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Abstract
In this paper, a kind of bivariate Bernoulli-type multiquadric quasi-interpolation
operator is studied by combining the known multiquadric quasi-interpolation
operator with the generalized Taylor polynomial as the expansion in the bivariate
Bernoulli polynomials. Some error bounds and convergence rates of the combined
operators are studied. A selection of numerical examples is presented to compare the
performances of the obtained scheme. Furthermore, our method can be applied to
time-dependent differential equations. Its advantage is that the algorithm is very
simple and easy to implement.
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1 Introduction
Although the interpolation method is a classical approximation method in numerical
mathematics, the interpolation matrix quickly becomes ill-conditioned with the number
of interpolation nodes increases. To overcome this problem, quasi-interpolation method
was confirmed that it does not solve linear algebraic equations and can achieve the desired
convergence order. For a set of nodes � = {q1, . . . , qn} ⊆R

d , real functional values {f (qj)}n
j=1

and quasi-interpolation basis function �(q), the quasi-interpolation (Qf )(q) takes the fol-
lowing standard form by linear combination

(Qf )(q) =
n∑

j=1

f (qj)�(q), q ∈R
d.

For the nodes of the uniform grid with spacing h, Rabut [1] constructed the following
quasi-interpolation operator based on the theory of principal shift-invariant spaces (see,
e.g., [2])

(Qf )(q) =
∑

j∈Zd

f (jh)�
(

q
h

– j
)

, (1)
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where the basis function � of the quasi-interpolation is considered as a compactly sup-
ported or rapidly decaying function. In [3], by using a simple generator �0 and recursively
defines generators �1,�2, . . . ,�m–1 with corresponding quasi-interpolants defined as (1)
reproducing polynomials of degrees 3, 5, . . . , 2m – 1 respectively, Bozzini et al. introduced
a procedure in spaces of m-harmonic splines in R

d . In [4, 5], the Strang-Fix condition is
regarded as a sufficient and necessary condition for polynomial reproduction and conver-
gence order of quasi-interpolation. By using the Strang-Fix condition for � , several schol-
ars, for example, Buhmann et al. [6], Dyn & Ron [7], Wu & Liu [8], and Wu & Xiong [9]
constructed quasi-interpolants on the scattered data, which reproduce polynomials. We
will discuss the bivariate multiquadric quasi-interpolation operator, which can reproduce
higher degree polynomials in this paper.

Interpolation method based on radial basis function is an important tool in practical
application. In 1971, Hardy [10] studied the multiquadrics as a kind of radial basis func-
tion. A review by Franke [11] suggested that the multiquadric interpolation is one of the
best methods among some 29 interpolation methods in respect of accuracy, efficiency, and
easy implementation. Micchelli [12] proved the existence of the solution of the associated
multiquadric interpolation problem in 1986. Buhmann [13] investigated the accuracy of
quasi-interpolation for infinite regular grid data in 1988.

In 1992, through shifts of the multiquadric basis function of first degree on finite scat-
tered data, Beast and Powell [14] first studied a univariate quasi-interpolant. Wu and Sch-
aback [15] introduced a modified univariate multiquadric quasi-interpolant reproducing
polynomials of degree no more than 1. Recently, many works have been researched on this
subject, see for example [16–22].

In 2005, by using the dimension-splitting technology, Ling [23] extended the univari-
ate quasi-interpolant to bidimensional case. Feng et al. [24] and Wu et al. [25] improved
the approximation order of the bivariate quasi-interpolant. In 2018, Feng et al. [26] con-
structed the quasi-interpolation scheme for arbitrary dimensional scattered data ap-
proximation. In 2019, to overcome numerical solution of high-dimensional shockwave
equations, Zhang et al. [27] proposed the bivariate dimension-splitting multiquadric
quasi-interpolant. In 2022, Li et al. [28] introduced the bivariate multiquadric quasi-
interpolation(MQQI) on the gridded data for solving 2D sine-Gordon equations. Recently,
some scholars have made progress in the interesting application [29–32]. Numerical ex-
amples verify the effectiveness and high accuracy of the method. However, the conver-
gence orders of their bivariate multiquadric quasi-interpolation operators are low.

To increase the accuracy of the multiquadric quasi-interpolation method on the in-
teresting applications, our paper is to present a kind of bivariate multiquadric quasi-
interpolation operator with higher accuracy for gridded data. In the paper, we combine
the multiquadric quasi-interpolant (see, e.g., [27]), with the generalized Taylor polyno-
mial as the expansion in the bivariate Bernoulli polynomials.

The rest sections of this paper are organized as follows. In Sect. 2, we recall the general-
ized Taylor polynomial of degree (m, n) and give new results on the error of approximation
that will be used later in the paper. In Sect. 3, we apply previous results to derive a kind
of bivariate Bernoulli-type multiquadric quasi-interpolation operator, and get their con-
vergence rates. In Sect. 4, we give some numerical tests to investigate that the constructed
operators are able to compare the approximation capacity of our new operators, providing
high accuracy. Finally, conclusions and future work are arranged in Sect. 5.
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2 The generalized Taylor polynomial of degree (m, n)
The generalized Taylor polynomial is an expansion in Bernoulli polynomial of degree
(m, n). We retrospect some results from [33] and [34]. Univariate Bernoulli polynomials
are defined by means of the following relations [35]

⎧
⎪⎪⎨

⎪⎪⎩

B0(x) = 1,

B′
n(x) = nBn–1(x), n > 1,

∫ 1
0 Bn(x) dx = 0, n ≥ 1.

(2)

For a given function f ∈ Cm[a, b], m ≥ 1, the following univariate Bernoulli-type interpo-
lation formula is given by [34]:

f (x) = Bm[f ; a, b; h](x) + Rm[f ; a, b; h](x),

with

Bm[f ; a, b](x) = f (a) +
m∑

i=1

Si

(
x – a

h

)
hi–1

i!
�hf (i–1)(a), (3)

where h = b – a,

Si

(
x – a

h

)
= Bi

(
x – a

h

)
– Bi, (4)

�hf (i–1)(a) = f (i–1)(b) – f i–1)(a), 1 ≤ i ≤ m, (5)

Bi = Bi(0) denotes the Bernoulli numbers, and Rm[f ; a, b; h] denotes the remainder term.
Suppose that I = [a, b] × [c, d] is a rectangular domain in the plane R

2. Let us denote by
C(m,n)(I) the space of functions f : I →R2 with continuous partial derivatives

f (i,j)(x, y) =
∂ (i+j)

∂xi∂yj f (x, y), (x, y) ∈ I,

for all (i, j), i = 0, 1, . . . , m, j = 0, 1, . . . , n.
We denote h = b – a, k = d – c, and from the operators [34] it follows:

�(h,0)f (x, y) = f (x + h, y) – f (x, y),

�(0,k)f (x, y) = f (x, y + k) – f (x, y),

�(h,k)f (x, y) = �(h,0)�(0,k)f (x, y)

= �(0,k)�(h,0)f (x, y)

= f (x, y) – f (x + h, k) + f (x + h, y + k) – f (x, y + k).

For a given function f ∈ C(m,n)(I), the polynomial approximation term Bm,n[f ; a, b; c, d; h,
k](x, y) is the Bernoulli-type polynomial of degree (m, n) with variables x, y, obtained by
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the following formula [34]:

Bm,n[f ; a, b; c, d; h, k](x, y)

= f (a, c) +
m∑

i=1

�(h,0)f (i–1,0)(a, c)
hi–1

i!
Si

(
x – a

h

)

+
n∑

j=1

�(0,k)f (0,j–1)(a, c)
kj–1

j!
Sj

(
y – c

k

)

+
m∑

i=1

n∑

j=1

�(h,k)f (i–1,j–1)(a, c)
hi–1kj–1

i!j!
Si

(
x – a

h

)
Sj

(
y – c

k

)
,

(6)

where Sk , k > 1 are given in (4).
As in the one-dimensional case [36], we also call the polynomial approximant Bm,n[f ; a, b;

c, d; h, k](x, y) the generalized Taylor polynomial of degree (m, n). It can be derived from
a nice property of this operator: its limit when h → 0, k → 0 is the well-known Taylor
polynomial of degree (m, n) of f about point (a, c) [37]:

lim
h,k→0

Bm,n[f ; a, b; c, d; h, k](x, y) = Tm,n
[
f ; (a, c)

]
(x, y),

where

Tm,n
[
f ; (a, c)

]
(x, y) =

m∑

i=0

n∑

j=0

(x – a)i(y – c)j

i!j!
f (i,j)(a, c).

Moreover, the polynomial Bm,n[f ; a, b; c, d; h, k](x, y) satisfies the following interpolation
conditions [34]:

Bm,n[f ; a, b; c, d; h, k](a, c) = f (a, c), (7)

�(h,0)Bm,n[f ; a, b; c, d; h, k](i,0)(a, c) = �(h,0)f (i,0)(a, c), 0 ≤ i ≤ m – 1,

�(0,k)Bm,n[f ; a, b; c, d; h, k](0,j)(a, c) = �(0,k)f (0,j)(a, c), 0 ≤ j ≤ n – 1,

�(h,k)Bm,n[f ; a, b; c, d; h, k](i,j)(a, c)

= �(h,k)f (i,j)(a, c), 0 ≤ i ≤ m – 1, 0 ≤ j ≤ n – 1.

Theorem 1 (See, [34]) The degree of exactness of the operator Bm,n[·] is (m, n), i.e., for each
bivariate polynomial p ∈ P

(m,n).

According to [34], for a given function f ∈ C(m,n)(I), I = [a, b] × [c, d] (a < b, c < d), we
have the bivariate Bernoulli interpolation formula:

f (x, y) = Bm,n[f ; a, b; c, d; h, k](x, y) + Rm,n[f ; a, b; c, d; h, k](x, y), (8)

where Rm,n[f ; a, b; c, d; h, k](x, y) is the remainder term.
Note that the generalized Taylor polynomial Bm,n[f ; a, b; c, d; h, k](x, y) can be extended in

a natural way to the whole real plane. To study bounds for the remainder Rm,n[f ; a, b; c, d; h,
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k](x, y) of the formula (8) even in points outside the rectangular domain [a, b] × [c, d], we
take the operator: f → Bm,n[f ; a, b; c, d; h, k] as acting on the space C(m,n)([a, b]× [c, d]) with
a < a, b < b, c < c, and d < d. Let us set

Iu =

⎧
⎪⎪⎨

⎪⎪⎩

[a, a], u = 1,

[a, b], u = 2,

[b, b], u = 3

and Iv =

⎧
⎪⎪⎨

⎪⎪⎩

[c, c], v = 1,

[c, d], v = 2,

[d, d], v = 3

be the subinterval in x and y directions and define the subinterval

Ix
1 =

⎧
⎪⎪⎨

⎪⎪⎩

[x, b], x ∈ [a, a],

[a, b], x ∈ [a, b],

[a, x], x ∈ [b, b]

and Iy
2 =

⎧
⎪⎪⎨

⎪⎪⎩

[y, d], y ∈ [c, c],

[c, d], y ∈ [c, d],

[c, y], y ∈ [d, d].

By applying the Peano’s theorem for bidimensional case (see, [38]), we have the following
form of the remainder (8).

Theorem 2 Let f ∈ C(m,n)([a, b] × [c, d]) and (x, y) ∈ [a, b] × [c, d]. Then for the remainder

Rm,n[f ; a, b; c, d; h, k](x, y) = f (x, y) – Bm,n[f ; a, b; c, d; h, k](x, y). (9)

Let Iu × Iv be a fixed rectangular partition of [a, b] × [c, d] and suppose that (x, y) ∈ Iu × Iv,
u, v = 1, 2, 3. Then

Rm,n[f ; a, b; c, d; h, k](x, y)

=
∑

j<n

∫

Ix
1

f (m,j)(s, c)Km,j(x, y, s) ds

+
∑

i<m

∫

Iy
2

f (i,n)(a, t)Ki,n(x, y, t) dt

+
∫ ∫

Ix
1×Iy

2

f (m,n)(x, y, s, t)Km,n(x, y, s, t) ds dt;

(10)

where Km,0(x, y, s)Km,j(x, y, s), K0,n(x, y, t), Ki,n(x, y, t), and Km,n(x, y, s, t) are the Peano’s ker-
nels.

Proof On the one hand, in the polynomial approximation term (6) there are evaluations
of derivatives of f up to the order (m – 1, n – 1) in points of [a, b] × [c, d]; on the other
hand, the exactness of the polynomial approximant (6) on the space P

(m,n) supposes the
exactness of the operator on the subspace P(m–1,n–1). By using the Peano’s kernel theorem,
we have the following result:

Rm,n[f ; a, b; c, d; h, k](x, y)

=
∑

j<n

∫ b

a
f m,j(s, c)Km,j(x, y, s) ds
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+
∑

i<m

∫ d

c
f i,n(a, t)Ki,n(x, y, t) dt +

∫ b

a

∫ d

c
f m,n(x, y, s, t)Km,n(x, y, s, t) ds dt,

where the above kernel functions are obtained by the linear functional f → Rm,n[f ; a, b; c, d;
h, k](x, y) to (x–s)m–1

+
(m–1)!

(y–c)j

j! , (x–a)i

i!
(y–t)n–1

+
(n–1)! , and (x–s)m–1

+
(m–1)!

(y–t)n–1
+

(n–1)! considered as a function of x, y
and (·)k

+ denotes the positive part of the kth power of the argument, i.e., zk
+ = max{zk , 0}. If

x ∈ Iu × Iv, u, v = 1, i.e., x ∈ [a, a], y ∈ [c, c], then we have

Rm,n[f ; a, b; c, d; h, k](x, y)

=
∑

j<n

(∫ x

a
f (m,j)(s, c)Km,j(x, y, s) ds +

∫ a

x
f (m,j)(s, )Km,j(x, y, s) ds

+
∫ b

a
f (m,j)(s, c)Km,j(x, y, s) ds +

∫ b

b
f (m,j)(s, c)Km,j(x, y, s) ds

)

+
∑

i<m

(∫ y

c
f (i,n)(a, t)Ki,n(x, y, t) dt +

∫ c

y
f (i,n)(a, t)Ki,n(x, y, t) dt

+
∫ d

c
f (i,n)(a, t)Ki,n(x, y, t) dt +

∫ d

d
f (i,n)(a, t)Ki,n(x, y, t) dt

)

+ (
∫ x

a

∫ y

c
f (m,n)(s, t)Km,n(x, y, s, t) ds dt +

∫ x

a

∫ c

y
f (m,n)(s, t)Km,n(x, y, s, t) ds dt

+
∫ x

a

∫ d

c
f (m,n)(s, t)Km,n(x, y, s, t) ds dt +

∫ x

a

∫ d

d
f (m,n)(s, t)Km,n(x, y, s, t) ds dt

+
∫ a

x

∫ y

c
f (m,n)(s, t)Km,n(x, y, s, t) ds dt +

∫ a

x

∫ c

y
f (m,n)(s, t)Km,n(x, y, s, t) ds dt

+
∫ a

x

∫ d

c
f (m,n)(s, t)Km,n(x, y, s, t) ds dt +

∫ a

x

∫ d

d
f (m,n)(s, t)Km,n(x, y, s, t) ds dt

+
∫ b

a

∫ y

c
f (m,n)(s, t)Km,n(x, y, s, t) ds dt +

∫ b

a

∫ c

y
f (m,n)(s, t)Km,n(x, y, s, t) ds dt

+
∫ b

a

∫ d

c
f (m,n)(s, t)Km,n(x, y, s, t) ds dt +

∫ b

a

∫ d

d
f (m,n)(s, t)Km,n(x, y, s, t) ds dt

+
∫ b

b

∫ y

c
f (m,n)(s, t)Km,n(x, y, s, t) ds dt +

∫ b

b

∫ c

y
f (m,n)(s, t)Km,n(x, y, s, t) ds dt

+
∫ b

b

∫ d

c
f (m,n)(s, t)Km,n(x, y, s, t) ds dt +

∫ b

b

∫ d

d
f (m,n)(s, t)Km,n(x, y, s, t) ds dt).

Note that if a < s < x or c < t < y, then

Km,0(x, y, s)

=
(x – s)m–1

(m – 1)!

–

(
(a – s)m–1

(m – 1)!
+

m∑

p=1

1
(m – p)!

(
(b – s)m–p – (a – s)m–p)hp–1

p!
Sp

(
x – a

h

))
= 0,
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Km,j(x, y, s)

=
(x – s)m–1

(m – 1)!
(y – c)j

j!
–

( j∑

q=1

(a – s)m–1

(m – 1)!(j – q + 1)!
kj

q!
Sq

(
y – c

k

)

+
j∑

q=1

m∑

p=1

1
(m – p)!(j – p + 1)!

(
(b – s)m–p – (a – s)m–p)

× hp–1

p!
kj

q!
Sp

(
x – a

h

)
Sq

(
y – c

k

))
= 0, j = 1, 2, . . . , n – 1,

K0,n(x, y, t)

=
(y – t)n–1

(n – 1)!

–

(
(c – t)n–1

(n – 1)!
+

n∑

q=1

1
(n – q)!

(
(d – t)n–q – (c – t)n–q)kq–1

q!
Sq

(
y – c

k

))
= 0,

Ki,n(x, y, t)

=
(x – a)i

i!
(y – t)n–1

(n – 1)!
–

( i∑

p=1

(c – t)n–1

(n – 1)!(i – p + 1)!
hi

p!
Sp

(
x – a

h

)

+
i∑

p=1

n∑

q=1

1
(n – q)!(i – q + 1)!

(
(d – t)n–q – (c – t)n–q)

× hi

p!
kq–1

q!
Sp

(
x – a

h

)
Sq

(
y – c

k

))
= 0, i = 1, 2, . . . , m – 1,

Km,n(x, y, s, t)

=
(x – s)m–1

(m – 1)!
(y – t)n–1

(n – 1)!
–

(
(a – s)m–1

(m – 1)!
(c – t)n–1

(n – 1)!

+
m∑

p=1

(c – t)n–1

(m – p)!(n – 1)!
(
(b – s)m–p – (a – s)m–p)hp–1

p!
Sp

(
x – a

h

)

+
n∑

q=1

(a – s)m–1

(m – 1)!(n – q)!
(
(d – t)n–q – (c – t)n–q)kq–1

q!
Sq

(
y – c

k

)

+
m∑

p=1

n∑

q=1

1
(m – p)!(n – q)!

(
(a – s)m–p(c – t)n–q – (b – s)m–p(c – t)n–q

+ (b – s)m–p(d – t)n–q – (a – s)m–p(d – t)n–q)hp–1

p!
kq–1

q!
Sp

(
x – a

h

)

× Sq

(
y – c

k

))
= 0,

because (x–s)i

i!
(y–t)j

j! is considered as a polynomial in x, y of degree (i, j), i = 0, 1, . . . , m – 1,
j = 0, 1, . . . , n – 1 such that these must coincide with their generalized Taylor expansion (6).
By definition of the positive part, these kernels are also zero in the interval b < x < b or
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d < y < d, so we give a proof of the first case (10) of Theorem 2. The remaining expressions
of Theorem 2 can be proved by the analogous manners. �

Let us set

d[a, b](x) =

⎧
⎪⎪⎨

⎪⎪⎩

b – x, x < a,

b – a, a ≤ x ≤ b,

x – a, b < x

and d[c, d](y) =

⎧
⎪⎪⎨

⎪⎪⎩

d – y, y < c,

d – c, c ≤ y ≤ d,

y – c, d < y,

(11)

i.e., d[a, b](x)(d[c, d](y)) is distance of x(y) from the interval [a, b]([c, d]), plus b – a(d – c);
we set also

dm[a, b](x) =
(
d[a, b](x)

)m, dn[c, d](y) =
(
d[c, d](y)

)n.

By virtue of previous theorem, we obtain the desired bounds as follows.

Theorem 3 Let f ∈ C(m,n)([a, b] × [c, d]) and (x, y) ∈ [a, b] × [c, d]. Then for the remainder
(9) suppose that (x, y) ∈ Iu × Iv, u, v = 1, 2, 3. Then

∣∣Rm,n[f ; a, b; c, d; h, k](x, y)
∣∣

≤ F(m, n)
(
Cy,d[c,d](y)

m,n · dm[a, b](x)

+ Cx,d[a,b](x)
m,n · dn[c, d](y) + Cm,n · dm[a, b](x) · dn[c, d](y)

)
;

(12)

where

F(m, n) = max
0≤i≤m–1
0≤j≤n–1

{Fm,j, Fi,n, Fm,n}, Fi,j = sup
(x,y)∈[a,b]×[c,d]

∣∣f (i,j)(x, y)
∣∣, (13)

Cy,z
m,n =

1
m!

(
1 +

m∑

p=1

p∑

l1=1

(
m
p

)(
p
l1

)
|Bp–l1 |

+
n–1∑

j=1

j∑

q=1

q∑

l2=1

(
1 +

m∑

p=1

p∑

l1=1

(
m
p

)
|Bp–l1 |

)
|Bq–l2 |

(
j + 1

q

)
zj

(j + 1)!

)
,

(14)

Cx,z
m,n =

1
n!

(
1 +

n∑

q=1

q∑

l2=1

(
n
q

)(
q
l2

)
|Bq–l2 |

+
m–1∑

i=1

i∑

p=1

p∑

l1=1

(
1 +

n∑

q=1

q∑

l2=1

(
n
q

)
|Bq–l2 |

)
|Bp–l1 |

(
i + 1

p

)
zi

(i + 1)!

)
,

(15)

Cm,n =
1

m!n!

(
1 +

m∑

p=1

p∑

l1=1

(
m
p

)(
p
l1

)
|Bp–l1 | +

n∑

q=1

q∑

l2=1

(
n
q

)(
q
l2

)
|Bq–l2 |

+
m∑

p=1

n∑

q=1

p∑

l1=1

q∑

l2=1

(
m
p

)(
n
q

)(
p
l1

)(
q
l2

)
|Bp–l1 ||Bq–l2 |

)
.

(16)
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Proof Let x ∈ Ik , k = 1, i.e., x ∈ [a, a], y ∈ [c, c], then we have from the first case (10) of
Theorem 2 that

Rm,n[f ; a, b; c, d; h, k](x, y)

=
(∫ a

x
f (m,0)(s, c)Km,0(x, y, s) ds +

∫ b

a
f (m,0)(s, c)Km,0(x, y, s) ds

)

+
n–1∑

j=1

(∫ a

x
f (m,j)(s, c)Km,j(x, y, s) ds +

∫ b

a
f (m,j)(s, c)Km,j(x, y, s) ds

)

+
(∫ c

y
f (0,n)(a, t)K0,n(x, y, t) dt +

∫ d

c
f (0,n)(a, t)K0,n(x, y, t) dt

)

+
m–1∑

i=1

(∫ c

y
f (i,n)(a, t)Ki,n(x, y, t) dt +

∫ d

c
f (i,n)(a, t)Ki,n(x, y, t) dt

)

+
∫ a

x

∫ c

y
f (m,n)(s, t)Km,n(x, y, s, t) ds dt +

∫ a

x

∫ d

c
f (m,n)(s, t)Km,n(x, y, s, t) ds dt

+
∫ b

a

∫ c

y
f (m,n)(s, t)Km,n(x, y, s, t) ds dt +

∫ b

a

∫ d

c
f (m,n)(s, t)Km,n(x, y, s, t) ds dt

:= G1 + G2 +
n–1∑

j=1

(
Gj

3 + Gj
4
)

+ G5 + G6 +
m–1∑

i=1

(
Gi

7 + Gi
8
)

+ G9 + G10 + G11 + G12.

If x < s < a, then

Km,0(x, y, s)

= –
(a – s)m–1

(m – 1)!
–

m∑

p=1

hp–1

(m – p)!p!
(
(b – s)m–p – (a – s)m–p)Sp

(
x – a

h

)
,

Km,j(x, y, s)

= –
j∑

q=1

(a – s)m–1

(m – 1)!(j – q + 1)!
kj

q!
Sq

(
y – c

k

)

–
j∑

q=1

m∑

p=1

hp–1kj

(m – p)!p!(j – q + 1)!q!

× (
(b – s)m–p – (a – s)m–p)Sp

(
x – a

h

)
Sq

(
y – c

k

)
, j = 1, 2, . . . , n – 1,

so that

∫ a

x
f (m,0)(s, c)Km,0(x, y, s) ds

:= G1

= –
1

(m – 1)!

∫ a

x
f (m,0)(s, c)(a – s)m–1 ds –

m∑

p=1

1
(m – p)!p!

hp–1Sp

(
x – a

h

)
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×
∫ a

x
f (m,0)(s, c)

(
(b – s)m–p – (a – s)m–p)ds,

∫ a

x
f (m,j)(s, c)Km,j(x, y, s) ds

:= Gj
3

= –
j∑

q=1

kj

(m – 1)!(j – q + 1)!q!
Sq

(
y – c

k

)∫ a

x
f (m,j)(s, c)(a – s)m–1 ds

–
j∑

q=1

m∑

p=1

1
(m – p)!(j – q + 1)!p!q!

hp–1kjSp

(
x – a

h

)
Sq

(
y – c

k

)

×
∫ a

x
f (m,j)(s, c)

(
(b – s)m–p – (a – s)m–p)ds, j = 1, 2, . . . , n – 1.

Note that the integrands are of type h(s)f (m,j)(s, c), j = 0, 1, . . . , n – 1 with a h(s) that does
not change sign in [x, a]. By using the first mean value theorem for integrals [39], we find

G1 = –
1

(m – 1)!
f (m,0)(ξ 〈x,a〉

m,0 , c
)∫ a

x
(a – s)m–1 ds

–
m∑

p=1

hp–1

(m – p)!p!
Sp

(
x – a

h

)
f (m,0)(ξ 〈x,a〉

m,0,p, c
)∫ a

x

(
(b – s)m–p – (a – s)m–p)ds,

Gj
3 = –

j∑

q=1

kj

(m – 1)!(j – q + 1)!q!
Sq

(
y – c

k

)
f (m,j)(ξ 〈x,a〉

m,j , c
)∫ a

x
(a – s)m–1 ds

–
j∑

q=1

m∑

p=1

hp–1kj

(m – p)!(j – q + 1)!p!q!
Sp

(
x – a

h

)
Sq

(
y – c

k

)
f (m,j)(ξ 〈x,a〉

m,j,p , c
)

×
∫ a

x

(
(b – s)m–p – (a – s)m–p)ds, j = 1, 2, . . . , n – 1

for some ξ
〈x,a〉
m,j , ξ

〈x,a〉
m,j,p ∈ [a, b], j = 0, 1, . . . , n – 1, p = 1, 2, . . . , m, so that we have after some

calculations

G1 = – f (m,0)(ξ 〈x,a〉
m,0 , c

) (a – x)m

m!
–

hm

m!

m∑

p=1

m!
(m – p + 1)!p!

Sp

(
x – a

h

)

× f (m,0)(ξ 〈x,a〉
m,0,p, c

)
(

–1 +
m–p∑

u=0

(
b – x

h

)m–p–u(a – x
h

)u
)

,

(17)

and

Gj
3 = –

1
m!

j∑

q=1

(j + 1)!
(j – q + 1)!q!

kj

(j + 1)!
Sq

(
y – c

k

)
f (m,j)(ξ 〈x,a〉

m,j , c
)
(a – x)m

–
hm

m!

j∑

q=1

m∑

p=1

m!(j + 1)!
(m – p + 1)!(j – q + 1)!p!q!

kj

(j + 1)!
Sp

(
x – a

h

)
Sq

(
y – c

k

)
(18)
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× f (m,j)(ξ 〈x,a〉
m,j,p , c

)
(

–1 +
m–p∑

u=0

(
b – x

h

)m–p–u(a – x
h

)u
)

, j = 1, 2, . . . , n – 1.

If a < s < b, then

Km,0(x, y, s) = –
m∑

p=1

hp–1

(m – p)!p!
(b – s)m–pSp

(
x – a

h

)
,

Km,j(x, y, s) = –
j∑

q=1

m∑

p=1

hp–1kj

(m – p)!p!(j – q + 1)!q!
(b – s)m–pSp

(
x – a

h

)

× Sq

(
y – c

k

)
, j = 1, 2, . . . , n – 1,

so that
∫ b

a
f (m,0)(s, c)Km,0(x, y, s) ds

:= G2

= –
m∑

p=1

hp–1

(m – p)!p!
Sp

(
x – a

h

)∫ b

a
f (m,0)(s, c)(b – s)m–p ds,

∫ b

a
f (m,j)(s, c)Km,j(x, y, s) ds

:= Gj
4

= –
j∑

q=1

m∑

p=1

hp–1kj

(m – p)!p!(j – q + 1)!q!
Sp

(
x – a

h

)

× Sq

(
y – c

k

)∫ b

a
f (m,j)(s, c)(b – s)m–p ds, j = 1, 2, . . . , n – 1,

and by using the first mean value theorem for integrals, we have after some calculations

G2 = –
hm

m!

m∑

p=1

m!
(m – p + 1)!p!

Sp

(
x – a

h

)
f (m,0)(ξ 〈a,b〉

m,0 , c
)
, (19)

and

Gj
4 = –

hm

m!

j∑

q=1

m∑

p=1

m!(j + 1)!
(m – p + 1)!(j – q + 1)!p!q!

kj

(j + 1)!

× Sp

(
x – a

h

)
Sq

(
y – c

k

)
f (m,j)(ξ 〈a,b〉

m,j,p , c
)
, j = 1, 2, . . . , n – 1

(20)

for some ξ
〈a,b〉
m,j , ξ 〈a,b〉

m,j,p ∈ [a, b], j = 0, 1, . . . , n – 1, p = 1, 2, . . . , m.
Similarly, as the discussion of G1, Gj

3, G2, Gj
4, we have for some η

〈y,c〉
i,n , η〈y,c〉

i,n,q , η〈c,d〉
i,n , η〈c,d〉

i,n,q ∈
[c, d], i = 0, 1, . . . , m – 1, q = 1, 2, . . . , n, respectively:

∫ c

y
f (0,n)(a, t)K0,n(x, y, t) dt
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:= G5

= –f (0,n)(a,η〈y,c〉
0,n

) (c – y)n

n!
–

kn

n!

n∑

q=1

n!
(n – q + 1)!q!

Sq

(
y – c

k

) (21)

× f (0,n)(a,η〈y,c〉
0,n,q

)
(

–1 +
n–q∑

v=0

(
d – y

k

)n–q–v( c – y
k

)v
)

,

∫ c

y
f (i,n)(a, t)Ki,n(x, y, t) dt

:= Gi
7

= –
1
n!

i∑

p=1

(i + 1)!
(i – p + 1)!p!

hi

(i + 1)!
Sp

(
x – a

h

)
f (i,n)(a,η〈y,c〉

i,n
)
(c – y)n (22)

–
kn

n!

i∑

p=1

n∑

q=1

n!(i + 1)!
(n – q + 1)!(i – p + 1)!p!q!

hi

(i + 1)!
Sp

(
x – a

h

)
Sq

(
y – c

k

)

× f (i,n)(a,η〈y,c〉
i,n,q

)
(

–1 +
n–q∑

v=0

(
d – y

k

)n–q–v(c – y
k

)v
)

, i = 1, 2, . . . , m – 1,

∫ d

c
f (0,n)(a, t)K0,n(x, y, t) dt

:= G6 (23)

= –
kn

n!

n∑

q=1

n!
(n – q + 1)!q!

Sq

(
y – c

k

)
f (0,n)(a,η〈c,d〉

0,n
)
,

and

∫ d

c
f (i,n)(a, t)Ki,n(x, y, t) dt

:= Gi
8

= –
kn

n!

i∑

p=1

n∑

q=1

n!(i + 1)!
(n – q + 1)!(i – p + 1)!p!q!

hi

(i + 1)!
Sp

(
x – a

h

)
Sq

(
y – c

k

)

× f (i,n)(a,η〈c,d〉
i,n,q

)
, i = 1, 2, . . . , m – 1.

(24)

If x < s < a, y < t < c, then

Km,n(x, y, s, t)

= –
(a – s)m–1

(m – 1)!
(c – t)n–1

(n – 1)!

–
m∑

p=1

(c – t)n–1hp–1

(m – p)!p!(n – 1)!
(
(b – s)m–p – (a – s)m–p)Sp

(
x – a

h

)

–
n∑

q=1

(a – s)m–1kq–1

(m – 1)!(n – q)!q!
(
(d – t)n–q – (c – t)n–q)Sq

(
y – c

k

)
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–
m∑

p=1

n∑

q=1

hp–1kq–1

(m – p)!p!(n – q)!q!
(
(b – s)m–p – (a – s)m–p)((d – t)n–q – (c – t)n–q)

× Sp

(
x – a

h

)
Sq

(
y – c

k

)
,

so that
∫ a

x

∫ c

y
f (m,n)(s, t)Km,n(x, y, s, t) ds dt

:= G9

= –
1

(m – 1)!(n – 1)!

∫ a

x

∫ c

y
f (m,n)(s, t)(a – s)m–1(c – t)n–1 ds dt

–
1

(n – 1)!

m∑

p=1

hp–1

(m – p)!p!
Sp

(
x – a

h

)∫ a

x

∫ c

y
f (m,n)(s, t)(c – t)n–1

× (
(b – s)m–p – (a – s)m–p)ds dt

–
1

(m – 1)!

n∑

q=1

kq–1

(n – q)!q!
Sq

(
y – c

k

)∫ a

x

∫ c

y
f (m,n)(s, t)(a – s)m–1

× (
(d – t)n–q – (c – t)n–q)ds dt

–
m∑

p=1

n∑

q=1

hp–1kq–1

(m – p)!(n – q)!p!q!
Sp

(
x – a

h

)
Sq

(
y – c

k

)

×
∫ a

x

∫ c

y
f (m,n)(s, t)

(
(b – s)m–p – (a – s)m–p)((d – t)n–q – (c – t)n–q)ds dt.

Note that the integrands are of type g(s)h(t)f (m,n)(s, t), with a g(s)h(t) that does not change
sign in [x, a] × [y, c]. By applying the first mean value theorem for integrals [39], we have

G9 = –
1

(m – 1)!(n – 1)!
f (m,n)(ξ 〈a,c〉,η〈a,c〉)

∫ a

x

∫ c

y
(a – s)m–1(c – t)n–1 ds dt

–
1

(n – 1)!

m∑

p=1

hp–1

(m – p)!p!
Sp

(
x – a

h

)
f (m,n)(ξ 〈a,c〉

m,p ,η〈a,c〉
m,p

)

×
∫ a

x

∫ c

y
(c – t)n–1((b – s)m–p – (a – s)m–p)ds dt

–
1

(m – 1)!

n∑

q=1

kq–1

(n – q)!q!
Sq

(
y – c

k

)
f (m,n)(ξ 〈c,a〉

n,q ,η〈c,a〉
n,q

)

×
∫ a

x

∫ c

y
(a – s)m–1((d – t)n–q – (c – t)n–q)ds dt

–
m∑

p=1

n∑

q=1

hp–1kq–1

(m – p)!(n – q)!p!q!
Sp

(
x – a

h

)
Sq

(
y – c

k

)
f (m,n)(ξ 〈a,c〉

m,n,p,q,η〈a,c〉
m,n,p,q

)

×
∫ a

x

∫ c

y

(
(b – s)m–p – (a – s)m–p)((d – t)n–q – (c – t)n–q)ds dt
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for some points (ξ 〈a,c〉,η〈a,c〉), (ξ 〈a,c〉
m,p ,η〈a,c〉

m,p ), (ξ 〈c,a〉
n,q ,η〈c,a〉

n,q ), (ξ 〈a,c〉
m,n,p,q,η〈a,c〉

m,n,p,q) ∈ [a, b]× [c, d], p =
1, 2, . . . , m, q = 1, 2, . . . , n, so that we have after some calculations

G9 = – f (m,n)(ξ 〈a,c〉,η〈a,c〉) (a – x)m

m!
(c – y)n

n!

–
1

n!m!
hm

m∑

p=1

m!
(m – p + 1)!p!

Sp

(
x – a

h

)
f (m,n)(ξ 〈a,c〉

m,p ,η〈a,c〉
m,p

)

×
(

–1 +
m–p∑

u=0

(
b – x

h

)m–p–u(a – x
h

)u
)

(c – y)n

–
1

m!n!
kn

n∑

q=1

n!
(n – q + 1)!q!

Sq

(
y – c

k

)
f (m,n)(ξ 〈c,a〉

n,q ,η〈c,a〉
n,q

)
(25)

×
(

–1 +
n–q∑

v=0

(
d – y

k

)n–q–v( c – y
k

)v
)

(a – x)m

–
1

m!n!
hmkn

m∑

p=1

n∑

q=1

m!n!Sp( x–a
h )Sq( y–c

k )
(m – p + 1)!(n – q + 1)!p!q!

f (m,n)(ξ 〈a,c〉
m,n,p,q,η〈a,c〉

m,n,p,q
)

×
(

–1 +
m–p∑

u=0

(
b – x

h

)m–p–u(a – x
h

)u
)(

–1 +
n–q∑

v=0

(
d – y

k

)n–q–v(c – y
k

)v
)

.

Similarly, as the discussion of G9, we have also for some (ξ 〈a,d〉
n,q ,η〈a,d〉

n,q ), (ξ 〈a,d〉
m,n,p,q,η〈a,d〉

m,n,p,q),
(ξ 〈b,c〉

m,p ,η〈b,c〉
m,p ), (ξ 〈b,c〉

m,n,p,q,η〈b,c〉
m,n,p,q), (ξ 〈a,d〉

m,n,p,q,η〈a,d〉
m,n,p,q), (ξ 〈a,d〉

m,n,p,q,η〈a,d〉
m,n,p,q) ∈ [a, b] × [c, d], p = 1, 2, . . . ,

m, q = 1, 2, . . . , n that

∫ a

x

∫ d

c
f (m,n)(s, t)Km,n(x, y, s, t) ds dt

:= G10

= –
kn

m!n!

n∑

q=1

n!
(n – q + 1)!q!

Sq

(
y – c

k

)
f (m,n)(ξ 〈a,d〉

n,q ,η〈a,d〉
n,q

)
(x – a)m (26)

–
hmkn

m!n!

m∑

p=1

n∑

q=1

m!n!Sp( x–a
h )Sq( y–c

k )
(m – p + 1)!(n – q + 1)!p!q!

f (m,n)(ξ 〈a,d〉
m,n,p,q,η〈a,d〉

m,n,p,q
)

×
(

–1 +
m–p∑

u=0

(
b – x

h

)m–p–u(a – x
h

)u
)

,

∫ b

a

∫ c

y
f (m,n)(s, t)Km,n(x, y, s, t) ds dt

:= G11

= –
hm

m!n!

m∑

p=1

m!Sp( x–a
h )

(m – p + 1)!p!
f (m,n)(ξ 〈b,c〉

m,p ,η〈b,c〉
m,p

)
(c – y)n (27)

–
hmkn

m!n!

m∑

p=1

n∑

q=1

m!n!Sp( x–a
h )Sq( y–c

k )
(m – p + 1)!(n – q + 1)!p!q!

f (m,n)(ξ 〈b,c〉
m,n,p,q,η〈b,c〉

m,n,p,q
)
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×
(

–1 +
n–q∑

v=0

(
d – y

k

)n–q–v( c – y
k

)v
)

,

and

∫ b

a

∫ d

c
f (m,n)(s, t)Km,n(x, y, s, t) ds dt

:= G12 (28)

= –
hmkn

m!n!

m∑

p=1

n∑

q=1

m!n!Sp( x–a
h )Sq( y–c

k )
(m – p + 1)!(n – q + 1)!p!q!

f (m,n)(ξ 〈a,d〉
m,n,p,q,η〈a,d〉

m,n,p,q
)
.

We finally obtain the following desire estimation for the error in terms of the above ex-
pression:

∣∣Rm,n[f ; a, b; c, d; h, k](x, y)
∣∣

≤ (|G1| + |G2|
)

+
n–1∑

j=1

(∣∣Gj
3
∣∣ +

∣∣Gj
4
∣∣) +

(|G5| + |G6|
)

+
m–1∑

i=1

(∣∣Gi
7
∣∣ +

∣∣Gi
8
∣∣)

+
(|G9| + |G10|

)
+

(|G11| + |G12|
)
.

In order to prove the bound (12), we apply the well-known identities

Sp(x) = Bp(x) – Bp =
p∑

l1=1

(
p
l1

)
Bp–l1 xl1 , p = 1, 2, . . . ,

Sq(y) = Bq(y) – Bq =
q∑

l2=1

(
q
l2

)
Bq–l2 yl2 , q = 1, 2, . . . .

(29)

For the term (|G1| + |G2|), we have after some calculations

|G1| + |G2|

≤ F(m, n)
m!

(
(a – x)m + hm

m∑

p=1

p∑

l1=1

(
m
p

)(
p
l1

)
|Bp–l1 |

(
b – x

h

)m–(p–l1)
)

≤ F(m, n)
m!

hm

(
1 +

m∑

p=1

p∑

l1=1

(
m
p

)(
p
l1

)
|Bp–l1 |

)(
b – x

h

)m

.

For the term (|Gj
3| + |Gj

4|), j = 1, 2, . . . , n – 1, we have after some calculations

∣∣Gj
3
∣∣ +

∣∣Gj
4
∣∣

≤ F(m, n)
m!

( j∑

q=1

q∑

l2=1

(
j + 1

q

)
kj

(j + 1)!
|Bq–l2 |(a – x)m

(
d – y

k

)l2

+ hm
j∑

q=1

m∑

p=1

p∑

l1=1

q∑

l2=1

(
m
p

)(
j + 1

q

)
kj

(j + 1)!
|Bp–l1 ||Bq–l2 |
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×
(

b – x
h

)m–(p–l1)(d – y
k

)l2
)

≤ F(m, n)
m!

hmkj

( j∑

q=1

q∑

l2=1

(
j + 1

q

)
1

(j + 1)!
|Bq–l2 |

+
j∑

q=1

m∑

p=1

p∑

l1=1

q∑

l2=1

(
m
p

)(
j + 1

q

)
1

(j + 1)!
|Bp–l1 ||Bq–l2 |

)(
b – x

h

)m(
d – y

k

)j

.

For the term (|G5| + |G6|), we have after some calculations

|G5| + |G6|

≤ F(m, n)
n!

(
(c – y)n + kn

n∑

q=1

q∑

l2=1

(
n
q

)(
q
l2

)
|Bq–l2 |

(
d – y

k

)n–(q–l2)
)

≤ F(m, n)
n!

kn

(
1 +

n∑

q=1

q∑

l2=1

(
n
q

)(
q
l2

)
|Bq–l2 |

)(
d – y

k

)n

.

For the term (|Gi
7| + |Gi

8|), i = 1, 2, . . . , m – 1, we have after some calculations

∣∣Gi
7
∣∣ +

∣∣Gi
8
∣∣

≤ F(m, n)
n!

( i∑

p=1

p∑

l1=1

(
i + 1

p

)
hi

(i + 1)!
|Bp–l1 |(c – y)n

(
b – x

h

)l1

+ kn
i∑

p=1

n∑

q=1

q∑

l2=1

p∑

l1=1

(
n
q

)(
i + 1

p

)
hi

(i + 1)!
|Bq–l2 ||Bp–l1 |

×
(

d – y
k

)n–(q–l2)(b – x
h

)l1
)

≤ F(m, n)
n!

hikn

( i∑

p=1

p∑

l1=1

(
i + 1

p

)
1

(i + 1)!
|Bp–l1 |

+
i∑

p=1

n∑

q=1

q∑

l2=1

p∑

l1=1

(
n
q

)(
i + 1

p

)
1

(i + 1)!
|Bq–l2 ||Bp–l1 |

)(
d – y

k

)n(b – x
h

)i

.

For the term (|G9| + |G10|), we have after some calculations

|G9| + |G10|

≤ F(m, n)
m!n!

(a – x)m(c – y)n +
F(m, n)

m!n!
hm

m∑

p=1

m!
(m – p + 1)!p!

∣∣∣∣Sp

(
x – a

h

)∣∣∣∣

×
(

–1 +
m–p∑

u=0

(
b – x

h

)m–p–u(a – x
h

)u
)

(c – y)n

+
F(m, n)

m!n!
kn

n∑

q=1

n!
(n – q)!q!

∣∣∣∣Sq

(
y – c

k

)∣∣∣∣

(
d – y

k

)n–q

(a – x)m
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+
F(m, n)

m!n!
hmkn

m∑

p=1

n∑

q=1

m!n!
(m – p + 1)!p!(n – q)!q!

∣∣∣∣Sp

(
x – a

h

)∣∣∣∣

∣∣∣∣Sq

(
y – c

k

)∣∣∣∣

×
(

–1 +
m–p∑

u=0

(
b – x

h

)m–p–u(a – x
h

)u
)(

d – y
k

)n–q

.

For the term (|G11| + |G12|), we have after some calculations

|G11| + |G12| ≤ F(m, n)
m!n!

hm
m∑

p=1

m!
(m – p + 1)!p!

∣∣∣∣Sp

(
x – a

h

)∣∣∣∣(c – y)n

+
F(m, n)

m!n!
hmkn

m∑

p=1

n∑

q=1

m!n!
(m – p + 1)!p!(n – q)!q!

×
∣∣∣∣Sp

(
x – a

h

)∣∣∣∣

∣∣∣∣Sq

(
y – c

k

)∣∣∣∣

(
d – y

k

)n–q

.

By combining the estimates of |G9| + |G10|, |G11| + |G12|, we obtain after some calculations

|G9| + |G10| + |G11| + |G12|

≤ F(m, n)
m!n!

(
(a – x)m(c – y)n + hm

m∑

p=1

p∑

l1=1

(
m
p

)(
p
l1

)
|Bp–l1 |

(
b – x

h

)m–(p–L1)

× (c – y)n + kn
n∑

q=1

q∑

l2=1

(
n
q

)(
q
l2

)
|Bq–l2 |

(
d – y

k

)n–(q–l2)

(a – x)m

+ hmkn
m∑

p=1

n∑

q=1

p∑

l1=1

q∑

l2=1

(
m
p

)(
n
q

)(
p
l1

)(
q
l2

)
|Bp–l1 ||Bq–l2 |

×
(

b – x
h

)m–(p–l1)(d – y
k

)n–(q–l2)
)

≤ F(m, n)
m!n!

hmkn

(
1 +

m∑

p=1

p∑

l1=1

(
m
p

)(
p
l1

)
|Bp–l1 | +

n∑

q=1

q∑

l2=1

(
n
q

)(
q
l2

)
|Bq–l2 |

+
m∑

p=1

n∑

q=1

p∑

l1=1

q∑

l2=1

(
m
p

)(
n
q

)(
p
l1

)(
q
l2

)
|Bp–l1 ||Bq–l2 |

)(
b – x

h

)m(
d – y

k

)n

.

By combining the estimates of |G1|+ |G2|, |Gj
3|+ |Gj

4|, |G5|+ |G6|, and (|G9|+ |G10|+ |G11|+
|G12|), we finish the proof in the first case of (12) in Theorem 3. The other expressions of
the bounds may be proved in an analogous manner. �

Since the degree of exactness of the operator Bm,n[f ; a, b; c, d; h, k] is equal to (m, n), we
can obtain the following desired bounds in an analogous manner.

Theorem 4 Let f ∈ C(m+1,n+1)([a, b] × [c, d]) and (x, y) ∈ [a, b] × [c, d]. For the remainder
(9) suppose that (x, y) ∈ Iu × Iv, u, v = 1, 2, 3. Then

∣∣Rm,n[f ; a, b; c, d; h, k](x, y)
∣∣
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≤ F(m + 1, n + 1)
(
Cy,d[c,d](y)

m+1,n+1 · dm+1[a, b](x)

+ Cx,d[a,b](x)
m+1,n+1 · dn[c, d](y) + Cm+1,n+1 · dm+1[a, b](x) · dn+1[c, d](y)

)
;

where F(m, n), Cy,z
m,n, Cx,z

m,n, Cm,n are defined in (13), (14), (15), (16), respectively.

3 The bivariate Bernoulli-type multiquadric quasi-interpolation operators
3.1 A kind of bivariate Bernoulli-type multiquadric quasi-interpolation operator

with higher approximation order
In this section, we introduce a well-known univariate quasi-interpolation operator. On
this basis, we develop the bivariate multiquadric quasi-interpolation.

Given data {xj, fj}, fj = f (xj), the univariate multiquadric quasi-interpolation operator LB

is constructed by Beatson and Powell in [14] as follows:

(LBf )(x) = f (x0)ψ0(x) +
N1–1∑

l=1

f (xl)ψl(x) + f (xN1 )ψN1 (x), x ∈ I, (30)

where

ψ0(x) =
1
2

c2
1

∫ x0

–∞
1

[(x – t)2 + c2
1]3/2 dt +

1
2

c2
1

∫ x1

x0

(x1 – t)/(x1 – x0)
[(x – t)2 + c2

1]3/2 dt

=
1
2

+
φ1(x) – φ0(x)

2(x1 – x0)
,

(31)

ψN1 (x) =
1
2

c2
1

∫ ∞

xN1

1
[(x – t)2 + c2

1]3/2 dt

+
1
2

c2
1

∫ xN1

xN1–1

(t – xN1–1)/(xN1 – xN1–1)
[(x – t)2 + c2

1]3/2 dt

=
1
2

–
φN1 (x) – φN1–1(x)

2(xN1 – xN1–1)
,

(32)

and

ψl(x) =
1
2

c2
1

∫ xl+1

xl–1

Bl(t)
[(x – t)2 + c2

1]3/2 dt

=
φl+1(x) – φl(x)

2(xl+1 – xl)
–

φi(x) – φl–1(x)
2(xl – xl–1)

(33)

for l = 1, 2, . . . , N1 – 1, where {Bl(t) : t ∈ R} is the hat function that has the nodes
{xl–1, xl, xl+1}, that is identically zero outside the interval xl–1 ≤ t ≤ xl+1, and that satis-
fies the normalization condition Bl(xl) = 1. φl(x) =

√
(x – xl)2 + c2

1 is named multiquadric
function, c1 is shape parameter. The operator LB reproduces constants.

Zhang [27] extended the univariate quasi-interpolation Qf (x) =
∑

i fiψi(x) to bivariate
(Qf )(x, y) =

∑
i
∑

j fijψi(x)ψj(y) using the dimension-splitting multiquadric basis function
technique. However, it only obtain lower accuracy.

In this paper, based on the above dimension-splitting idea, we give a kind of bivariate
Bernoulli-type quasi-interpolation operator for the multiquadric basis function for grid-
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ded data with higher approximation order as follows:

(LBm,n f )(x, y) =
N1∑

l=0

N2∑

r=0

ψl(x)ψr(y)Bm,n[f ; xl, xl+1; yr , yr+1; hl, kr], (34)

where {ψl(x)}N1
l=0 are given above, and {ψr(y)}N2

r=0 are represented as follows:

φr(y) =
√

(y – yr)2 + c2
2,

ψ0(y) =
1
2

+
φ1(y) – φ0(y)

2(y1 – y0)
,

ψr(y) =
φr+1(y) – φr(y)

2(yr+1 – yr)
–

φr(y) – φr–1(y)
2(yr – yr–1)

, r = 1, 2, . . . , N2 – 1,

ψN2 (y) =
1
2

–
φN2 (x) – φN2–1(x)

2(xN2 – xN2–1)
,

c2 is a small constant. The polynomials (Bl,r
m,nf )(x, y) := Bm,n[f ; xl, xl+1; yr , yr+1; hl, kr], l =

0, 1, . . . , N1, r = 0, 1, . . . , N2, denote the bivariate Bernoulli operator in the rectangle with
opposite vertices (xl, yr), (xl+1, yr+1) and they are given by (6), having hl = xl+1 –xl , kr = yr+1 –
yr , l = 0, 1, . . . , N1, r = 0, 1, . . . , N2, considering a fictive node (xN1+1, yN2+1) = (xN1–1, yN2–1).

The quasi-interpolation operator LBm,n has the following polynomial reproduction
property.

Theorem 5 The operator LBm,n has the degree of exactness (m, n).

Proof The argument LBmn p = p follows from the well-known property

N1∑

l=0

N2∑

r=0

ψl(x)ψr(y) = 1 (35)

and

(
Bl,r

m,nep,q
)
(x, y) = ep,q(x, y) for l = 0, 1, . . . , N1, r = 0, 1, . . . , N2,

where ep,q(x, y) ∈ P
(p,q), with 0 ≤ p ≤ m, 0 ≤ q ≤ n. �

3.2 The convergence rates of the operators
Let 
 ⊂ R

2 be a bounded rectangle domain, which contains the point set {(xl, yr), l =
0, 1, . . . , N1, r = 0, 1, . . . , N2}. Let x0 < · · · < xN1 , y0 < · · · < yN2 . To study the convergence rates
of the quasi-interpolation operator LBm,n , we use the following notations:

Iρ1 (x) = [x – ρ1, x + ρ1], ρ1 > 0,

Iρ2 (y) = [y – ρ2, y + ρ2], ρ2 > 0,

δ1 = inf
{
ρ1 > 0 : ∀x ∈ [x0, xN1 ], Iρ1 (x) ∩ X �= ∅}

,

δ2 = inf
{
ρ2 > 0 : ∀y ∈ [y0, yN2 ], Iρ2 (y) ∩ Y �= ∅}

,
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δ = max{δ1, δ2},
Mx = max

x∈[x0,xN1 ]
#(Iδ1 ∩ X),

My = max
y∈[y0,yN2 ]

#(Iδ2 ∩ Y ),

M = max{Mx, My},

where X = {x0, x1, . . . , xN1}, Y = {y0, y1, . . . , yN2} and #(·) denotes the cardinality function.
Thus, 2δ1 = max1≤l≤N1 |xl –xl–1|, 2δ2 = max1≤r≤N2 |(yr –yr–1)|, and Mx(My) defines the max-
imum number of points of X(Y ) contained in interval Iδ1 (x) (Iδ2 (y)).

Theorem 6 Assume that c1 and c2 satisfy

c1 ≤ D1δ
r1
1 , c2 ≤ D2δ

r2
2 ,

where D1, D2 are positive constants, and r1, r2 are positive integers. If f ∈ C(m,n)(
), then

‖LBm,n f – f ‖ ≤ CM2F(m, n)Em,n,r1,r2 (δ), (36)

where ‖ · ‖ denotes the sup norm in 
,

Em,n,r1,r2 (δ) =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

δ| ln δ|, m = 1, r1 = 1 or n = 1, r2 = 1,

δ, m = 1, n = 1, r1 > 1, r2 > 1,

δm, m > 1, n > 1, m ≤ 2r1 – 1, n ≤ 2r2 – 1, m ≤ n,

δm, m > 1, n > 1, m ≤ 2r1 – 1, n > 2r2 – 1, m ≤ 2r2 – 1,

δn, m > 1, n > 1, m ≤ 2r1 – 1, n ≤ 2r2 – 1, m > n,

δn, m > 1, n > 1, m > 2r1 – 1, n ≤ 2r2 – 1, n ≤ 2r1 – 1,

δ2r1–1, m > 1, n > 1, m > 2r1 – 1, n ≤ 2r2 – 1, n > 2r1 – 1,

δ2r1–1, m > 1, n > 1, m > 2r1 – 1, n > 2r2 – 1, r1 ≤ r2,

δ2r2–1, m > 1, n > 1, m ≤ 2r1 – 1, n > 2r2 – 1, m > 2r2 – 1,

δ2r2–1, m > 1, n > 1, m > 2r1 – 1, n > 2r2 – 1, r1 > r2,

(37)

and C is a positive constant independent of x, y and X, Y .

Proof In relations (12), (14), and (15), we set also

Cy,z
m,n = C0(m) +

n–1∑

j=1

Cj(m)zj,

C0(m) =
1

m!

(
1 +

m∑

p=1

p∑

l1=1

(
m
p

)(
p
l1

)
|Bp–l1 |

)
,

Cj(m) =
1

m!

j∑

q=1

q∑

l2=1

(
1 +

m∑

p=1

p∑

l1=1

(
m
p

)
|Bp–l1 |

)
|Bq–l2 |

(
j + 1

q

)
1

(j + 1)!
,
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Cx,z
m,n = C0(n) +

m–1∑

i=1

Ci(n)zi,

C0(n) =
1
n!

(
1 +

n∑

q=1

q∑

l2=1

(
n
q

)(
q
l2

)
|Bq–l2 |

)
,

Ci(n) =
1
n!

i∑

p=1

p∑

l1=1

(
1 +

n∑

q=1

q∑

l2=1

(
n
q

)
|Bq–l2 |

)
|Bp–l1 |

(
i + 1

p

)
1

(i + 1)!
.

In view of (12), the following inequality holds:

∣∣(LBm,n f )(x, y) – f (x, y)
∣∣

≤
∣∣∣∣∣

N1∑

l=0

N2∑

r=0

ψl(x)ψr(y)Bm,n[f ; xl, xl+1; yr , yr+1; hl, kr] – f (x, y)

∣∣∣∣∣

≤
N1∑

l=0

N2∑

r=0

ψl(x)ψr(y)
∣∣Bm,n[f ; xl, xl+1; yr , yr+1; hl, kr] – f (x, y)

∣∣

≤ F(m, n)

(
C0(m)Sr1,m(x) +

n–1∑

j=1

Cj(m)Sr1,r2,m,j(x, y) + C0(n)Sr2,n(y)

+
m–1∑

i=1

Ci(n)Sr1,r2,i,n(x, y) + C(m, n)Sr1,r2,m,n(x, y)

)

≤ C(m, n)F(m, n)Er1,r2,m,n(x, y),

where

Sr1,m(x) =
N1∑

l=0

ψl(x)dm[xl, xl+1](x), Sr2,n(y) =
N2∑

r=0

ψr(y)dn[yr , yr+1](y),

Sr1,r2,m,j(x, y)

=
N1∑

l=0

N2∑

r=0

ψl(x)ψr(y)dm[xl, xl+1](x)dj[yr , yr+1](y), j = 1, 2, . . . , n – 1,

Sr1,r2,i,n(x, y)

=
N1∑

l=0

N2∑

r=0

ψl(x)ψr(y)di[xl, xl+1](x)dn[yr , yr+1](y), i = 1, 2, . . . , m – 1,

Sr1,r2,m,n(x, y) =
N1∑

l=0

N2∑

r=0

ψl(x)ψr(y)dm[xl, xl+1](x)dn[yr , yr+1](y),

Er1,r2,m,n(x, y) = Sr1,m(x) + Sr2,n(y)

+
n–1∑

j=1

Sr1,r2,m,j(x, y) +
m–1∑

i=1

Sr1,r2,i,n(x, y) + Sr1,r2,m,n(x, y),

C(m, n) = max
{

C0(m), C1(m), . . . , Cn(m), C0(n), C1(n), . . . , Cm(n), C(m, n)
}

.
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Let

n1 =
[

xN1 – x0

2δ1

]
+ 1, Qδ1 (u – ρ1, u + ρ1), u ∈ [x0, xN1 ],ρ1 > 0,

n2 =
[

yN2 – y0

2δ2

]
+ 1, Qδ2 (u – ρ2, u + ρ2), u ∈ [y0, yN2 ],ρ2 > 0,

and

Tx
j1 = Qδ1 (x – 2j1δ1) ∪ Qδ1 (x + 2j1δ1), j1 = 0, 1, . . . , n1,

Ty
j2 = Qδ2 (y – 2j2δ2) ∪ Qδ2 (y + 2j2δ2), j2 = 0, 1, . . . , n2,

where [·] denotes the integer part of the argument. Therefore, for each l ∈ {0, 1, . . . , N1}
(r ∈ {0, 1, . . . , N2}) there exists a unique j1 ∈ {0, 1, . . . , n1} (j2 ∈ {0, 1, . . . , n2}) such that xl ∈
Tx

j1 (yr ∈ Ty
j2 ).

When j1 ≥ 2 (j2 ≥ 2), the following inequalities hold:

(2j1 – 1)δ1 ≤ |x – xl| ≤ (2j1 + 1)δ1,
(
2(j1 – 1) – 1

)
δ1 ≤ |x – ξl| ≤

(
2(j1 + 1) + 1

)
δ1, for ξl ∈ [xl–1, xl+1],

(2j2 – 1)δ2 ≤ |y – yr| ≤ (2j2 + 1)δ2,
(
2(j2 – 1) – 1

)
δ2 ≤ |y – ηr| ≤

(
2(j2 + 1) + 1

)
δ2, for ηr ∈ [yr–1, yr+1],

and by (11)

d[xl, xl+1] ≤ (
2(j1 + 1) + 1

)
δ1,

d[yr , yr+1] ≤ (
2(j2 + 1) + 1

)
δ2.

It follows from the definition of Mx(My) that

1 ≤ (
Tx

0 ∩ X
) ≤ Mx, 1 ≤ (

Tx
j1 ∩ X

) ≤ 2Mx, j1 = 1, 2, . . . , n1,

1 ≤ (
Ty

0 ∩ Y
) ≤ My, 1 ≤ (

Ty
j2 ∩ Y

) ≤ 2My, j2 = 1, 2, . . . , n2.

When x0 ∈ Tx
j1 , (j1 ≥ 2), we have after some calculations

ψ0(x) ≤ 1
2

c2
1

∫ x0

–∞
1

|x – t|3 dt +
1
2

c2
1

1
[(x – τ0)2 + c2

1]3/2

∫ x1

x0

x1 – t
x1 – x0

dt

≤ 1
4

c2
1|x – x0|–2 +

1
4

c2
1(x1 – x0)|x – τ0|–3

≤ 1
4

c2
1
[
(2j1 – 1)–2δ1

–2 + 2(2j1 – 3)–3δ1
–2]

≤ c2
1δ1

–2(2j1 – 3)–2,

where τ0 ∈ [x0, x1]. When xN1 ∈ Tx
j1 , (j1 ≥ 2), we get in an analogous manner

ψN1 (x) ≤ c2
1δ1

–2(2j1 – 3)–2.
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When xl(l = 1, . . . , N1 – 1) ∈ Tx
j1 , (j1 ≥ 2), we also get

ψl(x) ≤ 1
2

c2
1

1
[(x – τl)2 + c2

1]3/2

∫ xl+1

xl–1

Bl(t) dt

≤ 1
4

c2
1(xl+1 – xl–1)|x – τl|–3

≤ c2
1δ1

–2(2j1 – 3)–2,

where τi ∈ [xl–1, xl+1]. Similarly, when j2 ≥ 2, we obtain

ψr(y) ≤ c2
2δ2

–2(2j2 – 3)–2, r = 0, 1, . . . , N2.

Then, we can obtain

Sr1,m(x) =
N1∑

l=0

ψl(x)dm[xl, xl+1](x)

≤
∑

xl∈Tx
0 ,Tx

1

ψl(x)ḋm[xl, xl+1](x) +
n1∑

j1=2

∑

xl∈Tx
j1

ψl(x)ḋm[xl, xl+1](x)

≤ Mx(3δ1)m + 2Mx(5δ1)m + 2Mx

n1∑

j1=2

c2
1δ1

–2(2j1 – 3)–2((2j1 + 3)δ1
)m

≤ 2Mx(5δ1)m + 2Mx(5δ1)m + 2Mxc2
1δ1

–2
n1∑

j1=2

(2j1 – 3)–2(2j1 + 3)m

≤ 2Mx5m

(
2δ1

m + D2
1δ1

2r1+m–2
n1∑

j1=1

jm–2
1

)
.

Similarly, we have

Sr2,n(x) =
N2∑

r=0

ψr(y)dn[yr , yr+1](y)

≤ 2My5n

(
2δ2

n + D2
2δ2

2r2+n–2
n2∑

j2=1

jn–2
2

)
,

Sr1,r2,m,j(x, y) =

( N1∑

l=0

ψl(x)dm[xl, xl+1](x)

)( N2∑

r=0

ψr(y)dj[yr , yr+1](y)

)

≤ 4MxMy5m5j

×
(

2δ1
m + D2

1δ1
2r1+m–2

n1∑

j1=1

jm–2
1

)(
2δ2

j + D2
2δ2

2r2+j–2
n2∑

j2=1

jj–2
2

)
,

Sr1,r2,i,n(x, y) =

( N1∑

l=0

ψl(x)di[xl, xl+1](x)

)( N2∑

r=0

ψr(y)dn[yr , yr+1](y)

)

≤ 4MxMy5i5n
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×
(

2δ1
i + D2

1δ1
2r1+i–2

n1∑

j1=1

ji–2
1

)(
2δ2

n + D2
2δ2

2r2+n–2
n2∑

j2=1

jn–2
2

)
,

Sr1,r2,m,n(x, y) =

( N1∑

l=0

ψl(x)dm[xl, xl+1](x)

)( N2∑

r=0

ψr(y)dn[yr , yr+1](y)

)

≤ 4MxMy5m5n

×
(

2δ1
m + D2

1δ1
2r1+m–2

n1∑

j1=1

jm–2
1

)(
2δ2

n + D2
2δ2

2r2+n–2
n2∑

j2=1

jn–2
2

)
.

Thus, we get

Er1,r2,m,n(x, y)

= Sr1,m(x) + Sr2,n(y)

+
n–1∑

j=1

Sr1,r2,m,j(x, y) +
m–1∑

i=1

Sr1,r2,i,n(x, y) + Sr1,r2,m,n(x, y)

≤ 4M25m5n

(
2δ1

m + D2
1δ1

2r1+m–2
n1∑

j1=1

jm–2
1

)

+ 4M25m5n

(
2δ2

n + D2
2δ2

2r2+n–2
n2∑

j2=1

jn–2
2

)
+ 4M25m5n

×
(

2δ1
m + D2

1δ1
2r1+m–2

n1∑

j1=1

jm–2
1

) n–1∑

j=1

(
2δ2

j + D2
2δ2

2r2+j–2
n2∑

j2=1

jj–2
2

)

+ 4M25m5n

×
(

2δ2
n + D2

2δ2
2r2+n–2

n2∑

j2=1

jn–2
2

) m–1∑

i=1

(
2δ1

i + D2
1δ1

2r1+i–2
n1∑

j1=1

ji–2
1

)

+ 4M25m5n

×
(

2δ1
m + D2

1δ1
2r1+m–2

n1∑

j1=1

jm–2
1

)(
2δ2

n + D2
2δ2

2r2+n–2
n2∑

j2=1

jn–2
2

)

:= 4M25m5n(P1 + P2 + P3 + P4 + P5).

Case 1 (m = 1)
If r1 = 1, then

2δ1
m + D2

1δ1
2r1+m–2

n1∑

j1=1

jm–2
1 := P1

= O
(
δ1| ln δ1|

)

≤O
(
δ| ln δ|),

(
2δ1

m + D2
1δ1

2r1+m–2
n1∑

j1=1

jm–2
1

) n–1∑

j=1

(
2δ2

j + D2
2δ2

2r2+j–2
n2∑

j2=1

jj–2
2

)
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:= P3

=

⎧
⎨

⎩
O(δ1| ln δ1|)O(δ2| ln δ2|), r2 = 1,

O(δ1| ln δ1|)O(δ2), r2 > 1,

≤
⎧
⎨

⎩
O(δ| ln δ|)O(δ| ln δ|), r2 = 1,

O(δ| ln δ|)O(δ), r2 > 1,
(

2δ2
n + D2

2δ2
2r2+n–2

n2∑

j2=1

jn–2
2

)(
1 +

m∑

i=1

(
2δ1

i + D2
1δ1

2r1+i–2
n1∑

j1=1

ji–2
1

))

:= P2 + P4 + P5

=

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

O(δ2| ln δ2|)O(δ1| ln δ1|), n = 1, r2 = 1,

O(δ2)(1 + O(δ1| ln δ1|)), n = 1, r2 > 1,

O(δn
2 )(1 + O(δ1| ln δ1|)), n > 1, n ≤ 2r2 – 1,

O(δ2r2–1
2 )(1 + O(δ1| ln δ1|)), n > 1, n > 2r2 – 1,

≤

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

O(δ| ln δ|)(1 + O(δ| ln δ|)), n = 1, r2 = 1,

O(δ)(1 + O(δ| ln δ|)), n = 1, r2 > 1,

O(δn)(1 + O(δ| ln δ|)), n > 1, n ≤ 2r2 – 1,

O(δ2r2–1)(1 + O(δ| ln δ|)), n > 1, n > 2r2 – 1.

So,

P1 + P2 + P3 + P4 + P5 = O
(
δ| ln δ|).

Case 2 (n = 1)
For r2 = 1. Similarly, as the discussion of Case 1 (m = 1), we have also

P1 + P2 + P3 + P4 + P5 = O
(
δ| ln δ|).

Case 3 (m = 1, n = 1)
If r1 > 1, r2 > 1, then

P1 = O(δ1) ≤O(δ); P3 = O(δ1)O(δ2) ≤O
(
δ2);

P2 + P4 + P5 = O(δ2)
(
1 + O

(
δ1| ln δ1|

)) ≤O(δ)
(
1 + O

(
δ| ln δ|)).

So,

P1 + P2 + P3 + P4 + P5 = O(δ).

Case 4 (m > 1, n > 1)
If m ≤ 2r1 – 1, n ≤ 2r2 – 1, m ≥ n, then

P1 = O
(
δm

1
) ≤O

(
δm)

; P3 = O
(
δm

1
)
O(δ2) ≤O

(
δm)

O(δ),

P2 + P4 + P5 = O
(
δn

2
)(

1 + O(δ1)
) ≤O

(
δn)(1 + O(δ)

)
.
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If m ≤ 2r1 – 1, n > 2r2 – 1, m ≤ 2r2 – 1, then

P1 = O
(
δm

1
) ≤O

(
δm)

; P3 = O
(
δm

1
)
O(δ2) ≤O

(
δm)

O(δ),

P2 + P4 + P5 = O
(
δ

2r2–1
2

)(
1 + O(δ1)

) ≤O
(
δ2r2–1)(1 + O(δ)

)
.

So,

P1 + P2 + P3 + P4 + P5 = O
(
δm)

.

If m ≤ 2r1 – 1, n ≤ 2r2 – 1, m > n, then

P1 = O
(
δm

1
) ≤O

(
δm)

; P3 = O
(
δm

1
)
O(δ2) ≤O

(
δm)

O(δ),

P2 + P4 + P5 = O
(
δn

2
)(

1 + O(δ1)
) ≤O

(
δn)(1 + O(δ)

)
.

So,

P1 + P2 + P3 + P4 + P5 = O
(
δn).

If m > 2r1 – 1, n ≤ 2r2 – 1, n ≤ 2r1 – 1, then

P1 = O
(
δ

2r1–1
1

) ≤O
(
δ2r1–1); P3 = O

(
δ

2r1–1
1

)
O(δ2) ≤O

(
δ2r1–1)O(δ),

P2 + P4 + P5 = O
(
δn

2
)(

1 + O(δ1)
) ≤O

(
δn)(1 + O(δ)

)
.

So,

P1 + P2 + P3 + P4 + P5 = O
(
δn).

If m > 2r1 – 1, n ≤ 2r2 – 1, n > 2r1 – 1, then

P1 = O
(
δ

2r1–1
1

) ≤O
(
δ2r1–1); P3 = O

(
δ

2r1–1
1

)
O(δ2) ≤O

(
δ2r1–1)O(δ),

P2 + P4 + P5 = O
(
δn

2
)(

1 + O(δ1)
) ≤O

(
δn)(1 + O(δ)

)
.

So,

P1 + P2 + P3 + P4 + P5 = O
(
δ2r1–1).

If m > 2r1 – 1, n > 2r2 – 1, r1 ≤ r2, then

P1 = O
(
δ

2r1–1
1

) ≤O
(
δ2r1–1); P3 = O

(
δ

2r1–1
1

)
O(δ2) ≤O

(
δ2r1–1)O(δ),

P2 + P4 + P5 = O
(
δ

2r2–1
2

)(
1 + O(δ1)

) ≤O
(
δ2r2–1)(1 + O(δ)

)
.

So,

P1 + P2 + P3 + P4 + P5 = O
(
δ2r1–1).
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If m ≤ 2r1 – 1, n > 2r2 – 1, m > 2r2 – 1, then

P1 = O
(
δm

1
) ≤O

(
δm)

; P3 = O
(
δm

1
)
O(δ2) ≤O

(
δm)

O(δ),

P2 + P4 + P5 = O
(
δ

2r2–1
2

)(
1 + O(δ1)

) ≤O
(
δ2r2–1)(1 + O(δ)

)
.

So,

P1 + P2 + P3 + P4 + P5 = O
(
δ2r2–1).

If m > 2r1 – 1, n > 2r2 – 1, r1 > r2, then

P1 = O
(
δ

2r1–1
1

) ≤O
(
δ2r1–1); P3 = O

(
δ

2r1–1
1

)
O(δ2) ≤O

(
δ2r1–1)O(δ),

P2 + P4 + P5 = O
(
δ

2r2–1
2

)(
1 + O(δ1)

) ≤O
(
δ2r2–1)(1 + O(δ)

)
.

So,

P1 + P2 + P3 + P4 + P5 = O
(
δ2r2–1). �

By using Theorem 6, we can obtain the following theorem in an analogous manner.

Theorem 7 Assume that c1 and c2 satisfy

c1 ≤ D1δ
r1
1 , c2 ≤ D2δ

r2
2 ,

where D1, D2 are positive constants, and r1, r2 are positive integers. If f ∈ C(m+1,n+1)(
),
then

‖LBm,n f – f ‖ ≤ C′M2F(m + 1, n + 1)E ′
m+1,n+1,r1,r2 (δ), (38)

where

E ′
m+1,n+1,r1,r2 (δ) =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

δm+1, m + 1 ≤ 2r1 – 1, n + 1 ≤ 2r2 – 1, m ≤ n,

δm+1, m + 1 ≤ 2r1 – 1, n + 1 ≤ 2r2 – 1, m + 1 ≤ 2r2 – 1,

δn+1, m + 1 ≤ 2r1 – 1, n + 1 ≤ 2r2 – 1, m > n,

δn+1, m + 1 > 2r1 – 1, n + 1 ≤ 2r2 – 1, n + 1 ≤ 2r1 – 1,

δ2r1–1, m + 1 > 2r1 – 1, n + 1 ≤ 2r2 – 1, n + 1 > 2r1 – 1,

δ2r1–1, m + 1 > 2r1 – 1, n + 1 > 2r2 – 1, r1 ≤ r2,

δ2r2–1, m + 1 ≤ 2r1 – 1, n + 1 > 2r2 – 1, m + 1 > 2r2 – 1,

δ2r2–1, m + 1 > 2r1 – 1, n + 1 > 2r2 – 1, r1 > r2,

(39)

C′ is a positive constant independent of x, y and X, Y .

Remark 1 To apply the newly constructed bivariate multiquadric quasi-interpolation op-
erators to the interesting applications, the use of the Lagrange interpolation polynomials
can avoid the use of the derivatives.
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4 Numerical examples
To test the bivariate Bernoulli-type multiquadric quasi-interpolation operators, we con-
sider the following test functions(see, e.g., [40]) on the computational domain [0, 1]×[0, 1]:

Gentle f1(x, y) =
exp[– 81

16 ((x – 0.5)2 + (y – 0.5)2)]
3

, (40)

Sphere f2(x, y) =
√

64 – 81((x – 0.5)2 + (y – 0.5)2)
9

– 0.5, (41)

Saddle f3(x, y) =
1.25 + cos(5.4y)
6 + 6(3x – 1)2 . (42)

For each function fi, i = 1, 2, 3, we will compare the numerical results of our new op-
erators LBm,n with other methods suitable for bivariate Bernoulli-type Shepard operators
SBm,n [41], bivariate Bernoulli-type thin-plate spline operators QBm,n [42] and the operators
Q (see, [27] and [28]) on a finite field with c1 = (2δ1)r1 and c2 = (2δ2)r2 . The operator SBm,n

is defined as follows

(SBm,n f )(x, y) =
N∑

i=0

Aμ,i(x, y)Bi
m,n[f ; xi, xi+1; yi, yi+1; hi, ki],

where

Aμ,i(x, y) =
(
√

(x – xi)2 + (y – yi)2)–μ

∑N
k=0(

√
(x – xk)2 + (y – yk)2)–μ

,

with the parameter μ > 0, see [41] for details.
We consider also the combined thin-plate spline operators of Bernoulli type, and

dimension-splitting multiquadric bivariate operator, denoted by QBm,n , and Q, introduced
in [42], and [27, 28], respectively. They are given by

(QBm,n f )(x, y)

=
1

16π

N∑

i=0

ψ

(
x – xi

h
,

y – yi

h

)
Bi

m,n[f ; xi, xi+1; yi, yi+1; hi, ki], h ∈ (0, 1),

(Qf )(x, y) =
∑

i

∑

j

fijψi(x)ψj(y).

We use uniform grids of 121 nodes for the operators QBm,n , SBm,n , LBm,n , Q with a width
2δ1 = 2δ2 = 0.1 as (m, n) = (2, 2), (3, 3), μ = 4, h = 1

10 , r1 = 3 and r2 = 3. In order to estimate
the errors as accurately as possible, we compute the approximating functions at the points
( i

21 , j
21 ), (i = 1, 2, . . . , 20; j = 1, 2, . . . , 20). Tables 1-2 display mean and max errors for the dif-

ferent approximation operators above. From Table 1, one can observe that the error for the
bivariate Bernoulli-type operator with multiquadrics LBm,n is lower than that for the bi-
variate Shepard-Bernoulli operator SBm,n , thin-plate spline operators QBm,n of Bernoulli
type and dimension-splitting multiquadric bivariate operators Q as (m, n) = (2, 2). Ta-
ble 2 shows that the smallest error is for the bivariate Bernoulli-type operator with multi-
quadricsLBm,n as (m, n) = (3, 3), too. We remark good approximation properties of the pro-
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Table 1 The maximum and mean approximation error of the operators on (m,n) = (2, 2)

f1 f2 f3

εmean εmax εmean εmax εmean εmax

LB2,2 f 0.000436 0.001481 0.000109 0.000648 0.000624 0.004172
SB2,2 f [41] 0.000499 0.002384 0.000150 0.000737 0.000694 0.005629
QB2,2 f [42] 0.001299 0.004533 0.001702 0.005598 0.001650 0.007147
Qf [27] 0.001757 0.006318 0.002535 0.007270 0.001990 0.012885
Qf [28] 0.001757 0.006319 0.002537 0.006278 0.001990 0.012884

Table 2 The maximum and mean approximation error of the operators on (m,n) = (3, 3)

f1 f2 f3

εmean εmax εmean εmax εmean εmax

LB3,3 f 0.000055 0.000361 0.000024 0.000102 0.000100 0.001169
SB3,3 f [41] 0.000099 0.000378 0.000028 0.000219 0.000155 0.001645
QB3,3 f [42] 0.000821 0.002419 0.001440 0.007019 0.000907 0.010815
Qf [27] 0.001757 0.006318 0.002535 0.007270 0.001990 0.012885
Qf [28] 0.001757 0.006319 0.002537 0.006278 0.001990 0.012884

posed multiquadric quasi-interpolation operators LBm,n when compared with the other
methods.

5 Conclusions
In this paper, a kind of bivariate Bernoulli-type multiquadric quasi-interpolation operator
is constructed by combining the known multiquadric quasi-interpolation operator with
the generalized Taylor polynomial as the expansion in the bivariate Bernoulli polynomials.
A result on the convergence rates of the new operators is given. Numerical tests show
that our method provides higher accuracy. Furthermore, the associated algorithm is easily
implemented.

In our future work, we plan to apply it to solve partial differential equations, and good
results may be obtained. Moreover, we could construct stochastic quasi-interpolation with
Bernoulli polynomials.
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