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1 Introduction

The history of generalized Banach spaces in the sense of Perov began in 1934 due to the
Serbian mathematician Duro Kurepa who generalized the notion of metric spaces into
vector-valued metric spaces. In 1965, Perov started the fixed point theory in these spaces
by publishing his remarkable paper [21]. Numerous works of great importance studied
the fixed point theory and its applications in generalized normed spaces; for example, see
[6,12,17, 19, 22, 24, 25, 29, 31] and the references therein.

In [4], Laksaci et al. introduced the G-weak topology ¢ on generalized Banach spaces.
Furthermore, they gave several properties and characterizations that allow extending
some existing results of Schauder and Tychonoff [8], Arino et al. [1], and Krasnoselskii
to G—weak topology context.

The measures of (weak) noncompactness are useful techniques in the existence theory
for several types of integral and integral-differential equations [15, 20, 26]. In 1997, Bana$
[2] presented a fixed point result using the concept of k-set weakly contractive formulated
in terms of the measure of weak noncompactness. After that, a number of interesting pa-
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pers[5,9,11, 13, 14, 18, 27] on the solvability of various problems associated with measures
of weak noncompactness have appeared.

Motivated by the aforementioned notes, in this manuscript we aim to investigate a num-
ber of extensions of the Krasnoselskii-type theorem by relaxing the G-weakly compact and
the M-contraction conditions of the involved operators defined in the G—weak topology
features. These results are based on the use of the so-called generalized measure of non-
compactness tool.

The scheme of this manuscript is ordered as follows. In Sect. 2, we gather some notations
and preliminary facts. In Sect. 3, we prove the noncompact type of Schauder—Tychonoff’s,
Arino’s, and Krasnoselskii’s fixed point theorems in 7§ topology. Finally, our results are
used to prove the existence of solutions for the following system of functional integral

equations:

a1 = (fy Hi(s, )81 5, 01(6), £2(6)) ds) -
FIL( Y 201006, 61(6), 8a(6)) dg) v,
o) = (fy Hals, ) Ea(6 6, 81(5), £2(6)) dg) - ua
+ I [P 206, 81(6), () de) - v

+q

in the generalized Banach space C([0, 1], E;1) x C([0, 1], E).

2 Preliminaries

This section deals with basic notions and results of generalized Banach spaces, G-
weak topology, generalized measures of weak noncompactness, and fixed point the-
ory, which are needed in sections to come. We begin by defining on M,,,,(R,), the
set of all m x n matrices with nonnegative entries, the partial order relation as fol-
lows: Let A,7 € M,,.,(R,), m > 1, and n > 1. Put A = (A;)) 15y and 7" = (73)) 15
Then

A%T 1fT,Y]2A,,} foralljzl,...,m,i:1,...,n,

A<TY ifY;> Ay forallj=1,...,mi=1,...,m,
and we write I for the identity n x » matrix. Let £2 = [[; £2; be a bounded set in
R”. We denote by the supremum bound (resp. the infimum bound) of £ the vec-
tor

sup{r: 1 € 2}

sup{klzkl 691} inf{klzkl 691}
= , resp. in/\f{k (A€ R} := :
sup{r, : A, € §2,,} inf{A, : X, € £2,}

Definition 2.1 Let £ be a vector space on K = R or C. A generalized norm on £ is a map
defined by

Illg: &—RY,
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1€ 11
¢—llKlle =

14/

which fulfills the following properties:
(@) ¢l = Opn for all ¢ € £;if [|¢ |l = Orn, then & = Og;
(i) lle¢llg=lalli¢llg forall ¢ € £ and & € K; and

(iii) ¢ +7nlle <l +lnllg forallg,n € E.
The pair (&, ||.||g) is called a generalized normed space. If the generalized metric gen-

erated by the map ||.||g (i.e., g(¢,n) = || — nllg) is complete, then the space (£, ||.||g) is
called a generalized Banach space (in short, GBS).

Proposition 2.2 [12] In GBS in the sense of Perov, the notions of convergence sequence,
continuity, open subset, and closed subset are similar to those for the usual Banach spaces.

Now, let (€, |.lg) be a GBS. The space

E={,...0):t €&},

n times

endowed with the following norm

1@ )], =D ligl
i=1

for all ¢ € &, is clearly a Banach space.
Throughout this article, for r = (r1,...,r,) € R” and ¢, € £, we denote by

B(o,r)={¢ €&t —tollg<r} (resp. Bi(Zo,ri) = {¢i € Eit 6o, — Cilli < 1))
the open ball centered at ¢, (resp. o;) with radius r (resp. r;), and by
B(to,r)={ce&:leo-¢llg=<r} (resp. BiCo,ri) ={i €&t llgo, - &illi <7i}))

the closed ball centered at & (resp. ¢o;) with radius r (resp. r;). Finally, we respectively
denote by K and co(K) the closure and the convex hull of an arbitrary set K of £.
The following lemma plays an essential role in this paper.

Lemma 2.3 [12] Let (€, ||.|lg) be a GBS. Then the map
hg : 5 —> g,
¢ —he(@)=(¢,...,0)

defines a homeomorphism.

Definition 2.4 Let (&, |.||g) be a GBS and let K be a subset of £. Then K is said to be
G-bounded if there is a vector V € R” such that

forallc e K, |Zllg=x V.
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Notation We denote by Bg(&) the collection of all nonempty G—bounded subsets of £.

Definition 2.5 Let (&, ||.ll.), (F, ll.llg-) be two GBSs with the generalized norms

ll-1l ey 117,
lllee=| * |- Illez =

ll-lle, -1l 7

respectively, and let A : £ — F be a linear operator. Then A is said to be G-bounded if
there is a matrix M € M,,,»,(R,) such that

IA¢llgr < Ml¢llg, forall €&.

Notation We denote by L5(&, F) the set of all G-bounded linear operators acting from
(&, lllgg) into (F, |l ll£)-

Definition 2.6 Let (£, ||.|lg.) and (F, |.llg5) be two GBSs with the generalized norms

lI-Ile; II-117,
”’”Gg = ’ ”'”G]::

Il-lle, Il 7,

respectively. The generalized norm of L5(€, F) is the matrix defined as follows:

”'Hﬁg(f,}-) : ‘CG(ng__') — Man(R+),

A—Alzser = (llAlla(si,f,)) isj<m.

In the following, we give some definitions and properties related to the generalized weak

topology extracted from [4].

Definition 2.7 [4] Let (€, |.lg) be a GBS. The topology ¢ of £ generated by

{ie'(0");0" e (&,€7))

is called the generalized weak topology of £, here o (€,£*) denotes the weak topology of
£

Proposition 2.8 [4] The generalized weak topology t& of a GBS & is a Hausdor(f space.

Definition 2.9 [4] Let (&, ].]lg) be a GBS. A sequence (¢,)qen in € is called G-weakly
G

convergent to an element ¢ € £, and we denote it by ¢, — ¢ if (h¢(¢,))nen converges weakly

to hg(¢) in £.

Definition 2.10 Let (&, |.ll.), (F, |l.llg5) be two GBSs, and let A : £ — F be an opera-
tor. Then A is said to be:
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(i) G-weakly sequentially continuous if for every sequence (£,)qen in € such that
Cn < ¢ in &, then A¢, A A¢ in F.

(i) G—ww-compact if (¢,)xen is @ G-weakly convergent sequence in &, then (Agy,)nen
has a G-weakly convergent subsequence in F.

Lemma 2.11 [4] Let € and F be two GBSs, and let A : £ — F be a linear operator. Then
A is G-bounded if, and only if, A is G-weakly continuous.

Lemma 2.12 [4] Let € and F be two GBSs and A : € — F be a mapping from € into F. If
A is G-weakly continuous, then A is G-weakly sequentially continuous.

For the definitions of G-weakly compact, sequentially G-weakly compact, countably G-
weakly compact, relatively G—(compact, sequentially compact, and countably compact),
we refer the reader to [4] and the references therein.

Notation We denote by Wté;(é' ) the collection of all G-weakly compact subsets of £ and
by WI(E) the collection of compact subsets on o (&,E).

Now, we define angelic space, which was established by Fremlin in [10].

Definition 2.13 A Hausdorff topological space £ is called angelic if for every relatively
countably compact subset IC of £ the following hold:
(i) K is relatively compact;

(ii) For each ¢ € K, there is a sequence in K that converges to ¢.
The following theorem expresses the fundamental characteristic of angelic spaces.

Theorem 2.14 [23] If € is an angelic space, then we have the equivalence between com-
pactness, countable compactness, and sequential compactness.

The next result plays an important role in this paper.

Lemma 2.15 [4] The GBS is angelic by its generalized norm topology and generalized weak
topology t§.

Next, we present a helpful definition for the generalized measure of weak noncompact-
ness, which will generalize the one introduced in 1988 by J. Banas and J. Rivero [3].

Definition 2.16 Let (&, ||.||) be a GBS. The following map

tG
pe o Bg(E) — [0,+00)",

. u1(4)
A— g (4)=

n(A)

is called a generalized measure of weak noncompactness (for short G-MWNC) defined
on £ if the following requirements are met:
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.G
@) keruG ={AeBg(&): u (A) Ogrn} # ¥ and keruGS C Wzg(é’).
.G
(ii) Forall Ay, Ay € Bg(E) with A1 C Ay, we have MG (A ) < ud (As).

(iii) For all A € Bg(£), we have ug £ () = (Aff) ne ( o(A)).
(iv) For all Ay, Ay € Bg(E) and o e [0,1], we have

e (aA1 +(1-a)A) S apd (Al) +(1- Ol)MG (A3).
(v) Generalized Cantor intersection property, i.e., if (A,,),>1 is a sequence of
nonempty, weakly closed subsets of £ with A; is G-bounded and

A1 DAy D---DA,,...and such that limm_HoouTG‘SG(Am) = Ogn, then the set
Aco = A is nonempty and G-weakly compact.

A G-MNWC is called . o

(vi) subadditive if ,uG (A1 + Ay < uég (A7) + MTGS (A5) forall Aq, Ay € Bg(E);

(vii) regular if ker /LG = WTEG(E ).

Example 2.17 A typical example of a generalized measure of weak noncompactness that

G
satisfies properties (vi) and (vii) is the Deblasi measure a)g defined for all G-bounded
subset £2 C £ by

G

a)TG‘S (£2):= m/\f{s € R : there exists Q € Wrge(é') such that £2 € Q + ¢B(0, 1)},

inf{e; > 0: there exists Q; € W(E) such that 2 € Q; + £1B(0,1)}

inf{e, > 0: there exists Q, € W(E) such that 22 C Q, + ,B(0,1)}

1(£2)

w,($2)
Definition 2.18 A matrix M € M,,,,(R) is called convergent to zero if
MK —0, ask— oo.

Lemma 2.19 [28] Let M be a square matrix of nonnegative numbers. The following asser-
tions are equivalent:

(i) M* — 0as k — oo;

(if) 1 — M is invertible and

I-M)'=I+M+M*+- -+ M+

(ili) The eigenvalues of M lie in the open unit disc of C

Remark 2.20 From assertion (ii) of Lemma 2.19, it is easy to verify that if there is p € N
such that M? converges to zero, then (I — M) exists and

p-1
I-M)" = (1-m7) "y Mk, 2.1)
k=0

Page 6 of 21
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Definition 2.21 Let (£,5g) be a complete generalized metric space with §g: £ x £ — R”
and A be an operator from £ into itself. A is called G-Lipschitz with matrix 7 if there is a

square matrix of nonnegative numbers, and
8G(A(§),A(v)) < 7T8g(¢,v) forallz,vek.
If the matrix 7" converges to zero, then A is called 7" -contraction.

G
Definition 2.22 Let (&, ||.||g) be a GBS, and let /L;g be a G-MWNC. A self-mapping A :

G
& — Eissaid to be (M, /LTGE )-G-weakly set contractive if A is G-bounded, and there exists
a matrix M converging to zero such that

G 1.G
ng (AQ) < Mug () forall 2 € Bg(E).

Theorem 2.23 (Perov, [21]) Let (£,8g) be a complete generalized metric space, and let
A: & — & be an M-contraction operator. Then A has a unique fixed point {* € £.

The next result is a consequence of Perov’s fixed point theorem.

Lemma 2.24 [22] Let (&, |.|lg) be a GBS and A : £ —> & be a contraction. Then 1, — A is

a homeomorphism, where 1; denotes the identity operator on E.
In the next, we generalize the previous result as follows.

Lemma 2.25 Let (&, ||.|lg) be a GBS and A : £ — & be G-Lipschitzian with matrix M.
Assume that there is p € N such that the p" power of the operator A, : € — £ defined by
A,¢ = At +v foreach v € £ is an N, -contraction. Then the operator (I; — A) is surjective
on E. Furthermore, F :=1; — A : £ — & is invertible and its inverse satisfies

|F' - F | o < Tl - nlles &omed, (2.2)
where
p.(I-N)1, ifM=1,
T,=1U-M)", if M converges to zero, (2.3)

(I-=N)"YI =MP).I-M)L, otherwise.
Proof Let v € £ be an arbitrary point. Because A? is N, -contraction, then
|A2s — A%z| . < NI —2llG,  VE,z€E.
Now, we claim that (I; — A) maps £ onto £. Indeed, from the contraction of AY and an
application of Perov’s theorem, we deduce that there is unique ¢* € £ such that A ¢* = ¢*,

Hence,

Avg* =A, (AI;C*) = AIV](AVC*) (2.4)
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According to (2.4), the point A,¢* is a fixed point of the operator AL, and thus, by the
uniqueness of *, we conclude that ¢* is the unique fixed point of A, too. Hence, we have

(Ia - A)C* =,

which gives that I; — A : £ — £ is onto. Now, the operator A? is N-contractive. Then, by
using Lemma 2.24, we conclude that (I; — A?) is a homeomorphism. Thus, the operator
(I; — A)~! exists on & because

p-1
(I-A)" = (Ia- A7) ) A% (2.5)
k=0
Taking into account the fact that A? is an N-contraction, hence for each ¢,n € £ we get
[ (L= A2)¢ = (La - A%)nl g = [ ¢ —m - (A% - A%n) | ¢
=l -mlg-l4% -4, (26)

7T =N)II¢ -nlles

and consequently, by using Lemma 2.19, the matrix (I — N) is invertible, then
(-4 " = (-2 "] < U-N) g =nlle, Veme (lu-AP)E).  (27)
On the other hand, a series of induction calculations yields that
[4% - Afnlg < A - A
(2.8)

<MN|c =nllg, V¢,me&andkeN.

Going back to (2.5), (2.7), and (2.8), we conclude that
(1) M =1, Y2 Mk = ply, and

p-1
T,=(-N)"Y M=p(I-N)".
k=0

(2) If M converges to zero, then N = M?, and using Eq. (2.1) we have
S oMK = (I - MP)(I - M), hence

Y, =(I-M)™"
(3) Else, oMK = (1 - MP)(I - M), and
Y, =(-N)"(1-MP).(1 - M)

In conclusion, (2.3) is verified, and this proves the desired estimate (2.2). O
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Lemma 2.26 [4] Let (£, ]|.||g) be a GBS and A : £ — & be a G—bounded linear operator.
If Al converges to zero, then the operator (I; — A) is invertible and

Tg=A) =T+ A+ A%+ + AR+ ... e Lg(E).
In [4], the authors presented and proved the following theorems.

Theorem 2.27 [4] Let K be a nonempty, convex, and G-weakly compact subset of a GBS
E.If A is a G-weakly continuous map and transfers K into itself, then A has, at least, a
fixed point.

Theorem 2.28 [4] Let £ be a GBS, and let IC be a G-weakly compact and convex subset
of €. Then any G-weakly sequentially continuous map A : K — I has, at least, a fixed
point.

3 Fixed point results
Our first purpose in this section is to give the noncompact type of Theorem 2.27 and
Theorem 2.28.

‘L'G
Theorem 3.1 Let & bea GBS andlet ul be an arbitrary G-MWNC. Then every nonempty,
G-bounded, closed, convex subset IC of £ has the fixed point property for G-weakly contin-
G

uous mapping, which is a (M, Mg )-G-weakly set contractive mapping.

Proof Defining the following sequence of sets:

K ifn=0,

co(AK,_1) otherwise.

K, =

Obviously, the sequence (K},),cn is of nonempty closed convex decreasing subsets of /C.

G
Taking into consideration that A is (M, MIGS )-G-weakly set contractive, we have
.G S < <G
1% (Ky) = 2% (CO(AIQ)) =ug (AK) S Mpg (K1).
Continuing this process, we obtain
TG ‘[G
ué (Ky) xM'ud (K)  foreachneN.

G
Since M converges to zero, we conclude that lim,,_,oouTGE (Ky) = Ogn. Using property (v)

G
of urGg (-), we conclude that Q := ()7 K,, is a nonempty closed convex G-weakly compact
subset of K. Furthermore, it is easily seen that AQ C Q. Now, Theorem 2.27 completes
the proof. d

'L'G
Theorem 3.2 Let & bea GBS, u& be an arbitrary G-MWNC, and let K be a nonempty, G—
bounded, closed, and convex subset of £. Assume that A : K — K is G-weakly sequentially

G
continuous and (M, /JLIGS )-G-weakly set contractive mapping, then A has, at least, a fixed
point in K.
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Proof By using the same ideas applied in Theorem 3.1, we find that all the hypotheses of
Theorem 2.28 are fulfilled. O

We now prove certain fixed point theorems of Krasnoselskii type.

Theorem 3.3 Let K be a nonempty, G-bounded, closed, and convex subset of a GBS &,
and let /LgG be an arbitrary G-MWNC. Suppose that B : K — & and A : £ — £ are such
that:

(i) B is G-weakly sequentially continuous;

(ii) There exists a matrix M converging to zero such that
TG ‘[G
ne (B(2) + A(2)) K Mug (82) forall 2 C K;
(iii) A is a contraction with a matrix N and G-weakly sequentially continuous; and

(iv) (¢=Ac+Br,ve k)= ek.
Then the sum of A and B has, at least, a fixed point in K.

Proof On account of the fact that A is an N-contraction, it comes as a consequence of
Lemma 2.24 that the map I; — A is a homeomorphism from £ into £. Taking now v € IC,
the map A - +Bv defines a contraction from £ into itself. Hence, by the Perov fixed point
Theorem 2.23, the equation ¢ = A¢ + By has a unique solution ¢ € £. By hypothesis (iv)
we have ¢ € K. So, ¢ = (I; — A)"!Bv € K; in other words, the mapping (I; — A)"!B maps
K into itself.

Presently, we define the following sequence of sets:

K ifn=0,
K, =
co((I; — A)'BK,_;) otherwise.

We have already seen that (K,),cn is a decreasing sequence of nonempty closed convex
subsets of IC. Moreover, for each n € N, we get

(Is - A)'B(K,) = (I — A+ A) (I — A)'B(K,)
=B(K,) + A, - A)'B(K,),

SO

(I - A)'B(K,) C B(K,) + A(co((Iy - A)‘I]BB(K,,)))
C B(K,) + A(K,).

Moreover, the use of assumption (ii) leads to

MZ;SG (I - A 'B(K,)) < MGSG (B(Ky) + A(K,,))

TG
<Mpé (K,)

M1 Zg K
< Mg( )s
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but M converges to zero, thus Q := (-, K,, is a nonempty closed convex G-weakly com-
pact subset of K and (I; — A)"'B(Q) C Q.

Next, we verify that (I; — A)"'B: Q — Q is G-weakly sequentially continuous. Indeed,
let (¢,)nen be a sequence in Q with g, £ ¢.Setv, = (I;-A) B¢, € Qforall n € N, then by
Lemma 2.15 the sequence {v,},cn has a subsequence G-weakly convergence to some v in

Q. Evidently, by the G-weak sequential continuity of the maps A and B and the equation

Vi = (Hd - A)ilﬁgrzk
= B¢, + A(ly - A)'Bg,, forallk eN,

we have v = Av + B¢, and thus v = (I; — A)"'B¢.

We next claim that
-1 G -1
Iy - A)"Bg, —~ (ly - A" Be.

Assume the opposite; hence there exists a neighborhood of (I; — A)™!B¢ in the sense
of rg, let us denote it by Urg, and there is a subsequence {g‘,,j},»eN of {¢,}uen such that
Iy — A)’llﬁ%fn/. ¢ U for all j > 1. The sequence {¢n;}jen converges to ¢ in the sense of

rgG ; then, reasoning as before, we can extract a subsequence {;,,}.k Heen of {;“,,j }jen so that

Iy - A)‘IIBSC,,jk £ (I; — A)"'B¢. But this is a contradiction with (I; — A)‘llﬂ%g“nj ¢ U for
all j > 1. Our claim is hence verified. Finally, the fixed point theorem, Theorem 2.28, en-
sures the existence of the fixed point of the operator (I; — A)™'B in Q. Thus, the proof of

the theorem is completed. d

Theorem 3.4 Let K be a nonempty, G-bounded, closed, and convex subset of a GBS &.
Suppose that A : £ — € and B : K — £ are G-weakly sequentially continuous mappings
such that:
(i) A satisfies the conditions of Lemma 2.25 and (I; — A)™! is G-ww—compact;
(ii) Bisa (F,a)TGg)—G—set contractive map; and
(iii) [¢=A+Bv,veK]l=<¢ k.
Then the sum A + B admits at least one fixed point in K provided that the matrix A =

I' - T, converges to zero.

Proof Since A : £ — & verifies all the hypotheses of Lemma 2.25, the operator (I; — A)
maps & onto £. Keeping in mind that B: L — &, for each ¢ € K, there exists v € £ such
that

y—Av=Br <<— (I;-A)=DB¢. (3.1)

Using Lemma 2.25 one more time, we infer that (I; — A)™! exists on &, and thus, from
the third condition and (3.1), we get v = (I; — A)"!B¢ € K. From (2.2), (I; — A)! is
Y,—G-Lipschitz.

Next, let 2 C K and r > a)é‘g (£2). There exist Ogr» < 1o < r and a G-weakly compact
subset Q of £ such that 2 € Q + r4B(0,1).
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Let ¢ € 2. Then there is ¢ € Q such that ||¢ — t[lg < ro. Since (I; — A)™ is 7),-G-
Lipschitzian, then ||(I; — A) ¢ - (I; = A) g < Vplls —tllg < Ypro, then

(Iy—A)AC Iy — A Q+ XproB(0,1) € (I — A) o% 4 1,70B(0,1). (3.2)

Since the operator (I; — A)™! is ww—G—compact, if (§,),cx is a G-weakly convergent se-
quence in Q, then (0,,),en := ((Iy — A)71E,)en has a G-weakly convergent subsequence;
G

which means (I; - A)1Q¢ is G-weakly sequentially continuous, hence Lemma 2.15 im-
‘L’G
plies that (I; — A)-1Q ¢ is G-weakly compact. Consequently, by using (3.2) and the sub-

G
additivity of o , we get
G
wé (Ia=A)TA) S Vypro < Vpr.
TG
Letting r — o (£2), we get
TG TG
wé ([ -A)"'R2) < Vof (2).
Using now condition (ii), we get
143 1 g
¢ (I -A)"B)(£2)) < Mo (2).

.[G
In other words, (I; - A)™'B: K — K is an (M, u& )-G-weakly set contractive map, thus
(in view of the proof of Theorem 3.1) there is a subset Q C K invariant by (I, — A)™'B
and G-weakly compact. Now we show that (I; — A) : @ — Q is G— weakly sequentially

continuous. To this end, let ¢,¢, € Q such that ¢, g ¢ and set M = {¢, : n € N}. Clearly,
(Iy — A)"'B(M) is relatively G-weakly compact. Thus, by Lemma 2.15, there is a subse-
quence (¢, )ken Of (¢n)nen such that

(Lo~ 4)"BEy, < u.
Using the equality
(L~ A) "Bl = Bl + Ay~ A) B,

together with the G—weak sequential continuity of B and A, we deduce u = Au + B¢, and
thus u = (I; — A)"'B¢ = (I; — A)"'B¢. Accordingly,

G
(I - A)'Bg,, — (I, - A)'Be.
Now, we are going to prove the following convergence:
-1 G -1
(Ia = A)"Bg — (s - A)7"Bg.

Suppose the opposite, then there is a G-weak neighborhood U € of (I; — A)'B¢ and a
subsequence (;,,}.),EN of (¢)nen such that (I; — A)’IB;“,,]. ¢eU € for all j > 1. The sequence



Laksaci et al. Journal of Inequalities and Applications (2023) 2023:94 Page 13 of 21

(;‘y,l.),-eN converges G-weakly to ¢. By reasoning as before, we may then extract a subse-
quence (& Jien Of (§y)jery such that (Is — A)‘IIB%;,,/.I( £ (I; — A)~'B¢, which is absurd since
(I, —A)‘I]B%Q,jk ¢ U7 forallk > 1. Finally, (I; — A)'B is G-weakly sequentially continuous.
Applying Theorem 3.2, we infer that the sum A + B has a fixed point. g

Let us now state the following consequence of Theorem 3.4.

Corollary 3.5 Let K be a nonempty, G-bounded, closed, and convex subset of a GBS &.
Suppose that A : € — € and B : K — & such that:
(i) A islinear, G-bounded and there exists p > 1 such that AP is a contraction;
(i) B is a G-weakly sequentially continuous mapping and (T, wTGgG )-G—set contractive;
and

(iii) [t =AZ+Bv,veK]l=<¢ek.

Then A +B admits at least one fixed point in KC whenever the matrix A =T" -1, converges
to zero.

Proof We are going to see that A verifies all the conditions of Theorem 3.4. Indeed, be-
cause A is a G-bounded linear operator, it is G-Lipschitzian with matrix M := ||A|| .. Let

v € & be arbitrary. One may conclude from induction that

Ay =As +v,
A2 = AL(AZ +v) = A(AZ +v) +v =A% + Av +v,

Ak = A*r 4 AF 4. 4 Av+y forallkeN.
This shows

|ASe - Alz| . = |A*¢ - Afz|| . forallk e Nandforall¢,z€&.
In particular, for k = p,

|AP¢ - APZ|| = |APL - APZ| < MPlic - 2llg forall g,z € €.

Consequently, A? is a contraction, and so all the conditions of Lemma 2.25 are verified. On
the other hand, it follows by Lemma 2.26 that (I, — A?)~! exists on £ and is G-bounded,

hence
p-1
(I-A)" = (Ia- A7) ) AR e L6(E).
k=0

When combining Eq. (2.2) and Lemma 2.11, we conclude that (I; — A)~! is G-weakly con-
tinuous. In view of Lemma 2.12, (I; — A)™! is G-weakly sequentially continuous, thus it is
a G-ww—compact operator. Now, Theorem 3.4 completes the proof. d
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4 An application
Let E; and E, be two reflexive Banach spaces. Consider the following system of integral

equations (SIE):

&) = (fy Hi(6, 0810, 6,61(6), 6a(6)) dS) - 1

H L Y 01006, 61(6), 8a(6)) dg) v,
000 = (fy Has, 1) 821, 6, £1(5), £2(5)) d) - s

+ I [ -2 0, 6, 61(6), 8a(6)) d) - v,

(4.1)

where u;,v; € E1\{0} and uy, v, € E;\{0}. We will prove that system (4.1) has a solution
in the GBS £ = C([0,1], E1) x C([0,1], E,) of all couple of continuous functions on [0, 1]
equipped with the generalized norm

Ilg: &— R2

sup,¢po,1)111(¢) ”El)

Sup,c(o11 162V ||,

;=015 ||(§1:Cz)||G: (

We recall that problem (SIE) (4.1) can be written in the following form:
. =(A+B),

where

AL = Az _ (o s, D1 6, 61(6) 6a(s)) ds) - wy
19140 (o Ha(,082(1 6, 61(6), 62(6)) dg) -

and

B - (B0 _ (M@ 2201560, () ds) -
Byt () \Iale, [ 2 0506, 61(6), 0a(6)) d) v )

Problem (4.1) will be discussed under the following assumptions:
(H1) The functions Z1, &,,:[0,1] x [0,1] x E; x Ey —> R such that
(a) &;,i€{1,2}arelinear on &, and there are constants a; € R, such that

1Ei(b 6, 00 0)| <@ GW] . =12
(b) Ey, i€ {1,2} are continuous on [0, 1] with respect to the first variable.
(Ha) ¢1,¢2:10,1] — [0, 1] are continuous and nondecreasing,
(H3) The functions @1, @,,:[0,1] x [0,1] x R x R —> R such that:
(a) For arbitrary fixed ¢ € [0,1] and ¢ € &, the partial function
t— 0i(t,6,81,8), i = 1,2, is continuous on [0, 1],
(b) There exist functions 6; € C([0,1],R,), i = 1,2, and a vector r € R? such that
10:(1,6,61(5), £2(S) < 0i(5), i= 1,2, for ¢ € E such that [[{]lg < r with

|
/—9(§)d§<oo,
o Lt¢&
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(c) The functions ®;, @, are weakly sequentially continuous.
(Ha4) The mappings I7;: [0,1] x R — R, i € {1,2} such that:
(a) Iy, I, are continuous with respect to the first variable and L;-Lipschitz
with respect to the second variable i = 1, 2.
(b) Iy, IT, are weakly sequentially continuous with respect to the second
variable.
(Hs) The functions H;, H, defined on A ={(1,¢):0 <t <1,0 < ¢ <} in R are essen-
tially bounded, measurable, and continuous with respect to the second variable.

Theorem 4.1 Suppose that assumptions (H1)—(Hs) are satisfied, then (SIE) (4.1) has a
solution in € provided that for i =1,2

0< Li8 + sup,¢jo.1) Ti(1, O)) Vil <r 4.2)
1-Bia; - uillg,

where
1 1
b [0 ae
0 L+ g

Proof Let K = B(0,r) on £, where r above-mentioned in (H3)(b) and satisfies the inequality
in (4.2).

To determine a fixed point in &£ for the operator A + B, we focus on applying Corol-
lary 3.5. There will be numerous steps to complete the proof.

Claim 1: It should be highlighted that the operators involved in (4.1) are well defined.
First, we show the continuity of the mapping A¢ on [0,1] for all ¢ € £. To this end, let
¢ € € and {1,},en be a convergent sequence in [0, 1] with limit ¢ in [0, 1]. Then, for any
i=1,2, we get

1(A2) () = (As2)(0) ||Ei

= ('/0 ' |Hz(§r tn)Ei(tnr S ;z(g)) - Hi(§; L)Ei(Li S é‘t(g)) |d§

+/n|Hi(§,L)Ei(Lr §,{l(§))|d§>|lul”£l (43)
1

< (/0 IHi(s,t) Zi(tn 65 8:(5)) = Hils, ) Ei(1 6, 8i(5)) | ds

+ Bia; sup ||€z’(l)“Ei|Ln - l|) llai | ;-
1€[0,1]
In view of hypotheses (7{1)(b) and (#s), we have

Hi(,tn) Ei(tn 65 4i(5)) = Hi(s,0)Ei(1, 6, 8i(s))  in R when 1, goes to .

Moreover, the use of inequality ({;)(a), the boundedness of H;, Hj, and the dominated
convergence theorem shows that

[ (Ai8) () = (Ai6)W , = 0 when i, — 4,

then the operator A;¢ € C(J, E;) for each i € {1,2}; in other words, A is well defined.
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Now, we are going to prove the continuity of the map B¢ on [0, 1] forall ¢ € £.Indeed, let
{tu}nen be a convergent sequence in [0, 1] with limit ¢ in [0, 1]; and by setting ¥;(¢, ¢, ¢ (5)) :=

7120i(1 6, 01(5), £2(5)), we get for i = 1,2

bilin) $i(0)
A lpi(ng;g(g))dg_/o‘ q/l(L:g){(g))dg

@i(tn)
f/ |Wi(n 6,8(5)) = Wil 5,¢(5)) |ds
0
¢i(ln)
+ / Wi(16,£(5))|ds (4.4)
i (1)

/ |¥i(tnr 5, 2(5)) = ¥il1, 6,2 (5)) |ds

+ (0:(5)|pi(tn) = Pi()].

Since ¢, — 1, 50 (L4, 65 21(5), 82(6)) = (1, 6, 81(5), $2(s)) for all ¢ € [0, 1]. By using hypoth-
esis (H3)(a), we get

ln

c @i(Lnr s, ¢1(s), CZ(S')) - @i(L> s, 01(s), ;2(5')) inRR.

tn

Moreover, the use of the first inequality (#3)(b) and the dominated convergence theorem
and (H4)(a) shows that B;¢ € C([0, 1], R) for each i € {1,2}, hence B is well defined.

Claim 2: Proving that A is G-bounded and there is p € N such that A? is a contraction.
In fact, from (#;)(a) the first part is obvious, now let { € &, then

@), < / IH (s, 0)|| @ (Lgag))wg)uulnE

IA

(ﬁl amgxg m;dg)nums (4.5)

< (B sup 15601, Wl

1€[0,1]

where §; = ess SUP(,c)ea |H; (e, ¢)| < 0o. Again we have

[(AF) W], (/ |HL(c, §)|Iu1<t 5,/ Hi(s,0)Ei(s,0, C:(G)d0)|d5>llul||5

< (ﬂi[ a;

_w%)mmprMmL

/ Hi(s,0)&(s,0,8i(0),)do )||Mi||5,- (4.6)

By induction, one can deduce from (4.6) and (4.5) that

(ﬂ, z)

[(ar0) O], < nwuwMMmL

Page 16 of 21
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Hence,

sup | (A75) 0, =

t€[0,1

B i, sup 0], (@7)
1€[0,1]

Notice that

(,BL l)

lim il =
n—00

And we set

p:min{neN:maX{i:1,2 (Bia)" ll2e; 1l £, <1”
n!

Clearly, p is finite, then

1ATE lloo
APe] = <M- ¢l

In other words, there is p € N such that A? is an M-contraction with

(ﬁlﬂl)p o1 ”51
022l ﬁm*” Iz,

As result, our claim is verified.
Claim 3: Next, let us show that B is G-weakly compact. It suffices us to prove that
B(B(0, 7)) is relatively G-weakly compact. By definition, for all ¢ € (0, 1), we have

B, (B0, 1) (0
O
:{Hi(L)/ —@i(Lyg)gl(g)rQ-Z(g))dg)'Vi: ”{”Gﬁf}, Le[oyl]~
o t+g

Proving now that for each i = 1,2, B;(B(0,7))(1) is weakly sequentially relatively compact
in E;. To this end, let {¢,,}°, = {(¢1,, £2,)}%, be any sequence in B(0, r). From assumptions
(H4)(a) and (H3)(b), it follows that for all ¢ € [0,1]

¢i(1)
|Bitn @], < Hm <L, /
0

+ ‘Hi(t,O)‘] Avillg,

0N
g
0 L+

[0
< |:Li/ 0i(:6,21,(5), £2,(5)) | ds + sup |ITi(e, 0)|] (4.8)
0 t€[0,1]

@i(L¢ gr(ln(g)t CZn(g)) dg) - HL'(LrO)‘
L+ g

@i(tx S gln(g)’ €2n(§)) dg

+ |1'1,'(L,0)[| Mvillg,

“vill,

5[ / 9(;)—d§+ sup | I7; LO)I]IIWIIE,.

1€[0,1]
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< (L8 + sup |1, 0)[) il
1€[0,1]

where § > fol 0:(¢c) ﬁ d¢; this shows that {B;¢,, n € N} is a uniformly bounded sequence in
B;(B(0,7)). As a result, B;(B(0, 7))(¢) is sequentially relatively weakly compact. Next, we will
show that B;(B(0, 7)) is a weakly equicontinuous set for i = 1,2. If we take & > 0, ¢ € B(0,7),

¢ eEf,and i, €[0,1] suchthatt </, /-1 <e,

& (Bic () -Bic (),

#i(0)
= }Hi<L1/ ;@i(hgrgl(g),éé(g)) dg)
0 Y

() /
- ,'(L/,/ ‘ (¢, §,C1(§);§2(§))d§)‘ St (o]
0

U+¢

LAON.
. / Oi(15,¢1(5), 22(s)) ds
0 ts

o)
_/ g@i(t/; S‘,gl(g);;Z(g)) dg‘ ' |§j*(vi)|
0

!’

L6016, 61(0) () - —
+c U+

#i(t)
+ LL' |:/
¢i(1)

L; ( sup
w6 €[0,1],i=t |<e,

(£1,62)€B(0,r)

c (!, 6,01(5), £2(s)) ‘ d§:| | ()|

/

it 6,01(5), £a(s)) ' d§i| | ()|

UV+¢

—— 015, 01(6), 12(5))
L+gG

IA

/

- L—g@i(tl» 6, 21(6):82(s)) D | ()|

U+

#i(V) 1
+Li</ ‘Qi(g) - ‘d§)|fi*(Vi)|
¢i(1) L+g

L
SLZ< sup —@i(L) S‘)(l(g))§2(§))
w6 €[0,1],:— |<é,

L+ g
(£1,62)€B(0,r)

!

- L—g@i(l/, ¢, 41(s), ¢a(s)) D g ()]

U+

+Li( sup {90 - ()]} sup 0] ) e )] (4.9)
L/ €[0,1], cel0,1]
|t/ |<e
Remembering that the functions ©;(,, ¢, {1, ¢>) and ¢; are uniformly continuous on [0, 1],
for each i = 1,2, so £ ((B;¢)(t) — (B;¢)(M'))] — 0 when ¢ goes to ¢'. By applying Arzela—
Ascoli’s theorem [30], we infer that B;(B(0, 7)) is weakly sequentially relatively compact in
E; for i = 1,2, hence B is G-weakly compact on £.
Claim 4: Next, we show that B is G-weakly sequentially continuous. To this end, let

{€,,n € N} be a converging sequence of B(0,7) to a point £ in T settings, then

&,—~& inC([0,1),E;),i=1,2.
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By the boundedness of B;(0,7;) and Dobrakov’s theorem [7], we have
£,) ~&() inE,i=1,2. (4.10)

Combining (4.10), assumptions (H3)(b), (H3)(c), and Dobrakov’s theorem, we obtain

0i(1, 6, E1,(S), E2,(S) =~ ——Oi(, 6, E1(S) Ea(g)) inR.
9 L+g

Now, by using (#3)(b) and the dominated convergence theorem [16], we infer that

(0]
lim L 0i(15,64(<)) de = f L 0i(c,0E(¢)) ds.
S +q

n—00 Jq L+ 0 L

¢i()

The use of assumption (H4)(b) and Dobrakov’s theorem allows us to obtain
(1, 6,(0)) = M;(1,€() inR,i=1,2.
So,
Bi&,(1) ~BE() inE;,i=1,2.
In view of Eq. (4.8), we deduce that (B;&,)en, i = 1,2, is bounded by (L;8 + sup,(o1) [/7i(t,
0)DIIvillg,. Then, by using Dobrakov’s theorem again, we get that B;&, — B;&, hence B is

G-weakly sequentially continuous on B(0, r).
Claim 5: Proving that (¢ = A¢ + Bv, v € B(0,r)) implies ¢ € B(0,7)

ISl = IAC + Byl

_ [suPcro IB1v() + AL (Wl
Sup,cjo,1) [1B2v(t) + Azl ()|,

And we have
|| ;i(t) ||Ei = H </ Hi(g’L)Ei(Lr S gl(g)’ C2(§)) dg) C Ui
0

0N
+Hi<t,/ —g@i(t,g,vl(g), N3)) dg) Vi
0

L+

E;

< /0 IH(s,0|| 240 6,81(6), £(9)) | ds - Nl

0N
Hi (L,/
0 L+g

= (i sup 60 ;) -l + (L6 + sup [ 71,00 )il

1€[0,1] 1€[0,1

+ @i(t,g,w(g), Uz(s‘)) dg)‘ Nvillg;

SO

Li$ + sup,¢jo.1) Ti(,, 0) D[ vill

1-Bia; - uillg

=T

sup |50, =
1€[0,1]
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to put it simply,

IZlle <7

By applying Corollary 3.5, we get that problem (4.1) has a solution in £, and thus the proof
is completed. O
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