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Abstract
In this paper, we construct the Chlodowsky-type Szász operators defined via
Boas–Buck-type polynomials. We prove some approximation properties and obtain
the rate of the convergence for these operators. We also study the Voronovskaya-type
theorem and weighted approximation.

Mathematics Subject Classification: 40G10; 40C15; 41A36; 40A35

Keywords: Chlodowsky-type Szász operators; Boas–Buck-type polynomials;
Bounded variation; Korovkin-type theorem; Voronovskaya-type theorem;
Grüss–Vornovskaya-type theorem

1 Introduction and preliminaries
The basic sequence of Szász operators is given by

Sn(f , ξ ) = e–nξ

∞∑

ı=0

(nξ )ı

ı!
f
(

ı

n

)

for x ∈ [0,∞). Generalizations of these operators have been studied by many authors. In
[21] the authors have obtained a generalization of Szász operators by means of the Appell
polynomials defined as follows:

Pn(f , ξ ) =
e–nξ

g(1)

∞∑

ı=0

pı(nξ )f
(

ı

n

)
,

where pı(ξ ), ı ≥ 0, are the Appell polynomials defined by

g(t)eξ t =
∞∑

ı=0

pı(ξ )
tı

ı!
and g(t) =

∞∑

ı=0

aı

tı

ı!
,
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and g(t) is an analytic function in the disk |t| < R, R > 1, and g(1) �= 0. A further generaliza-
tion was given by Ismail [19] by using the Sheffer operators

Tn(f , ξ ) =
e–nξH(1)

g(1)

∞∑

ı=0

sı(nξ )f
(

ı

n

)

for n ∈N, where sı(ξ ), ı ≥ 0, are the Sheffer polynomials defined by

g(t)eξH(t) =
∞∑

ı=0

sı(ξ )
tı

ı!
,

H(t) =
∑∞

ı=0 hı
tı
ı! is an analytic function in the disk |t| < R, R > 1, g(1) �= 0, and H ′(1) = 1.

The multiple Sheffer polynomials {Sk1,k2 (ξ )}∞k1,k2=0 are defined as follows. The generating
function is

A(t1, t2)eξH(t1,t2) =
∞∑

k1=0

∞∑

k2=0

Sk1,k2 (ξ )
tk1
1 tk2

2
k1!k2!

, (1.1)

where A(t1, t2) and H(t1, t2) are of the forms

A(t1, t2) =
∞∑

k1=0

∞∑

k2=0

ak1,k2
tk1
1 tk2

2
k1!k2!

(1.2)

and

H(t1, t2) =
∞∑

k1=0

∞∑

k2=0

hk1,k2
tk1
1 tk2

2
k1!k2!

, (1.3)

respectively, and satisfy the conditions A(0, 0) = a0,0 �= 0 and H(0, 0) = h0,0 �= 0. The positive
linear operators involving multiple Sheffer polynomials for ξ ∈ [0,∞) were defined in [3]
as follows:

Gn(f , ξ ) =
e– nξ

2 H(1,1)

A(1, 1)

∞∑

k1=0

∞∑

k2=0

Sk1,k2 ( nξ

2 )
k1!k2!

f
(

k1 + k2

n

)
, (1.4)

provided that the series in the above relations are convergent and the following conditions
are satisfied:

(1) Sk1,k2 (ξ ) ≥ 0, k1, k2 ∈N,
(2) A(1, 1) �= 0, Ht1 (1, 1) = 1, Ht2 (1, 1) = 1,
(3) Series (1.1), (1.2), and (1.3) are convergent for |t1| < R, |t2| < R, and (R1, R2) > 1.
In [12] the authors have studied the Kantorovich variant of Szász operators induced by

multiple Sheffer polynomials for ξ ∈ [0,∞) as follows:

K (S)
n (f , ξ ) =

ne– nξ
2 H(1,1)

A(1, 1)

∞∑

k1=0

∞∑

k2=0

Sk1,k2 ( nξ

2 )
k1!k2!

∫ k1+k2+1
n

k1+k2
n

f (t) dt,

under the condition that the right side of the above relation exists. Szász-type operators
involving Charlier polynomials were studied in [2].
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We will treat the Chlodowsky variant of the Szász type operators induced by Boas-Buck-
type polynomials. The generating functions for the Boas–Buck-type polynomials [20] are

A(t)B
(
ξH(t)

)
=

∞∑

k=0

pk(ξ )tk , (1.5)

where A, B, and H are analytic functions given by the following expressions:

A(t) =
∞∑

r=0

artr , a0 �= 0, (1.6)

B(t) =
∞∑

r=0

brtr , br �= 0, r ≥ 0, (1.7)

H(t) =
∞∑

r=0

hrtr , h1 �= 0. (1.8)

In what follows, we assume that the above polynomials satisfy the following conditions:
(1) A(1) �= 0, H ′(1) = 1, pk(ξ ) ≥ 0, k = 0, 1, 2, . . . ,
(2) B : R → (0,∞),
(3) The power series (1.5), (1.6), (1.7), and (1.8) are convergent for |t| < R (R > 1).
The Chlodowsky variant of the Szász-type operators induced by Boas–Buck-type poly-

nomials given in [26] (see also [1]) is defined as follows:

B∗
n(f ; ξ ) =

1
A(1)B( n

bn
ξH(1))

∞∑

k=0

pk

(
n
bn

ξ

)
f
(

k
n

bn

)
, (1.9)

where (bn) is a numerical positive increasing sequence such that

bn → ∞,
bn

n
→ 0 (n → ∞).

The sequence (bn) = (
√

n) satisfies the above conditions.
We assume the operators B∗

n to be positive. Also, we consider

lim
n→∞

B(k)(y)
B(y)

= 1 for k ∈ {1, 2, 3, . . . , r}, r ∈N.

In the recent years, different classes of operators were studied together with Korovkin-
and Voronovskaja-type theorems (see [4–11, 13–18, 23, 27, 28, 30] and [22, 24, 25]).

2 Basic results
Here we calculate the moments and central moments for B∗

n (see [29]).

Lemma 2.1 [26] For all ξ ∈ [0,∞),

B∗
n(e0; ξ ) = 1,

B∗
n(e1; ξ ) =

B′( n
bn

ξH(1))
B( n

bn
ξH(1))

x +
bn

n
A′(1)
A(1)

,
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B∗
n(e2; ξ ) =

B′′( n
bn

ξH(1))
B( n

bn
ξH(1))

ξ 2 +
bn

n
B′( n

bn
ξH(1))[A(1) + 2A′(1) + H ′′(1)A(1)]

A(1)B( n
bn

ξH(1))
x

+
b2

n
n2

A′(1) + A′′(1)
A(1)

,

B∗
n(e3; ξ ) =

B′′′( n
bn

ξH(1))
B( n

bn
ξH(1))

ξ 3 +
(
3A′(1) + 3H ′′(1)A(1) + 3A(1)

) B′′( n
bn

ξH(1))
A(1)B( n

bn
ξH(1))

bn

n
ξ 2

+
(
3A′′(1) + 3H ′′(1)A′(1) + H ′′′(1)A(1) + 6A′(1) + 3H ′′(1)A(1) + A(1)

)

· B′( n
bn

ξH(1))
A(1)B( n

bn
ξH(1))

b2
n

n2 ξ

+
(
A′′′(1) + 3A′′(1) + A′(1)

) b3
n

A(1)n3 ,

B∗
n(e4; ξ ) =

B(4)( n
bn

ξH(1))
B( n

bn
ξH(1))

ξ 4 +
(
4A′(1) + 6H ′′(1)A(1) + 6A(1)

) B(3)( n
bn

ξH(1))
A(1)B( n

bn
ξH(1))

bn

n
ξ 3

+
(
6A′′(t) + 12H ′′(1) + A′(1) + 4H ′′′(1)A(1) + 3H ′′(1)2A(1) + 18A′(1)

+ 18H ′′(1)A(1) + 7A(1)
) B′′( n

bn
ξH(1))

A(1)B( n
bn

ξH(1))
b2

n
n2 ξ 2

+
(
4A′′′(1) + 6A′′(1)H ′′(1) + 4A′(1)H ′′′(1) + A(1)H (4)(1) + 18A′′(1)

+ 18H ′′(1)A′(1) + 6H ′′′(1)A(1) + 14A′(1) + 7H ′′(1)A(1) + A(1)
)

· B′( n
bn

ξH(1))
A(1)B( n

bn
ξH(1))

b3
n

n3 ξ

+
(
A(4)(1) + 6A(3)(1) + 7A′′(1) + A′(1)

) b4
n

A(1)n4 .

Proposition 2.2 [26] We have

B∗
n
(
(e1 – ξ ); ξ

)
=

B′( n
bn

ξH(1)) – B( n
bn

ξH(1))
B( n

bn
ξH(1))

x +
bn

n
A′(1)
A(1)

,

B∗
n
(
(e1 – ξ )2; ξ

)
=

B′′( n
bn

ξH(1)) – 2B′( n
bn

ξH(1)) + B( n
bn

ξH(1))
B( n

bn
ξH(1))

ξ 2

+
bn

n
(A(1) + 2A′(1) + A(1)H ′′(1))B′( n

bn
ξH(1)) – 2A′(1)B( n

bn
ξH(1))

A(1)B( n
bn

ξH(1))
ξ

+
b2

n
n2

A′(1) + A′′(1)
A(1)

,

B∗
n
(
(e1 – ξ )4; ξ

)

=
ξ 4

B( n
bn

ξH(1))

[
B(4)

(
n
bn

ξH(1)
)

– 4B(3)
(

n
bn

ξH(1)
)

+ 6B′′
(

n
bn

ξH(1)
)

– 4B′
(

n
bn

ξH(1)
)

+ B
(

n
bn

ξH(1)
)]

+
2ξ 3bn

nA(1)B( n
bn

ξH(1))

·
[(

2A′(1) + 3A(1)H ′′(1) + 3A(1)
)
B(3)

(
n
bn

ξH(1)
)

– 6
(
A′(1) + A(1)H ′′(1) + A(1)

)
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· B′′
(

n
bn

ξH(1)
)

+ 3
(
2A′(1) + A(1)H ′′(1) + A(1)

)
B′

(
n
bn

ξH(1)
)

– 2A′(1)B
(

n
bn

ξH(1)
)]

+
ξ 2b2

n
n2A(1)B( n

bn
ξH(1))

[
(
6A′′(1) + 12A′(1)H ′′(1)

+ 4A(1)H ′′′(1) + 21A(1)H ′′(1) + 18A′(1) + 7A(1)
)
B′′

(
n
bn

ξH(1)
)

.

3 Rates of convergence
By BV [0,∞) we denote the class of all functions of bounded variation on [0,∞), and by
∨b

a f we denote the total variation of a function f on [a, b], i.e.,

b∨

a
f = V

(
f ; [a, b]

)
= sup

P∈P

( n∑

i=1

∣∣f (ξi) – f (ξi–1)
∣∣
)

,

where P is the class of all partitions P : a = ξ0 < ξ1 < · · · < ξn = b. We denote

C2[0,∞) =
{

f ∈ C[0,∞) :
∣∣f (t)

∣∣ ≤ M2
(
1 + t2) ∀t ≥ 0

}
,

where M2 is a constant, and

DBV [0,∞) =
{

f ∈ C2[0,∞) : f ′ ∈ BV [0,∞)
}

.

Let

f ′
ξ (θ ) =

⎧
⎪⎪⎨

⎪⎪⎩

f ′(θ ) – f ′(ξ–) for 0 ≤ θ < ξ ,

0, for θ = ξ ,

f ′(θ ) – f ′(ξ+) for ξ < θ < ∞.

(3.1)

From the construction of operators B∗
n(f ; ξ ) we obtain the following relation:

B∗
n(f ; ξ ) =

∫ ∞

0
f (θ )

∂{Kn(ξ , θ )}
∂θ

dθ , (3.2)

where

Kn(ξ , θ ) =

⎧
⎨

⎩

∑
k≤nθ Pk,n(ξ ) for 0 < θ < ∞,

0 for θ = 0,

and

Pk,n(ξ ) =
1

A(1)B( n
bn

ξH(1))
pk

(
n
bn

ξ

)
.

Also, let

βn(ξ ; θ ) =
∫ θ

0

∂{Kn(ξ , u)}
∂u

du. (3.3)
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From the above relation it follows that

βn(ξ ; θ ) ≤ 1.

We provide the following result.

Theorem 3.1 Let f ∈ DBV [0,∞). Then for sufficiently large n,

∣∣B∗
n(f ; ξ ) – f (ξ )

∣∣

≤
∣∣∣∣
1
2
(
f ′(ξ+) + f ′(ξ–)

)∣∣∣∣ · ∣∣B∗
n(t – ξ ; ξ )

∣∣ +
B∗

n((ξ – t)2; ξ )
ξ

[
√

n]∑

k=1

(x+ x√
n∨

x– x√
n

f ′
x

)

+
x√
n

(x+ x√
n∨

x– x√
n

f ′
x

)
+

(
M2

ξ 2 + 4M2 +
|f (ξ )|
ξ 2

)
B∗

n
(
(t – ξ )2; ξ

)

+
∣∣f ′(ξ+)

∣∣
√

B∗
n
(
(t – ξ )2; ξ

)
+

B∗
n((t – ξ )2; ξ )

ξ 2

∣∣f (2ξ ) – f (ξ ) – ξ f ′(ξ+)
∣∣

+
∣∣∣∣
1
2
(
f ′(ξ+) – f ′(ξ–)

)∣∣∣∣ ·
√∣∣B∗

n
(
(t – ξ )2; ξ

)∣∣.

We need some auxiliary results. We start with the following:

Lemma 3.2 For any x ∈ (0,∞) and n ∈N, we have

(1) βn(ξ ; t) =
∫ t

0

∂{Kn(ξ , u)}
∂u

du

≤
(B′′( n

bn
ξH(1)) – 2B′( n

bn
ξH(1)) + B( n

bn
ξH(1))

B( n
bn

ξH(1))
ξ 2

+
bn

n
(A(1) + 2A′(1) + A(1)H ′′(1))B′( n

bn
ξH(1)) – 2A′(1)B( n

bn
ξH(1))

A(1)B( n
bn

ξH(1))
ξ

)

/(ξ – t)2,

for 0 ≤ t < ξ ;

(2) 1 – βn(ξ ; t)

=
∫ ∞

t

∂{Kn(ξ , u)}
∂u

du

≤
(B′′( n

bn
ξH(1)) – 2B′( n

bn
ξH(1)) + B( n

bn
ξH(1))

B( n
bn

ξH(1))
ξ 2

+
bn

n
(A(1) + 2A′(1) + A(1)H ′′(1))B′( n

bn
ξH(1)) – 2A′(1)B( n

bn
ξH(1))

A(1)B( n
bn

ξH(1))
ξ

)

/(t – ξ )2

for ξ < t < ∞.
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Proof (1) Let 0 ≤ t < ξ . Then Lemma 2.1 gives

∫ t

0

∂{Kn(x, u)}
∂u

du ≤
∫ t

0

(
ξ – u
ξ – t

)2
∂{Kn(ξ , u)}

∂u
du ≤ B∗

n((ξ – u)2; ξ )
(ξ – t)2 .

(2) In the case ξ < t < ∞, in a similar way, we obtain

∫ ∞

t

∂{Kn(ξ , u)}
∂u

du ≤
∫ ∞

0

(
ξ – u
ξ – t

)2
∂{Kn(ξ , u)}

∂u
du ≤ B∗

n((ξ – u)2; ξ )
(t – ξ )2 . �

Lemma 3.3 Let f ∈ DBV [0,∞). Then for sufficiently large n,

∣∣B∗
n(f ; ξ ) – f (ξ )

∣∣ ≤
∣∣∣∣
1
2
(
f ′(ξ+) + f ′(ξ–)

)∣∣∣∣ · ∣∣B∗
n(t – ξ ; ξ )

∣∣

+ |I1| + |I2| +
∣∣∣∣
1
2
(
f ′(ξ+) – f ′(ξ–)

)∣∣∣∣ ·
√∣∣B∗

n
(
(t – ξ )2; ξ

)∣∣,

where I1 =
∫ ξ

0 [
∫ ξ

t f ′
ξ (u) du] ∂Kn(ξ ,t)

∂t dt and I2 =
∫ ∞
ξ

[
∫ t
ξ

f ′
ξ (u) du] ∂Kn(ξ ,t)

∂t dt.

Proof For f ∈ DBV [0,∞), we may write

f ′(t) =
1
2
[
f ′(ξ+) + f ′(ξ–)

]
+ f ′

ξ (t) +
1
2
[
f ′(ξ+) – f ′(ξ–)

]
sgn(t – ξ )

+ δξ (t)
[

f ′(t) –
1
2
[
f ′(ξ+) + f ′(ξ–)

]]
,

where

δξ (t) =

⎧
⎨

⎩
1, t = ξ ,

0, t �= ξ .

From the above facts we get

∣∣B∗
n(f ; ξ ) – f (ξ )

∣∣

=
∫ ∞

0

(
f (t) – f (ξ )

)∂{Kn(ξ , t)}
∂t

dt =
∫ ∞

0

[∫ t

ξ

f ′(u) du
]

∂{Kn(ξ , t)}
∂t

dt

=
∫ ∞

0

[∫ t

ξ

{
1
2
[
f ′(ξ+) + f ′(ξ–)

]
+ f ′

ξ (u) +
1
2
[
f ′(ξ+) – f ′(ξ–)

]
sgn(u – ξ )

+ δξ (u)
[

f ′(u) –
1
2
[
f ′(ξ+) + f ′(ξ–)

]]
du

}
∂{Kn(ξ , t)}

∂t

]
dt.

Since
∫ t
ξ
δξ (u) du = 0, we obtain

B∗
n(f ; ξ ) – f (ξ ) =

1
2
[
f ′(ξ+) + f ′(ξ–)

]∫ ∞

0
(t – ξ )

∂{Kn(ξ , t)}
∂t

dt

+
∫ ∞

0

[∫ t

ξ

f ′
ξ (u) du

]
∂{Kn(ξ , t)}

∂t
dt

+
1
2
[
f ′(ξ+) – f ′(ξ–)

]∫ ∞

0
(t – ξ )

∂{Kn(ξ , t)}
∂t

dt.
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Let us now break the second term in the above relation into two parts:

∫ ∞

0

[∫ t

ξ

f ′(u) du
]

∂{Kn(ξ , t)}
∂t

dt = –
∫ ξ

0

[∫ ξ

t
f ′
ξ (u) du

]
∂{Kn(ξ , t)}

∂t
dt

+
∫ ∞

ξ

[∫ t

ξ

f ′
ξ (u) du

]
∂{Kn(ξ , t)}

∂t
dt = –I1 + I2.

Now we have the following estimate:

∣∣B∗
n(f ; ξ ) – f (ξ )

∣∣ ≤
∣∣∣∣
1
2
[
f ′(ξ+) + f ′(ξ–)

]∣∣∣∣ · ∣∣B∗
n
(
(t – ξ ), ξ

)∣∣ + |I1| + |I2|

+
∣∣∣∣
1
2
[
f ′(ξ+) – f ′(ξ–)

]∣∣∣∣ · B∗
n
(|t – ξ |, ξ)

.

Applying the Cauchy–Schwarz inequality to the above relation, we get

∣∣B∗
n(f ; ξ ) – f (ξ )

∣∣ ≤
∣∣∣∣
1
2
[
f ′(ξ+) + f ′(ξ–)

]∣∣∣∣ · ∣∣B∗
n
(
(t – ξ ), ξ

)∣∣ + |I1| + |I2|

+
∣∣∣∣
1
2
[
f ′(ξ+) – f ′(ξ–)

]∣∣∣∣ ·
√

B∗
n
(
(t – ξ )2, ξ

)
. �

Lemma 3.4 Let f ∈ DBV [0,∞), and let n be sufficiently large. Then

|I1| ≤ B∗
n((ξ – u)2; ξ )

ξ

[
√

n]∑

k=1

(
ξ∨

ξ– ξ√
n

f ′
ξ

)
+

ξ√
n

(
ξ∨

ξ– ξ√
n

f ′
ξ

)
,

where I1 =
∫ ξ

0 [
∫ ξ

t f ′
ξ (u) du] ∂Kn(ξ ,t)

∂t dt.

Proof By integration by parts we have

|I1| =
∣∣∣∣
∫ ξ

0

[∫ t

ξ

f ′
ξ (u) du

]
∂Kn(ξ , t)

∂t
dt

∣∣∣∣

=
∣∣∣∣
∫ ξ

0
fξ (t)

∂Kn(ξ , t)
∂t

dt
∣∣∣∣ +

∣∣∣∣
∫ ξ

0

[∫ t

0

∂Kn(ξ , u)
∂t

du
]

f ′
ξ (t) dt

∣∣∣∣

≤
∫ ξ– ξ√

n

0

∣∣∣∣
∫ t

0

∂Kn(ξ , u)
∂t

du
∣∣∣∣
∣∣f ′

ξ (t)
∣∣dt +

∫ ξ

ξ– ξ√
n

∣∣∣∣
∫ t

0

∂Kn(ξ , u)
∂t

du
∣∣∣∣
∣∣f ′

ξ (t)
∣∣dt.

Using Lemma 3.2, we obtain

|I1| ≤ B∗
n
(
(ξ – u)2; ξ

)∫ ξ– ξ√
n

0

(
ξ∨

t
f ′
ξ

)
1

(ξ – t)2 dt +
∫ ξ

ξ– ξ√
n

(
ξ∨

ξ– ξ√
n

f ′
ξ

)
dt

≤ B∗
n
(
(ξ – u)2; ξ

)∫ ξ– ξ√
n

0

(
ξ∨

t
f ′
ξ

)
1

(ξ – t)2 dt +
ξ√
n

(
ξ∨

ξ– ξ√
n

f ′
ξ

)
.



Braha et al. Journal of Inequalities and Applications         (2023) 2023:95 Page 9 of 23

Substituting u = ξ

ξ–t , we get

∫ ξ– ξ√
n

0

(
ξ∨

t
f ′
ξ

)
1

(ξ – t)2 dt =
1
ξ

∫ √
n

1

(
ξ∨

ξ– ξ√
n

f ′
ξ

)
du ≤ 1

ξ

[
√

n]∑

k=1

(
ξ∨

ξ– ξ√
n

f ′
ξ

)
,

which yields that

|I1| ≤ B∗
n((ξ – u)2; ξ )

ξ

[
√

n]∑

k=1

(
ξ∨

ξ– ξ√
n

f ′
x

)
+

ξ√
n

(
ξ∨

ξ– ξ√
n

f ′
ξ

)
.

�

Lemma 3.5 Let f ∈ DBV [0,∞), and let n be sufficiently large. Then

|I2| ≤
(

M2

ξ 2 + 4M2 +
|f (ξ )|
ξ 2

)
B∗

n
(
(t – ξ )2; ξ

)
+

∣∣f ′(ξ+)
∣∣
√

B∗
n
(
(t – ξ )2; ξ

)

+
B∗

n((t – ξ )2; ξ )
(t – ξ )2

∣∣f (2ξ ) – f (ξ ) – ξ f ′(ξ+)
∣∣ +

ξ√
n

(ξ+ ξ√
n∨

ξ

f ′
ξ

)

+ B∗
n
(
(t – ξ )2; ξ

) [
√

n]∑

k=1

(ξ+ ξ
k∨

ξ

f ′
ξ

)
,

where I2 =
∫ ∞
ξ

[
∫ t
ξ

f ′
ξ (u) du] ∂Kn(ξ ,t)

∂t dt.

Proof By the properties of integrals we have

∣∣∣∣
∫ ∞

ξ

[∫ t

ξ

f ′
ξ (u) du

]
∂Kn(ξ , t)

∂t
dt

∣∣∣∣

≤
∣∣∣∣
∫ ∞

2ξ

[∫ t

ξ

f ′
ξ (u) du

]
∂Kn(ξ , t)

∂t
dt

∣∣∣∣ +
∣∣∣∣
∫ 2ξ

ξ

[∫ t

ξ

f ′
ξ (u) du

]
∂Kn(ξ , t)

∂t
dt

∣∣∣∣

= I ′
2 + I ′′

2 ,

I ′
2 =

∣∣∣∣
∫ ∞

2ξ

[∫ t

ξ

(
f ′
ξ (u) – f ′

ξ (ξ+)
)

du
]

∂Kn(ξ , t)
∂t

dt
∣∣∣∣

≤
∣∣∣∣
∫ ∞

2ξ

(
f (t) – f (ξ )

)∂Kn(ξ , t)
∂t

dt
∣∣∣∣ +

∣∣f ′(ξ+)
∣∣
∣∣∣∣
∫ ∞

2ξ

(t – ξ )
∂Kn(ξ , t)

∂t
dt

∣∣∣∣

≤
∫ ∞

2ξ

∣∣f (t)
∣∣∂Kn(ξ , t)

∂t
dt +

∣∣f (ξ )
∣∣
∫ ∞

2ξ

∂Kn(ξ , t)
∂t

dt +
∣∣f ′(ξ+)

∣∣
∫ ∞

2ξ

|t – ξ |∂Kn(ξ , t)
∂t

dt

= A1 + A2 + A3.

Now we will estimate

A1 ≤ M2

∫ ∞

2ξ

(
1 + t2)∂Kn(ξ , t)

∂t
dt.
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Since t ≥ 2ξ , that is, t – ξ ≥ ξ , we get

A1 ≤ M2

∫ ∞

2ξ

(t – ξ )2

ξ 2
∂Kn(ξ , t)

∂t
dt + 4M2

∫ ∞

2ξ

(t – ξ )2 ∂Kn(ξ , t)
∂t

dt

≤
(

M2

ξ 2 + 4M2

)
B∗

n
(
(t – ξ )2; ξ

)
.

Now we estimate

A2 ≤ ∣∣f (ξ )
∣∣
∫ ∞

2ξ

(t – ξ )2

ξ 2
∂Kn(ξ , t)

∂t
dt ≤ |f (ξ )|

ξ 2 B∗
n
(
(t – ξ )2; ξ

)

and

A3 ≤ ∣∣f ′(ξ+)
∣∣
∫ ∞

2x
|t – ξ |∂Kn(ξ , t)

∂t
dt ≤ ∣∣f ′(ξ+)

∣∣
√

B∗
n
(
(t – ξ )2; ξ

)
.

From last three relations we get the upper bound

∣∣I ′
2
∣∣ ≤

(
M2

ξ 2 + 4M2 +
|f (ξ )|
ξ 2

)
B∗

n
(
(t – ξ )2; ξ

)
+

∣∣f ′(ξ+)
∣∣
√

B∗
n
(
(t – ξ )2; ξ

)
.

Now we estimate

∣∣I ′′
2
∣∣ =

∣∣∣∣
∫ 2ξ

ξ

[∫ t

ξ

f ′
ξ (u) du

]
∂Kn(ξ , t)

∂t
dt

∣∣∣∣ ≤ ∣∣1 – βn(ξ , 2ξ )
∣∣
∣∣∣∣
∫ 2ξ

ξ

f ′
ξ (u) du

∣∣∣∣

+
∣∣∣∣
∫ 2ξ

ξ

f ′
ξ (t)

(
1 – βn(ξ , t)

)
dt

∣∣∣∣.

From Lemma 3.2 we have

∣∣I ′′
2
∣∣ ≤ B∗

n((t – ξ )2; ξ )
ξ 2

∣∣∣∣
∫ 2ξ

ξ

(
f ′(u) – f ′(ξ+)

)
du

∣∣∣∣ +
∣∣∣∣
∫ ξ+ ξ√

n

ξ

fξ ′(t)
(
1 – βn(ξ , t)

)
dt

∣∣∣∣

+
∣∣∣∣
∫ 2ξ

ξ+ ξ√
n

fξ ′(t)
(
1 – βn(ξ , t)

)
dt

∣∣∣∣

=
B∗

n((t – ξ )2; ξ )
ξ 2

∣∣f (2ξ ) – f (ξ ) – ξ f ′(ξ+)
∣∣
∣∣∣∣
∫ ξ+ ξ√

n

ξ

fξ ′(t)
(
1 – βn(ξ , t)

)
dt

∣∣∣∣

+
∣∣∣∣
∫ 2ξ

ξ+ ξ√
n

fξ ′(t)
(
1 – βn(ξ , t)

)
dt

∣∣∣∣,

∣∣∣∣
∫ ξ+ ξ√

n

ξ

fξ ′(t)
(
1 – βn(ξ , t)

)
dt

∣∣∣∣ ≤
∫ ξ+ ξ√

n

ξ

( t∨

ξ

f ′
ξ

)
dt ≤ ξ√

n

(ξ+ ξ√
n∨

ξ

f ′
ξ

)
,

and

∣∣∣∣
∫ 2ξ

ξ+ ξ√
n

fξ ′(t)
(
1 – βn(ξ , t)

)
dt

∣∣∣∣ ≤ B∗
n
(
(t – ξ )2; ξ

)∫ 2ξ

ξ+ ξ√
n

( t∨

ξ

f ′
ξ

)
1

(ξ – t)2 dt.
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For u = ξ

t–ξ
, we get

∣∣∣∣
∫ 2ξ

ξ+ ξ√
n

fξ ′(t)
(
1 – βn(ξ , t)

)
dt

∣∣∣∣ ≤ B∗
n((t – ξ )2; ξ )

ξ

∫ √
n

1

(ξ+ ξ
u∨

ξ

f ′
ξ

)
du

≤ B∗
n((t – ξ )2; ξ )

ξ

[
√

n]∑

k=1

(ξ+ ξ
k∨

ξ

f ′
ξ

)
.

From the last relations we obtain that

∣∣I ′′
2
∣∣ ≤ B∗

n((t – ξ )2; ξ )
ξ 2

∣∣f (2ξ ) – f (ξ ) – ξ f ′(ξ+)
∣∣ +

ξ√
n

(ξ+ ξ√
n∨

ξ

f ′
ξ

)

+
B∗

n((t – ξ )2; ξ )
ξ

[
√

n]∑

k=1

(ξ+ ξ
k∨

ξ

f ′
ξ

)
.

Hence

|I2| ≤
∣∣I ′

2
∣∣ +

∣∣I ′′
2
∣∣ ≤

(
M2

ξ 2 + 4M2 +
|f (ξ )|
ξ 2

)
B∗

n
(
(t – ξ )2; ξ

)
+

∣∣f ′(ξ+)
∣∣
√

B∗
n
(
(t – ξ )2; ξ

)

+
B∗

n((t – ξ )2; ξ )
ξ 2

∣∣f (2ξ ) – f (ξ ) – ξ f ′(ξ+)
∣∣ +

ξ√
n

(ξ+ ξ√
n∨

ξ

f ′
ξ

)

+
B∗

n((t – ξ )2; ξ )
ξ

[
√

n]∑

k=1

(ξ+ ξ
k∨

ξ

f ′
ξ

)
.

�

Proof of Theorem 3.1 Based on Lemmas 3.2, 3.3, 3.4 and 3.5, we get the following estimate:

∣∣B∗
n(f ; ξ ) – f (ξ )

∣∣

≤
∣∣∣∣
1
2
(
f ′(ξ+) + f ′(ξ–)

)∣∣∣∣ · ∣∣B∗
n(t – ξ ; ξ )

∣∣

+ |I1| + |I2| +
∣∣∣∣
1
2
(
f ′(ξ+) – f ′(ξ–)

)∣∣∣∣ ·
√∣∣B∗

n
(
(t – ξ )2; ξ

)∣∣

≤
∣∣∣∣
1
2
(
f ′(ξ+) + f ′(ξ–)

)∣∣∣∣ · ∣∣B∗
n(t – ξ ; ξ )

∣∣ +
B∗

n((ξ – t)2; ξ )
ξ

[
√

n]∑

k=1

(
ξ∨

ξ– ξ√
n

f ′
ξ

)

+
ξ√
n

(
ξ∨

ξ– ξ√
n

f ′
ξ

)
+

(
Mf

ξ 2 + 4Mf +
|f (ξ )|
ξ 2

)
B∗

n
(
(t – ξ )2; ξ

)

+
∣∣f ′(ξ+)

∣∣
√

B∗
n
(
(t – ξ )2; ξ

)
+

B∗
n((t – ξ )2; x)

ξ 2

∣∣f (2ξ ) – f (ξ ) – ξ f ′(ξ+)
∣∣

+
ξ√
n

(ξ+ ξ√
n∨

ξ

f ′
ξ

)
+

B∗
n((t – ξ )2; ξ )

ξ

[
√

n]∑

k=1

(ξ+ ξ
k∨

ξ

f ′
ξ

)

+
∣∣∣∣
1
2
(
f ′(ξ+) – f ′(ξ–)

)∣∣∣∣ ·
√∣∣B∗

n
(
(t – ξ )2; ξ

)∣∣.
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Since

( b∨

a
f

)
+

( c∨

b

f

)
=

( c∨

a
f

)
,

we obtain

∣∣B∗
n(f ; ξ ) – f (ξ )

∣∣

≤
∣∣∣∣
1
2
(
f ′(ξ+) + f ′(ξ–)

)∣∣∣∣ · ∣∣B∗
n(t – ξ ; ξ )

∣∣

+ |I1| + |I2| +
∣∣∣∣
1
2
(
f ′(ξ+) – f ′(ξ–)

)∣∣∣∣ ·
√∣∣B∗

n
(
(t – ξ )2; ξ

)∣∣

≤
∣∣∣∣
1
2
(
f ′(ξ+) + f ′(ξ–)

)∣∣∣∣ · ∣∣B∗
n(t – ξ ; ξ )

∣∣ +
B∗

n((ξ – t)2; ξ )
ξ

[
√

n]∑

k=1

(ξ+ ξ√
n∨

ξ– ξ√
n

f ′
ξ

)

+
ξ√
n

(ξ+ ξ√
n∨

ξ– ξ√
n

f ′
ξ

)
+

(
Mf

ξ 2 + 4Mf +
|f (ξ )|
ξ 2

)
B∗

n
(
(t – ξ )2; ξ

)

+
∣∣f ′(ξ+)

∣∣
√

B∗
n
(
(t – ξ )2; ξ

)
+

B∗
n((t – ξ )2; ξ )

ξ 2

∣∣f (2ξ ) – f (ξ ) – ξ f ′(ξ+)
∣∣

+
∣∣∣∣
1
2
(
f ′(ξ+) – f ′(ξ–)

)∣∣∣∣ ·
√∣∣B∗

n
(
(t – ξ )2; ξ

)∣∣. �

4 Voronovskaya-type theorems
The Voronovskaya-type theorem for the Chlodowsky-type Szász operators based on
Boas–Buck-type polynomials under certain conditions is known. First, we introduce fol-
lowing assumptions [26]:

lim
n→∞

n
bn

B′( n
bn

ξH(1)) – B( n
bn

ξH(1))
B( n

bn
ξH(1))

= l1(ξ ); (4.1)

lim
n→∞

n
bn

B′′( n
bn

ξH(1)) – 2B′( n
bn

ξH(1)) + B( n
bn

ξH(1))
B( n

bn
ξH(1))

= l2(ξ ); (4.2)

lim
n→∞

(
n
bn

)2 1
B( n

bn
ξH(1))

[
B(4)

(
n
bn

ξH(1)
)

– 4B(3)
(

n
bn

ξH(1)
)

+ 6B′′
(

n
bn

ξH(1)
)

– 4B′
(

n
bn

ξH(1)
)

+ B
(

n
bn

ξH(1)
)]

= l3(ξ ); (4.3)

lim
n→∞

n
bn

1
B( n

bn
ξH(1))A(1)

[(
2A′(1) + 3A(1)H ′′(1) + 3A(1)

)
B(3)

(
n
bn

ξH(1)
)

– 6
(
A′(1)

+ A(1)H ′′(1) + A(1)
)
B′′

(
n
bn

ξH(1)
)

+ 3
(
2A′(1) + A(1)H ′′(1) + A(1)

)
B′

(
n
bn

ξH(1)
)

– 2A′(1)B
(

n
bn

ξH(1)
)]

= l4(ξ ). (4.4)

Remark 4.1 [26] As a consequence of the above assumption, we obtain
i) limn→∞ n

bn
B∗

n(e1 – ξ ; ξ ) = η1(ξ ),
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ii) limn→∞ n
bn

B∗
n((e1 – ξ )2; ξ ) = η2(ξ ),

iii) limn→∞( n
bn

)2B∗
n((e1 – ξ )4; ξ ) = η3(ξ ),

where

η1(ξ ) = ξ l1(ξ ) +
A′(1)
A(1)

, η2(ξ ) = ξ 2l2(ξ ) + ξ
(
1 + H ′′(1)

)
,

η3(ξ ) = ξ 4l3(ξ ) + 2ξ 3l4(ξ ) + 3ξ 2(H ′′(1)2 + 2H ′′(1) + 1
)
.

Theorem 4.2 [26] (Voronovskaya-type theorem) For every f ∈ CE(R+
0 ) such that f ′, f ′′ ∈

CE(R+
0 ), we have

lim
n→∞

n
bn

[
B∗

n(f ; ξ ) – f (ξ )
]

=
(

ξ l1(ξ ) +
A′(1)
A(1)

)
f ′(ξ ) +

1
2

(ξ 2l2(ξ ) + ξ
(
1 + H ′′(1)

)
f ′′(ξ ),

uniformly with respect to ξ ∈ [0, a], a > 0, where li(ξ ), i = 1, 2, are defined in (4.1) and (4.2).

Example 4.3 Write

NB∗
n(h, ξ ) = (1 + un)B∗

n(h, ξ ),

where

un =

⎧
⎪⎪⎨

⎪⎪⎩

b2
m

m2 , m2 – m ≤ n ≤ m2 – 1,
b3

m
m3 , n = m2, m ∈N \ {1},
0 otherwise.

Lemma 4.4 For the fourth-order central moment, we have the following estimate:
(

n
bn

)2

NB∗
n
(
(y – ξ )4; ξ

) → η3(ξ ) on [0, M] as n → ∞.

Proof From Proposition 2.2 we have
(

n
bn

)2

NB∗
n
(
(y – ξ )4; ξ

)
=

(
n
bn

)2

(1 + un)B∗
n
(
(y – ξ )4; ξ

)
,

from which we obtain that

lim
n→∞

(
n
bn

)2

(1 + un)B∗
n
(
(y – ξ )4; ξ

)
= η3(ξ ) on [0, M]. �

Theorem 4.5 Let f ∈ CB[0,∞), the space of bounded and continuous functions in [0,∞),
and suppose that f ′, f ′′ ∈ CB[0,∞). Then

(
n
bn

)[
NB∗

n(f ; ξ ) – f (ξ )
]

∼ f ′(ξ )
(

l1(ξ )ξ +
A′(1)
A(1)

)

+
f ′′(ξ )

2

(
l2(ξ )ξ 2 +

(A(1) + 2A′(1) + A(1)H ′′(1)) – 2A′(1)
A(1)B

ξ

)
(stT )

for each x ∈ [0, M] and any finite M.
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Proof Taylor’s formula gives

f (y) = f (ξ ) + (y – ξ )f ′(ξ ) +
1
2

(y – ξ )2f ′′(ξ ) + (y – ξ )2ψ(y – ξ ), (4.5)

where ψ(y – ξ ) → 0 as y – ξ → 0. Applying NB∗
n to both sides of relation (4.5), we get

NB∗
n(f ) = (1 + un)f (ξ ) + (1 + un)f ′(ξ )

(B′( n
bn

ξH(1)) – B( n
bn

ξH(1))
B( n

bn
ξH(1))

x +
bn

n
A′(1)
A(1)

)

+ (1 + un)
f ′′(ξ )

2

(B′′( n
bn

ξH(1)) – 2B′( n
bn

ξH(1)) + B( n
bn

ξH(1))
B( n

bn
ξH(1))

ξ 2

+
bn

n
(A(1) + 2A′(1) + A(1)H ′′(1))B′( n

bn
ξH(1)) – 2A′(1)B( n

bn
ξH(1))

A(1)B( n
bn

ξH(1))
x

+
b2

n
n2

A′(1) + A′′(1)
A(1)

)
+ (1 + un)NB∗

n
(
	2ψ(y – ξ ); ξ

)
.

This yields

(
n
bn

)
NB∗

n(f ) =
(

n
bn

)
(1 + un)f (ξ )

+
(

n
bn

)
(1 + un)f ′(ξ )

(B′( n
bn

ξH(1)) – B( n
bn

ξH(1))
B( n

bn
ξH(1))

x +
bn

n
A′(1)
A(1)

)

+
(

n
bn

)
(1 + un)

f ′′(ξ )
2

(B′′( n
bn

ξH(1)) – 2B′( n
bn

ξH(1)) + B( n
bn

ξH(1))
B( n

bn
ξH(1))

ξ 2

+
bn

n
(A(1) + 2A′(1) + A(1)H ′′(1))B′( n

bn
ξH(1)) – 2A′(1)B( n

bn
ξH(1))

A(1)B( n
bn

ξH(1))
ξ

+
b2

n
n2

A′(1) + A′′(1)
A(1)

)
+

(
n
bn

)
(1 + un)NB∗

n
(
	2ψ(y – ξ ); ξ

)
.

Therefore

∣∣∣∣

(
n
bn

)[
NB∗

n(f ; ξ ) – f (ξ ) – f ′(ξ )
(B′( n

bn
ξH(1)) – B( n

bn
ξH(1))

B( n
bn

ξH(1))
x +

A′(1)
A(1)

)

–
f ′′(ξ )

2

(B′′( n
bn

ξH(1)) – 2B′( n
bn

ξH(1)) + B( n
bn

ξH(1))
B( n

bn
ξH(1))

ξ 2

+
(A(1) + 2A′(1) + A(1)H ′′(1))B′( n

bn
ξH(1)) – 2A′(1)B( n

bn
ξH(1))

A(1)B( n
bn

ξH(1))
ξ

)]∣∣∣∣

≤
(

n
bn

)
Kun +

(
n
bn

)
K1un

∣∣∣∣

(B′( n
bn

ξH(1)) – B( n
bn

ξH(1))
B( n

bn
ξH(1))

ξ +
A′(1)
A(1)

)∣∣∣∣

+
(

bn

n

)
K2

2

∣∣∣∣
A′(1) + A′′(1)

A(1)

∣∣∣∣

+
(

n
bn

)
un

K2

2

∣∣∣∣
B′′( n

bn
ξH(1)) – 2B′( n

bn
ξH(1)) + B( n

bn
ξH(1))

B( n
bn

ξH(1))
ξ 2 +

bn

n
A′(1) + A′′(1)

A(1)

∣∣∣∣
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+
(

n
bn

)∣∣NB∗
n
(
(y – ξ )2ψ(y – ξ ); ξ

)∣∣ + un

(
n
bn

)∣∣NB∗
n
(
(y – ξ )2ψ(y – ξ ); ξ

)∣∣,

where K = supξ∈[0,M] |f (ξ )|, K1 = supξ∈[0,M] |f ′(ξ )|, and K2 = supξ∈[0,M] |f ′′(ξ )|.
Now we will prove that

lim
n→∞

(
n
bn

)∣∣NB∗
n
(
(y – ξ )2ψ(y – ξ ); ξ

)∣∣ = 0.

Applying the Cauchy–Schwartz inequality, we get

(
n
bn

)∣∣NB∗
n
(
(y – ξ )2ψ(y – ξ ); ξ

)∣∣ ≤
[(

n
bn

)2

NB∗
n
(
(y – ξ )4; ξ

)] 1
2 · [NB∗

n
(
ψ2; ξ

)] 1
2 . (4.6)

Also, by setting ηξ (y) = (ψ(y – ξ ))2 we have that ηξ (ξ ) = 0 and ηξ (·) ∈ C[0, M]. So

NB∗
n(ηξ ) → 0(stT) on [0, M]. (4.7)

Now from the last relation, (4.6), (4.7), and Lemma 4.4 we obtain that

(
n
bn

)2

NB∗
n
(
(y – ξ )2ψ(y – ξ ); ξ

) → 0(stT) on [0, M]. (4.8)

From the definition of the sequence (un) we obtain ( n
bn

)un → 0(stT) on [0, M].
Let ε > 0. Define the following sets:

A =
∣∣∣∣{n : |

(
n
bn

)[
NB∗

n(f ; ξ ) – f (ξ ) – f ′(ξ )
(B′( n

bn
ξH(1)) – B( n

bn
ξH(1))

B( n
bn

ξH(1))
ξ +

A′(1)
A(1)

)

–
f ′′(ξ )

2

(B′′( n
bn

ξH(1)) – 2B′( n
bn

ξH(1)) + B( n
bn

ξH(1))
B( n

bn
ξH(1))

ξ 2

+
(A(1) + 2A′(1) + A(1)H ′′(1))B′( n

bn
ξH(1)) – 2A′(1)B( n

bn
ξH(1))

A(1)B( n
bn

ξH(1))
ξ

)]∣∣∣∣,

A1 =
∣∣∣∣

{
n :

∣∣∣∣

(
n
bn

)
un

∣∣∣∣ ≥ ε

3K

}∣∣∣∣,

A2 =
∣∣∣∣

{
n :

∣∣∣∣

(
n
bn

)
NB∗

n
(
(y – ξ )2ψ(y – ξ ); ξ

)∣∣∣∣ ≥ ε

3

}∣∣∣∣,

A3 =
∣∣∣∣

{
n :

∣∣∣∣

(
n
bn

)
unNB∗

n
(
(y – ξ )2ψ(y – ξ ); ξ

)∣∣∣∣ ≥ ε

3

}∣∣∣∣.

From last relations we obtain that A ≤ A1 + A2 + A3. Hence the result follows. �

Theorem 4.6 Let f , f ′, f ′′ ∈ CB[0,∞) and limn→∞ ( n
bn

)3B∗
n((e1 – ξ )6, ξ ) = η4(ξ ). Then

∣∣∣∣

(
n
bn

)(
B∗

n(f , ξ ) – f (ξ )
)

– f ′(ξ )
(

n
bn

)(B′( n
bn

ξH(1)) – B( n
bn

ξH(1))
B( n

bn
ξH(1))

x +
bn

n
A′(1)
A(1)

)

–
f ′′(ξ )

2
·
(

n
bn

)[B′′( n
bn

ξH(1)) – 2B′( n
bn

ξH(1)) + B( n
bn

ξH(1))
B( n

bn
ξH(1))

ξ 2
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+
bn

n
(A(1) + 2A′(1) + A(1)H ′′(1))B′( n

bn
ξH(1)) – 2A′(1)B( n

bn
ξH(1))

A(1)B( n
bn

ξH(1))
x

+
b2

n
n2

A′(1) + A′′(1)
A(1)

]∣∣∣∣ = O(1)ω
(

f ′′,
(

bn

n

)– 1
2
)

as n → ∞ for every ξ ∈ [0,∞).

Proof By Taylor’s theorem we get

f (u) = f (ξ ) + f ′(ξ )(u – ξ ) +
f ′′(ξ )

2
(u – ξ )2 + R(u, ξ ),

where R(u, ξ ) = f ′′(θ )–f ′′(ξ )
2 (u – ξ )2 for θ ∈ (u, ξ ). From this we have

∣∣∣∣B
∗
n(f , ξ ) – f (ξ ) – f ′(ξ )B∗

n
(
(u – ξ ); ξ

)
–

f ′′(ξ )
2

B∗
n
(
(u – ξ )2; ξ

)∣∣∣∣ ≤ B∗
n
(∣∣R(u, ξ )

∣∣, ξ
)
,

from which we get that

∣∣∣∣

(
n
bn

)(
B∗

n(f , ξ ) – f (ξ )
)

– f ′(ξ )
(

n
bn

)(B′( n
bn

ξH(1)) – B( n
bn

ξH(1))
B( n

bn
ξH(1))

ξ +
bn

n
A′(1)
A(1)

)

–
f ′′(ξ )

2
·
(

n
bn

)[B′′( n
bn

ξH(1)) – 2B′( n
bn

ξH(1)) + B( n
bn

ξH(1))
B( n

bn
ξH(1))

ξ 2

+
bn

n
(A(1) + 2A′(1) + A(1)H ′′(1))B′( n

bn
ξH(1)) – 2A′(1)B( n

bn
ξH(1))

A(1)B( n
bn

ξH(1))
ξ

+
b2

n
n2

A′(1) + A′′(1)
A(1)

]∣∣∣∣

≤
(

n
bn

)
· B∗

n
(∣∣R(u, ξ )

∣∣, ξ
)
.

From the properties of modulus of continuity we obtain

∣∣∣∣
f ′′(θ ) – f ′′(ξ )

2!

∣∣∣∣ ≤ 1
2!

(
1 +

|θ – ξ |
δ

)
ω

(
f ′′, δ

)
.

We know that

∣∣∣∣
f ′′(θ ) – f ′′(ξ )

2!

∣∣∣∣ ≤
⎧
⎨

⎩
ω(f ′′,δ), |u – ξ | ≤ δ,
(t–ξ )4

δ4 ω(f ′′, δ), |u – ξ | ≥ δ.

For 0 < δ < 1, we obtain that
∣∣∣∣
f ′′(θ ) – f ′′(ξ )

2!

∣∣∣∣ ≤ ω
(
f ′′, δ

)(
1 +

(u – ξ )4

δ4

)
,

which implies that

∣∣R(u, ξ )
∣∣ ≤ ω

(
f ′′, δ

)(
1 +

(u – ξ )4

δ4

)
(u – ξ )2 = ω

(
f ′′, δ

)(
(u – ξ )2 +

(u – ξ )6

δ4

)
.
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By the linearity of B∗
n and the above relation we obtain

B∗
n
(∣∣R(u, ξ )

∣∣, ξ
) ≤ ω

(
f ′′, δ

)(
B∗

n
(
(u – ξ )2, ξ

)
+

1
δ4 B∗

n
(
(u – ξ )6, ξ

))
.

By Remark 4.1, for any x ∈ [0,∞), we obtain

B∗
n
(∣∣R(u, ξ )

∣∣, ξ
) ≤ ω

(
f ′′, δ

)(
O

(
bn

n

)
+

1
δ4 O

(
bn

n

)3)
= O

(
bn

n

)
ω

(
f ′′, δn

)
.

We complete the proof by taking δn = ( bn
n )– 1

2 . �

We prove the following results under the conditions given in the assumptions.

Theorem 4.7 Let f ∈ CB[0,∞) and f ′, f ′′ ∈ C[0,∞). Then

lim
n→∞

n
bn

[
B∗

n(fg, ξ ) – B∗
n(f , ξ )B∗

n(g, ξ )
]

=
1
2

(ξ 2l2(ξ ) + ξ
(
1 + H ′′(1)

)
f ′(ξ )g ′(ξ )

for any x ∈ [0, M], where M > 0.

Proof After some calculations, we obtain

n
bn

[
B∗

n(fg, ξ ) – B∗
n(f , ξ )B∗

n(g, ξ )
]

=
[

n
bn

(
B∗

n(fg, ξ ) – fg
)
) –

(
ξ l1(ξ ) +

A′(1)
A(1)

)
(fg)′(ξ )

–
1
2

(ξ 2l2(ξ ) + ξ
(
1 + H ′′(1)

) (fg)′′(ξ )
2

]

– g(ξ )
[

n
bn

(
B∗

n(f , ξ ) – f (ξ )
)

–
(

ξ l1(ξ ) +
A′(1)
A(1)

)
f ′(ξ )

–
1
2

(ξ 2l2(ξ ) + ξ
(
1 + H ′′(1)

) f ′′(ξ )
2

]

– B∗
n(f , ξ )

[
n
bn

(
B∗

n(g, ξ ) – g(ξ )
)

–
(

ξ l1(ξ ) +
A′(1)
A(1)

)
g ′(ξ )

–
1
2

(ξ 2l2(ξ ) + ξ
(
1 + H ′′(1)

)g ′′(ξ )
2

]
+

1
2

(ξ 2l2(ξ ) + ξ
(
1 + H ′′(1)

)
f ′(ξ )g ′(ξ )

+
1
2

(ξ 2l2(ξ ) + ξ
(
1 + H ′′(1)

)g ′′(ξ )
2

[
f (ξ ) – B∗

n(f , ξ )
]

+
(

ξ l1(ξ ) +
A′(1)
A(1)

)
g ′(ξ )

[
f (ξ ) – B∗

n(f , ξ )
]
.

Now the proof follows from Theorem 4.2 and Proposition 2.2. �

5 Weighted approximation
Now we will study some properties of B∗

n in weighted spaces. Also, we will suppose that

lim
n→∞

B(k)(y)
B(y)

= 1 for every k = 1, 2, . . . , r; r ∈N.
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Let ρ(x) = x2 + 1 be the weight function, and let Mf be a positive constant. We write
(i) Bρ[0,∞) for the space of bounded functions |f (x)| ≤ Mf ρ(x) with

‖f ‖ρ = supx≥0
|f (x)|
ρ(x) .

(ii) Cρ[0,∞) for the subspace of continuous functions in Bρ[0,∞).
(iii) C∗

ρ[0,∞) for the space of functions f ∈ Cρ[0,∞) with fn ite limx→∞ f (x)
ρ(x) .

The weighted modulus of continuity 
(f ; δ) is defined by


(f ; δ) = sup
x≥0,0<|h|≤δ

|f (x + h) – f (x)|
(1 + h2)ρ(x)

for all f ∈ C∗
ρ[0,∞).

For any μ ∈ [0,∞),


(f ;μδ) ≤ 2(1 + μ)
(
1 + δ2)
(f ; δ),

and

∣∣f (t) – f (x)
∣∣ ≤ 2

( |t – x|
δ

+ 1
)(

1 + δ2)
(f ; δ)
(
1 + x2)(1 + (t – x)2), f ∈ C∗

ρ[0,∞).

Theorem 5.1 For f ∈ C∗
ρ[0,∞), we have

lim
n→∞

∥∥B∗
n(f ; x) – f (x)

∥∥
ρ

= 0.

Proof It suffices to check that B∗
n(ei; x) uniformly converges to ei as n → ∞, where ei(x) =

xi, i = 0, 1, 2, and apply the weighted Korovkin-type theorem. Using Lemma 2.1, the case
i = 0 is trivial. Now

∥∥B∗
ne1 – e1

∥∥
ρ

= sup
x≥0

{ |B∗
ne1 – e1|
ρ(x)

}
≤ sup

x≥0

|α1(n, x)|
ρ(x)

,

and by a similar consideration, we have

∥∥B∗
ne2 – e2

∥∥
ρ

= sup
x≥0

{ |B∗
ne2 – e2|
ρ(x)

}
≤ sup

x≥0

{ |α2(n, x)|
ρ(x)

}
,

where

α1(n, x) =
(B′( n

bn
xH(1))

B( n
bn

xH(1))
– 1

)
x +

bn

n
· A′(1)

A(1)
,

α2(n, x) =
(B′′( n

bn
xH(1))

B( n
bn

xH(1))
– 1

)
x2 +

bn

n
B′( n

bn
xH(1))[A(1) + 2A′(1) + H ′′(1)A(1)]

A(1)B( n
bn

xH(1))
x

+
b2

n
n2

A′(1) + A′′(1)
A(1)

.

We conclude that

lim
n

∥∥B∗
nei – ei

∥∥
ρ

= lim
n→∞

∥∥B∗
nei – ei

∥∥
ρ

= 0 (i = 0, 1, 2),

which finishes the proof. �
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Theorem 5.2 Let f ∈ C∗
ρ[0,∞). Then

sup
x∈[0,∞)

|B∗
n(f ; x) – f (x)|

(1 + x2)(A(n, x) + B(n, x)x + C(n, x)x2 + D(n, x)x3 + E(n, x)x4)
≤ K


(
f ; n– 1

4
)

for sufficiently large n, A(n, x), B(n, x), C(n, x), D(n, x), and E(n, x) depend on n and x, and
K is a positive constant.

Proof For x ∈ [0,∞), we have

B∗
n(f ; x) – f (x) =

1
A(1)B( n

bn
xH(1))

∞∑

k=0

pk

(
n
bn

x
)[

f
(

k
n

bn

)
– f (x)

]
.

Using the properties of the weighted modulus, we obtain

∣∣B∗
n(f ; x) – f (x)

∣∣

≤ 1
A(1)B( n

bn
xH(1))

∞∑

k=0

pk

(
n
bn

x
)

2
(
1 + δ2

n
)

(f ; δn)

(
1 + x2)

·
( |( k

n bn) – x|
δn

+ 1
)(

1 + (t – x)2).

Let us denote by S(t, x) = ( |( k
n bn)–x|

δn
+ 1)(1 + (t – x)2). Then

S(t, x) ≤
⎧
⎨

⎩
2(1 + δ2

n) if | k
n bn – x| ≤ δn,

2(1 + δ2
n) ( k

n bn–x)4

δ4
n

if | k
n bn – x| ≥ δn.

From last relation we get that

S(x, t) ≤ 2
(
1 + δ2

n
)(

1 +
( k

n bn – x)4

δ4
n

)
.

So

∣∣B∗
n(f ; x) – f (x)

∣∣

≤ 4
1

A(1)B( n
bn

xH(1))

∞∑

k=0

pk

(
n
bn

x
)(

1 + δ2
n
)

(f ; δn)

(
1 + x2)

· (1 + δ2
n
)(

1 +
( k

n bn – x)4

δ4
n

)
.

After some calculations, we get

∞∑

k=0

pk

(
n
bn

x
)(

1 +
( k

n bn – x)4

δ4
n

)

=
∞∑

k=0

pk

(
n
bn

x
)

+
1
δ4

n

∞∑

k=0

pk

(
n
bn

x
)[(

k
n

)4

b4
n – 4

(
k
n

)3

b3
nx + 6

(
k
n

)2

b2
nx2
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– 4
(

k
n

)
bnx3 + x4

]

=
(

1 +
x4

δ4
n

)
A(1)B

(
n
bn

xH(1)
)

+
b4

n
n4δ4

n

∞∑

k=0

k4pk

(
n
bn

x
)

– 4
xb3

n
n3δ4

n

∞∑

k=0

k3pk

(
n
bn

x
)

+ 6
x2b2

n
n2δ4

n

∞∑

k=0

k2pk

(
n
bn

x
)

– 4
x3bn

nδ4
n

∞∑

k=0

kpk

(
n
bn

x
)

.

From these relations and Lemma 2.1 of [26]) we get

∞∑

k=0

pk

(
n
bn

x
)(

1 +
( k

n bn – x)4

δ4
n

)

=
(

1 +
x4

δ4
n

)
A(1)B

(
n
bn

xH(1)
)

– 4
x3bn

nδ4
n

[
A′(1)B

(
n
bn

xH(1)
)

+
n
bn

xA(1)B′
(

n
bn

xH(1)
)]

+ 6
x2b2

n
n2δ4

n

[
n2

b2
n

x2A(1)B′′
(

n
bn

xH(1)
)

+
n
bn

x
(
A(1) + 2A′(1) + H ′′(1)A(1)

)
B′

(
n
bn

xH(1)
)

+
(
A′(1) + A′′(1)

)
B
(

n
bn

xH(1)
)]

– 4
xb3

n
n3δ4

n

[
n3

b3
n

x3A(1)B′′′
(

n
bn

xH(1)
)

+
n2

b2
n

x2(3A′(1) + 3H ′′(1)A(1) + 3A(1)
)
B′′

(
n
bn

xH(1)
)

+
n
bn

x
(
3A′′(1) + 3H ′′(1)A′(1) + H ′′′(1)A(1) + 6A′(1)

+ 3H ′′(1)A(1) + A(1)
)
B′

(
n
bn

xH(1)
)

+
(
A′′′(1) + 3A′′(1) + A′(1)

)
B
(

n
bn

xH(1)
)]

+
b4

n
n4δ4

n

[
n4

b4
n

x4A(1)B(4)
(

n
bn

xH(1)
)

+
n3

b3
n

x3(4A′(1) + 6H ′′(1)A(1) + 6A(1)
)
B′′′

(
n
bn

xH(1)
)

+
n2

b2
n

x2(6A′′(t) + 12H ′′(1) + A′(1) + 4H ′′′(1)A(1) + 3H ′′(1)2A(1) + 18A′(1)

+ 18H ′′(1)A(1) + 7A(1)
)
B′′

(
n
bn

xH(1)
)

+
(
4A′′′(1) + 6A′′(1)H ′′(1)

]

+ 4A′(1)H ′′′(1) + A(1)H (4)(1) + 18A′′(1)

+ 18H ′′(1)A′(1) + 6H ′′′(1)A(1) + 14A′(1) + 7H ′′(1)A(1) + A(1)
) n

bn
xB′

(
n
bn

xH(1)
)

+
(
A(4)(1) + 6A(3)(1) + 7A′′(1) + A′(1)

)
B
(

n
bn

xH(1)
)]

.
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From last two relations we get

∣∣B∗
n(f ; x) – f (x)

∣∣

≤ 4
(1 + δ2

n)2
(f ; δn)(1 + x2)
A(1)B( n

bn
xH(1))

∞∑

k=0

pk

(
n
bn

x
)(

1 +
( k

n bn – x)4

δ4
n

)

≤ 4
(1 + δ2

n)2
(f ; δn)(1 + x2)
A(1)B( n

bn
xH(1))

{(
1 +

x4

δ4
n

)
A(1)B

(
n
bn

xH(1)
)

– 4
x3bn

nδ4
n

[
A′(1)B

(
n
bn

xH(1)
)

+
n
bn

xA(1)B′
(

n
bn

xH(1)
)]

+ 6
x2b2

n
n2δ4

n

[
n2

b2
n

x2A(1)B′′
(

n
bn

xH(1)
)

+
n
bn

x
(
A(1) + 2A′(1) + H ′′(1)A(1)

)
B′

(
n
bn

xH(1)
)

+
(
A′(1) + A′′(1)

)
B
(

n
bn

xH(1)
)]

– 4
xb3

n
n3δ4

n

[
n3

b3
n

x3A(1)B′′′
(

n
bn

xH(1)
)

+
n2

b2
n

x2(3A′(1) + 3H ′′(1)A(1) + 3A(1)
)
B′′

(
n
bn

xH(1)
)

+
n
bn

x
(
3A′′(1) + 3H ′′(1)A′(1) + H ′′′(1)A(1) + 6A′(1) + 3H ′′(1)A(1)

+ A(1)
)
B′

(
n
bn

xH(1)
)

+
(
A′′′(1) + 3A′′(1) + A′(1)

)
B
(

n
bn

xH(1)
)]

+
b4

n
n4δ4

n

[
n4

b4
n

x4A(1)B(4)
(

n
bn

xH(1)
)

+
n3

b3
n

x3(4A′(1) + 6H ′′(1)A(1)

+ 6A(1)
)
B′′′

(
n
bn

xH(1)
)

+
n2

b2
n

x2(6A′′(t) + 12H ′′(1) + A′(1) + 4H ′′′(1)A(1)

+ 3H ′′(1)2A(1) + 18A′(1) + 18H ′′(1)A(1) + 7A(1)
)
B′′

(
n
bn

xH(1)
)

+
(
4A′′′(1) + 6A′′(1)H ′′(1)

]
+ 4A′(1)H ′′′(1) + A(1)H (4)(1) + 18A′′(1)

+ 18H ′′(1)A′(1) + 6H ′′′(1)A(1) + 14A′(1) + 7H ′′(1)A(1) + A(1)
) n

bn
xB′

(
n
bn

xH(1)
)

+
(
A(4)(1) + 6A(3)(1) + 7A′′(1) + A′(1)

)
B
(

n
bn

xH(1)
)]}

.

For δn = n– 1
4 , we have

∣∣B∗
n(f ; x) – f (x)

∣∣

≤ 16
(f ; δn)
(
1 + x2)(A(n, x) + B(n, x)x + C(n, x)x2 + D(n, x)x3 + E(n, x)x4),

where A(n, x), B(n, x), C(n, x), D(n, x), and E(n, x) depend on n and x.
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Now from last relation we obtain

sup
x∈[0,∞)

|B∗
n(f ; x) – f (x)|

(1 + x2)(A(n, x) + B(n, x)x + C(n, x)x2 + D(n, x)x3 + E(n, x)x4)
≤ K


(
f ; n– 1

4
)
. �
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