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1 Introduction

The fixed point theorem established the existence of a solution to an integral equation
and was known as the Banach contraction principle [1]. It rapidly developed into a typi-
cal device for solving several existing problems in various areas of mathematics, includ-
ing nonlinear analysis and its application. The fixed point theory advanced in two direc-
tions. One is to change the space under consideration, and the other is to change the
contraction condition. Banach’s original thesis dealt with the standard metric space [1].
Many researchers generalized the structure of the metric space by changing the space
under consideration; for example, b-metric space was introduced by Bakhtin [2] as an
extension of standard metric spaces. Later, Branciari [3] presented the notion of gen-
eralized metric (Branciari metric) spaces, where the triangle inequality is replaced with
d(a,b) < d(a,u) + d(u,v) + d(v, b); for all distinct pairwise points a,b,u,v € W, the map
d is called a Branciari distance. Numerous fixed point results were established on such
spaces [4, 5]. Subsequently, the notion of extended b-metric spaces appeared [6], and fixed
point results on these spaces were established in many articles [7, 8]. Later, a more general
concept of controlled metric-type spaces was introduced [9]. A further generalization re-
sulted in the concepts of double controlled metric type spaces [10] and double controlled
metric-like spaces [11, 12]. Several authors have studied various generalizations of the Ba-
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nach contraction mapping principle. One of the prominent generalizations of the Banach
contraction was presented by Kannan [13], who introduced a new contraction now known
as the Kannan contraction. By utilizing the Kannan contraction, fixed point results have
been established on b-metric spaces [14] and extended b-metric spaces [15].

Some researchers weakened the contraction property of the operator using many other
contraction mappings (e.g., [16—25]); for example, Ciri¢ [18] and Reich [20] independently
proved the existence and uniqueness theorem on complete metric space, when the op-
erator has a certain contraction property. The contraction mapping was later known as
a Ciri¢-Reich-Rus-type contraction. Jleli et al. ([26, 27]) introduced the concept of ®-
contraction to establish a generalization of the Banach fixed point theorem in the situ-
ation of Branciari metric spaces. Recently, Abdeljawad et al. [28] proposed the notion of
®-Branciari contraction to establish a fixed point theorem in the extended Branciari b-
distance space using the Ciri¢-Reich-Rus-type contraction mapping.

In this article, by focusing on two contraction mappings, Ciri¢-Reich-Rus-type and ©-
contraction, we introduce them on double controlled metric type spaces. Hence, we de-
note the first contraction mapping by ®-double controlled contraction mapping, while
the second is denoted by the Ciri¢-Reich-Rus-type ®-double controlled contraction map-
ping. Furthermore, we establish the existence and uniqueness of the fixed point theorems
on complete double-controlled metric type spaces. We also present examples and demon-
strate how our result generalizes many existing fixed point theorems. We end the article

with an application of our results.

2 Preliminaries
Kamran et al. [6] defined the concept of extended b-metric spaces, and their work gener-
alized many results [29-32].

Definition 2.1 ([6]) Consider a mapping w:S x & — [1,00), where S # #. The function
d,:S xS — [0,00), is called an extended b-metric if for all ,y,z € S,

1. d,(%,2)=0iffx = Z;

2. d,(%,2) = d,(2,%), symmetric;

3. dy(2) < 0 D)[dy(,5) + duGr2)],
The pair (S, d,,) is called an extended b-metric space.

Branciari introduced the concept of generalized metric spaces [3], while the extended

Branciari b-distance space was introduced in [28] and defined as follows.

Definition 2.2 ([28]) Let S be a non-empty set, and let @ : S x S — [1, 00) be a mapping.
The functiond : S x S — [0, 00), is called an extended Branciari b-distance if for all x,y € S
and all u, v € S distinct from x, y, this holds:

1. d(x,y)=0iffx =y;

2. d(x,y) = d(y,x), symmetric;

3. d(x,y) < w(x,y)[dx,u) + du,v) + dv,y)],
The pair (S,d) is called an extended Branciari b-distance space.

An extension of the b-metric space into a controlled metric type space was introduced
by Mlaiki et al. [9].
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Definition 2.3 Let 8 : Zg x Zg — [1,00) be a mapping, where Zg # §. The function
dg : Zg x Zg — [0,00), is called a controlled metric if, for all ¥,7,z € Zg, the following
conditions hold:

(d1) dg(%,2) =0 iff x = Z;

(d2) dg(%,2) = dg(2, %), symmetric;

(d3) dp(%,2) < B(x,)dp(%,7) + B(»2)dp (5, 2),

then, the pair (Zg, dp) is called a controlled metric type space.

Then a more general concept of a b-metric type space called a double controlled metric

type space was introduced in [10] as follows.

Definition 2.4 ([10]) Consider two noncomparable functions 8, : Z x Z — [1,00), de-
fined on a non-empty set Z. The mapping dg, : Z x Z — [0,00) is called a double con-
trolled metric type space by B and w if, for all z1, z3,z3 € Z, the following conditions hold:

(Q1) dg (z1,22) =0 iff 21 = z3;

(Q2) dg . (z1,22) = dp . (22, 21), symmetric;

(Q3) dp,u(z1,22) < Blz1,23)dp (21, 23) + 1u(23, 22)dlp,u (23, 22).

The pair (Z,dpg,,) is called a double controlled metric type space.

Remark 2.5 The class of double controlled metric type spaces is larger than that of con-
trolled metric type spaces, which, in turn, is larger than the class of extended b-metric
spaces. Moreover, the class of extended b-metric spaces is larger than that of b-metric
spaces. All these classes are larger than the class of standard metric spaces. Every extended
b-metric space is a controlled metric type space and double controlled metric type space,
but the converse is invalid. Also, every controlled metric type space is, in fact, a double
controlled metric type space, but the converse is invalid (Fig. 1).

The following example shows a controlled metric type space that is not an extended

b-metric space [9].

double controlled metric type
space

controlled metric type
space

extended b-metric
space
b-metric space

. standard metric
>
space

Figure 1 This figure displays the relation between different metric type spaces
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Example 2.6 Let Z =N, define d, : Z x Z — [0,00), by

0, iffu=v,
L ifuis even and,vis odd,
u

da (ur V) = 1 . . .
; ifvisevenand, uis odd,
1 else.

Then, (Z,d,) is a controlled metric type space, with « : Z x Z — [1, 00), defined by

u if uis even and, v is odd,
a(u,v)=1v ifvisevenand,uisodd,

1 else.

The next example illustrates a double controlled metric type space, which is not a con-
trolled metric type space [10].

Example 2.7 ([10]) Let Z = [0, +00), define the mapping dg , : Z x Z — [0, +00) by

0 iffu=v,

1 ifu>1landvel0,1),
dﬂ,/t(u: V) = 1

s ifv>1andu€[0,1),

1 otherwise.

Let B, : Z x Z — [1,+00) be two functions defined by

u ifu,v>1,
,B(u,v) =

1 otherwise,

and

1 ifu,vel0,1),
w(u,v) = .
max{u,v} otherwise.

To see (Z,dg,,) is a double controlled metric type space. Observe that conditions (Q1)
and (Q2) hold. To illustrate condition (Q3) holds, note that if either z = u or z = v, then
(Q3) holds. Thus, suppose u # v, which means u # v # z. We consider cases:

Case l:ifu>1and v e [0,1), or v>1 and u € [0, 1), then for any z, clearly condition
(Q3) is satisfied.
Case 2:if u,v> 1, and z > 1, then one can easily observe that

dg,.(u,v) =1 < u(1) + max{v, z}(1).

While, if z € [0, 1), then we obtain

1 1
dg,(u,v)=1<—+v—, hence (Q3) holds.
u v

Page 4 of 21
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Case 3:if u,v < 1, and z > 1, we obtain
1 1
dg (u,v)=1< — +2z—.
ﬂ,u( ) =7 Z

While, if z € [0, 1), then easily condition (Q3) holds. Therefore, (Z,dg,,) is a double con-
trolled metric type space, which is not a controlled metric type space, by taking 8 = w,
note

1 1 1 1 1 1
dﬁ(O, 5) =1> 5 = Z + Z_L = ,B(O,4‘)dﬂ(0,4) +IB(4, 5)6{5 (4‘, 5)

Definition 2.8 Let (Z,dg,,) be a double controlled metric type space, where Z # ), given
any ¢ > 0, the open ball B(y, ¢) is defined as

B(y,¢) = {w €Z,dg,(y,w) < 8}.

Let {y,},>0 be any sequence in Z. Then

(1) {yn} converges to some w in Z if for every ¢ > 0, there exists N € N, such that
dg, (Y, w) < s forallm>N,ie. lim,_, o dg,(y.w)=0.

(2) {yx} is a Cauchy sequence if for every ¢ > 0, there exists N € N such that dg ,, (¥, ) <
g, forall m,n > N.

(3) The space (Z,dg,,) is called a complete double controlled metric type space if every
Cauchy sequence in Z is convergent.

(4) A mapping T : Z — Z is said to be continuous at y € Z if for all ¢ > 0, there exists
8 > 0, such that T'(B(y,8)) € B(Ty,¢). Thus if {y,},>0 is any sequence which converges to
u, i.e., lim,_, oo dp (v, u) = 0, then lim,,_, o dg ;, (T, Tu) = 0.

Let (X, d) be a metric space, and let T : X — X be a mapping, then T is called a contrac-
tion [1] if there exists r € [0, 1) such that this holds for all x,y € X,

d(Tx, Ty) < rd(x,y).

Kannan [13] generalized the Banach contraction by introducing a new contraction on
a metric space now known as the Kannan contraction. Thus, the mapping 7: X — X is
called the Kannan contraction if there exists r € [0,1/2) such that

d(Tx, Ty) < r[d(x, Tx) + d(y, Ty)],

for all x,y € X. When (X, d) is complete, then every contraction and every Kannan con-
traction have a unique fixed point; see [1, 13]. Later many authors utilized Kannan-type
contraction and established fixed point results on b-metric spaces [14], extended b-metric
spaces [15], and more recently into double controlled dislocated quasi-metric type spaces
[24].

The concept of ®-contraction was proposed in [26] to extend some results on the fixed
point theorem in the framework of the Branciari distance space. We recall the definition
of the © set of functions.
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Definition 2.9 ([26]) Let ® be the set of all functions 6 : (0,00) — (1,00) obeying the
following conditions:

() 0 is nondecreasing;

(IT) for each sequence {¢,,} of positive real numbers, this holds

lim t,=0" <<=  lim 6(¢,)=1;
m— 00

m— 00

(III) there exist k, with 0 < k < 1, and M € (0, co], such that this holds

.0 -1
lim =M.
t—0t tk

It should be observed that ® contains a large class of functions, for example, the func-
tions 6; : (0,00) — (1,00), defined by 6, (¢) = eVl, and 6,(¢) = eVee belongs to ©.

3 Main results

Our work focuses on two types of contraction mappings: Ciri¢-Reich-Rus-type and ©-
contraction. Following are two subsections for each type of contraction mappings on com-
plete double controlled metric type spaces.

3.1 ©®-double controlled contraction mapping and fixed point theorems

With © as in Definition 2.9 and inspired by [26], we present the notion of ®-double con-
trolled contraction mapping and establish a fixed point theorem on complete double con-
trolled metric type spaces.

Definition 3.1 Let (Z,dg,,) be a double controlled metric type space. Let T': Z — Z be
a self mapping. Then T is said to be ®-double controlled contraction mapping if there
exists a function § € ® and an r € (0, 1) such that the following holds:

zweZ, dpu (T, Tw)#0 = 0(dp,u(Tz, Tw)) < [0(dpu(zw)]". (3.1)

Lemma 3.2 Let (Z,dg,,) be a double controlled metric type space, and let T : Z — Z be a
O-double controlled contraction mapping. Then T is continuous.

Proof As T is ®-double controlled contraction mapping, hence this holds
Q(d,g,u(Tx, Ty)) < [9 (dﬁ,u(x,y))]r. (3.2)

for some 6 € ® and r € (0,1), and for any x,y € Z with Tx # Ty. Applying In on both sides
of equation (3.2), we obtain

ln[Q (dﬁ,ﬂ(Tx, Ty))] < rln[@ (dﬁ,u(x,y))] < ln[8 (d,g,u(x,y))]. (3.3)

As 6 is nondecreasing, we obtain
dp, (Tx, Ty) <dg,(x,9), Vx,y€Z. (3.4)

Hence T is continuous. O
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Our first main result of the fixed point theorem.

Theorem 3.3 Let (Z,dg,,) be a complete double controlled metric type space with B, 1 :
Z x Z — [1,00) two noncomparable functions, defined on a non-empty set Z, and let T :
Z — Z be a ©-double controlled contraction self mapping satisfying the following:

(1)

sup im B (211, Zne2) (2Zna1,2m) < 1/p,
for some p € (0,1), and
(2) For any z € Z, both lim,,_, » 8(z,z,) and lim,,_, » (2, z) exist and are finite, where
the sequence {z,} is defined as z, = T"z, for some zy € Z.
Then T has a unique fixed point in Z.

Proof Let zp be any arbitrary point in Z, then we have a sequence {z,},>0, with 7"z = z,,,
forall m e N.

If for some m € N, Tz, = T"*1z,, then this implies that 7"z, is a fixed point of
the mapping 7. Thus, without loss of generality, we may assume that z, # z,,1, i.e.,
dp, (T"zo, T"'z9) > 0, for all m € N.

Applying (3.1) recursively, we obtain

(d/s# TZ,, 1s TZ,,))
(dp.u(zn- lrzn))]

0(dp,u(zn 2011)) =0
[0
[0(dp.(zn-2,201))]
=[

IA

r2

IA

3 n

e(dﬁu Zn-3>Zn- 2))]V <= [9 (dﬁ,u(ZO:zl))]r . (35)

As 0(t) > 1, we have

1< e(dﬁ,u(zmzrul)) = [9 (dﬂ,u(zmzl))]r . (36)
Since 0 < r < 1, hence letting n tends to infinity in (3.6), we get

lim B(dﬁ,u(zn,zml)) =1.

n—00

Employing property (II) in Definition 2.9, we obtain

lim dﬂ /L(Zm Zpe1) = 0. (3.7)

n—00

In a similar method, one can show that

lim dg (24, Zns2) = 0. (3.8)

n—00

By (III) of Definition 2.9, there exists k € (0,1) and M € (0, co] such that

0 d " “n+ -1
lim (dp, (20, 2n11))

=M. 3.9
n—00 [d,B,/L (an Zn+1)]k ( )
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Case 1: Let 0 < M < 00, and define L = %, from equation (3.9), there exists some gy € N,
such that for all # > 1y we obtain

0 (dﬂ,u (Zm Zn+1)) -1
[dﬁ,u (Z,,, Zn+1)]k

-M| <L,

which implies that

< G(dﬂ,u(zm Zn+1)) -1

L=M-L< Vn > ny.
[dﬂ,u(zm Zn+1)]k

Hence, for all n > ng, we have

n[dﬁ’ﬂ(zn»zml)]k < n[e(dﬁ’/‘(zmznﬂ)) - 1]'

L

By employing (3.5), we obtain

[0(dp,u(z0,21))]" — 11|‘

n[dﬁ,u(zmzlﬁl)]k = }’l|: I

Letting n — o0, in the above inequality, we get
lim 7[dp,p(Zn 2ni1)]* = 0. (3.10)
n> 00 B, \Zns Ln+

Case 2: M = o0, in this case, let L > 0 be any arbitrary number. Thus, by the definition of
the limit, we can find some #; € N such that

e(dﬂ,u(zn: Zpe1)) — 1

>L, Vn>mn,
[dp )] =

which gives

n[dﬁ’/‘(zﬂ’zml)]k < n[g(dﬁ’“(Z”’zﬂ+l)) - l:I'

L
Again employing (3.5) in the above inequality and then letting # — oo, we obtain
lim n[dﬂ,u(zn,zn+1)]k =0. (3.11)

Thus, from equations (3.10) and (3.11), we deduce that for any M € (0,00] and 0 < k < 1,
there exists some N € N, where N = max{ng, 1} such that

1 .\
dﬁ,u(zmzn+l) =< W: Vn > N; (312)

Next, we prove that 7 has a fixed point; we consider two cases.
Case 1: Suppose T"zy = z,, = z,, = T™zy for some m # n € N. Assume m > n, we obtain
T""(z,) = z,. Denote z, by %, and g = m — n, then we have T%x = x, which means x is a

periodic point of 7. Hence

dg (%, Tx) = dg . (T, T**'x).
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Following the above argument, one can easily show that dg , (¥, Tx) = 0, i.e., Tx = x, im-
plying that x is a fixed point of T'.

Case 2: Suppose that z,, = T"zg # T"'zg = z,, for all m,n € N and assume m > n.

Claim: {z,} is a Cauchy sequence in Z.

For all m,n € N with m > n, and by (Q3) of Definition 2.4, we have:

A1 (2ns 2m) < B(Zns Zu1)AB,1 (21 Zns1) + 1(Zns15 Z0) 8B 1 (Zns1s Zm)
< B@ns 2ue1)p (2 20s1) + W(Zns1s Zm) [ B@ns1s Znr2) Ay (21 Zna2)
+ /'L(ZVHZth)dﬂ,y. (Zn+2,2m)]
= B(2n 2ne1)AB,1 (205 Zne1) + 11(Zne15 Zm) B(Zns15 Zns2) A 1 (215 Zns2)
+ (2115 Zm) (225 Zm) A1 (Zn42) Zm)
< B(Zus 2us1)Ap, 1 (2> Zui1) + 10(Z0s15 Z) B(Zns15 Zu2)AB 1 (215 Zi2)
+ /'L(Zwrl)Zm)M(ZnJrZ:Zm)[ﬂ(szrZ’Zn+3)dﬂ,u(zn+2:Zn+3)

+ /'L(Zn+3) Zm)dﬂ,u (Zn+3; Zm)]

m-2 i
dﬁ,u(znrzm) = IB(Zm Zn+1)dﬁ,u(zm Zpi1) + Z ( 1_[ /'L(Z/” Zm))ﬂ(zir Zi+1)d/3,u(zi: Zis1)

i=n+1 \j=n+1

—

+ 1_[ M(zl: Zm)dﬁ,u (Zm—lv Zm);

l=n+1

m-2 i
dﬁ,u(znrzm) = IB(Zm Zn+1)dﬁ,u(zm Zpi1) + Z ( 1_[ /'L(Z/” Zm))ﬂ(zir Zi+1)d/3,u(zi: Zis1)

i=n+1 \j=n+1
m-1
+ 1_[ M(zl:zm)/g(zm—lyzm)dﬁ,u(zm—lrzm)y
l=n+1

i=n+1

m—1 i
dﬁ,/}.(znrzm) = ﬁ(zm Zn+1)dﬁ,u(zn: Zpe1) + Z ( 1_[ //L(Zj’ Zm))/g(zi: Zi+1)dﬁ,u(zi: Zis1)-

Jy=n+1

Hence

m-1 i
g Znzm) < Y dp (2 zisa) [1_[ M(zj,zm)} BlzirZis1). (313)
i=n 1

j=

Note that the series

Z dﬁ,u(znr Zn+1) |:l_[ /’L(Zi! Zm)i| ﬂ(znr Zn+1):
n=1 i=1

converges, by employing (3.12) and using conditions (1) and (2), we obtain

o0

o0 n 1 n
Y dpulznzn) []_[ M(Zi:zm):|ﬁ(znrzn+l) =2 i [ [ 2B n znn)
n=1 i=1

n=1 i=1
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131
<—Zm,

P n=1
which is convergent as % > 1. Let S and S, be defined as
S=Y dpulznznn) []‘[ u(z,-,zm)}ﬁ(zmzml)

n=1 i=1
and

n j
Sy = Z dﬁ,#(Z/,Z/+1) |:l_[ u(zi,zm)i| ﬂ(zj,zjﬂ),

j=1 i=1

Therefore, (3.13) can be written as
dﬁ,u(zmzm) = Sm—l - Sn—l

letting 1, m — o0, and by incorporating equations (3.7) and (3.8), and the fact the above

series is convergent, we obtain
lim dpg (24, 2m) = 0. (3.14)
n,m—00

Thus, {z,} is a Cauchy sequence in a complete double controlled metric type space
(Z,dg,,); therefore, it converges to some % € Z, i.e., lim,_. oo dp . (24, %) = 0.

Next, we show x is a fixed point of 7, i.e., Tx = ¥. By Lemma 3.2, T is continuous; thus,
limy,—, o0 dp,.(T2y, TX) = 0, hence we have 7%z, = z,,; — T. Using the triangular property
of Definition 2.4, we have

dg,u (%, TX) < B(X,2,)dp,; (%, 2n) + (20, TX)dp (20, TX). (3.15)
Taking the limit as # tends to infinity in the above inequality and using condition (2), we
obtain dg (%, TX) = 0; that is, Tx = %.

To prove the uniqueness of the fixed point, assume that T has two fixed points %, ¥ such
that x #7,

0(dpu(%3)) = 0(dsu(T, TH))
<[0(dpu®3)]
< 0(dpu(%,9)),

which is a contradiction, hence % = §, so T has a unique fixed point. g
Next, we illustrate Theorem 3.3 by the following example.

Example 3.4 Let Z = {0,1,2}. Consider the symmetric metric dg , : Z X Z — [0,00), de-
fined by

dg,.(2,2) =dg,(1,1) =dg ,(0,0) =0,

Page 10 of 21
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and

4 6
dg,.(0,1) =1, dg ,(0,2) = =, dg . (1,2) = —.
ﬁ,ﬂ( ) Bt (0,2) 5 Bt (1,2) 25

The two symmetric functions 8, u : Z x Z — [1,00), are given by

8 6 51
F22)=pML1=pO0=1  pLY=Z  OD= 5(0,2)=%

and

30 6 7
M(zr 2) = M(l’ 1) = M(07 0) = 1’ ,u(l,2) = 2_01 M(O) 1) = 57 M(O’ 2) = g

One can easily show that (dg ,, Z) is a complete double controlled metric type space.

Consider the self mapping T : Z — Z, defined by T'(0) = 2, and T(1) = T(2) = 1, also let
0 : (0,00) — (1,00) be given by 6(¢) = eV?, then 0 satisfies the properties in Definition 2.9,
with k =1/2.

First, we show that T is ®-double controlled contraction mapping as in Definition 3.1
with r =2 € (0,1).

For any z,w € Z, such that dg,(Tz, Tw) # 0, we investigate if 6(dg (T2 Tw)) <
[6(dp,.(z,w))]?>. It is enough to explore these:

() 6(dp,(T0,T1)) =6(dp,(2,1)) =06 (2—65) = eV5 < &5 = [0(dy,,0,1)) ",

(ii)  6(dp,u(T0,T2)) =6(dp.(2,1))

() e < (0 - 0]

Next, we explore if conditions (1) and (2) of Theorem 3.3 are satisfied with p = 1/3 €
(0,1). To show (1) holds, i.e.,

sup lim B(z+1,2ns2)4(Zns1,2m) < 1/p=3, foranyzeZ,

m>1 n—00

take, for example, zo = 0, thenz; = T(0) =2and z, = T(2) = 1,23 = T(1) = 1, z; = 1 for j > 3,
hence

1.50<3, ifz=0,
(@) Blzo,z1)(20,2) = B(0,2)1(0,2) = 11.81 <3, ifz=1,
211<3 ifz=2,

224 <3, ifz=0,
(b) Blz,z2)1(z1,2) = B2, D(2,2) = 1240 < 3, ifz=1,
1.60<3 ifz=2,

1.2<3, ifz=0,
() Blza,z3)u(22,2) = B(1L, Du(1,2) = 11.0< 3, ifz=1,
15<3 ifz=2,
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1.2<5/3, ifz=0,
(d)  Blzs,za)iu(z3,2) = B(1, )u(l,2) = 11.0< 5/3, ifz=1,
1.5<5/3 ifz=2.

As z; = 1 for j > 3, then B(z3,z4) (23, 2) reduces to case (c). If we take 0 # 2o, then sim-
ilarly we get sup,,.; lim,_, oo B(25+1, Zn42)14(Z0+1,2m) < 3. Therefore, T is ®@-double con-
trolled contraction mapping, satisfying conditions (1) and (2) of Theorem 3.3, so it has
a unique fixed point z = 1.

By taking B(z,w) = u(z, w) in Theorem 3.3 and modifying the two conditions (1) and
(2) accordingly, we deduce the following corollary for the case of controlled metric type

space.

Corollary 3.5 Let (Z,dg) be a complete controlled metric type space, and let T : Z — Z be
a ©-contraction self mapping. Then T has a unique fixed point in Z.

In case B(z,w) = u(z, w) = 1, we get the following corollary.

Corollary 3.6 Let (Z,d) be a complete metric space, and let T : Z — Z be a self mapping.
Suppose there exists a function 0 € © and an r € (0,1), such that the following holds:

aweZ, dp(Te, Tw)#0 = 0(dp,(Tz, Tw)) < [0(dp,.(zw)]'".
Then T has a unique fixed point.

3.2 Ciri¢-Reich-Rus-type ®-double controlled contraction mapping and fixed
point theorem

In 1971, Ciri¢ [18] generalized Banach’s contraction principle theorem to a more general

contraction. Then in 1974, Ciri¢ [19] generalized his own result [18] by introducing the

quasi-contraction and obtained the fixed point theorem under the below condition.

Definition 3.7 ([19]) Let (Z,d) be a metric space. If T : Z — Z satisfies the quasi-
contraction condition

d(Tx, Ty) < pmax{d(x,y),d(x, Tx),d(y, Ty), d(x, Ty), d(y, Tx)}
for all x,y € Z, and for some p € [0, 1), then T has a unique fixed point in Z.
During the same time, Reich [20] stated the following result.
Definition 3.8 Let (Z, p) be a complete metric space. If T : Z — Z satisfies:
p(Tx, Ty) < A p(x,9) + plx, Tx) + p(y, T9)].

Forall x,y € Z and A € [0,1/3), then T has a unique fixed point.
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It should be noted that Ciri¢ and Reich proved the result independently. That is why in
the literature it is referred to as a Ciri¢-Reich-Rus-type contraction. In [28], Abdeljawad
et al. gave the following definition of the Ciri¢-Reich-Rus-type contraction mapping, and
they used it to prove the existence and uniqueness of the fixed point when the extended
Branciari b-distance space is complete.

Definition 3.9 ([28]) Let (Z,d) be an extended Branciari b-distance space, then a mapping
T :Z — Z,is called a Ciri¢-Reich-Rus-type contraction mapping, if there exists a function
0 € ®, and p € (0,1), such that

Q(d(Tx, Ty)) < [9 (M(x,y))]p, forallx,y € Z,
where
M(x,y) = max{d(x,y), d(x, Tx), d(y, Ty)}
with limsup,, ,,_, ., @(%; %) < 1/p, here x,, = T"x, for some xo € Z.

In the following, inspired by Definition 3.9, we generalize the Ciri¢-Reich-Rus-type con-
traction mapping in the setting of a double controlled metric type space. Therefore, we
introduce the concept of Ciri¢-Reich-Rus-type ®-double controlled contraction mapping
(for short CRR-®-double controlled contraction), with ® as in Definition 2.9, and we es-
tablish the fixed point theorem.

Definition 3.10 Let (Z,dg ) be a double controlled metric type space,and let T: Z — Z
be a self mapping. Then T is a CRR-®-double controlled contraction mapping, if there
exists a function 6 € © such that 6 is continuous, and r € (0, 1), so that the following holds:

0(dp,(Tz, Tw)) < [6(M(z,w))]’, (3.16)
for all z,w € Z, such that dg ,,(Tz, Tw) # 0, where
M(z,w) = max{d,g,u(z, w),dp (2, Tz), dg, . (W, Tw)}.
Next, our second main result of the fixed point theorem.

Theorem 3.11 Let (Z,dg,,) be a complete double controlled metric type space, and let

B,u:Z x Z — [1,00) be two noncomparable functions, defined on a non-empty set Z. Let

T :Z — Z be a CRR-®-double controlled contraction self mapping satisfying the following:
(M1)

sup lim ﬁ(zn+lrzn+2)ﬂ(zn+1: Zm) < 1/}7;
m=>1""°
for some p € (0,1), and
(M?2) For any z € Z, both lim,,_, », B(z, z,) and lim,,_, o u(z,, z) exist and are finite, where
the sequence {z,} is defined as z, = T"z, for some zy € Z.
Then T has a unique fixed point in Z.
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Proof Let zy be any arbitrary point in Z, then we have a sequence {z,},>0, with 7"z = z,,,
forall n e N.

If for some g € N, T9% = T7*'z,, then this implies that T9%, is a fixed point of
the mapping T. Thus, without loss of generality, we may assume that dg (2, 241) =
dp, (T"zo, T™'29) > 0, for all m € N.

By Definition 3.10, we obtain

e(dﬁ,u(zwrl: Zn)) < [9 (M(Zmzn—l))]r: (3.17)
where

M(an Zn—l) = max{dﬁ,u (Zmzn—l): dﬂ,u (Zm Tzn)x dﬂ,u (Zn—ly Tzn—l)}
= max{dﬂ,u (Zm Zn—l); dﬂ,u (Zrn Zn+1)r dﬁ,u (Zn—b Zn)}

< max{dg . (zn Zn-1), dp 1 (Zns Zns1) }-
In case M(z,,24-1) = dg u(2u, Z4+1), then the inequality in (3.17) turns into
0(dp,u(zns1,2n) < [0(dpu(@n zni1)) ]
which is a contradiction, since 0 < r < 1. Therefore, we have
M2y, zu-1) = dg 1 (Zns Zn-1)s (3.18)
using (3.18), the inequality in (3.17) becomes

0(dp e 2)) < [0(dpenznn))]
[9 (dﬂ,;t (Zn-1, Zn_z))]rz <...

= [9 (dﬂ,;L(ZO» Zl))]rn' (319)

IA

That is the same inequality as (3.5) in Theorem 3.3. Consequently, following the same
steps of proof in Theorem 3.3 and utilizing conditions (M1) and (M2), we conclude that
{z,} is a Cauchy sequence in a complete double controlled metric type space (Z,dpg,,).
Therefore, it converges to some z € Z, i.e.,

lim dg (24, 2) = 0. (3.20)

n—00

We claim that T'(2) = Z. First, note that if there exists an integer N such that zy = 2, then
z is a fixed point since by (3.17), we have

Q(dﬁyﬂ(TZN, ZN)) < [9 (M(ZN,ZN_l))]r.

Utilizing (3.18) and then repeating the steps as in (3.19), we obtain 6(dg . (Tzn,2n)) <
6 (d,gvﬂ(zo,zl))]’N ; applying the steps as in (3.6) and then taking the limit as N tends to
infinity as in (3.7), we obtain dg ,(Tzn,2n) = 0, i.e., Z = zy = Tzy is a fixed point. Thus,
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without loss of generality assume that z, # z for all i, to show 2 is a fixed point, observe
that continuity of T together with (3.20) implies

lim dpg , (zpe1, T2) = lim dg (T2, T2) = 0. (3:21)
n—00

n— o0

Utilizing (3.20), we obtain

lim dp (2 201) = lim dp (2, 2,,1) = 0. (3.22)
n+l—o00

n—00

By (Q3) of Definition 2.4, we deduce
dﬁ,u (2! T‘%) =< ﬂ(é: Zn+1)dﬁ,u (2: Zpe1) + W(Zne1s T‘%)dﬁ,u (Zu+15 Té)

Upon taking the limit as # tends to infinity and using (3.21), (3.22), and (M2), we reach
dg,.(z, TZ) = 0, hence TZ = z, proving Z is a fixed point.

Next, we show the uniqueness of the fixed point. Assume that T has two fixed points z,
w such that z # w, thus dpg , (2, W) = dg ,(T%z, Tw) > 0. Utilizing (3.16), we obtain

0(dpu(2W)) = 0(dpu(T2 T))
[6(M(zw))]
< [0(dsua )] < [0(ds02 )]

IA

which is a contradiction, hence zZ = w, so T has a unique fixed point. O
Next, we present a supporting example for Theorem 3.11 and also refer to [28].

Example 3.12 Let Z = {S, : n € N}, where

_nn+1)(n+2)

Sn
3

Define the mapping dg ;, : Z x Z — [0, +00) by dg . (x,) = |lx—y|*, and let B, u : Z x Z —
[1, +00) be defined by

ify>ux,
Bx,y) = ‘

RIR RI=

otherwise,

and p(x,y) = i + 1. Then (Z,dg,) is a complete double controlled metric type space. The
mapping T : Z — Z is given by

51 ifn= 1,
S, ifn>2.

T(Sn) =

To show T is CRR-®-double controlled contraction mapping with 6(t) = e, we need to
show (3.16) holds, i.e.,

0(dp,.(Ix, Ty)) < [0(M(x,9))]", for some r € (0,1).
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Note that if the above equation holds, it yields, e« ™1 < [/M&D]” Applying In on
both sides, we get

dpu(Tx, Ty) < rM(x, y), (3.23)

where M(x, y) = max{dg . (x,y),dg . (x, Tx),dg . (y, Ty)}.

Hence to show T is CRR-®-double controlled contraction mapping, it is enough to show
that (3.23) holds.

Case 1: n =1 and m > 2, then

m-1)(m+1)-6|>

3

m
dﬁ,M(TSh TSm) = dﬁ,u(sb Sm—l) =

Observe that

M(Sh Sm) = max{dﬂ,u(slx Sm): dﬂ,u(Sl; Sl)) dﬂ,u(sm,sm—l)}

=dpg,(S1,Sm)-
Since
Ay (S S) = ’m(m + 1)(3m +2)-6/]% s dy (S St) = ‘M 2
Thus,

dpu(TS1,TSy)  dpu(TS1, TS)
M(Sl»Sm) dﬂ,u(sl,sm)

2

_|mim-1)(m+1)-6
_‘m(m+1)(m+2)—6

Case 2: For m > n > 1, we have

dﬁ,/t(TSm TSm) = dﬁ,u(sn—l» Sm—l)

nn-1)mn+1)—mm-1)m+1)|*

3

(n—m)(n® + nm + m* - 1)

3

2

While

M(Snr Sm) = max{dﬁ,ﬂ (Sn; Sm); dﬂ,u (Sn) Sn—l); dﬂ,u (Smr Sm—l) }
= dﬂ,u (Sru Sm)
Since

nn+1)mn+2) —m@m+1)m+2)|*
3

dﬂ,/t (Sn’ Sm) =

Page 16 of 21
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(n—m)[(n® + nm + m2) + 3(n + m) + 2] |2

3

’

and

2 2

n(n+1)3
3

m(m +1)3

dﬁ,u(sm Sn—l) = 3

’ dﬁ,u(smf Sm—l) = ‘

Hence

2 2 2

dg, . (TSy, TS,) (n—m)m® + nm +m?-1)

M(Sn> Sm)

(n—m)[(n2 + nm + m?) + 3(n + m) + 2]
2
<r, wherere(0,1).

n+mm+m® -1

n2+mm+m?+3(n+m)+2

Thus, we have shown T' is CRR-®-double controlled contraction mapping. Next, we show
that conditions (M1) and (M2) of Theorem 3.11 hold. We form a sequence {z,} by taking
2o = Sy, with n > 2. As T(S,) = Sy—1, thus z; = S,,_1, 22 = S,_2, 50 zj = S,,_;. Note that

Sni1 (n+1)(m+2)(n+3) _n+3

Sn+ 7Sn = =
BlSn1Sn) Sy nn+1)(n+2) n
and
(Sps1,Sm) 1 1 3 1
, =—+l=————— +1.
St Sm S m(m + 1)(m + 2)
Then,
. . n+3 3
sup lim B(S,41,S:)1(Sni1,S) = sup lim +1
=1 1> m>1"—>\ 1 m(m + 1)(m + 2)
<4=1/p,

take p = 1/4 € (0, 1). Clearly for any x € Z, then lim,,_, o, B(x, S,) and lim,,_, oo 1(S,,, x) exist
and are finite. Therefore, T satisfies the properties of Theorem 3.11, hence T has a unique
fixed point S;.

By taking 8 = u in Theorem 3.11 and modifying the conditions (M1) and (M2) accord-
ingly, we obtain the following immediate result for the case of controlled metric type space.

Corollary 3.13 Let (Z,dg) be a complete controlled metric type space, and let T : Z — Z
be a CRR- ®-double controlled contraction self mapping satisfying the following:
(C1)

sup lim ﬁ(zn+lrzn+2),6(zn+lxzm) < 1/]9,

m>=11
for some p € (0,1), and
(C2) For any z € Z, then limy,_, o B(2, 2,) and lim,,_, » B(z4, 2) exist and are finite, where

the sequence {z,} is defined as z, = T"z, for some zy € Z.
Then T has a unique fixed point in Z.
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In case B(z,w) = u(z,w) = 1 in Theorem 3.11, we get the following corollary.
Corollary 3.14 Let (Z,d) be a complete metric space, let T : Z — Z be a self mapping.

Suppose there exists a continuous function 6 € ©® and an r € (0,1), such that the following
holds:

0(dp,(Tz, Tw)) < [6(M(z,w))]’,
forall z,w € Z, such that dg ,,(Tz, Tw) # 0, where
M(z,w) = max{dg,,.(z,w), dp . (2, T2), dg .. (w, Tw)}.
Then T has a unique fixed point.
Corollary 3.15 Let (Z,dg,,) be a complete double controlled metric type space, and let
T :Z — Z be a self mapping. Suppose there exists y € (0,1) such that the following holds:
(1)
dg,(Tz, Tw) <y max{d,g,,t(z, w),dg (2, Tz), dg . (W, Tw)}, forall z,w e Z.

(52)

sup lim :3(Zn+lyzn+2)//«(zn+1:zm) < 1/19:
mzl Hn— 00
for some p € (0,1), and
(S3) For any z € Z, then lim,_, o B(2,2,) and lim,,_, o (1(2,, 2) exist and are finite, where
the sequence {z,} is defined as z, = T"z, for some zy € Z.

Then T has a unique fixed point in Z.

Proof Let 9 :(0,00) — (1,00) be defined by 6(¢) = V%, then 6 € O as in Definition 2.9, and
it is continuous. Property (S1) implies

0(dp,.(Tz, Tw)) = e g, (T2,TW)

<[ e\/max[dﬂ,u(z,w),dﬁ,u(Z,TZ),d;g,,L(WyTW)]]\/7

= [9 (M(z, w))]ﬁ.

Let r = /¥ €(0,1) Therefore, the existence and uniqueness of the fixed point follow from
Theorem 3.11. O

4 Application

In the closing, we would like to illustrate the importance of our Theorem 3.3 in finding
a unique real solution for an mth degree polynomial. There are many other methods for
root finding problems, such as numerical methods, but utilizing the fixed point results, it
becomes quite easy, as it is presented below.
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Theorem 4.1 For any natural number m > 3, the equation
" — (m* - 1)E™ —m*E +1=0 (4.1)
has a unique real solution in the interval [-1,1].

Proof If |&| > 1, then equation (4.1) does not have a solution, and therefore |£| < 1. Let
Z =[-1,1], then for any &, v € Z, let the metric be defined by dpg , (§,v) = |£€ — v|.
The two functions 8, : Z x Z — [1,00) are defined by

BE,v) =max{&,v}+2, and pwu(&,v)=max{&, v}+1.

One can easily show that (Z, dg ,) is a complete double controlled metric type space. Let

T :Z — Z be a mapping defined by

Em+1

G De st 4.2)

Tt =

and let 6 : (0, 00) — (1, 00) be defined by 6(¢) = eV, thend € ©.
We will show that T is ©®-double controlled contraction mapping.
As m > 3, we can conclude that m* > 81. Therefore,

B Em+1 v+ 1
(T8, T7) = (=)™ + m*  (mt = 1)o7 + m

~ g_—m —ym

(= 1)E™ + m*)((m* = 1) + m*)

- 1§ —v|

=

- 1§ — v

- 81

1
= ﬁdﬂ,u(g: V)

<e'dg,(&,v), forsome3<t <5

This yields

VA TET < o/ B0 (o Apn @) Ve _ (/&)
where r = /e 7 € (0,1), since 3 < T <5. Hence
0(dp,.(T&, Tv)) <[0(dg,.(€,v)], for&,v e Z withdg,(TE, Tv) #0.

Next, we show conditions (1) and (2) of Theorem 3.3 hold by taking p = 1/4 € (0, 1). Hence
for any zy € Z, we define the sequence {z,} € Z by

2
Z,=T"zy < — for any #. (4.3)
m

Page 19 of 21
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Using the definitions of 8, 1, and (4.3), we obtain

. 10
sup lim ,B(Zn+1rzn+2)//«(zn+1:zm) = ﬁ +2<4.

m=11

Also, both lim,,_, », B(z, z,,) and lim,,_, o, 14(2,, 2) exist and are finite. Thus, all the conditions
of Theorem 3.3 are satisfied, and therefore T has a unique fixed point in Z, which is a
unique real solution of equation (4.1). d

5 Conclusion

Our space was a double controlled metric type space; there, we introduced two new types
of generalized contraction mappings. In the first one, inspired by the work [26], we in-
troduced ®-double controlled contraction mapping, while in the second one, inspired
by the work [28], we introduced a Ciri¢-Reich-Rus-type ®-double controlled contraction
mapping. Under these mappings, we established the existence and uniqueness of the fixed
point theorems on complete double controlled metric type spaces and presented some
examples.

Karapinar introduced the notion of an interpolative Kannan-type contraction in [33].
Recently, Aydi et al. initiated the concept of w-interpolative Ciri¢-Reich-Rus-type contrac-
tions and established fixed point results [34, 35]. We propose some suggestions for future
research directions, such as utilizing w-interpolative Ciri¢-Reich-Rus-type contractions
on complete double controlled metric type space and exploring fixed point results.
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