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1 Introduction
It is well known that the vector variational inequality (VVI) is an effective tool for study-
ing vector optimization problems [16]. The concept of VVI was originally introduced in
finite-dimensional Euclidean spaces by Giannessi [9]. Since then, the VVI problem has
been extensively considered in studying some related problems, such as vector equilib-
rium [10], traffic network equilibrium [6, 18], market equilibrium [2], and so on. Since
we often encounter uncertain problems in the real world, it is meaningful to consider the
stochastic version of a vector variational inequality.

Let (2, F,P) be a probability space, K € R” be a nonempty, closed and convex set, and
&(w) : @ — E a random vector with supported on a closed set E C R”. The stochastic

vector variational inequality (SVVI) problem is to find x* € K such that

(- x*)TFl (& @)),..., (v - x*)TFm (x*,&()))
¢-intR7, VyeK,as.&(w)€E, (1)
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where the vector-valued functions F; : R” x R" — R” (j = 1,...,m) contain certain ran-
dom variables and “a.s” is the abbreviation for “almost surely” under the given probability
measure. For convenience, we denote &(w) by & and F := (F}, ..., F,). It is easy to see that
problem (1) includes some models as special cases, for example:
(i) If Q only contains a realization, then SVVI (1) reduces to a VVI problem, that is, to
find a vector x* € K such that

(- x*)TFl (), (v - x*)TFm (%)) ¢ -intR7, VyeKk.

The interested reader is referred to the monographs [1, 10] and some papers
[3,4, 13, 16, 17, 27] for more details on VVI problems.

(i) When m = 1, the SVVI (1) reduces to a stochastic variational inequality (SVI)
problem, that is, to find a vector x* € K such that

(y—x*)TFl(x*,é) >0, VyeK, as&ekE.

For more details on SVI problems, please refer to some papers, for example
[11, 12,19, 21-25, 28].

(iii) When € only contains a realization and m = 1, the SVVI (1) reduces to a classical
variational inequality (VI) problem, that is, to find a vector x* € K such that

(v - x*)TFl (x*)=0, VyeKk. )

For VI problems, please refer to, for example, the monograph [7, 8].

In the past decades, much attention has been paid to the study of some SVI problems.
We would like to point out that an important issue in the field of SVI problems is how
to solve them. Giirkan—Ozge—Robinson [11] proposed a sample-path solution, also called
the expected value (EV) approach, for dealing with the SVI problem. Subsequently, the SVI
is turned into a certain VI problem. After that, Jiang—Xu [14] reformulated SVI as an opti-
mization problem based on the EV formulation and studied the global convergence results
of the presented approach. He et al. [12] utilized a sample average approximation approach
for dealing with the SVI based on the EV formulation. In addition, another approach,
called the expected residual minimization (ERM), was presented by Chen—Fukushima
[5] for solving a stochastic linear complementarity problem. Luo—Lin [23, 24] applied
the ERM approach as a natural extension to solve the SVI problems, where the functions
F(x, &) are affine and nonlinear, respectively. Later, Ma—Wu—Huang [28] applied the ERM
approach to solve a stochastic affine variational inequality problem with nonlinear pertur-
bations based on the work of Luo—Lin [23]. Lu—Li [21] and Lu-Li-Yang [22] introduced a
new formulation called weighted expected residual minimization (WERM) for solving the
SVI problem based on the works of Ma—Wu—Huang [28] and Luo—Lin [24], respectively.

In the recent literature, there are few studies about SVVI problems [26, 27, 33]. Zhao
et al. [33] applied the ERM approach for solving the SVVI problem, which generalized
some results of Luo-Lin in [23, 24] from an SVI problem to an SVVI problem. There, the
SVVI is converted into a constrained optimization problem. We would like to point out
that it is interesting to propose an unconstrained optimization formulation to deal with
the SVVI problem. By using the idea of the D-gap function, we propose an unconstrained
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optimization reformulation for a class of SVVI problems. For more details on the D-gap
function, please refer to [12, 15, 20, 32], for instance.

The remainder of this paper is structured as follows: in Sect. 2, we recall some funda-
mental results that will be used in the following sections. In Sect. 3, we investigate the
properties of the objective function 6, i.e., continuous differentiability and the bounded-
ness of the level set. In Sect. 4, we use the SAA approach to approximate the expected
value of the objective function, and investigate the convergence of the SAA approach for
global optimal solutions and stationary points. In Sect. 5, another deterministic formula-
tion, i.e., the EV formulation for the SVVI problem is considered. And we give the global
error bound of the D-gap function g,s(-, -) based on the EV formulation.

2 Preliminaries

Recently, Zhao et al. [33, Eq. (6)] presented an equivalent scalar variational inequality (with
certain constraints) formulation of the SVVI problem, which is to find (x*,1*) € K x A
such that

(-5) S WE(€) 20, WyeKassed, @
j=1

where A :={L eR":%; >0, Zlnjl Ap=1}

Generally, the presence of a random variable £ € E in problem (3) leads to no solution.
It is therefore particularly significant to give a reasonable deterministic reformulation for
problem (3).

Following the ideas of Yamashita—Taji—Fukushima [32, Eq. (6)] and Zhao et al. [33,
Eq. (7)], we introduce the D-gap function g5 : R” x A x 8 — [0, 00) for SVVI (3) as fol-
lows:

Lup (0, 1, E) =g (2,0, 8) —gg(x,1,€), xeR",AeAas.£E€E, (4)

where 0 <o < B and g, (y =, B) : R” x A x E — R is the regularized gap function origi-
nated from [33, Eq. (7)] by Zhao et al., which is defined as

&(00,8) = max) (=) DO AE ) - Tl 1 )
j=1

It is easy to see that

&6 0,8) = (v = Hy (6, 1,6)) " Y AFi(x,8) - gnx—Hy(x,x,s) ?, (6)
j=1
where
H,(x,1,8) := Proj (x —y ™Y WE G, 5)>. (7)
j=1

In what follows, we assume that D-gap function g,g(x, A, -) is integrable on & for each (x; 1).
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Remark 1
(i) If m=1and K =R, then the D-gap function g,g reduces to the corresponding gap
function [20, Eq. (3)] for the stochastic complementarity problem of Liu—Li [20];
(ii) If Q2 only involves a realization and m = 1, then the D-gap function g, is the same as
the gap function [32, Eq. (6)] considered by Yamashita—Taji—Fukushima [32] with
P(x,9) = (1/2) % - yII>.

In what follows, similar to Liu-Li [20, Eq. (6)], we present an unconstrained ERM
(UERM) formulation for problem (3):

in 0(x1) = E[gus(x1,8)], 8
min 6 2) [gup(x, 2, 8)] (8)
where E denotes the mathematical expectation with respect to the law of £ € E.
Following the work of Zhao et al. [33, p. 551], we adopt the following assumptions, which
will be used in the sequel:
(a) For& € E and eachj = 1,...,m, the function Fj(-,£) is a.s. continuously differentiable
on R”,

(b) There exists an integrable function «(£) such that
E[x*@&)]<+oo and Y |E@&)|+ Y |VaFi&)| » <«(&),
j=1 j=1

hold as. for any x € R” and & € E. Here the Frobenius norm || - || 7 is defined by

1 . .
A== 27:1 afj)i for a given matrix A.

(c) Foreachj=1,...,m, the function Fj(-, ) is Lipschitz continuous on R” with
Lipschitz constant L;(£) satisfying E[L/z(f)] < +00,ie,

|Fi3,6) - Fix,&)| <Li®)ly-«ll, VxyeR"

And meanwhile, L = max; <j<,, E[L;(§)].
Let us recall some well-known concepts and lemmas, which will be frequently used in
the sequel.

Definition 1 Let F: R” — R” be a mapping.
(i) Itis said to to be monotone on R” if for any x,y € R”,

(FO)-F@) -0 =0;
(ii) It is said to be strongly monotone on R” with modulus o > 0 if for any %,y € R”,
(FO)-F@) -2 zoly-x|*

Definition 2 ([14]) Let F: R” x R" — R” be a mapping and K CR”, V C R". Then F is
said to be uniformly strongly monotone on K with modulus i > 0 over V, if for almost
every & € Vandany x,y € K,

(F(,8) - F(x,8)) (y—x) = plly — x|

Page 4 of 20
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Lemma 1 ([7, Theorem 2.3.3]) Let K C R” be a nonempty, closed and convex set and let
F: K — R" be continuous. If F is strongly monotone on K, then VI(K,F) has a unique
solution.

Lemma 2 ([8, Theorem 10.2.3]) Let K € R” be a nonempty, closed and convex set and let
F : K — R” be continuous. The following statements are valid for VI (2):

(a) Foreveryx € K, y.(x) = i (x — o~ F(x)).

(b) 04(x) is continuous on K and nonnegative on K.

(©) [6x(x) =0, x € K] ifand only if x solves the VI problem,
where 0,(x) is the regularized gap function for problem (2), which is defined as 0,(x) =

maxyex (F(x) " (¥ ~y) = §llx = yII%}.

Lemma 3 ([30, Theorem 16.8]) Suppose that f(x,&) is a measurable and integrable func-
tion of & for each x in (a,b). Let ¢(x) = [f(x,&)u(d§). Suppose that for & € A, where
A satisfies W(Q — A) = 0, f(x,€) has in (a,b) a derivative f'(x,£); suppose further that
If'(x,&)| < g(&) for & € A and x € (a,b), where g is integrable. Then ¢(x) has derivative
[ f/ @, &)(dg) on (a,b).

3 Properties of the objective function 6
In this section, we first investigate the continuous differentiability of the objective function
6. To this end, we give some fundamental lemmas.

Lemma 4 Forany (x,1) € R” X A and & € E, it holds that

2 m
-y 260 < 2 Y] ¥

-1

Proof We have
Y- Hy (6, 0,8)|” < (2 - Hy (1 S))TXm:A‘Fl(x £)
2 y ? ’ — ’V ) ’ ] 1 )
j=1

< o~ Hy @ 2,6)] D4 E@ )]

j-1

< |~ Hy @ 2,6 3| Fix.6)

Jj=1

’

where the first inequality follows from the nonnegativity of the regularized gap function
gy, the second inequality follows from the Cauchy—Schwarz inequality, and the last in-
equality follows from the fact that A; € [0,1]. Thus, we get the desired conclusion. This
completes the proof. d

Lemma5 LetO<a < B. Forany (x,A) € R" x A and & € E, one has

| Hp 6, 3,8) = Hy(,2,8) | < (07 = B7) Y| Ei(x.8)]- (10)
j=1
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Proof It holds that

||H5(x,)w‘§) _Ha(x,)‘-rg)”

= || Projg (x -p! ijlfj(x,é)) — Projg (x —a! Zkl—“,(x,é)) H

Jj=1

(x - ZMB(&E)) <x a! Zk iFj (x,§)> H
j=1
DY IEG
j=1

where the first inequality follows from the nonexpansivity property of the projection op-
erator Projy, and the second inequality follows from the triangle inequality of the norm
and the fact that A; € [0, 1]. This completes the proof. d

Remark 2 If m =1 and K = R’}, then Lemma 5 reduces to [20, Lemma 2.1] due to Liu—-Li.

Theorem 1 Suppose that assumptions (a) and (b) hold. Then, one has
(i) gup(-s- &) is continuously differentiable with respect to (x, 1) for any & € E;
(i) O(-,-) is continuously differentiable with respect to (x, 1) and

VO(x, 1) = E[ Vi gas (1, €)].

Proof (i) Since the functions Fj(-,&) (j = 1,...,m) are continuously differentiable with re-
spect to x on R” by assumption (a), it follows from item (c) of Lemma 2 that the D-gap
function gug(-, -, &) is continuously differentiable with respect to (x, 1) on R” x A for any
Eek

(ii) From item (c) of Lemma 2, we have

V(x,)\)gozﬂ (xy A, g)

Z;Zl )"/fo}(xrs)(Hﬂ(x: A-:S) —Ha(xy)wf)) + a(Hot(xr)"rs) _x) - ,B(Hﬁ(x’)"rs) _x)
(Hﬂ(xr)‘rs) _Ha(xrkyg))TFl(xré)

_ . . an
(Hjp (0,1, €) — 0,1, ) F(3,8)
Hence, we obtain that
| Veorgap (x,2,8) |
Z )‘]fo}(x! S)(Hﬁ(x, )‘-) E) - Ha(xr )b ‘5)) + Ol(Hot(x’ )‘-, ‘i:) - x)
j=1
— B(Hp(, 3,8) —x) | + Y| F(, &) (Hp(x, 1, £) = Ha(,1,6)) | (12)
j=1

= Z” Vxl:}(xrg)” ”Hﬂ(xr)\)g) _Ha(x’)‘-’é) || +o ”Hot(x’)‘-"i:) - x”
j=1
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+BIHp 2, 6) = 2] + 30 8] [ Hy (2 8) ~ Holw, 1,6)]

j=1

where the last inequality follows from the triangle and Cauchy—Schwarz inequalities, as
well as the fact that A; € [0,1]. Taking y = @, 8 in Lemma 4, we get

e Hote2,8)] = 2 Y [Ew8)] (13)
j=1
and
2 m
e~ Hpte2.8)] < > |E® ). (14)
j=1

Thus, we obtain
| V)8 (%, 1, 6) |
< (flll ViFi(x8)| + il||5(x,s)||>(||Hﬁ<x,x,s>—Ha(x,x,s)n)
= -
+o||Ho (6,0, &) — || + B[ Hp(x, 1, €) — x|

< (o - 7)Y IB )] (Zn V6] + Zna(x,s)n) +aY 5w
j=1 j=1 j=1 j=1

’

; (4+<a1—ﬂl>(§||vxa<x,s>|| éna(x,s)n))iua(x,s)

where the first inequality follows from (12) and the second inequality follows from (13),
(14), and (10) in Lemma 5. From Lemma 3, we know that the function 6 is continuously
differentiable, and simultaneously get that VO(x, 1) = E[V(, 5848 (%, A, £)]. O

Next, we investigate the boundedness of the level set of the objective function 6. The
level set of 6 is defined by

Lg(c) = {(x,)») ER"x A:0(x,A) < c}.

Lemma 6 Let0<« < B. Forany (x,1) € R" X A and & € E, one has

B -« B—«
2 2

= Hp (6, 1,6)|* < gap(,0,8) < % Ha(, 1,6)| . (15)

Proof We only prove the first inequality of (15). By the definition of D-gap function g,

and Lemma 2, we have

gaﬂ(xr}\)%‘) = (x_Ha(x))\:g))T Z)"]F}(xfé) - %Hx_Ha(x1)‘-r§)”2
j=1
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— (= Hp(e, 2, 8)) Y AE (%, E) + b | = Hy(x,,6)|?
2

j=1

2 (6= Hy2a8)) T D 1E ) = 5 [ = Hys 20

-1

— (= Hp(62,6)) " Y MFx8) + g | - Hy(x, 2,8)|°

j=1
,3 o
|~ Hp (e, 29"
In a similar way, we obtain the second inequality of (15). This completes the proof. O

Theorem 2 If K is a compact set, then, for any ¢ > 0, the level set Ly(c) of the objective
function 6 is bounded.

Proof Suppose on the contrary that there exists a ¢ > 0 such that Ly(c) is unbounded. This
implies that there exists a sequence {(x%, 1)} C Ly(c) such that

li k8| = +oo0.
Jim [+, 25) [ = +00
Since {A*} C A and A is a compact set, we get that

lim [[+* = +oo.

k—o00
For each k, we know that Hg (%, Ak, &) € K by (7). Taking into account that the set K is
compact, the sequence {Hﬂ(xk,kk,é )} is also bounded. Therefore, we obtain that ||x% —
Hﬂ(xk,kk,é)ll — 00, as k tends to oco.

It follows from the definition of 6(x, 1) and (15) in Lemma 6 that
0(x",1%) = Elgup (", 25,€)]
B-a k
> B 225 ot -y o) 16

- BBt - Hy (25 5) )

Since ||xk—Hﬂ(xk, Ak, €)|| = oo, as k tends to oo, we get that E[lek—Hﬂ(xk, KEN?] — oo,
and so

Jlim (ﬁ%a]E[”xk _H, (x",A",s)”Z]) S

whenever 0 < a < 8. This, together with (16), implies that 6 (x*, Ak) — 00 as k tends to oo.
This contradicts the fact that (x*, A¥) € L, (c), completing the proof. d

4 Convergence analysis

In this section, we utilize the sample average approximation (SAA) approach (for more
about the SAA approach, please refer to, for example, [31]) when dealing with the expected
value of the objective function.



Dong et al. Journal of Inequalities and Applications (2023) 2023:97 Page 9 of 20

Lemma 7 ([29]) Let ®: E — R be an integrable function. Then, one has

.
E[®()] = lim Zl ®(E), wpl, (17)

where {£1,&,,...,EN} is the independent and identical distributed (iid) sample of & and

“w.p.1” denotes that this procedure converges with probability one.

Consequently, from Lemma 7, the UERM problem (8) is further converted into the fol-

lowing SAA problem:
1N
xe}g}}{le[\ On(x,A) = N ;gaﬂ(x;)\;gi)' (18)

4.1 Convergence of global optimal solutions
In this subsection, we will investigate the limiting behavior of global optimal solutions. We

denote by S* and S, the sets of optimal solutions for problems (8) and (18), respectively.

Lemma 8 Forany (x,1) € R” x A, one has
O(x,A) = lim Oy(x,1), w.p.l. (19)
N—o0

Proof Since the D-gap function gug(x, A, -) is integrable on &, by Lemma 7, we obtain that

N
. .1
Jim O ) = lim S s, 1, 6) = Elgu (2, 6)] = 05 2).

i=1
This completes the proof. O

Theorem 3 Suppose that the assumptions (a) and (b) hold. Let (x™,\N) € S¥, for each
N and let (x*,)*) be an accumulation point of the sequence {(x,\N)}. Then, we have
(x*,A*) € §*.

Proof Let (x*,1*) be an accumulation point of the sequence {(x",AN)}. Without loss of
generality, we assume that the sequence {(xV, AN)} converges to a point (x*,1*). It is obvi-
ous that (x*,1*) € R” x A. We divide the proof into two parts.

Part 1. We claim that

lim (On (2N, AN) - On (5%, 2%)) = 0. (20)

N—oo

In fact, from Theorem 1, for any (x,A) € R” x A and § € E, we have

(Bt 5 (146t -4 I o
j=1

j=1
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and
| Vigup (0,2, 8) | < (7" + 57! (ZHF@&)D (22)

It follows from the mean-value theorem that for any each (xV, AN) and each &;,

o (N, AN, 61) — gup (7, 1%, )|

= | Viaap (M AN E) T (5N = %) + Vg (7, 2N, 8) T (0N = 2%) ], (23)

where (yM,AM) e R” x A and y™ = apix™ + (1 — apng)x®, AN = apgAN + (1 — an)A* with
an; € [0,1]. Then we get that

|0N(xN,AN) - GN(x*,A*)|

—X:L%IMNA &) = Zup (2,17, &) |

- N
1 . o
= 7 D (Ve O AN E) | [ = | + | Vg (07 22 80) [ [ = 27
i=1
1 L[
SNZ( ipel) (4 D50 u)ux |
i=1

N

(o +57) (an g ||) R
i=1

—_

e
MZ i

(inf, o5 ||)( an o ||f) -

j=1

I
—_

e (1604) ||) ARy

N
Zx(& )4+ (a7 = 7Yk (E)) [N -

i=1

e A7) ZKZ@,.)HAN e
i=1

N—oo
— 0,

where the second inequality follows from (23) and Cauchy—Schwarz inequality, the third
inequality follows from (21) and (22), the fourth inequality follows from the definition of
the Frobenius matrix norm, and the last inequality follows from assumption (b). Since the
sequence {(x", AN)} converges to a point (x*, A*), using assumption (b), we conclude that
(20) is true.

Part 2. We next show that (x*, 1*) € S*. Since

O (2, AN) = 0 (6%, %) | < |On (6™, AN) = O (2%, 1) | + |On (6%, 2%) — 0(x%,17) |,

Page 10 of 20
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it follows from Lemma 8 and (20) that

Jim eN(xN AN)=0(x*,1*)  w.p.l.

Notice that (xV,AN) € Sy, for each N, which means that
On (2N, AN) <On(x, 1), V(xA) e R" x A.
Taking the limit in the above inequality as N — oo, we obtain that
0(x*, 1) <6(x,1), V(xA) €eR"x Aw.p.1,
which implies that (x*,A*) € §* with probability one. d

4.2 Convergence of stationary points
A point (x*,1*) is said to be a stationary point for problem (8) if it satisfies

VO (x*,1*) =0. (24)
For each N, a point (¥, AV) is said to be a stationary point for problem (18) if it satisfies
Von (&N, AN) = 0. (25)

Theorem 4 Suppose that assumptions (a), (b), and (c) hold. Let (xN,AN) be a stationary
point of problem (18) for each N and (x*,1*) be an accumulation point of the sequence
{@N,AN)}. Then, (x*,1*) is a stationary point of problem (8) with probability one.

Proof In view of the definitions of 6(-,-) and Oy(:, -), we have

Vo(x,\)

E[Z;Zl )\jvxF}(x1S)(Hﬂ (x’ )\:S) - Ha(xr)‘: E))] + aE[(Ha (x1)‘r ‘g:) - x)] - ﬂE[(Hﬁ (x’ As é) - x)]
]E[(Hﬂ (x’ Ay S) - Hot (‘xr A E))TFI (x) E)]

E[(Hy (6,20 8) — Ha (620 8)) (3, €)]
and

VHN(x,A)

& T Ay VuFj (6, &) (Hp (6, A &) = Ha (6,0, 80))) + & 00 (H (6, A 80) =) = £ S0 (Flp (o, 2, 8) — %)
LN (Hp (2, &) — Ho (3, 1, €)) T Fa (5, )
LN (Hp (A &) = Ha (6,0, 8)) T Fon (3, £1))

Let D C R” x A be a compact set. We have from assumptions (a), (b), and (c) that

lim sup |VOy(x,A)—VO(,A)| =0 wp. 1. (26)

N—>oo<x)\

Page 11 of 20
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From assumptions (a) and (b), it is easy to see that VO(:,-) is a continuous function. Let
(x*,A*) be an accumulation point of the sequence {(x, AV)}. Without loss of generality, we
assume that limy_, o0 (™, AN) = (x*, A*). The sequence {(x,AN)} is contained in a closed
neighborhood B C R” x A of (x*,1*) for sufficiently large N. Thus we conclude that for

any given € > 0,

[Vo () - Vo, 27) | < 5. 27)
From (26), there exists Ny > 0 such that (x, AN) € B for all N > N, and
[ Vo (", 2) - Vo (¥, 2Y) | < . (28)

Since

[Von (6N, 2N) = Vo (x*,17%) |

< ||VOn (&N, AN) = VO (N, AN) | + | VO (xN, AN) - VO (x*,1%)

’

we have from (27) and (28) that
[Von (6N, 2N) - Vo (x*,1%) || <e.
Thus, we obtain that

: N N * 4k
A}gréoVQN(x AN =VO(x, 1) wp. 1.
By taking the limit as N tends to oo in (25), we obtain (24). That is, (x*,A*) is stationary
point of problem (8) with probability one. This completes the proof. d

5 EV formulation and its global error bound

In this section, let us consider another deterministic formulation for the SVVI problem,
i.e., the EV formulation (for more details about the EV formulation, please see, for example,
[11]), that is, to find x* € K such that

(=) E[F(".6)).... (- ") 'E[Ea(x,8)])
¢-intR”, VyeK,as. &€& (29)

The notations sol(E[F(x, £)], K) denotes the solution set of problem (29) and dist(x, X) de-
notes min,ex ||x —y||. Lee et al. [16] provided the following properties for the deterministic
VVL

Lemma 9 ([16, Theorem 4.2]) Suppose that F; are strongly monotone on K with modulus
B > 0 and Lipschitz continuous on K with modulus | > 0 for all j (j = 1,...,m). Then the
solution set is compact.

Based on the EV formulation, we give some conditions in this section. Then, the D-
gap function provides a global error bound for the SVVI problem (29). Assume that the
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expected value of the function Fj(x, ) is well defined. Similar to the work of Zhao et al.
[33, Eq. (6)], we give an equivalent scalar variational inequality for problem (29), i.e., find
(x*,A*) € K x A such that

(-2 Y WE[F(x",€)] =0, VyekK. (30)
j=1

From the ideas of Yamashita—Taji—Fukushima [32, Eq. (6)] and Zhao et al. 33, Eq. (7)], the
D-gap function gus(:,-) : R” x A of problem (30) is defined as follows:

Zop(%, A) := g (%, 1) — g, 1),

where 0 < < B and g, (-,-) (¥ =, B) is the regularized gap function, which is defined by

g (% 2) = max (x -»' ji:k;E[B(x,S)] - %le -yI* ¢
It is easy to see that
& (6,4) 1= (k= H, (%, 1)) | zm:)\,-lE[B(x,g)] - g | — H, (6, 1), (31)
T
where
H, (x, ) := Projy (x— y! XM:A,]E[F,(x,g)]). (32)
=

The following main properties of the D-gap function g.4(, -) hold:
o Zup(x, 1) > 0forany (x,1) € R” x A;
o gup(x*, 1) =0 if and only if (x*, A*) solves problem (30).

Remark 3 If m = 1, then the D-gap function gus(-,-) considered in the present paper re-
duces to the D-gap function [12, Eq. (5)] discussed by He et al.

As usual, P(V') denotes the probability of an event V.

Lemma 10 Let 0 <o < S. For any (x,A) € R" x A, one has

B -«
2

B -«
2

o6 = Hp (o, 1)) < gup4) < ——— |l = Haw, ). (33)

Proof This proof is similar to that of Lemma 6, so we omit it here. O

Lemma 11 Suppose that assumptions (a) and (c) hold, and each function Fi(-,£) (j =
1,...,m) is monotone on K for almost every & € . Let F; (j = 1,...,m) be uniformly strongly
monotone on K with modulus p; > 0 over V; C 8 C R" with P(V;) > 0, u := min; <j<,, u; and
v := min <j<,, P(V}). Then the solution set sol(E[F(x, §)],K) is compact.
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Proof For each j = 1,...,m, since F; is uniformly strongly monotone on K with modulus
uj >0 over Vj, we have

[ (56.6)-we) v-raE = fv Hylly = +I*P(ds)

Vi j

1y #1* [ Pae)

(34)
= willy - %*P(V))
> polly - x>
In addition, since Fj(-,£) is monotone on R” for almost every & € E, we have
[ (60:6)-Eee) 6-0Pae) = [ opde)-o. 35)
E\V E\Vj

Combining (34) and (35), for any x,y € R", we get

(E[50.0)] - E[w ) 0-2 = [ (506~ F8) 0 -Pe)

4
[ 608 - Fee) - e
E\V)
> vully - x>

Hence, for each j (j = 1,...,m), E[F] is strongly monotone with modulus vi > 0. On the
other hand, by assumption (c), for any x, y € R”, it holds that

|E[Ei(y,6)] - E[Fx.8)]| = / |Ei(3,€) - Fi(x, ) | P(dg)
< / Li(€)lly - x| P(dt)
<L|y-xl.

Therefore, for each j (j = 1,...,m), E[F;] is Lipschitz continuous with modulus L > 0
and strongly monotone with modulus vu > 0. Then, from Lemma 9, we obtain that
sol(E[F(x,&)], K) is compact. O

Theorem 5 Suppose that assumptions (a), (b), and (c) hold, and each function F;(-,&) (j =
1,...,m) is monotone on K for almostevery & € B. Let F; (j=1,..., m) be uniformly strongly
monotone on K with modulus p; > 0 over V; C 8 C R" with P(V;) > 0, u := min; <j<,, ; and
v i= Miny <j<,, P(V}). Thus, for any A € A, one has

dist(x, sol(E[F(x,E)],K)) < L‘L'B ,ﬁ%a Zap(x, A).

Proof From (30), it is natural that as we change A € A, x will also change. Furthermore,

once we have fixed A* € A, the corresponding x is also fixed. Since each function F; (j =
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1,...,m) is uniformly strongly monotone on R”, using the concepts of monotonicity and

strong monotonicity, for any x,y € R”, one has

m m T
(ZA;‘E[F;@,&)]—ZA}‘E[F,W)]) (y %)

j=1 j=1

- WH(Ei(5,8) - Ex,€)) | (y — x)P(dE)
FZI/V, /( ] ] ) (36)

[ KE08 - Fwe) o -0Pa)
j=1 VBV
> vully -,

where k;‘ € [0,1]. Hence, Z]mz 1 A;‘E[F,] is strongly monotone with modulus v > 0 for fixed

A* € A. Therefore, from Lemma 1, there is a unique solution x* such that

m

(-2 Y WE[F(x,€)] =0, VyekK. (37)

j=1

For any x, y € R”, using the concepts of monotonicity and Lipschitz continuity, we obtain

m m T
(Z E[E(,6)] - D}‘E[Ff(m]) v-2)
j=1

j=1

m 38
-y f A (E0,E) - Fw,8) (- x)P(dg) .
j=1 V&

<Lly-xI?,

where A;‘ € [0,1]. Hence, Z;Zl )\;‘IE[F,'] is Lipschitz continuous with modulus L > 0. Then,

we claim that there exists a constant r > 0 such that
dist(x, sol(E[F(x, £)], K)) < |x —a*| <r|Hp(x1*) —x|. (39)

In fact, given x € K, from item (a) of Lemma 2, we know that Hg(x, A*), defined by (32), is

the unique solution of the following strongly convex minimization problem:

&, B
Iygl,?{<;)‘jE[Fj(x:§)]>)’—x> + Elly—xllz}.

Hence, Hg(x, A*) fulfills, for all y € K, the following optimality condition:

<im[ﬁ<x,s>]—ﬂ(x—Hﬂ<x,x*>>,y—Hﬂ<x,x*>>zo.

j=1

Page 15 of 20
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Taking y = x* in the above inequality, we obtain

<Xm:A7E[E(x,§)]—ﬁ( — Hpg(x,1%)), Hg (%, A*) - x*>§0. (40)

j=1

From (36), the function Z] 1A

there exists a unique solution x* such that

E[F;(-, &)] is strongly monotone with modulus 1v. Hence,

<ZAE | a* = Hg (%, 2 )>§o. (41)

Adding (40) with (41), we have

<fxm[e<x,s>]—fxiE[Pj(x*,s)]—ﬁ(x—Hmv)),Hﬂ(x,x*)—x*>so.

j=1

This can be rewritten as follows:

<i'\?‘E[B(x,S)] - i)\;‘E[Fj(x*,g)],x _ x>

j=1

< = Hp (5, 17) =]

<ZA*E (x,8)] - ZA*E )], Hp (%, %) - x>

+ B(Hp (%, %) — 2, 2" — x).

(42)

Noticing that § > 0 and simultaneously utilizing Cauchy-Schwarz inequality, we get that

<imm<x,s>]—ixf@[a<x*,s>],x—x*>

j=1

m

S wE[E )] D*E HnHﬂ %) -4

Jj=1

=

Bl Hp (. 27) =] - "]

This, together with (36) and (38), implies that

vfa—a*|* < L - x| | Hy (x,27) = 2] + B[ Hp (. 27) - 5] |
which means that

dist(x, sol(E[F(x,E)],I()) < (x,k*) —x|| (43)

Page 16 of 20
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As a result, the needed constant r > 0 is defined by r = % Thus, (39) is true. From the
first inequality of (33) in Lemma 10, we have

||x Hﬂ X%, A || < / op x,)L* (44)

Combining (43) with (44) and using the arbitrariness of A* € A, we get the desired con-
clusion. This completes the proof. O

In the rest of this section, we investigate the boundedness of the level set of the D-gap
function gug(:, ). The level set of the D-gap function gus(-, -) is defined by

L ()= {(x,2) € R" x A : gop(x, 1) < n}.

Corollary 1 Suppose that assumptions (a), (b), and (c) hold, and each function Fi(-, &) (j =
1,...,m) is monotone on K for almost every & € B. Let F; (j = 1,...,m) be uniformly strongly
monotone on K with modulus p; > 0 over V; C E C R” with P(V; ) >0, (b := miny<j<,y Y and
v = min<j<, P(V)). Then, for any n > 0, the level set Lg,,(n) is bounded.

Proof Suppose on the contrary that there exists a 77 > 0 such that L, (1) is unbounded.
This implies that there exists a sequence {(xX, %)} C Lgys (17) such that

K =
Jim [ (#,24)] = +c.

Since {A¥} C A and A is a compact set, we get that
11m ”x ” = +00.

By the proof of Theorem 5, one has

dist(x, sol (E[F (¢, £)].K)) < L:f /l3 s (3%, 2).

This means that

V2B - a)

2 pp ot 2 (o5, sol(E[F(+",€)],K)).

Lup (4 25) =

Then, taking the limit of the right-hand side of the above inequality, we have

. 212 - @)
kﬂ@(% dist (x sol(E[F(xk,é)],K))> = 00,

which means that g, (x*, A¥) — 00 as k tends to co. This contradicts the fact that (xf, 1¥) €
Lg,, (1), completing the proof. d

Remark 4 We would like to point out that the condition that each function F; (j = 1,...,m)
is Lipschitz continuous with Lipschitz constant L;(£) used in Theorem 5 and Corollary 1
can be replaced by a requirement that K is a compact set.
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We only prove the corresponding result of Theorem 5. In fact, since K is a compact set,
there exists a positive number b > 0 such that K C {x|||x|| < b}. Let B be a closed ball with
radius 3b, that is, ‘B = {x|||x|| < 3b}. For any x € R”, let us consider two possible cases:

(Case (i): x € *B) Since each function F;(,€) (j = 1,...,m) is continuously differentiable,
each function F(, &) (j = 1,...,m) is Lipschitz continuous on 8. From the proof of Theo-
rem 5, for all x € *B, we have ||x —x*| < % | Hp(x, %) — x]|.

(Case (ii): x ¢ B) For an arbitrary x ¢ ‘B, we have ||x|| > 3b. Since x* € K, Hg(x,1*) e K
and K is a compact set, we obtain that ||x*|| < b and ||Hg(x, A*)|| < b. Hence, we have

o= = Nl = Hy (e A7) | + |1 Hp (6 27) [ + 7] < [l = Hp 27 | + 28 (45)
It follows from the triangle inequality that
i Hp(027) | = 11 - | Hp(027) | = 36— b =2,

This, together with (45), implies that [lx — x*|| < 2|lx — Hg(x, 17)]|.
Setting 7 = max{%, 2}, we have |lx —x*|| < 7|lx — Hg(x, A*)||, which plays the role of (39).
Then by repeating the rest of the proof of Theorem 5, we get the desired conclusion.

Similarly, the analogue for Corollary 1 is true in the case where the set K is compact.

6 Concluding remarks

In the present paper, mainly motivated by the works [20, 32, 33], we have presented an
UERM approach (i.e., problem (8)) for solving the SVVI problem (1). Several properties
of the objective function 6 were discussed, namely, the continuous differentibility and the
boundedness of the level set. Furthermore, a well-known sample average approximation
approach was presented for solving problem (8). The convergence of the proposed ap-
proach for global optimal solutions and stationary points was analyzed. Finally, we con-
sidered another deterministic formulation, i.e., the EV formulation for the SVVI problem.
And the global error bound of the D-gap function g,s(-,-) based on the EV formulation
was given.

We would like to mention that the UERM approach presented in this paper is formalistic,
since the projection operator on K is still needed in the calculation of g,s. Thus, in order
to convert the formalistic approach into practical methods, it is interesting to investigate
the following aspects:

(i) Based on the structure of the constraint set K, how to design effective algorithms;
(ii) The sample complexity of the SAA approach proposed in this paper;
(iii) The convergence rate of the SAA approach.
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