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1 Introduction
The calculus of time scales was accomplished by Stefan Hilger [7]. A time scale is an ar-
bitrary nonempty closed subset of the real numbers. Let T be a time scale, §,w € T with
& < w, and an interval [§,w]T means the intersection of the real interval with the given
time scale. The major aim of the calculus of time scales is to establish results in general,
comprehensive, unified, and extended forms. This hybrid theory is also widely applied in
dynamic inequalities, see [2, 8—12]. The basic ideas about time scale calculus are given in
the monographs [3, 4].

We state here the different versions of reverses of Callebaut, Rogers—Holder, and
Cauchy—-Schwarz inequalities, see [5].

Let x; > 0, yx > 0, and wy > 0 for any k € {1,2,...,n} with 22:1 wy = 1. If there exist
constants m, M > 0 such that 0 < m < ;—’; <M<ooforanyk €{1,2,...,n}, then

1 0 n 1

2(1-v), 2 2v, 2(1-v) 2 2
E wixe Y E WXy < E WiXy, E WYy
k=1 k=1 k=1

M 2 n n
<s((5) ) Zwet ™t w0, )
k=1

for any v € [0, 1] and, in particular,

1 2 g n M\ 2 1 2
Z WXk Yk < Z kai Z kaz < S((E) > Z WiXiVk | - (1.2)
k=1 k=1 k=1 k=1
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Let }7 + é = 1 with p > 1. If there exist constants m, M, n, N such that 0 < m < xy < M < 00
and 0 < n <y, < N < oo for any k € {1,2,...,7n}, then we have the following reverse of

Rogers—Holder discrete inequality:

U 5/ @ MN\? / N7\
<Z kap) (Z Wk)”’) =< S((%) (;) )Zkakyk» (1.3)
k=1 k=1 k=1

and, in particular, the reverse of Cauchy—Bunyakovsky—Schwarz inequality

n 3/ 3 MNAZD\
(Z ka2> (Z kaz) < S((W) ) Z Wik Yk (1.4)
k=1 k=1 k=1

2 Preliminaries
First, we present a short introduction to the diamond-« derivative as given in [1, 13].

Let T be a time scale and f(r) be differentiable on T in the A and V sense. For t € T,
the diamond-o dynamic derivative f°*(7) is defined by

fer)=aft(r)+(1-a)fV(r), 0<a<l.
Thus f is diamond-« differentiable if and only if f is A and V differentiable.
The diamond-« derivative reduces to the standard A-derivative for « = 1, or the stan-
dard V-derivative for o = 0. It represents a weighted dynamic derivative for o € (0, 1).

The following definition is given in [13].
Let&,7 € Tand s: T — R. Then the diamond-« integral from £ to t of /1 is defined by

/Th(k)oa)\=a/rh(k)Ak+(1—a)/rh(A)VA, 0O<a<l,
& & &

provided that there exist delta and nabla integrals of # on T.
The following well-known Young inequality holds:
For ®,¥ >0and v € [0, 1], we have
I < (1-v)® + V. (2.1)

The following inequalities are given in [5].
For any ®, WV € [m, M] C (0,00) and v € [0, 1], we have

M
1-v)®+v¥ < 5<—)c1>1-vw, (2.2)
m

where Specht ratio [6, 14] is defined by

1
hn—1

Sth) = ———,
eloghn-1

with >0,k #1.
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Letv e [0,1] and @, ¥ > 0. Then
(1-v)®+vW¥ < S(L)P'"W”, (2.3)

where 0< L1 < % <L<ooandL > 1.
Letve[0,1] and ®, ¥ > 0. Then

(1-v)® +v¥ <max{S(0),SL)} ' ¥, (2.4)

where()<l‘1§%§L<ooandL,l>0,withLl>L

In this paper, it is assumed that all considered integrals exist and are finite.

3 Main results
In the following, we give an extension of reverse Callebaut inequality on time scales.
Throughout this section, we assume that neither s = 0 nor £ = 0.

Theorem 3.1 Let z,s,t € C([§, w]T, R) be o4 -integrable functions. Assume further that 0 <

m < Iim <M < o0 on the set [£,w]r. Let v € [0,1]. Then the following inequalities hold

true:

[l e o [ s) 0o
= /g |20)[[s()[* 00 2 fé 1200)|[£(1)] 0u A o1

2 ) 1)
55((%) ) /E 200 [|s) "6 [P 0 2 /g |200)[[sV) [ [0 0 2.

Proof For X, ¢ € [§, w]T, we observe that

2 |S()‘)|2 |S(§)|2 2
e o =M

(3.2)

s(¢
¢

s 2
Let ®()) = mz and W(¢) =

(2.2), we have

(ls(k)|2>1_v(|S(§)|2>v Sl (ol

: ;:2, A ¢ € [§,w]p. Then using the inequalities (2.1) and

t(X)|2 t(2)|? t(A)|2 )2
()] 1£(¢)] | (2)| | (c)|l_v v 63
- S((ﬂ) )(IS(A)F) (IS(;‘)F)
- m |£(A)[? 1£2)1>) -
Multiplying by |£(A)|2|£(¢)|%, A, ¢ € [£, ®]T, (3.3) takes the form
s[4 o)) s )4
< @=)[s@) )]+ v|ew)|*[s) (3.4)

2
=s((5) ) e o e
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Multiplying by |z(A)| and integrating (3.4) with respect to A from & to w, we obtain
( / |20 [sG) [ e[ o A) [s)[* @)
§

s(l—v)(/ |z<x)||s(x)|2<>ax)|t(;>|2+v(/ |z(x>|<t(x>|2<>ax)¢s(;)|2 3.5)

<5(( ))(/ |200)] s 200 0u 1 )|S(;| ()0,

Again, multiplying by |z(¢)| and integrating (3.5) with respect to ¢ from & to w, we obtain
the desired inequality (3.1). d

The following reverse of Callebaut inequality holds:

Corollary 3.1 Letz,s,t € C([§, w]T, R) be oy-integrable functions. Assume further that 0 <

m < :ig;} <M < o0 on the set €, w]|t. Then the following inequalities hold true:

w 2
( /g 1200 [s0)| |0 @ x)

© 2 ¢ 2
< /E 120|500 2 f 120][60) ] a2 (3.6)
2
<s(( ) )(/ 20|50 [£2)] o0 ) .
Proof Take v = % in Theorem 3.1, and the result follows. O

The following another reverse of Callebaut inequality holds:

Corollary 3.2 Letz,s,t € C([§, w]T, R) be o4-integrable functions. Assume further that 0 <

m < :im < M < 00 on the set [£,w]r. Let v € [0,1]. Then the following inequalities hold

true:
/ 20| [s)| " || 00 2 / |200)|[s)] |60 0 A
& &
< [ lw|s0 oun [ |0 0 r .
[ lellsaf oo [ few o @)
2 ) [0
55((%) )/E 20| [so0)| " e | O“Afs |200)|[s0)] |60 04 A
Proof Replace v by %(1 —v) in Theorem 3.1, and the result follows. O

The following another reverse of Callebaut inequality holds:

Corollary 3.3 Letz,s,t € C([§, w]T,R) be oy-integrable functions. Assume further that 0 <

m < ‘Iig )‘ <M < 0o on the set [§,w]r. Let v € [0,2]. Then the following inequalities hold
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true:

/|Z(A)||S(A)|2—v|t(k)|voa)L/ |Z()»)||S(A)|”|t(x)|2‘”%;L
5 £

< /g 2] Is0) 0u 1 £ 260|002 (33)
M 2 @ 2-v v @ v 2-v
55((—) ) [0l o0 [0 e o0
m £ £
Proof Takev = %v in Theorem 3.1, and the result follows. d

In the following, we give an extension of reverse Rogers—Hoélder inequality on time
scales.

Theorem 3.2 Letz,s,t € C([§, w]T, R) be o, -integrable functions satisfying f;’ |z(A)| 0g A =
1. Assume further that 0 < m < |s(A)] < M < 00 and 0 < n < |t(L)] < N < 0o on the set
[€,w]T. Let 1% + %1 =1 with p > 1. Then the following inequality holds true:

(/ !Z()\,)||S()\.)|p Ou A>p<'/‘ |Z()M)Ht()\)|q on )\)q
¢ §
< s((ﬂ )P (Q )q) /w|z(x)| |s(V)ER)] 0q A 69)
m n £

Proof Using the given conditions, for A € [§, w]T, we have

m’ <|s)" <MP and n? <[t(0)|" <N9,

which imply that
(ﬂ>p< [s(A) P < <M)p (3.10)
M) = [Z1zMIsR)P o 2 T \m
and
(ﬁ)q < [£(A)|9 < (]X)q' (3.11)
NJ = [Z1z0E@)T 0,2~ \ n
Therefore,

IA

( 12(W)||s(A) 2 )(ff|z(x)||t(x)|q<>ax>

J& 120 lIs()IP 0 A lz()lIE()1e

GG

Ge)T

(3.12)

IA
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Using the inequality (2.3) with v = 2, L = (1) ())s, () = ﬂ”\ﬂuli% and W(A) =
Lz [E)1T
Tl Toqr WE B€t
I fz()]Is(A)P 1z

P T OIS 00k q [T 120NN o %

<SW) IZ(k)IIS(k)t()\)I ' (3.13)

2 1201 00 WP ([ [z 160)]7 00 1)1

Integrating (3.13) with respect to A from & to w, we obtain

S 1ZNIs()E()] 0 2

1<S8() - .
(2 120G 0 1)7 ([ 12 [£(0)]9 0 A)

(3.14)

This completes the proof of Theorem 3.2. d
Next, we give an extension of reverse Cauchy—Schwarz inequality on time scales.

Corollary 3.4 Let zs,t € C([§,o]l1,R) be oy-integrable functions satisfying
fé |z(A)| 0q A = 1. Assume further that 0 < m < |s(A)| <M <ocoand0<n < |t(A)| <N < o0
on the set [&, w]t. Then the following inequality holds true:

(/w|z(k)||s(k)|20a}L>§</w|z(k)||t(k)|2<>ak)§
3
<S<< ))/ |z(0)][s()E) | 0 A (3.15)

Proof Take p = g =2 in Theorem 3.2, and the result follows. g

Remark 3.1 We have the following:

(i) Leta=1,T=%Z,6 =1, w=n+1, s(k) =xx >0, £(k) = yx >0, and z(k) = wy > 0 for
any k € {1,2,...,n} with }_J_, wx = 1. Then inequality (3.1) reduces to inequality
(1.1).

(i) Leta=1,T=2Z,E =1, w=n+1,5(k) =x >0, £(k) = yx >0, and z(k) = wy > 0 for
any k € {1,2,...,n} with }_}_, wx = 1. Then inequality (3.6) reduces to inequality
(1.2).

(i) Letaw=1,T=2Z,E =1, w=n+1, s(k) =x, >0, t(k) = yx > 0, and z(k) = wy > 0 for
any k € {1,2,...,n}. Then inequality (3.9) reduces to inequality (1.3).

(iv) Leta=1,T=2Z,6 =1, w=n+1, s(k) =xx >0, £(k) = yx > 0, and z(k) = wy > 0 for
any k € {1,2,...,n}. Then inequality (3.15) reduces to inequality (1.4).

Finally, we give another extension of reverse Rogers—Ho6lder dynamic inequality.

Theorem 3.3 Let z,uy,uy,s,t € C([€, )T, R) be o4-integrable functions. Assume further
that 0 <m < |s(A)| <M < o0 and 0 < n < |t(A)] < N < 00 on the set [S,a)]T.Let}% + é =1

Page 6 of 10
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with p > 1. Then the following inequalities hold true:

( [ lewllaoso) o, x) ( f a0 a0 . 2
<2 ([ ol o) ([0 e 1)
([ e )(/ 2000 1) . 2. 16
<mcfs (G )5 ) ([ et )
x ( /g 2|12 o A).

Proof For A, ¢ € [§,w]r, it is clear that

_ s _ M
N7 = 1o~ =

(3.17)

N4 MP
Letl=175,L=1"7,

D) = |sA)|P, w(¢) = |t(¢)]9, and v = %. Then using the inequalities
(2.1) and (2.4), respectively, we have

N9 MP
s()]|£(0)] < |s(,\){" q\t(;)|q<max{s(ﬁ),s<ﬁ)}|s(x)||t(;)\. (3.18)

Multiplying by |z(A)||u1(1)| and integrating (3.18) with respect to A from & to w, we obtain

( L |2(0)] |1 (W)s(1)] 04 x) |£(2))|
sllj(/:|z(/\)!|u1(x)|ls(x)|p O ,\) N cll(/;|z(x)||u1(x)\ o K)|t(§)\" (319)
N4 MP w
5“‘“#(%)'5(7)}(/5 !z(k)\!ulu)s(moax)p(;)\.

Multiplying by |z(¢)||u#2(¢)| and integrating (3.19) with respect to ¢ from & to w, we obtain
the desired inequality (3.16). O

Next, we give an extension of reverse Rogers—Holder inequality on time scales.

Corollary 3.5 Letz,s,t € C([§, w]r,R) be oy-integrable functions. Assume further that 0 <
m=<|s(A)| <M<ooand0<n<|t(r)] <N < oo on the set [&, w]T Let + =1withp > 1.

Page 7 of 10
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Then the following inequalities hold true:

@ 2
( /E |2(1)][s()E)| 0 A)
< l% (/:|z(/\)||t(/\)||5()»)|l’ O A) (/:’|Z()L)||s()\)| O A)
+ é(/:|z(x)||t(x)| o )\) (/:}Z(x)|}s(x)||tm|q% A)
N1 MP 13 2
=mar{s(5)-5(5 )} ( [ leollsteo] e ).

Proof Put |uy(1)| = [t(1)] and |uy(A)| = |s(A)] on [§, w]t in Theorem 3.3, and then the result
follows. 0

Now, we give another extension of reverse Rogers—Holder inequality on time scales.

Corollary 3.6 Letz,s,t € C([§, w]T, R) be o4 -integrable functions. Assume further that 0 <
m<|s(\)| <M <ooand0<n<I|t(L)] <N < oo on the set [E,w]T.Let}? + é =1withp > 1.
Then the following inequalities hold true:

( /g 2|5 o x) ( fs e s A)
1 @ + @
51;(/& |z(x)]|s()\)}"’1<>ax></E \z(x)|\t(x)|<>ax)
1/ (® © .
+5(/5 |2(0)|[s(0)] ©a x) </€ 20| [60)] 7 04 x)
Smax{5<%>,5<%)}(Lw|z(k)||s(k)|20aA)</§w|z(k)||t(k)|2<>o,A).

Proof Put |u;(A)| = |s(1)| and |u2(A)| = |¢(1)| on [§, w]T in Theorem 3.3, and then the result
follows. O

(3.21)

Next, we give another extension of reverse Rogers—Holder inequality on time scales.

Corollary 3.7 Letz,fi,f> € C([§,w]r, R) be o4-integrable functions, with neither fi = 0 nor

fo =0. Assume further that 0 < m < K;m <M < o0 on the set [§,w]T. Let}l7 + é =1 with

p > 1. Then the following inequalities hold true:

1) 2
( /E ZW| AR o x)
= B /:|Z(*)|lﬁ(k)|plfz(k)|2_p Oq A

. % fé LA AR o x] fs L]0 0

< max{S(%),S(iﬁ—Z) } (/:|z()\)| [AAM)] o A)Z.

(3.22)
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Proof Put |s(3)] = [t()] = B33, w1 (A)] = [ua(3)] = o112 on [§, @], M = N, and m = n in
Theorem 3.3, and then the result follows. O

Remark 3.2 We have the following:
(i) Leta=1,T=2Z,6 =1, w=n+1,s(k) =xx >0, t(k) = yx > 0, and z(k) = wy > 0 for
any k € {1,2,...,n} with }_}_, wx = 1. Then inequality (3.20) reduces to inequality
(5]

2

n n n n n

1 1
> widiyk | <= D Wikl Y Wik + = Y Wik Y Wikt
k=1 p k=1 k=1 q k=1 k=1

2
N4 MP !
< max{5<%>,5(ﬁ) } ; WXk
=1

(i) Leta=1,T=2Z,§ =1, w=n+1,5(k) =x >0, £(k) = yx > 0, and z(k) = wy > 0 for
any k € {1,2,...,n} with }_}_, wx = 1. Then inequality (3.21) reduces to inequality
(5]

(3.23)

7 1 U U 7 U
1 1
Dowe Y _owii = — 3wl Y wit — D i Y wil”
k=1 k=1 P k=1 1% k=1
N1 MP 7 ) U 2
< max{5<ﬁ>,5(ﬁ) } kZ Wiy, kakyk.
=1 =1

(ili) Letae=1,T=Z,E=1,w=n+1, fi(k) =xx >0, f2(k) = yx > 0, and z(k) = wy > O for
any k € {1,2,...,n} with }_}_; wx = 1. Then inequality (3.22) reduces to inequality
(5]

(3.24)

1 2 1 n n
1 _ 1 _
Z Wixiyk | = | — Z kalzzyi Pa = Z kazyi ! Z Wi
k=1 p 1% k=1

k=1

2
M M d
< max{S(%)S(%) } Z kakyk> .
k=1
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