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1 Introduction and preliminaries

The basic sequence of Szdsz operators is given by

Sn(f:g) = e—nE Z (nli,)lf(l;)
1=0 :

for x € [0,00). Generalizations of these operators have been studied by many authors. In
[21] the authors have obtained a generalization of Szasz operators by means of the Appell

polynomials defined as follows:

e o 1
P Somtner (L),
8= ;:p (-
where p,(£),1 > 0, are the Appell polynomials defined by

- & £ & tl
g =3 p(®)— and gO)=3 a—,
1=0 : 1=0 :
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and g(¢) is an analytic function in the disk |£| < R, R > 1, and g(1) # 0. A further generaliza-
tion was given by Ismail [19] by using the Sheffer operators

—néH 00

a2 5)’(( )

for n € N, where s,(§), 1 > 0, are the Sheffer polynomials defined by

T,(f,8) =

oo tl
EH() _ v
g)e™ = ?:0 (&)

H(t)=Y""h, f—l, is an analytic function in the disk |£| <R, R > 1, g(1) #0, and H'(1) = 1.
The multiple Sheffer polynomials {Sk, x, (§)}% 4,0 are defined as follows. The generating
function is

ky ko
t; t
EH(t) )
Aty tp)etHrt2) Z Zskl k2(g)k Ty (1.1)
k1=0 k=0
where A(t1,t,) and H(t1, ;) are of the forms
0 00 tkltkz
- 1 b
Aty ) =D > kg P (1.2)
k1=0ky=0
and
00 00 tkltkz
- 1 b
H(tl: tZ) = Z Zh/q,kz k 'k ' (13)
k1=0kp=0

respectively, and satisfy the conditions A(0,0) = a¢o # 0 and H(0,0) = /g # 0. The positive
linear operators involving multiple Sheffer polynomials for & € [0, 00) were defined in [3]
as follows:

11) oo oo

"8 1y
e 2 Sklkz kl+k2
Golf.6)= S 2D ( ), (14)

k1=0ko=0

provided that the series in the above relations are convergent and the following conditions
are satisfied:

(1) Sk k(&) =0, ki, ko €N,

(2) A(L,1) #0, H, (1,1) = 1, Hy,(1,1) = 1,

(3) Series (1.1), (1.2), and (1.3) are convergent for |£1] < R, |£2] < R, and (Ry,Rp) > 1.

In [12] the authors have studied the Kantorovich variant of Szdsz operators induced by
multiple Sheffer polynomials for & € [0, 0o) as follows:

—THII) oo X M

ne Sk (5 Z
KOG =" > fu fodr

k1=0ko=0

under the condition that the right side of the above relation exists. Szasz-type operators
involving Charlier polynomials were studied in [2].
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We will treat the Chlodowsky variant of the Sz4sz type operators induced by Boas-Buck-
type polynomials. The generating functions for the Boas—Buck-type polynomials [20] are

ABB(EH() = Y prl®)t, (1.5)
k=0

where A, B, and H are analytic functions given by the following expressions:

oo

A=) al’, ag#0, (1.6)
r=0

oo

B()=) b, b #0,r>0, (1.7)

r=0

H(t) = Zh,t’, hy #0. (1.8)

In what follows, we assume that the above polynomials satisfy the following conditions:

(1) A1) #0, H'(1) = 1, pe(€) > 0,k =0,1,2,...,

(2) B:R — (0,00),

(3) The power series (1.5), (1.6), (1.7), and (1.8) are convergent for |£| < R (R > 1).

The Chlodowsky variant of the Szdsz-type operators induced by Boas—Buck-type poly-
nomials given in [26] (see also [1]) is defined as follows:

B9 = iz sH(l))Z”< g)f( ) (1

where (b,) is a numerical positive increasing sequence such that

b, — o0, 250 (n— ).
n

The sequence (b,) = (4/n) satisfies the above conditions.
We assume the operators B}, to be positive. Also, we consider

B®
lim ©)

n—)ooW =1 forke{l,2,3,...,r},reN.

In the recent years, different classes of operators were studied together with Korovkin-
and Voronovskaja-type theorems (see [4—11, 13-18, 23, 27, 28, 30] and [22, 24, 25]).

2 Basicresults
Here we calculate the moments and central moments for B}, (see [29]).

Lemma 2.1 [26] Forall & € [0,0),

B (e0;&) =1,

B(5 EH(I)) , A
B(s: €H(1)) n A1)’

Bj(e;§) =

Page 3 of 23
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B'(3,6H(1) , b, B(;,EHL)AQ) +24'Q1) + H"(DA)]

B (e &) =
e T T R A(DB(ZEH()
b2 A'(1) +A”(1)
2T A0
B"(££H(1)) B'(3.6H()) b
Bi(e3;8) = ——" g3 1 (34'(1) + 3H"(1)AQ1) + 3A(1)) o "2
“ B(;-6H(1)) + * ¥ )A(I)B(E?;‘H(l)) n
+(3A"(1) + 3BH"(1A'(1) + H" (1)A(1) + 6A"(1) + BH"(1)A(1) + A(1))
. B(;,§H1) b2
A)B(3-6H(1)) n?
G " I b:}?l
+(A"(1) +34"(1) +A (1))A(1)n3,
BW(LEH(1 BO(LEH(1
Bl (e &) = (b”g ( ))£4+(4A’(1)+6H”(1)A(1)+6A(1))Mb” 3

B(3.6H(1))
+(6A"(¢) + 12H"(1) + A'(1) + 4H" (1)A(1) + 3BH"(1)*A(1) + 184/ (1)

B'(EsHO) 8,
AMB(LEH) n2

AMB(ZEHQ)) n

+18H"(1)A(1) + 7A(1))

+ (44" (1) + 64" (D)H" (1) + 4A'(1)H" (1) + A(DH™(1) + 184"(1)
+18H"(1)A'(1) + 6H"'(1)A(1) + 14A'(1) + 7H"(1)A(1) + A(1))
. B'(3-6H(1)) by
AM)B(3-6H(1))
b,
A()nt’

+(A%(1) +64%(1) +747(1) + A'(1))

Proposition 2.2 [26] We have

| B(ZEH() - B(ZEH) b, A1)

By((e1 - 6):¢) B(ZEH) A
B'(3-6H(1)) - 2B'(5-6H(1)) + B(;-§ H(1))
BZ ( _ %—)2;%- _ n . n n 2
(e ) B(Z&EH(D)
N b, (A() +2A4'(1) + AMH"(1))B'( §H(1)) - M’(I)B(ﬁéH(l))é
" AMBEEH)

b2 A1) + A"(1)
T2 A0)

B;;((e1 - £)%:€)
__ & [ge(n @™ ned
= B(ZEHM) [B <bn f;‘H(l)) — 4B (bnsH(1)> +6B (bnéH(l))

4B ( Lenq)) + B( Len() _ 28h
) (Eg )+ (b_f )]UA(l)B(ﬁSH(l))

: [(ZA’(I) +3A(1)H"(1) + 3A4(1))B® <blgH(1)> -6(A'(1) + A)H"(1) + A(1))
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B’ <£§H(1)) +3(24'1) + AQ)H"(1) + A(1))B (bﬁsHu))

%'sz
n?A(1)B(;-§H(1))

_ 2,4’(1)3(sz(1)>] + [(64"(1) + 124'(1)H"(1)

+4AH" (1) + 21A)H"(1) + 184'(1) + 7A(1))B"(bisﬁ(1)>.

3 Rates of convergence
By BV[0,00) we denote the class of all functions of bounded variation on [0, 00), and by

\/l; f we denote the total variation of a function f on [a, b], i.e.,

)

where P is the class of all partitions P:a =&y <& < --- < §, = b. We denote

\/f V(fi ab)—sup(ZLf(s,) G

C1[0,00) = {f € C[0,00) : |[f(£)| < Ma(1 +£%) V¢ >0},
where M, is a constant, and
Dgyjo00) = {f € C2[0,00) : f" € BV[0,00)}.
Let

f0)-f(E-) for0<6<§,
fi0)= 10, for 0 =&, (3.1)

fO)-f(E+) for& <6 <oo.

From the construction of operators B}(f; &) we obtain the following relation:

0{K,(&,0
B}(f:6) = f fio G0 4, N
where
1(,,,(%',9): lzkfnepk,n(S) for 0 <0 < oo,
0 for6 =0,
and

P () = 1 n
0~ saczer ()

Also, let

O 3K, (&,
Bn(&;0) =/0 %du. (3.3)

Page 5 of 23
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From the above relation it follows that
Bu(§;0) < 1.
We provide the following result.
Theorem 3.1 Let f € Dgyjo,00). Then for sufficiently large n,

|B(f36) - £(8))|

Wil

* _ #)2. Vn
‘ (6 +F(6- ’|B* 58|+ MZ(VQ
k=1 _ X
W
x+j_
B i

2.
rEn| By ((e-2)E 5) B85 c0ey _ pe) - ef /(e

B ((t - £)%&

We need some auxiliary results. We start with the following:

Lemma 3.2 For any x € (0,00) and n € N, we have

faK,, ,
1) BulEst) = fo %du

3 (B”(ﬁéH(l)) 2B (EEH) +BEEHW)
= B(ZEH(1)
by (AQL) + 24°(1) + AQDH"())B (2 EH(1) - 2A/(1)B(ﬁ$H(1))s>

" AMB(ZEH(D)

/(€ - 1),
forO<t<§g;

(2) 1-Ba(&;0)
i /°° 01Ky &, 1))
; ou
3 (B”(ﬁéH(l)) - 2B(fEH) + BEEHW)
= B(Z£H(D)
. by (A1) +24'(1) + AMH"(1)B'(5-6 H(1)) - 2A’(1)B(ﬁ$H(1))g>
" AB(ZEH(D)

du

/(t-E)?

for& <t <oo.
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Proof (1) Let 0 <t<&. Then Lemma 2.1 gives

/f M)} /t<s—u>za{1<n(s,u)} g < Bale —w?8)
0 du T Jo \§-t du T G-

(2) In the case & < £ < 00, in a similar way, we obtain

YK,y (&, u)} (& —u\?d{K,(E,u)) Bi((& - u)%€)
/t ou "”‘5/0 (s—t) R Ty B

Lemma 3.3 Let f € Dpyjo,0). Then for sufficiently large n,

|Bi(f;:6) - f(&) < |5 “(E-&:8)|

+ || + L] +

en-rie- ))\- B ((c-£)58)|

where I = [y [} f{() du) ®250 dt and I = [° [} () du) 2252 e,
Proof For f € Dpy[o,00), We may write
1
FO= (€0 + €] 10 + 5[4 ~f €] sene ~8)

ra0]r0- 3 en )

1, t:Ex
5s(t)={
0, t+E.

From the above facts we get
|B;(f:6) —f(&)]

f (r a{K (g t)} / Uf }a{]( (& t)}

:/0 [/{ [F/(6+) + £ €)] + £L(a) + [f(€+)—f/(€—)]sgn(u—5)

+ 8¢ (u) [f/(u) - E[f/(€+) +f'(§—)]] du} 8{1(%(f,t)}] dt.

Since |, ; 8¢ (1) du = 0, we obtain

K, (S 1)} at

BA(f:8) —f(€) = L) +f & fo

[/fs }3{K &0}

e [rEn-F- )/ (t-¢)

{Ky (%‘ 0} .
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Let us now break the second term in the above relation into two parts:

/Uf ]B{K(ét)} /[/fs ]a{K(st)}
/[/fs( >d}3{f<<ét>}

Now we have the following estimate:

|Bi(f3€) - f(§)] < [fé+ +f'(& ‘ |Bi((t - €),&)| + L] + | I

e s )] Bie-ele)

Applying the Cauchy—Schwarz inequality to the above relation, we get

|B;(f:6) ~f(8)] <

[f(~§++f ‘\B* —&),&)| + L] + L)

+pUren-re - aie-one)

Lemma 3.4 Let f € Dpyjo,0), and let n be sufficiently large. Then

2, [V/n] & £
III<WZ(\/£) (\/Jz)
-

S

where I = [ [ f1(u) du] %2€2 gy,

Proof By integration by parts we have

|11|-‘/ [ ] 50 a
(t)aKn(tE,t) t'

5T [t 0K, (5, u) ,
=/, d +/(; |:/0 Em du:|j§(t)dt‘
5+
<)

AK,, (&, u) 0K, (S u)
/0 Py (t)|dt - ‘/

Using Lemma 3.2, we obtain

£

5—7 § &
|11|§BZ(($—M)2;§)/0 Vi (\/fs/)(é_%)zdt+/;

c £ /¢
* 2, Vn / 1 S;_
<E(E-ue) | ( tfé) et

(v

&
S

§
\%
z

)
)

§|\'*f

f

/_\

§

-1

/()] dt.

+ L.

Page 8 of 23
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Substituting u = &, we get

=55\ 1 1 (v
/ (Yﬁ)@—tvd’f:é/l(

which yields that
2.6y WH /&
< BEO S () )L £ \/J%
§ kel N\t

Lemma 3.5 Let f € Dpyio,0), and let n be sufficiently large. Then

[ ()l
g2

|12|<<];42 +4M, + )B*(( —&)%€) + |[f/(E+)|Bi((t -£)%€)

(v

§

B;((t-£)%¢)
AN AT

o O SO-E 6]+

Sl

%)
+B((t-8)%8) Y (\/]2)

k=1
where I _fé [fsfé u) du) BK”“ dt.

Proof By the properties of integrals we have

[ L[ rma =522 !

,/%N[/w} [ [ 5ge

N

(f(t) i) ”dt‘ (e )|‘ / (t-8)

0K, (§,1) © 3K, (&, t) , K, (£, )
5/25 If (0] o dt + [f(%‘)|/2§ or ahf+[f(3;+)|/;S |;:_g|Tdt

=A1 +A2 +A3.

K, (g 0, ‘

Now we will estimate

0 K, (§,¢)
ot

A1 < M2/ (1 + tz)
2

dt.
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Since t > 2§, thatis, t — & > &, we get

oo 2
Alstf (t;) aKft dt 4M2/ (—s)zaK w88 4y
2§

M,
(?2 + 4M2)B*((t £)%8).

Now we estimate

Ay < lf(g_—)| /oo (t-&)* IK, (&, t) lf(é)

5 =5 Bi((t-£)%€)

and

As < |f(E) |/ t—¢]

0K, (S t)

<|f'E0]/Bs((t-§)%8).

From last three relations we get the upper bound

= N )B*(( 62%8) + [F €|y Br (- B%E).

Now we estimate

28 aK 28
|1“|—U [/Jg( )d] &0 4 ‘ - ﬂn(szs>|'/13u)du

: fg<t>(1 - Bul(€,1)) dt‘.

From Lemma 3.2 we have

* _ . 28 g;—+i
|1§|5%f)2’5)‘ / (F(0) f (&) du + fg 7RO - B, t))dt‘
i fs(t)(l BulE, t))dt‘
B;((t , “0
=Tlf<2€ —f(6) —£f (£ )| /E fs(t)(l—ﬁn(é,t))dt‘
2§
" J%(t)(l Bu(€, 1)) dt|,

<[ ()= (V)

5
’/ RO - B, 1)) dt| <

and

2§
SO - B, 1)) dt
T

* 2 * ‘ ! —1
EBH((t—§)§$)/‘;+i \!fé (%._t)zdt.
N

Page 10 of 23
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Foru = tf_%" we get

YO0 d < M/ (\/;@)

B —eye) W (F
=== 2 (V%)
k=1 &

From the last relations we obtain that

g

B ((t-£)%8)

52, —f&) - &f )+n(\/f5/>

1] = F(26) ~ £(€) - £ (6 4)| % S
*((f_ £)\2. V] S*’%
, Bl 5),92(\/&)‘
§ k=1 \ &

Hence
M,
|12|§|1§|+|1§’!<<€—2 4 + ”’f") “((E—£)%5) + | 0| Br (- £)%:8)

E+—==
B* 2. NG
D0 ) - ) - Ef(&+)|+—(\/fg)
&

B L (5
s =22y (VA )
g E 0

k=1

Proof of Theorem 3.1 Based on Lemmas 3.2, 3.3, 3.4 and 3.5, we get the following estimate:

|B(f56) - £(8)|

"t -&8)|

+ || + L] +

S En-r )| B (e-ome)|
g
+ %( }Zfs) + (I;i{ +4My + lfg)|>3;';((t—g)2;s)
crenl/Ee-eme) « 2O e - ere)
+%<\fﬂ)+3’;((t—;) i£) %(\/E)

k=1

B - pte) Y [ 6
5‘%(}”’(5+)+f/($—))’~|BZ(t—§;$){+M (\/fé/)
3

- )}~ |B((t-£)%6)|-

Page 11 of 23
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Since

() (vr)- ()

we obtain

|BL(f;6) - £(8))
"t -&8)|

)| IBs - e)
e 2. ey WA &5
n<t—s;5>l+wz<\/ﬂ)
k=1

-5
i A
2 * 2,
+ <\/Jg) ( = )B((t £)%€)

£
S~

+ L]+ L+ |2

E)z %‘)

+|f'(54)] Bi;((t—é)z;é) |f(26) —f (&) - &f'(6+)]

!Biz((r—&)%&)k 0

4 Voronovskaya-type theorems

The Voronovskaya-type theorem for the Chlodowsky-type Szasz operators based on
Boas—Buck-type polynomials under certain conditions is known. First, we introduce fol-
lowing assumptions [26]:

n B(LEH(1) - B(-EH(D))

Jm B(ZEH() =h(5); (4.1)
o B”(iSH(l))—2B’(ﬁ5H(1))+B(§§H(1)) N

nli‘?‘o< ) B(Z EH(I))[ ( sH( 1)) 43(3)(%“"”) +o ’/(%SH(IO
—43/( SH(1)> ( : smn)} - 1;(6); (4.3)

17 n ,
n~>oo b B(h EH(I))A(l) |:(2A (1) + 3A(H" (1) + 3A(1)) B (bn éH(l)) -6(A'(1)

+A(DH"(1) +A(1))B”(bﬁ

n

gH(1)> +3(24'1) + AQ)H"(1) + A(1))B <blgH(1))

- 2A/<1>B(£5H(1))] L), (4.4)

Remark 4.1 [26] As a consequence of the above assumption, we obtain
1) hmnﬁoo %Bz(el - %-:S) = 771(5),
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11) hmn—>oo ﬁB;((el - 5)2)5) = 772(%_),
111) hmn—)oo(%)zBZ((el - 5)4’5) = HS(S)’
where

A/
m(é)=$h($)+%, m(€) = §20(€) + £(1+ H'(1),

n3(€) = £*15(8) + 26°14(8) + 36> (H"(1)* + 2H" (1) + 1).

Theorem 4.2 [26] (Voronovskaya-type theorem) For every f € Ce(R}) such that f',f" €
Ce(Rf), we have

A'(1 1
tim 56 -£©)] - (s0©) + 0 )@+ J@h© e HDY )

uniformly with respect to & € [0,al, a > 0, where [;(€), i = 1,2, are defined in (4.1) and (4.2).
Example 4.3 Write

NB;;(h,&) = (1 + u,)B;(h,§),

where
b2
=, m2-m<n<m?-1,
b 2
up =1\ %, n=m",meN\{1},

0 otherwise.

Lemma 4.4 For the fourth-order central moment, we have the following estimate:

2
(bﬁ) NB:((y - £)%58) — na(8)  on [0,M] as n — oo.

Proof From Proposition 2.2 we have
n 2 * 4 n 2 * 4
(b—> NB;,((y-8)%§) = (b—) (1 + u,)B((y - £)%8),

from which we obtain that

n

2
lim (—) (1 +un)Bi((y—€)%&) =n3(6) on [0,M]. 0O

n—00 bn

Theorem 4.5 Let f € C2[0,00), the space of bounded and continuous functions in [0, 00),
and suppose that f',f" € CB[0,00). Then

(bi) [NB;(f:6) - £(6)]

~f’<s>(zl(s)s A (”)

A
f(€)
2

(A(1) + 24/(1) + A()H"(1)) - 24/(1)
A(1)B

+ (lz(%‘ )E? + S)(str)

for each x € [0, M] and any finite M.
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Proof Taylor’s formula gives

SOV =€)+ G=EE) + 50 E7F ) + 6~ U6 -), @)

where ¥ (y— &) — 0as y— & — 0. Applying NB}; to both sides of relation (4.5), we get

B(££&H(1)) - B(Z££H(1)) hnA’(1)>

AB) =1+ nlf @)+ (14 ””)f/(g)< BeH1) P AW
by

+(1+ un)f”(é) (B”(ﬁEH(l)) B ZB,iﬁSH(l)) +B(ﬁ5H(1))$2
2 B(££H(1))
, bn (AQ) +24°0) + AWH"()B (5 EH()) - 24/ (MB(G EH())
" AMB(ZEH(D)

b2 A'(1) +A"(1)

* 2 .
T Am )+(1+u,,)NBn(d> Yy —£)E).

This yields

(52 nEsn - (1 ) wree

n L (B(GEHQ) -B(-EH(1) b, A1)

n (&) (B"(3:6H(1) - 2B' (-6 H(1)) + B(3-6H(1))
b_,,>(1 +n) ( B(Z£H(D) :
(AL +24°(1) + AMH"(1))B (-6 H(1)) - 2A’(1)B(ﬁEH(1))$
A(1)B(3-6H(1))

+

N

+

N

N

+

x|

b%, A/(1)+A”(1) n * 2 .
+ ﬁT) + (b_n>(1 + 1, )NB (DY (y — £);§).

Therefore

B'(5-6H(1)) - B(3-§H(1)) A’(l))

n k() o
](b—n)[NBn(f@ s©-re( S, A

BiG (B//(ﬁgHu)) - 2B/(£££H(1)) +B(ﬁéH(1))Ez
2 B(&H(1))

N (A1) +24'(1) + AH"(1))B'(5-6H(1)) - ZA/(I)B(ﬁéH(l))Sﬂ ’

AMB(ZEH(D)
< <£ Ku, + (%)Klun

(B/(ﬁéH(l))—B(ﬁéH(l)) A/(l))‘

B(ZEH(D) TAW
(bn>1(2 A’(1)+A”(1)’
NEAYS!
nj)2 A1)
n\ K |B'(ZEH() - 2B(ZEH() + B(AEH() | b, A1) + A"(1)
' (E)””T B(£H(D) O



Braha et al. Journal of Inequalities and Applications (2023) 2023:95 Page 15 of 23

X (b£> INB: (- €0 (- £):6) | + u(b£> INB; ((y - €0 (y - £):6)

’

where K = sup; (o [ (6)], Ki = supg o [f ()], and Ky = supgc (o IF"(6)]-
Now we will prove that

n—00

lim (bi)|NB’;((y—s)2w(y—5);s)! -o0.

Applying the Cauchy—Schwartz inequality, we get

2 i )
(2 )zi(o-ervo-0ie) <[ (2) Mi(0-050) | - Pumie]'. wo
Also, by setting 7z (y) = (¥ (y — £))* we have that n:(£) = 0 and 7;(-) € C[0, M]. So
NB(n:) — O(stz) on [0, M]. (4.7)

Now from the last relation, (4.6), (4.7), and Lemma 4.4 we obtain that

2
(];) NB;((y- &)’y (y-£);€) — 0(stz) on [0, M]. (4.8)

From the definition of the sequence (u,,) we obtain (%)un — O(sts) on [0, M].
Let € > 0. Define the following sets:

A=

oo M )

A <B”(ﬁ€H(1)) - 2B'(£6H(1)) + B(ﬁgH(l))Ez

2 B(LEH(1))

, A+ 240 + AQHW)B G EH()) - ZA’(I)B(ﬁSH(l))gﬂ
A(L)B(-£H(1))

’

BN

N
I
X

: (%)NBZ(@—&)Zw—s);s)‘ >

|

As=|in: <h£n)unNBZ((3’—$)2w0/—5);§)‘ > %”

’

W m

From last relations we obtain that A < A; + A, + A3. Hence the result follows. O

Theorem 4.6 Letf,f'.f" € C*[0,00) and lim,, (3-)°B;((e1 — £)°,€) = na(§). Then
n\, .. , n\ (B (;6H1)-B(;-6H1) b, A(1)
’(b—)(Bn(f,S)—f(E)) f (E’<E)( Sy (1)>

£ (n\[B'(4:EH1) -2B'(;-6H(1)) + B(3-6H(1)) ,
2 (E)[ B(Z&H(1) :
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| b (AQ) +24°0) + AH (B (EH W) - 24 (DB(EEH()
n AB(ZEH()

BA1)+A ()] L (bp\7?
R |owel () )

as n — oo for every & € [0, 00).

Proof By Taylor’s theorem we get

f”(%‘)

@) =fE) +f () u—§) +—(—§)" + Rw,§),

where R(u, &) = [10)-1"€) f”('s (u —£)? for 6 € (u,&). From this we have

Bi(f,8) —f(€) - (B, ((u—£)8) - = B! ((u— )%8) | < B (R, 8)£),

16
— B

from which we get that
n\, o\ (BGEEHL) - B(EEHD) b, A1)
G e o-ren-ro (G ) (= gz ¢+ )

e <£> [B”(ﬁSH(l)) ~2B/(£EH(1) + BEEH(1)
2 \b B(3-£H(1))

, o (A +24'0) + AWH AE (L EH() - 24 WB(ELEHW)
” AMB(ZEH(D)

B2 A1) + A"(1)
T AQ) ]’

n k.
=(5.) Bl

From the properties of modulus of continuity we obtain

1 16 -] "
< 2—!<1+ T)a)(f ,8).

&)

f70)-f"¢)
2!

We know that

f“(e)—f”@)‘< o (f"), u-£ <8,
2 (F",8), lu-&|=8.

For 0 < § < 1, we obtain that

LOSO (1 5)4),

84

which implies that

—_£) 6
TSR L S (R )
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By the linearity of B} and the above relation we obtain

B (R 6)]) = o(r”,8) (B (- £6) + 3555 (-£%9) ).

By Remark 4.1, for any x € [0, 00), we obtain

<o) () )

B3 (R

We complete the proof by taking §,, (7”) 3. d

We prove the following results under the conditions given in the assumptions.

Theorem 4.7 Letf € CB[0,00) and f',f" € C[0,00). Then
1
Tim (B (f2,) ~ By{f £0B;(0,6)] = 5 (€0(6) + £(1+ H' (D) €)' €)

for any x € [0, M], where M > 0.

Proof After some calculations, we obtain

[B*(fg £)-B(f,6)B}(g,¢)]

®‘|:

A'(1)

- [b—n(B:(fg,f)—fg) (511(§)+ )(fg) &)

- %(Ezlz(é‘) +E(1+ H”(1))w:|

. AWM,
—g(é)[ (B(f,6) -f(&)) - <Sll(5)+A(1)>/($)

@0 51+ a2 (E}

e e )Ll

—B*(fs)[ (B1(0,6) - g(®)) - ( A“)/)
} L e©) + 5L+ H O ©)©)

—_ N

Lene e m) )

A'(1)
A1)

[f&) - B;(f.8)]

[\
N

+<$h(€)+ ) ©FE) - B 6)].

Now the proof follows from Theorem 4.2 and Proposition 2.2. O

5 Weighted approximation
Now we will study some properties of B}, in weighted spaces. Also, we will suppose that

B
lim 0)

A E0) =1 foreveryk=1,2,..., r;reN.

Page 17 of 23
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Let p(x) = 52 + 1 be the weight function, and let M be a positive constant. We write
(i) B,[0,00) for the space of bounded functions |f(x)| < My p(x) with
“f”p = SUp,~g I/;((’;))\
(i) C,[0,00) for the subspace of continuous functions in B,[0, c0).

(iif) c, [0, 00) for the space of functions f € C,[0, co) with fn ite lim,_, o f@

px)”
The weighted modulus of continuity Q(f; §) is defined by

f G+ h) — f ()|

Q(f;68) =
:9) x=00<n<s (1 +Hh%)p(x)

forallf C; [0, 00).

For any u € [0, 00),

Q(f; 18) < 2(1 + ) (1 +8%)Q(f;39),
and

t —_

[f(6) -f)| < 2(|(S—x| + 1) (1+8%)Q(f8)(1+4)(1+(-%)?), feC5[0,00).
Theorem 5.1 For f € C;[0,00), we have

nan;o||BZ(f;x) —f(x)“p =0.
Proof It suffices to check that B} (e;x) uniformly converges to e; as n — 00, where ¢;(x) =

x',i=0,1,2, and apply the weighted Korovkin-type theorem. Using Lemma 2.1, the case

i = 0 is trivial. Now

’

|Bler —eil } ot (11, %) |
B S [
x>0

B'e; — =
[Bren 61“’7 i‘i‘é{ p(x) p(x)

and by a similar consideration, we have

|Bjex — e loea (2, )|
”BZ@Q-BQ”[) =sug{”4 §sug —
x> x>

p(x) p(x)
where
_(B(gxH() by A)
lm) = <B(ﬁxH(1)) } ) " A
oy (r1x) = (B”(ﬁxH(l)) ~ ) ) &B/(%xH(l))[A(l)+2A/(1)+H”(1)A(1)]x
ST\ B(AH() AWB(xH(1)

b2 A' (1) +A"(1)
2T A0)

We conclude that

lim|Bje; — e, = lim |Bje;~e, =0 (i=0,1,2),

n— 00

which finishes the proof. d
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Theorem 5.2 Letf € c; [0, 00). Then

|B,(f3%) —f (%)]

xes[ooo (1 + x2)(A(n,x) + B(n,x)x + C(n,x)x2 + D(n,x)x3 + E(n,x)x*) —

KQ(f n 4)

for sufficiently large n, A(n,x), B(n,x), C(n,x), D(n,x), and E(n,x) depend on n and x, and

K is a positive constant.

Proof For x € [0,00), we have

BY(f) - f o) = m Zpk( Nr(58.) -r]
Using the properties of the weighted modulus, we obtain
|B;(f;) —f(x)|
< AOBEAAD) Zpk< ) (1+82)f38,) (1 + %)

) <7|(;b;) el + 1) (1+@-%)7).

n

Let us denote by S(¢,x) = (‘( b)) +1)(1 + (¢ -%)?). Then
St 2(1 +682) if %5, — x| < 8,
t,x) <
21+ SZ)M if 5D, — x| > 6,

From last relation we get that

kp 44
S8 <2(1 +55)(1 + ”’3#)

So

|BE(f;%) —f ()|

1
54m2m< ) (1+83)Q(f:8:) (1 +5)

k )4
.(1+55)<1+ (nb';4 ) )

After some calculations, we get
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- 4(/—<>bnx3 + x4]
n

(1.2 AMB( LxH)) + b ik‘* 70\ g i/ﬁ "
T by st £ PR\ % ) T ¥ mes LN PR ¥

" %=0 =0
20 & n x3b, & n
6= Kol —x) —4=2 kpi| —x).
' nzaﬁg pk(bf) nazg ”k(bn")

From these relations and Lemma 2.1 of [26]) we get

> (Kbn_ )4
Zpk<b£x>(1+ d 84x )
k=0 " n

xt n

b [ A/(1)B<£9¢H(1)> ' ﬁxA(l)B(ixH(l))}

1ol b, b, by
x*b: [ n? e’
+ 6n283 |:b_3,x A(1)B (b—an(1)>

+ bﬁx(Au) F24'(1) + H”(l)A(l))B/<bﬁxH(1)>

FAQ) + A”(l))B(ble(n)] 4% [”—3x3A(1)B'” <b1xH(1)>

354 | 13
n38§k [ b3 "

2

+ Z—sz(SA/(l) +3H"(1)A(L) + 3A(1))B”(b£xH(1)>

+ bix(sA”(l) +3H" (1A' (1) + H"(DA(1) + 64'(1)

+3H"(1)A(1) +A(1))B’<b1xH(1)) +(A”(1) +347(1) +A/(1))B(£xH(1)):|

by

L b [”—4x4A(1)B<4>(ixH(1))

nt8% | bl b,
1’13 3 ’ 17 /11 n
5% (4A’'(1) + 6H"(1)A(1) + 6A(1))B b—xH(l)

2
+ Z—2x2(6A”(t) +12H"(1) + A’(1) + 4H" (1)A(L) + 3H"(1)%A(1) + 184'(1)

n

+18H"(1A(L) + 7A(1))B”<b£xH(l)> + (44" (1) + 6A"(1)H"(1)]

+4A'(1)H" (1) + A()HP(1) + 1847 (1)

+18H"(1)A'(1) + 6H"(1)A(1) + 144'(1) + 7H"(1)A(1) + A(1)) b£x3’<bﬁxH(1)

n n

+(AD(1) +649(1) +74"(1) + A'(1)) B (ble (1))}'
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From last two relations we get

|Bi(f3%) — ()]
(1 +822Q(F;8,)(1 + x2) = (b, —x)*
=By ( )( 5 )

(1+82)2Q(f;8,)(1 +x?)
<4 { ( 84>A(1)B<b—xH(1))

A)B(;-xH (1))
319 n S n
- 54 |:A (1)B<ZxH(1)> + b_,,xA(l)B <ExH(1)>:|

o[,
+6n254[ 5 x*A(1)B ( banu))

¥ bﬁx(A(l) F24/(1) + H”(l)A(l))B’(

n

n

+(AQ) +A”(1))B<b1xﬂ(1))]

A T o 7
4 354[ AWB (b—anu))

2
+ b—2x 2(3A'(1) + 3H"(D)A(1) + 3A(1))B”<b—xH(1)>

+ b—x(3A”(1) +3H"(1)A'(1) + H"(1)A(1) + 6A’(1) + 3H"(1)A(1)

+A(1))B’<b£xH(l)) + (A7) +347(1) +A/(1))B<b£xH(1)>}

b, [n* A1)BY (L xH(1) 4A'(1) + 6H"(1)A(1)
st | bt (b,,x )+b_3x( "

+ 6A(1))B”’<b£xH(1)) + b—jx (6A"(2) + 12H"(1) + A'(1) + 4H" (1)A(1)

+3H"(1)*A(1) + 184’ (1) + 18H"(1)A(1) + 7A(1))B”<b£

n

xH(l))
+ (44" (1) + 64" (1)H"(1)] + 4A'()H" (1) + AQQ)H™(1) + 184" (1)

+18H(1)A'(1) + 6H"(1)A(1) + 144 (1) + 7H"(1)A(1) + A(1)) b£xB’<b£xH(1)>

+ (AD(1) +649(1) + 74" (1) +A/(1))B(b£xH(1))} }

1
For 8, = n~ 4, we have

|Bi(f3%) - f ()]
< 16Q(f;8,)(1 + %) (A(n, %) + B(n, x)x + C(n,x)x> + D(n, x)x> + E(n, x)x"),

where A(n,x), B(n,x), C(n,x), D(n,x), and E(n,x) depend on # and x.

Page 21 of 23



Braha et al. Journal of Inequalities and Applications (2023) 2023:95

Now from last relation we obtain

1B (f32) ) .
x:[ggo) (1 +x2)(A(n,x) + B(n,x)x + C(n,x)x2 + D(n,x)x> + E(n,x)x*) = I(Q(f,n ) O
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