2.8 Let M ={m, =1- (%)5 :¢ € N} and pp : M x M — [0, 00) be defined by
po(C,v)=|C - v+ [max{g, v}]zfor all,v e M.

One can easily verify that (M, py) is a complete PbMS with b = 2. We also define a multi-
valued map S: M — 2M by

{m1}, m=my,
Sm =
{me,mea}, m=mg,0=2,3,....

Consider «(m;,m,) = 1 and M(m,, m,) = pp(m,,m,). Take F : (0,infty) — R as F(¢) =
In(¢) + ¢. Hence, the contraction condition will take the following form:

Hp, (Sm;,Sm,)

e,H!’b (Smg ,Smy)-M(m; ,my) < et (224)
M(m{’ ml))

Now, we verify this condition for the following two possible cases:
Casel
If Hp, (Sm;,Smy) >0and v = 1, we have

8[7[, (Sm{rsml) = max{pb(m{rsml)vpb(m{+17$ml)}
= max [ — P + (m P Iy =y + (1))

= mg —m|” + (mg ).
In the same manner,
8p, (Sm1,Smy) = |my — mi|* + (m).
It implies that

Hy, (Smg, Smr) = |mpq —ma* + (mg41)?. (2.25)
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Also,

M(mg,my) = [mg —my|* + (me)* < |mg = my|* + (mg 1) (2.26)
One writes

My (Sme, Sm1) a4, (S Som)-Mme )

M(m{! ml)

2 2
17541 = 111"+ (1) (o P 1= 4 2)7)

lme —my|? + (mg2)?
1 1 12 1 1\2

NG =GP+ =G et paas o o (f -
13) = )12+ (1= (3)5+2)?

< B RH(F)F-[(3)2 +(3) X H43(5)E a2

22D

<e’’,

for some 7 > 0.
Case Il
If H,, (Smg,Sm,) > 0 with ¢ > v > 1, we have

th (Smg,Sm,) = |1 — Wlu+1|2 + (Wl;+1)2>
and

M(me,m,) = |mg —my|* + (me)* < [mg —m, | + (mg,0)%.
From (2.24), we have

HPb (SWI;; va) e(’Hpb (Smg ,Smy)-M(mg ,my))
M(””{ﬁ m\))

2 2
< et = |4 (e1)” (o1 P 1))~ - s 20P)
lmy —my|? + (mg12)*

(D = (P (- (R
D = QFP+ (- (G2

< @M= P+ D)=((3) (3 P(=(2)5 7))

)= (32132 =1(5) ~(5)F P=(1-(3)F %)

Nl

<e’”,
which is true for all ¢,v € N provided that ¢ > v > 1, where 7 > 0. Thus, all the required

conditions of Theorem 2.7 are satisfied. Here, the mapping S has a fixed point (71, and m,
are fixed points).

3 An application

Here, we apply our main result to find a solution to an integral equation of Fredholm type.
Take I = [0, 1]. Denote by M = C(I,R?) the space of all continuous functions defined from
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I to R2. We endow M with the usual sup-norm. We consider a partial b metric on M
defined by

Po(@ ) =l -Vl = sug{e"”"\qﬁ(rn) -ym)|"} pg>1,

for all ¢,y € M. It is easy to verify that (M, py) is a complete PbMS. Consider the Fred-
holm integral inclusion

1
#Q)ef©)+ [ kol o)) v (31)
0
such that for every Ky : I x I x R?> — K(M) there exists
k¢(§,x*,¢*) € IC¢({,x*,¢*).

Define a multivalued mapping S: M — K(M) as

1
S(6(0)) = {qb*(@):qs*(g) cwlt)+ / /c¢(¢,x*,¢(x*))dx*}. (3.2)

Theorem 3.1 Suppose that the following conditions hold:
(1) Kg:IxIxR>—> R?andf:1— R? are continuous;
(2) there exists ¢pg € M such that ¢y € Sti_1;
(3) there exists a continuous function §:I x I — I such that

q

’

ko (6127 & (")) = Ky (&,2%, ¥ (7)) | = sup F( (), w (+)) [ (+") - v (+")

x*el

foreach ¢,x* € I and f(p(x*), ¥ (x*)) < y.
Then the integral inclusion (3.1) has a solution.

Proof Let (M, py) be a complete PbMS. We choose

F(¢) =In(¢),

for all ¢ € (0,00). So after going through a natural logarithm, our condition will be

Hpy (S(0(2),SY(0))) < e M(9,¥),

with a(¢, ) = 1. Next, to show that S satisfies this condition, let p > 1 such that

1 1
-—+-=1,
r 9

then for ¢* € S(¢), we have

= SZulie‘”|¢>*(C) -y
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1 q
s | [ ofee0e) ks o)
1 }, 1 174
si_u;;ew[(/ |1|de*> /(|/<¢(;,x*,¢(x*))—kw(;,x*,w(x*))!q)q] dx’
€ 0 0

1
supe? [ (5 (6)) ko 5,07 () 1

cel

1
sper® [ e ke, 0(50) <Ky (6% v )
0

cel

<supe™® /01 ex*yf(fi’(x*), ¥ (x*)) sup e i(b(x*) - I/’(’C*”qd’c*

cel x*el

1
P10 v o) | e [ v ax

) maX{Pa (@), ¥ (x7)).po (6 (x7), S(6(x7)))o 2o (¥ (+7), S (¥ (x7))),

Pol@d(x*), S( (x¥))) + po (¥ (%), S(¢(x¥))) }
2b )

Also, as ¢* is arbitrary, we have

50, (S(®),S(W)) < " M(g, 1),
Similarly, one finds
8p, (S(W), S(#)) < & M(¥, ¢).

Then
Hyy (S(@), SW)) < "M, ).

That is, 1, (S(#), S(¥)) < e "M(e, V).

Our desired contraction condition is then satisfied by choosing —t = y. Thus, all condi-
tions of Theorem 2.5 are satisfied, and so the integral inclusion (3.1) has a solution, and 0
is a fixed point of S. O
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