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1 Introduction
The fixed point theory is important to numerous theoretical and applied fields, such as lin-
ear and variational inequalities, nonlinear analysis, differential equations and differential
inclusions, the approximation principle, arithmetic of fractals, equilibrium issues, opti-
mization issues and mathematical modeling. In fixed point theory, a fixed point theorem
is a result showing that a mapping I' (either linear or nonlinear) has at least one fixed
point, under a few conditions on I'. The space S involved in fixed point theorems can
come from a variety of spaces, i.e., it could be a metric space, generalized metric space,
normed linear space, uniform space, linear topological space, lattice, etc., while the con-
ditions imposed on the operator I" are generally metric or completeness, or compactness
type conditions. The versatility of Banach contraction principle [11] allows its extensions
and generalizations in different directions. As a mapping need not satisfy the Banach con-
tractivity condition, new contractivity conditions are introduced to solve the problem.
Fixed point theory is also serving at its best for the existence theory of fractional and
integer-order differential equations. The fractional derivative is a so-called generalization
of the ordinary or integer-order derivative. Boundary conditions involved in the mathe-
matical models are very important; among the most important boundary conditions are
integral boundary conditions. Many types of fractional operators are available in the lit-
erature; for more details about fractional differential equations/operators and boundary
conditions, we refer the readers to the articles [1-10, 16, 21, 22, 24—28] and the references
therein.
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In this era, fixed point theory provides a lot of methods for solving the existence problem
in mathematical analysis. For finding the solutions of operator equations of the type

x=Tx, (A)

contractive operators are very important. For finding the solutions of operator equations
(linear or nonlinear) g(x) = 0, the solutions of (A) are very important. Many celebrated
contractive mappings were defined after the Banach contraction mapping. Some of fa-
mous contractive mappings are as follows:

Let (S, d) be a metric space, then a mapping I" : S — § is said to be

(a1) a Chatterjee contraction if there exit y; € (0, %) and Va, b € S such that

d(Ta,Tb) <y, [d(a, I'b) +d(b, Fa)];
(a3) a Kannan contraction if there exist ¥, € (0, %) and Va, b € S such that
d(Ta,I'b) < yz[d(a, Ta) +d(b, Fb)];

(a3) aReich contraction if there exist y3, y4, ¥5 > 0 with 3 + 4+ 5 < 1 such that Va,b € S
one has

d(Ta,I'b) < ysd(a,b) + yad(a,Ta) + ysd(b, I'b);

(as) a Ciri¢ contraction if there are ys, ¥7, s, Yo = 0 with g + 17 + ¥s + 2% < 1 such that
Va,b € S one has

d(Ta,Tb) < ysd(a,b) + y,d(a,Ta) + ysd(b,T'b) + yg[d(a, 'b) +d(b, Fa)].

Remark 1 In the case of a complete metric space (S, d), any self-mapping satisfying any
one of (a;)—(a4) has a unique fixed point.

Many generalizations and extensions of contracting mappings have appeared in the
literature by weakening of the contractive conditions (both for single and multivalued
maps) and also by weakening the structure (topology of the given space); for instance,
see [2—16, 21]. In particular, in [20], Jleli et al. introduced the notion of 6-contractions
and proved a variant of the Banach contraction principle in the setting of Branciari metric
spaces [15]:

Theorem 1 ([20]) Let I : S — S be a self-mapping on a complete metric space (S,d). Sup-
pose there are 0 € © and ¢ € (0,1) such that

Va,beS, d(la,T'b)#0 = 0{d(la,Tb)}<[0{d(ab)}]". (1.1)
Then the mapping ' has a unique fixed point.

Clearly, the Banach contraction principle can be deduced from the above theorem.
Many authors extended this work in various directions. We present the following defi-
nition to make our goal clearer.
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Definition 1 Let E denote the set of all mappings 6 : (0, 00) — (1, 00) satisfying the fol-
lowing conditions:
(E1) 0 is nondecreasing,

(8,) for each sequence {o,} C (0,00), lim,_, o, () = 1 <= lim,,_, ,c @0}, = 07,

0(a)-1 =1

(E3) there exist r € (0,1) and / € (0, 00) such that limy ¢+ =

(84) 6 is continuous on (0, 00),
(Es) 0 is strictly increasing,
(Eg) Ola +p) = 6()d(B), Vo, B € (0,00).

In [23], Parvane et al. gave the idea of a modified 0-contraction (the class of mappings
satisfying E,— &4 is denoted by ©’) and proved related fixed point results. Note that in
[18], the class of mappings satisfying E;, E,, and &y is denoted by €2, whereas in [20] a
similar class satisfying E;—E3 is denoted by ®. However, in [17], the class of mappings,
satisfying 8;—E3 and Eg, is denoted by W, and in [19] the class fulfilling E;, E,, and Eg
is denoted by W,.

The following contractive condition has been defined in [23]:
Definition 2 ([23]) Let I' : S — S be a self-mapping on a metric space (S,d). Then I is

said to be a modified JS-contraction (P-contraction) whenever there are 6 € ® and ¢,

G2, 63, Ga > 0 with ¢1 + 62 + g3 + ¢4 < 1 such that the following condition holds:

0{d(Ta,Tb)} <[0{d(a,b)}]"'[0{d(a, Ta)}]*[0{d®b,Tb)}]"

|: {(d(a,Fb)+d(b,Fa)>”§4 (1.2)
x |6 5 ,

foralla,beS.
The following theorem is a consequence of the above definition.

Theorem 2 ([23]) Each P-contraction mapping on a complete metric space has a unique

fixed point.

In this article, we consider the class of mappings satisfying only condition Es, denoted
by x. First, we present a comparison of this generalization with others by the following
example.

Example 1 If we define 0(a) = e forae (0,00), then 6'(a) = aize‘tl‘z >0 for all a € (0, 00).

Clearly, 0 satisfies 84 and Es, but not E;. Also as 8(a + b) = ¢ @ and O(a)-0(b) = e’%,
we have 0(a + b) £ 6(a) - 6(b). So 6 does not satisfy Eg. Now consider the sequences
{a, = %}%N and {0(a,) = e"ﬁ = € "},en, then clearly lim,,_, o 0(a,) = lim,—. o e = 0 and
lim,,— o0 @, = lim, o % = 0. Hence, 0 does not satisfy E,. We conclude that 6 € x but

XZY, X ZQxZO, x£O and x ¢ W,.

Example 2 In this example we take the usual metric on X = R or on its closed subset of
type [4, b] not including 0, say [100, 10,000]. Define I'(a) = % and 0(¢) = €, then we check
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Graph satisfying equation (1)
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Figure 1 Clearly it satisfies the inequlity (1.2) of Definition 2

Graph shows Banach contraction is not satisfied
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Figure 2 The contractive condition of Banach is not satisfied

that the Banach contractivity condition
d(Ta,T'b) < kd(a,b) foralla,be X and for some k € (0,1)
is not satisfied but (1.1) holds; see Figs. 1 and 2.

The following lemma is an equivalent of the results in [12, Chap. 8, Sect. 1], and in [14,
Proposition 1].

Lemma 1 Suppose 0 € x, then 6 has only countably many discontinuities in R; denote
their set by A.

Turinici in [29] used the idea of d-semi-Cauchy sequence, i.e., a sequence (a,;n > 0) is
d-semi-Cauchy if d(a,, a,,1) — 0 as n — oo. The following proposition will be useful for
the proof of our main results.

Proposition 1 ([29]) Suppose that (a,;n > 0) is d-semi-Cauchy but not d-Cauchy. Further,
let A be a countable subset of R. Then there exist a number n € R{\ A, a rank v(n) > 0,
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and a couple of rank-sequences (m(n1); 1 > 0), (n(ny); ny > 0) with

m <m(m) <n(m), d(@mnp), Gnen)) >0, Y1 =0, (1.3)
n(ny) —m(na) > 2, d@mny), Aniny)-1) <1, Vnz > v(ny), (1.4)
A Am(ny)r Anny)) = n*>  as m — 00, (1.5)
A @n(ny)+hy » An(ny)+hy) —> 1, AS Hy — 00,Yky, kg € {0,1}. (1.6)

2 Main results
In this section we prove fixed point theorems for mappings involving contractions with a
function 6 related to the class x defined above.

Theorem 3 Let I" : S — S be a self-mapping on a complete metric space (S,d). Suppose
there exits 0 € x and I satisfies (1.1). Then ' has a unique fixed point.

Proof The proof of this theorem is included in the next theorem. O

Theorem 4 Let I : S — S be a self-mapping on a complete metric space (S,d). Suppose
there exits 0 € x and I satisfies (1.2). Then I has a unique fixed point.

Proof Letag € S be an arbitrary point. Consider a sequence {a,},cn in S, defined by a,,,; =
la,.1Ifa,., = a, forsome n, thena, € Sisafixed point of I'. So we assume a,,,; #a, Vn >0
and consider, using (1.2),

6)(d(ran—h Fﬂ,,,)) =< [Q{d(an—lr an)}]gl [9 {d(an—ly Fan—l)}]g2 [e{d(an) Fan)}]g3

i (d(an_l,Fan)+d(an,l“an_1))”“
x |0 5 ,

H(d(rﬂn—lr F('ln)) = [e{d(an—l’ ﬂn)}]gl [0 {d(ﬂn—lr an)}]gz [e{d(dm an+1)}:|§3

i <d(ﬂn_1,6l,,+1) +d(6l,,, ﬂn)) 1
x |6 )
L 2 _ (2.1)

e(d(rﬂn—h rﬂn)) = [Q{d(ﬂn—l: an)}]gﬁgz [e{d(am drul)}]gB
i d(an—l; ('ln) + d(ﬂm ﬂm—l) 1
| < 2 )

0 (d(Fa,,_ly Fan)) < [Q{d(an_l, dn)}]§1+§2 [9 {d(ﬂm 61;14—1)}]3-3
X [Q(max{d(an_hﬂn)»d(“n’ﬂn+1)})]§4'

’

Ifd(a,-1,a,) < d(a,,au1), then (2.1) gives
0 (d(ran—l, Fﬂn)) =< [9 (d(ﬂn—ly ﬂn))]§1+§2 [0 (d(ﬂm ﬂm—l))]gs [0 (d(ﬂm ('ln+1))] §4r
which implies

0 (d(&l”, dn+1)) e < [9 (d(ﬂn—l, ﬂn))]§1+§2 ,

e(d(am ﬂn+1)) =< [9 (d(an—l: ﬂn))] 151?;5%_4 < Q(d(ﬂn—ly an))¢
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which is contrary to our supposition. Therefore we have d(a,,, a,.,1) < d(a,-1,4,), and then
we get

( S1+62+54 "

0(d(an an1)) < [0(d(ao,a1))] = (2.2)

Since d(a,, ans1) < d(a,-1,ay), {d(a., a,41)} is a decreasing sequence which is bounded
from below. So there exists g € R such that

lim d(a,, an.1) =g > 0. (2.3)

n—00

If p > 0, then from (2.1) we have

e(d(r‘an,l,l“a,,)) =< |:6{d(('lnflr"W)}]gﬁg2 [Q{d(an,an+1)}]§3
x [Q(max{d(ambdn),d(“n:‘ln+1)})]§4’

using (2.2) gives

Q(d((l,,,, an+1)) = [9 (d(ﬂn—ly dn))]gl [9 (d(an—l’an))]g2 [9 (d(ﬂnr an+1))]§3
X [e(d(ﬂn—l¢an))]§4y

S1+62+64

Q(d(an: ﬂn+1)) = [e{d(an—l: ﬂrz)}] e < Q(d(anflr an)),

as 0 fulfills (Es), then
d(an, an1) < d(@n-1,an),
so passing to the limit as # — oo gives a contradiction, thus g = 0 and hence
lim d(a,,a,.1) = 0. (2.4)
n—0oQ
As 6 satisfies (E5), 0 has a countable set A of discontinuity points by Lemma 1. Now to
prove that (a,) is a Cauchy sequence, to the contrary we assume that {a,} is not a Cauchy
sequence. Therefore, using Proposition 1, there exist a number & € R{\ A, arank p(§) > 0,

and couple of rank sequences {m(p): p > 0}, {n(p) : p > 0} such that

A(@mp), anpy) > &, Yp = 0and n(p) > m(p) > p, (2.5)

d(ﬂm(p), an(p)—l) = Er for Vl(ﬂ) - Wl(,O) > 2and o= Io(g) (26)

Then, using Proposition 1 and (2.4)—(2.6), we have

i e ani) =& 7
and
K d(o(pyeky Anio)sks) = €5 ki, ky € {0,1). (2.8)

p—> 00
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From (2.2),

S1+62+64

Q(d(ﬂm(p)ﬂy an(p)ﬂ)) = [Q{d(dm(p), an(p))}] ) Vp=>0. (2.9)
Taking the limit as p — 0o and using the chosen £ € Rj\ A, (2.9) gives, using (2.7) and
(2.8),

S1+62+64

lim G(d(ﬂm(p)Jrl: ﬂn(p)+1)) =< pli)rlgo[g{d(am(p);ﬂn(p))}] T-ca ’

pP—>00

thus, as 0 is continuous at &,

S1+62+64

0() < [0(6)] T <6(8),

which is not true. Hence {a,} is a Cauchy sequence in S. As S is complete, there exists
a € Ssuch thata, — aasn — o0, i.e., lim,_, o, d(a,, a) = 0. Now we prove that a = 'a. For

this, consider
0(d(Ta,-1,Ta)) < [0{d(a,-1,a)}]" [0{d(@-1,Ta,1)}]7[0{d(a Ta)}]”

d(a,_1,Ta) +d(a,Ta,_,) st
[ (e

G(d(an, Fa)) < [Q{d(an_l,a)}]gl [6’{41(01,,_1,61,1)}]§2 [G{d(a, I‘cz)}]g3

d(a,_1,Ta)+da,a,) o4
<Jef (T

Set Y = {d(a,_1,a),d(a,_1,a,),d(a,Ta),d(a,_1,Ta),d(a,a,)}. Then for max Y < d(a,Ta),
(2.10) gives

(2.10)

0(d(anTa)) < (0(d(a,Ta)))" """ <0(d(a,Ta)),
d(a,,Ta)<d(a,Ta), sincef € yx,

d(a,Ta)<d(a,Ta), asn— oo,
which is not true. Now if max Y < d(a,_1,'a), then (2.10) gives

0(d(anTa)) < (0(d(@y-1,Ta)))" """ <0(d(ay-1,Ta)),
d(a,,Ta) <d(a,_1,Ta), sincef € yx,

d(a,Ta)<d(a,Ta), asn— oo,
which again is not true. Now if max Y < d(a, a,), then (2.10) gives

0(d(anTa)) < (0(d(@ an)))™ """ <0(d(a, an)),
d(a,,Ta) <d(a,a,), sincef €y,

d(a,Ta) <0, asn— oo,
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which implies

d(a,Ta)=0,

I'a=a.
Similarly, for max Y < d(a,-1,a,) and max Y < d(a,-1,a), (2.10) gives 'a = a. Hencea € S
is a fixed point of I". For the uniqueness of the fixed point of I', let a,b € S be two fixed
points of I such that a # b. Using (1.2),

0(d(Ta,T'b)) < [0{d(a,b)}]" [0{d(a,Ta)}]**[0{d(b,Tb)}]"

d(a,T'b) +d(b,Ta) s4
(]

0(d(a,b)) < [0{d(a,b)}]"' [0{d(a.a)}]*[0{d(b,b)}]"

d(a,b) + d(b,a) o4
(=)

0(d(a,b)) < [6(d(a,b))|"™* <6(d(a, b)),

which is not true. This proves the theorem. 0

Corollary1 LetT : S — S beaself-mapping and (S, d) be a compact metric space. Suppose
thereis 0 € x and T satisfies (1.2). Then I' has a unique fixed point.

Proof The proof of this corollary is a direct consequence of Theorem 4, because it is well
known that if S is compact then S is complete. Hence (S, d) is complete. Therefore, I" has
a unique fixed point in S. d

Example 3 Let (S,d) be a metric space with metric
d(a,b)=|a-b| foralla,bes,

where S={a,=1+3+5+---+ (2n—1) = n?: Vn € N}. Define a mapping I' : S — S by

1
IF'a=-, forallaes.
a

Let ag € S be an arbitrary point. Consider a sequence {a,},cy in S, defined by a,,1 = I'a,.
Clearly, (S,d) is a complete metric space. To check whether I' is a Banach contraction or

not, we write, for 1 <m < n,

d(Fﬂn: Fam) =|T'a, - Tapul,
d(rdn’ de) = |“n—1 - am—lly

dTa,Ta,)= |(n -1)?-(m-1)?

dTa,Ta,)< |n2 - (m - 1)2|, sincen—1<mn,

’

dTa,Ta,) < |(m -1)? - n?
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dTa,Ta,) < |m2 -n?

, sincem—1<m,

d(Ta,,Ta,)< ‘nz —m?

)

d(Fam Fam) < |an - am|'

Hence T" does not satisfy the Banach contractivity condition. Now to check whether I"
is a modified JS-contraction or not, consider the strictly increasing function 6 : (0, 00) —
(1,00) defined by 6(t) = e*. For some &1, &2, {3, ¢a € [0,1) with &1 + &2 + {3 + {4 < 1, one has

G(d(Fa,,, Fam)) = [9 (d(a,,,am))]C1 [(9 (a’(Fa,,,a,,))]Q [9 (d(Fa,,,,a,,,))]§3

d(an,Tay) + d(TCan, an)\ 1%
(e [

ed(rﬂnxrﬂm) < efl d(“n:ﬂm)e{Zd(ran:an)eQd(rﬂmﬂm) e% (d(an,Tam)+d(Tan,am))

7
ellan=Tam| — tilan—am|+Eo|Tan—an|+i3lam=Tam|+ %4 (lan=Tam|+|Tan—am|)
i )

2

1 2,2 2_1 2_1 ta 1 2_1
- -— nc—-me |+ |n°— = |+ 3Im° - = |+ 5 (|n°— = |+|m*— =
| 2 m2‘ Eehl [+82l n2| 3l m2| 2(| m2| | nz‘),

m2—n2

2 2 21, %4 (1,2 2
elem o | < enln [+&2|n?|+¢3lm® |+ 5 (In*|+|m I),

2,2
nt—m* 2 2 20, 84 (1214152 )
el 2 | < eb1lnTI+ealn®l+gsln |+ 55 (07| +1n I)’ since m < n,

n* —m? )

— o | <@+ o+ 3+ 4)|r,
n

n? — m?

— <O +hH+ i3+

m?n
2 2 2 2

Clearly, “5¢ > 0, for m < n. Hence 0 < “5"% < {1 + {2 + {3 + {a < 1. Hence T satisfies all

the conditions of Theorem 4. Therefore, I" has a unique fixed point in S, thatis, 1 € S is
such that I"(1) = 1.

Remark 2 (1) Assuming ¢, = ¢3 = ¢4 = 0 in Theorem 4, we obtain Theorem 2.1 of [20].
(2) Taking 6(a) = e* and ¢4 = 0 in Theorem 4, Reich contraction (a3) is obtained.
(3) Taking 6(a) = eV? and 61 = ¢4 = 0in Theorem 4, Theorem 2.6 of [17] is obtained.
(4) Taking 6(a) = e¥4 in Theorem 4 gives Corollary 2 of [23].

3 Modified weak JS-contractions
In this section we prove fixed point theorems for mappings involving contractions with a
function 6 € yx as defined above and a function § € g as defined below.
Let k be the class of mappings ¥ : [1,00) — [0, 00) satisfying the following conditions:
(k1) © is continuous,
(k2) (1) =0,
(k3) for each {z,} C (1,00), lim,_, o ¥(z,) =1 & lim,_, c 2,, = 0.
The class « was introduced in [23]. By using class «, Parvane et al. in [23] proved the

following theorem.

Theorem 5 Let (S,d) be a complete metric space. Let I' be a self-mapping on S such that
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(i) T is a weak JS-contraction,
(ii) T is continuous.
Then T has a unique fixed point.

We introduce a new large class ¢ of mappings 8 : [1,00) — [0, 00) satisfying only (k7).
First, with the help of an example, we show that this class is larger than «.

Example 4 Consider the set of polynomials of order at most n, {P,(a)|P,(a) = co + c1a +
ca® + - +c,a",c; € R*} C o because P,(a) satisfies (01). For example, a function P5(a) =
a’ +3a—1 € g, but it does not belong to class « because § only satisfies (1) but not either
(ic2) or (k3). Hence k C o, but o ¢ k.

Definition 3 Let (S, d) be a metric space and I" be a self-mapping on S. Then I is called
a modified weak JS-contraction if for all @, b € S, T satisfies

d(Ta,Th)>0 = 0(d(T'a,T'b)) <06(d(a,b))-5(6(d(a,b))), (3.1)
where 6 € x and § € o.

Theorem 6 Let (S,d) be a complete metric space. If T satisfies (3.1), then T has a unique
fixed point.

Proof Let ag € S be an arbitrary point. Consider a sequence {a,} defined by a,,,; =T'a, =
[May. Without loss of generality, suppose a,,1 # a, Vin > 0. As I satisfies the modified
weak JS-contractivity condition,

0 (d(am an+1)) = 0 (d(ﬂn—lr an)) -4 (0 (d(f'ln—lx "ln)))’
0 (d((,l,,,, an+1)) =< 0 (d(ﬂn—ly an)) - 8 (6 (d(ﬂn—l: ﬂn))) <0 (d(ﬂn—h an))’ (32)
0 (d(anr an+1)) <0 (d(an—h an)) .

As 0 is an increasing mapping,
d((l,,,, an+1) < d(an—h an)~

Clearly, {d(a,,a,.1)} is a decreasing and bounded below sequence. Then 3 & > 0 such that
lim d(a,, a..1) = a.
n— o0

Letting 0 < 4 and using (3.2),

0 (d(dm ﬂn+1)) =< 0 (d(“n—ly ﬂn)) -4 (9 (d(an—ly f'ln)))¢
0 (d(am An+l )) <6 (d(an—l» aﬂ))y
d(an, due1) < d(a,-_1,a,), because 0 is strictly increasing

lim d(a,,a,.1) < lim d(a,_1,a,),
n—oQ n—0oQ

a<dao,
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which is not true. So @ = 0 and hence

lim d(a,,a,.1)=0. (3.3)
As 6 fulfills (E5), by Lemma 1, 6 has a countable set of discontinuity points, say A. Also
assume that the sequence {a,} is not a Cauchy sequence, then let a number & € (0, 00)\ A,
arank p(£§) > 0, and couple of rank sequences {m(p) : p > 0}, {n(p) : p > 0} be such that
Proposition 1 holds. Then

lim d(am(p)r an(p)) = Er (34)
p—00
plinolo d(ﬂm(p)+k1’“n(p)+k2) = Sx Vkl: k2 € {0! 1} (35)

Using a modified weak JS-contraction and letting p — oo,

lim 0(d(@m(p)s1r An(oys1)) < pli_)rgoe(d(am(p),an@))) = 1im 8(0(d(@mp)s anp))))-

p—>00 p—>00

Using the fact that we chose & € (0,00)\ A, the function 6 is continuous, and using the
continuity of § gives

9( lim d(“m(p)ﬂ: an(p)ﬂ)) < 0 (pll)rgo d(“m(p): an(p))) -4 (‘9( lim d(am(p): ﬂn(p))));

p—> 00 p—>00

from (3.4) and (3.5), the above relation gives

0(5) <6(5)-8(6(%)), (3.6)
0(5) <6(5)-8(0(5)) <0(6), (3.7)

which is not true. So our supposition is wrong and {a,} is a Cauchy sequence. Using the
fact that (S, d) is complete, 3 a € S such that a,, — a. That is,

lim d(a,,a) =0. (3.8)

n—00

For a € S to be a fixed point, we observe that

8(d(an1, Ta)) < 6(d(ana)) - 5(6(d(an a))),
0(d(an1,Ta)) < 0 (d(an a)),

(a1, Ta) < d(a, a),

lim d(a,.,Ta) < lim d(a,,a),

d(a,Ta) <0,

d(a,Ta) =0,

Ia=a.
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Hence, a € S is a fixed point of I". For the uniqueness of the fixed point, suppose on the
contrary that a fixed point of I is not unique. Let a,b € S be fixed points of I' such that
a#b. ThenT'a = a and I'b = b. Using a modified weak JS-contraction gives

6(d(T'a, T'b)) < 0(d(a, b)) - 5(8(d(a, ),
Q(d(a, b)) < Q(d(a, b)) - 8(9 (d(a, b))) <0 (d(&l, b)),
6(d(a,b)) < 6(d(a, b)),

which is a contradiction. So our supposition is wrong and hence the fixed point of I is
unique. |

Example 5 Let S = (0,00) be a nonempty setand d: S x S — [0, 00) a metric defined by
d(a,b)=|a-b| foralla,bes.
Consider two mappings § € o and I'" : S — §, respectively defined by
8a =In(a),
a
'a=cos—.
90
Take 6 € x such that 6(t) = e’. Now Va,b € S,

0(d(T'a,T'b)) = /1),
(3.9)
0(d(Ta, b)) = el S0 %,

By the mean value theorem, there exits at least one ¢ € (g7, &) such that | cos & — cos b

) 907 90 90 %'
< |55 — 95! From (3.9),

(3.10)

=

la—

0(d(Ta,Tb)) <e ™ .

>
[7;}
o
g
IA
Q
Q
[
R
<
Q
VvV
L
e
@]
8
w
=
S
=
(¢}
o
@
-t

< e’ —d(a,b),

Therefore, I" satisfies (3.1). Hence I" has a unique fixed point, i.e., using an iterative se-
an

quence d,,; = I'a, = cos g5 with an initial guess a € (0,00) gives the fixed point a, ~
0.999938 € Sfor I.

In the next section, solution of a nonlinear BVP is discussed by using our main results.

Page 12 0of 19
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4 Applications in nonlinear boundary value problems
In this section we consider the following fractional order boundary value problem:

(5D u) (@) = F (u(®),t), 1<a<2,t€l0,1], (4.1)

with boundary conditions

1
W0 =0, W)=y /0 u(x) dx., 4.2)

where F :[0,1] x R — R is a continuous function and 1 > 0.

Lemma 2 Assume that k € (C[0,1],R). Then the solution of the following linear AB-
Caputo BVP:

(45D u) () =K(t), l<a=<2te[0,1], (4.3)

with boundary conditions (4.2), is given by

1
u(t) = 8(¢) + /0 G, )K(x)dx,

where

2(2 - @)K (1)

0= Be-nE-n

, (2-n) #0, n e R"\{2},
and
1
/0 Glt, K () dx

e @@ - MR- T (@ + (@ - V(e - )
+ 2t{—a(a — 1)2(1 - x)*?

= +1(1 = x) (@l (@)2-a) + (@ -1)1 - x)* ™}, 0<x=<t
m R2#{—a(a - 1)*(1 - x)*2
+ (1= x)(elN(@)2-a)+(@-1)1 - x)* )}, t<x <Ll

Proof Using [1, Prop. 3.1], we get

i} Q- [ Gt Y
u(t)—c1+czt+B(a_1)/O [<(X)dX+B(a—1)l"(a)/o (t— ) K(x)dy (4.4)
and
’ _ (2 - 0{) (O[ - 1)2 ¢ =2

Using u(0) = 0 implies ¢; = 0. Putting the value of ¢; into (4.4), we get

(C( - l) ! a-1
PR /0 (6 - ) K(x) dx. (4.6)

Q2-a) [*
u(t):Czt‘l'm/o I((X)dX+B(
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Now using u/(1) = n fol u(x)dy in (4.5), we get

- 2-a) (o w2 1
R PR TR m/(l x) 1<(x)dx+n/ u(x)dx.

Putting the value of ¢, into (4.6), we have

B 2-a) (¢ —1)%t 1 a2 1
u0) =~ s tk) - g s [0 K G e [ utod

2-a) [* (—1) t
* 3 ), KO 3o @ )

(t— ) 'K dx.
Letting A = fol u(x)dx, we deduce

1
A:/0 u(t)dt

_(2-a) ! (@ —1) o2
= _l)K(l)/ td Bl = l)F /f K(x)dy dt

+’7/ / tu(x)dxdt+B(2 _“1))/ /I((X)dxdt

(“ l)a)/ /(t ) K () d dt

~ (2 a) 1 (-1 1 (1 w2 nA
" Ba-1 25V 3G o 1)r(a)§/(1_X) Koddx+ =

T — (2 “) f (1- x1<(x)dx+3($‘_7”/ (1 - 0K (x)dx dt

(2 - (X) (0[ _ 1)2 R
=-—————K(1) - — ) 2K d
2= mBa-D Y 2 pBa-Dr@) /o (1=K (x)dx

2(2 - oz)
v [ ok G0dx
2(a 1)
(2 n)B(a — 1)aTl («

/ (1 - )*K(x)dx.

Putting this value into (4.7), we get

_ (2-a) (oe 1)2 o2
u(t)——B(a_l)tK - a)f (1 - 02K (x
__n2-a) nt(a —1) .
(2—17)B(oe—1)1((1) (2 - 1n)Bla - l)F(a)/(l X)* K (x)dx

_ 1
st [ a-oKGodx

nte2(a — 1) .
(2-n)B(a - 1)aF(a)/(1 X)*K(x)dx}

(2—0{) C( 1) a—1
+B(oz—1) | K(X)dx 1)1_‘(0[)/(t x) T K(x

(4.7)

Page 14 of 19
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After simplification, we get

. 2-0a) (= 1)%t 1 w2
) =~ tk) - s [ - 0K Go
nt(2 - ) nt(o — 1)2 a2
T2 nBa-D YT @B / (=% Kix)ax
22 - 1
ot [ a-oKGodx
nt2(a — 1) e
T 2Bl -1al(@) Jy VKO dx)
2-a) (oz 1) a1
+B(a—1),/K( VX Ba—Dr@ Jo =K
22 -«w)
= Bla-na-n~<W
1 ‘ a-1
+ mj; {@-a)l (@) + (@ = 1) - ) }K(x)dx
Zt ! 2 a2
* @M@ D@ J, e V-0
+n(1 = ) {al(@)(2-a)+ (@ - 1)1 - )" }K() dx
1
50+ f Glt, OK(x) dx»
0
where
5(0) = —l%ﬂ((l)
and

1
/0 Glt, K (x) dx

e @@ - M@ - @ (@) + (@ - D(E - ")
+ 2t~ — 1)2(1 — x)*2

=1 +n(l- )l (@)2-a)+@-1)1-x)* ), 0=<x=¢
e et (24— (@ = 1)*(1 - x)*?
+ (1= )@l (@2 -a) + (@ - 1)1 - x)* )], t<x=1,

proving the lemma.

Finally, we have

1
ult) = 5(0) + /0 Gt 0F (1), x) dx.

Suppose F and G satisfy the following conditions:

Page 15 0f 19
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(C1) O[IF (u(2),t) — F (w(2), )] < O[|u(t) — v(¢)|]; we will take 0(£) = €’ in this paper as a
special case.
(C2) max|G(t, x)| < B for some B € (0, 1).

Theorem 7 If F and G satisfy (C1) and (C2), then the unique solution of problem (4.1)
with boundary conditions (4.2) exists.

Proof Define IT: W — W by

1
() = 8(6) + /0 Gt OF (1), x) dx.

Clearly, the fixed point of IT is the solution of given problem (4.1)—(4.2).
To find the fixed point of IT, we will show that it satisfies all the conditions of Theorem 3.
For this purpose, consider

N@)-nO) _ e\{é(t)ﬁbl Gt )F (0),x) dx )10+ fy Gt x)F (@(x),x) dx)

— e\fo1 Gt (0.x) dx—fy G x)OF ()3 dx|
= ol Jo GO @000 dx=F ()} dx|
< B Jo WF@OOX0-F WG00Ndx

which finally gives us

M-I < [euu—vu]ﬁ,

or equivalently
6[d(M(w), 1(v))] < (6[d(,v)])".

Hence all the conditions of Theorem 3 are satisfied, so we obtain the existence of a unique
solution of the fractional boundary value problem (4.1)—(4.2). |

4.1 0-Ulam stability
In this section we define 8-Ulam stability of the given FBVP to ensure that our solution is
stable.
We have
|G(t,)()| <pB forsome g >0. (4.8)

Definition 4 The fractional BVP (4.1)—(4.2) is 6-Ulam stable if there exists a positive
function A such that for each € > 0 and for each solution 9 (¢) € C([0, 1], R) of

0[] (55D v) () - ¢ (69 (®)|] <€, forallte 0, T], (4.9)
there exists a solution v(¢) € X of (4.1)—(4.2) such that

0[|9(®) - v(@®)|] <Ale), foralltel0,T]. (4.10)
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Remark 3 A function v(£) € X is a solution of (4.9) if and only if there exists a function
T € X such that

(i) |z()] <e,foralltel0,T],

(ii) (GBCDv)(t) = F (t,9(t)) + T(¢), for all £ € [0, T].

In the next theorem, we find conditions under which the solution of the given fractional
BVP (4.1)—(4.2) is 6-Ulam stable.

Theorem 8 Assume that a function ¢ : [0,T] x R — R is continuous and satisfying
(C1)—(C2). Then the solution of the fractional BVP (4.1)—(4.2) is 0-Ulam stable.

Proof Suppose v(t) € X is any solution of (4.9). Then from Remark 3,
(‘(‘)“BCD" U)(t) =C (t, v(t)) +1(t), forallte[0,T].
Now using Theorem 7, we can write
T T
v(t) = o(t) + [ vt %)((t, U(%)) dx+ / Y (t, 30)T(30) d s,
0 0
which implies

T
v(®) - olt) - /0 V(6,5 (6, 0(9)) dx| < pe, (4.11)

where w is defined in Remark 3.
Now assume ¥ (£) € X is a unique solution of the fractional BVP (4.1)—(4.2). We consider

VOO _ Ju@-00)-f 16298 (69 (0) dx]

< elvO-0O-J§ Vit twGdsel i ¥t (t0(0) die- R

and from (4.11) we get
lVO-P O] < gBe BILO-D ()

Now taking the supremum over ¢ € [0, T], we get
elv=?1l < gBegBlv-vl

which implies
eIV < B+a-1 _ 5 (o),

where A(¢) = 191 Hence the fractional BVP (4.1)—(4.2) is 8-Ulam stable. O
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5 Conclusion

The first section of this article was of introductory nature, whereas in the second section,
the existence and uniqueness of a fixed point of a mapping satisfying the JS-contractivity
condition was proved. This has been proved using a strictly increasing function 8 € x, in
the setting of a complete metric space. An example which supports the main result of the
second section has been established, in which an example of a function 6 has been taken
which satisfies only the condition of our class and not of other classes. In the third section,
the existence and uniqueness of a fixed point of the mappings satisfying a modified weak
JS-contractivity condition has been proved, in which a function § € g is used along with
a function 0 € x. Another example has been given to validate all the conditions of Theo-
rem 6 in this section. In the last section of this paper, the existence results of a nonlinear
ABC-fractional order BVP with integral boundary conditions have been proved. At the
end, 6-Ulam stability has been introduced and used to establish the stability of an ABC-
factional order boundary value problem. The results of this article use weaker assumptions
than the existing results in the literature.

Modified JS-contractions have been studied primarily in the context of metric spaces.
However, there is room to extend these contractions to more general spaces, such as partial
metric spaces, quasimetric spaces, and fuzzy metric spaces. This could lead to new results
and applications in various areas such as nonlinear analysis.
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