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1 Introduction

A number of mathematical areas demonstrate the importance of convex functions. This
theory offers a superb framework for initiating and creating numerical instruments to
take on and research challenging mathematical topics. They are magical, especially in op-
timization theory, because of a variety of useful qualities. The theory of mathematical in-
equalities and convex functions have a beautiful relationship. Convexity arises in several
related topics of basic optimization, namely information theory and inequalities theory.
Interested readers can refer to [1-3].

The idea of the derivative operator from integer order # to arbitrary order is added in
fractional calculus. Fractional integrals are effective tools for solving numerous issues from
many scientific and engineering sectors in applied mathematics. Numerous mathemati-
cians have been combining their efforts and developing fresh perspectives on fractional
analysis over the past few years to add a fresh perspective and new elements to the fields
of mathematical analysis and applied mathematics.

The following known fractional integrals are used throughout this paper (see, [4]).
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Note that if we choose @ = 1 in (1) and (2) then it reduces to classical Riemann-Liouville
fractional integral operator. For some recent related results, see [5-7].

Integral inequalities have an important role in the expansion of all branches of math-
ematics. One of the most powerful of these integral inequalities is the Jensen—Mercer
inequality, obtained for convex functions as follows:

Theorem 1.1 [8] Let F: [, v] — R be a convex mapping. Then the inequality

]F(,u+v— p,)g) SF(M)‘rF(V)—ZPJFU’J)
J=1

Jj=1
holds for all y, € [u,v] and p, € [0,1] with 3_|_ p, = 1.

In recent years, this Mercer variant of Jensen’s inequality has been of supreme inter-
est to many researchers. Many important extensions, refinements, improvements, and
generalizations of Jensen—Mercer inequality were revealed in [9-12] along with some re-
sults in information theory [13]. It is not easy to formulate fractional variants of integral
Jensen’s inequality as there is still no breakthrough in achieving it. However, the variant of
Hermite—Jensen—Mercer inequality introduced in [9] was recently presented by Sarikaya
et al. in [14] for Riemann-Liouville fractional integral operators. However, their weighted
fractional extensions and improvements were given by Iscan in [15]. Caputo fractional
derivatives were given in [16, 17]. The conformable fractional integral operator was given
in [18]. However, for v -Hilfer—Operator (with respect to monotone function) was studied
in [19] and for Atangana—Baleanu fractional operator having non-singular kernel in [20].

We mentioned some Hermite—Jensen—Mercer inequalities and related results for con-
formable fractional integral operators of our interest as below:

Theorem 1.2 [18] Let o, >0 and F : [u,v] — R be a convex mapping. Then

297 10PT (B +1
]F(/L+v—yl+y2> < o TP + )X]F(Oé,ﬁ,yl;yz)

2 (y2 = y1)*P
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F(h);ﬂh))

forall y1,y, € [, v], where

]]F(Ol;ﬂxyldb) = /3](0( }%)*_F(/,L-F\)—yl)i-ﬁ](a

htv— nt+v—

w)_F(u + V=)

Lemma 1.3 [18, Lemma 1] Let o, 8 € R, y1,y2 € [, v] and F : [u,v] — R be a differen-
tiable mapping such that F' € L[, v]. Then
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The organization of this article is in such a way that we first study some examples and

important properties of uniformly convex functions. Then we introduce the variant of
Jensen—Mercer inequality for them. As aresult, we introduce several new generalized frac-
tional variants of Hermite—Jensen—Mercer inequalities. Particular cases recapture several
known results. Finally, we also first time introduced fractional Ostrowski—Mercer inequal-

ity.

2 Some results for uniformly convex functions
In this section, we start with the following important class of convex function:

Definition 2.1 ([21]) Let F: [u,v] — R be a function. Then F is uniformly convex with
modulus ¢ : R, — [0, +00) if ¢ is increasing, vanishes only at 0, and

F(yyr + (1= y)ya) + (1 =p)e(Iy1 = y2l) < yF1) + (1 = y)F(y2)
for every y € [0,1] and y1, 5 € [u, V].

The uniformly convex function is stronger than a convex function. Almost all convex
functions on the finite interval [u, v] can be considered as a uniformly convex functions.
The algebraic properties of uniformly convex functions are given in the following refer-
ences; see Bauschke [21, Page 144] and Zalinescu [22, Sect. 4].

We point out a few examples below:

(i) LetF(y;) = y,2. Since

(yu+@Q=y) + Q-0 -p?=yu?+ 1 -y)? < yFu) + 1 -y)F ()

forall u,v € Randall y € [0,1], ;2 : R — R is uniformly convex with modulus
o) =

(i) €1 :(0,00) — R is uniformly convex with modulus ¢(y;) = %ylz;

(iii) 1/y1:(u,v) = Ris uniformly convex with modulus ¢(y;) = v%ylz, uw>0;

(iv) y1%:(u,v) = R is uniformly convex with modulus ¢(y1) = 6u2y1%, 1 > 0.

Lemma 2.2 Let F: I — R be a twice-differentiable function and
mi= inf{IE‘”(yl) 1y € I} > 0.

Then T is uniformly convex with modulus ¢(r) = %2r?.

Proof Itisobvious that ¢ is increasing and vanishes only at 0. We consider two fixed points

y1,¥2 € I and define

ma(l —a)

o(a) = aF(y1) + (1 - 0)F(y2) - F(ay + (1 - a)y;) - f(yl —y)?
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for all o € [0, 1]. Now, we show that ¢(«) > 0, for all & € [0, 1]. Since ¢(0) = ¢(1) = 0 and

d*¢

—oz =m0 - ¥2)> = (2 = y0)°F " (ay1 + (1 —a)ys) <

F(a) > 0 for every y1, ¥, € [, v] and « € [0, 1]. Hence,

ma(l — o)

aF(y1) + (1 - a)F(y2) > Flayr + (1 - a)ys) + ———— (1 —32)>.
Therefore, the proof is complete. 0

Definition 2.3 [23] Let F: [i,v] — R be a function. Then F is strongly convex with
modulus ¢ > 0 if

Fyy+ @ =y)p2) +cy(L—y)y1—52)> <yF(n) + (1 - y)F(32)
for every y € [0,1] and y1, > € [u, V].

Lemma2.4 LetF:1 — R beastrongly convex function with modulusc>0onl,{y,}|_; €
[i,v] be a sequence and let w be a permutation on {1,...,n} such that y,q) <Yz@) < -+ <

Yr(n)- Then the inequality

n-1
(ZPJJ’]) = ZPJF(.)/J _CZPTT VP (y+1) (J’n U+ — Y= ) (3)

holds for every convex combination Z?:o p,y, of points y, € I.
Proof The result follows from Theorem 2.4 of [24] with ¢(r) = cr?. a

For the rest of the paper, we will use the following notations for classes of functions.

F e U(p;[u,v]) =F:[u,v] C(0,00) > R

be an uniformly convex mapping with modulus ¢
and

FeS(cu,v])=F:[u,v] C(0,00) >R
be a strongly convex function with modulus c.

3 Jensen-Mercer inequalities for uniformly convex functions
Theorem 3.1 LetIF € U(yp; [, v]) and u < ¢ <v. Then following inequality is valid

2(v—-¢)(gc — )

Flp+v-¢)+F() + ML

o —p) <F(u) + F(v). (4)

Proof Let ¢ € [u,v] be arbitrary and ¢ = y i + (1 — y)v. Then the following inequality for
uniformly convex function holds

Flu+v-¢)=F((L-y)u+yv) <(1-y)F(u) +yFO)-y(1-y)e(v - )
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=F(u) +F(v) - [yF(u) + (1 = y)F()] = y (1 = y)e(v - n)
<F(u) +FO)-F(yu+Q-y))-2y(1-y)p - )

2v-¢)(c— )

=F(u) +F(v) -F(s) - = )

(v —p).

So, the proof is complete. g

Corollary 3.2 Let F € S(c; [, v]) and . < ¢ < v. Then following inequality holds

F(p+v-¢6)+F(s) +2c(v - ¢)(g — ) <F(w) + F(v). (5)
Proof The result follows from Theorem 3.1 with ¢(r) = cr?. a

Theorem 3.3 Let F € U(p; [, v]). Then Jensen—Mercer inequality for uniformly convex
function holds

F(u+v—(yy+1-y)y))
<F(u) +F(v) —yF(y1) - (1 - y)F()

-y =y)e(ly1 - 2l)

_20(v—p)

w2 (Y =y =) + (L= )V =) 2 — w)). ©)

Proof Let y1,y, € [, v].

]F(pc +v— (yyl +(1- y)yz))
=F(y(u+v-y)+1-p)u+v-y))
<yF(u+v-y)+1=p)Fu+v-y)-y1-y)e(lyn -l). 7)

With the use of Theorem 3.1, we have

YF(u+v—y1)+ Q- p)F(u+v—-y5)

< y(mm FF) ~ Ry - 2o m)
(v—mw)
. y)(mm R - F(yy) - 20220221 u))
(v—p)
“F () + F) - yFOy) - (1 9)F()
20(v —
20— ) + (= ) - 30— ). ®)
(v—m)
A combination of (7) and (8), we have (6). a

Corollary 3.4 Let F € S(c; [, v]). Then, Jensen—Mercer inequality for strongly convex
function holds

F(u+v—(yy+1-y)))
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<F(u) +F(v) - yF(y) - (1 = y)F(y2)

—cy(L=y)01 —y2)* = 2c(y (v =y1) 1 = ) + (L= ) (v = y2) (2 — 1)) ©)
forall y1,y, € [, v].
Proof The result follows from Theorem 3.3 with ¢(r) = cr?. O

Corollary 3.5 Let F € U(p; [, v]). Then we have

F(u) +F(v)

) dx <
/;; x) dx 3

1
- gw(v - ).

v—u
Proof Replacing y; by u and y, by v in Theorem 3.3, we get

]F(/L +V— (]//L +(1- y)v))

<F(u) +F) - yF(u) -1 =y)F©) =y A - y)ov - )
for every y € [, v]. Now, by integrating the above inequality w.r.t. y over [0, 1], we obtain

! F F
/0 B+ v =y (L= y ) dy <o) + B - T 2o,

which completes the proof. d

4 New fractional Hermite-Jensen-Mercer type inequalities
Theorem 4.1 Let F € U(p;[w,v]). Then midpoint Hermite—Jensen—Mercer type inequal-
ity for uniformly convex function

+
]F<M +V— J%) + Dl(p(Ol, ,3,}’1;_)’2)

- 296-10T (B + 1)
T (n-)¥

<F(w) + F(v) - (

X ]F(Ol, ﬂryl;y2)

F(y1) + F(y2)

5 ) - Kip(a, B,y1,y2)

holds for all y1,y, € [, v] where B is beta-function and,

1 1
Dig(a, B,y1,72) = @/ W Lo((1 - u)alys - yal) du
0

and

2 Pp(v - )
B(v—p)?

1 1 2
+ (2,37 - 2()4_133(6’ a2t 1)>¢(|y1 - 721).

Kip(a, B,y1,y2) := (V=211 = ) + (v = 32) (32 — 1))

Page 6 of 29
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Proof Since F is uniformly convex with modulus ¢,

]F(/,L+\)—xl ;xz) :F<2,u+2v2—x1—x2>

=

1 1
Fu+v—x1)+ EF(M‘FV—xz)—Z‘P(Mz—xlD

N =

for all x1,%, € [, v].

Now, by using the change of variables x; = £y + (1 — %)y, and x5 = £, + (1 - §)y, for

y1,¥2 € [n,v] and y € [0, 1], we obtain

2]F</L+U—J%>

)

+IE‘<;1, +v— ((1— g);zl + %3@)) - iw((l -y - 2l)

(10)

Multiplying (10) by (W)‘S‘l(l —y)* =T, 4(y), integrating w.r.t. y over [0,1], and

then combining the resulting inequality gives

an -1
(e 22 (L) e
2 o

o B-1
< <71 ~-) ) (1-yp)*tx [F(M +v— <ZJ/1 + (1 - Z)J’z))
o 2 2
+F(u +v— ((1 - g);zl + %}Q)) - iw((l -y —y2|)]'

On the other hand, we have

1
/O Fa,ﬂ()’)F<M +V- (%)’1 + (1 - g)yz» dy

2 \*
< (5i55r) T Fe v

V—

1
/0 Fa,ﬁ(y)lF<u +V - ((1 - g)yl + %h)) dy

2\
) (yz —yl) L) -y Fl v =),

1 1
fo Cup(y)dy = 5o
and
1 1
/0Fa,ﬂ(y)w((l—y)lyl—yzl)dy=a‘ﬁ/o W o((1 - w)# yy — yo]) du,

where u =1 - (1 — y)“. The first inequality follows from (11), (12), (13) and (15).

(11)

(12)

(13)

(14)

(15)

Page 7 of 29



Butt et al. Journal of Inequalities and Applications (2023) 2023:89

To prove the second inequality, by (6),

oo (2(-2)7)

<F(u) + F(v) - gmyl) - (1 - g)mm

- Z<1 - %)w(lyl ~l)

2

- 2(?)% ;)l:) (g(v -y —p) + (1 - %)(V =92)(2 - M))- (16)

and

oo 3p2)

<F(u) +Fv) - <1 - g)F(yl) - %F(yz)

- Z<1 - g)gv(lyl ~l)

2
—2‘”(""“((1—1)<v— o1 -0+ Lv—y2)s - )) 17)
w—pn)? 2 Y1) —p ) Y2)W2 — 1) ).

Upon adding (16) and (17), we obtain

L G Oy 2 I G (G YR 0).

<2[F(u) +F)] - [FOn) + F(32)] - V(l - %)‘P(b’l -l)

=202 (-3 )+ (=220 - ). (18)

Multiplying (18) by T'y () and integrating the obtained inequality w.r.t. y over [0, 1], we

[rnllers- (- 20)

+IE‘(;L fv— <(1 - %)yl N gﬁ)) } dy < {2[IE‘(M) +FW)] = [Fn) + Fin)]

get

B 1
_2ev-) ((v—yl)()/l—M)+(v—)’2)0’2—ﬂ))} Xf() Lop(y)dy

(v —p)?
1 _ _ o\ B-1
—¢(|y1_y2|)/0 V(l—g) <¥> (1-y)*"dy. (19)
Furthermore,

1 1_(1_ )a o a— 1 ! 2 -
A%“%)(T@ =y dy =0 [ (=d)a -0 a

Page 8 of 29
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1 1 B( B8 2 +1 (20)
Zﬁaﬂ 2P "o ’
where ¢ = (1 — y)“. The second inequality follows from (12), (13), (15), (19) and (20). O

Corollary 4.2 Ifwe set o = 1 in Theorem 4.1, we get

]F(/L+v—y 2y2> 8;3/ (1= w)ly1 - y2l) du

- 2617 (B +1) {],3
(y2 —y1)P (u+v—

<F(u) + Fv) - <M

1 )+F(M +v—y1) +]5Hv7yl%)jﬁ‘(pc +v =)}

2 > _Dw(lrﬂrylxy2)~

Corollary 4.3 Ifweset i =y1, v =y, and a = 1 in Theorem 4.1, we get

1t+t)2
IF( . ) 8ﬂf (1= w)lys - ya) dus

26-Ir(B + 1
= ()’2 _(51+ ){(}'1+J'2 F(yZ +]J’1+y2 ]F(yl)}

F(y1) + F(y,) 1
Sw—<ﬁ—53(ﬂ 3)) (|y1—y2|)

Corollary 4.4 Ifweset u=y,,v =y, anda = =1 in Theorem 4.1, we get

+ 1t
F(yl 2y2) ’ §/ o1~ w)lyr =) du
0

1 y
d
= (3/2—)’1)/x ) du

_FO)+FG)
- 2

3¢ =221).
Remark 4.5 If we set ¢ = 0 in Theorem 4.1, we get Theorem 2 of [18].

Theorem 4.6 Let F € U(yp; [, v]). Then, conformable Hermite—Jensen—Mercer type in-
equality for uniformly convex function

+
]F(u sy 2t 2y2> +Drg(a, B,y1,92)

afT (B +1)
2(y2 — y1)*P

<F(u) +F(v) - IF( y2> - Ko(a, B,y1,92).

<F(u) +F() - {PIs Fya) + P15 -F(y1)}

holds for all y1,y, € [, v], where

1
Kog(et B,y ) i= PP /O Fas()0(127 = 1131 - 32l) dy

Page 9 of 29
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and

Dyp(a, B,y1,92)

2§0(V - M) _/3
T B—p2”

1,1 .
+ laﬂ/ / Lo ()’ (1= u)# 12y — 1||y1 - y2|)Tap(v) dudy
N Zwla;ﬁy(i)_‘/’(”); “)( (,3 1, _> - §B<,S +1, é) + 1)

1 1
+ (5 - §B<ﬂ, )) /0 Cos(¥)o(12y = 1lly1 - y2l) dy

Proof It follows from Theorem 4.1 that

]F(/L+v—x1;x2) 8,8_/ (1 -u)e |x1—x2|)

<F(u) + F(v) - <w>

(/,L+\) (y1 +92) 2;w)

207Pp(v-p)
B(v — pu)?

1 1
_<2ﬁ05‘3 2ah (ﬁ’ ))‘/’(|x2—x1|). 1)

for all x1,x, € [, v].

(0 =21) (@1 — @) + (v = 2x2) (%2 — 1))

By changing the variables x; = yy; + (1 — y)y2 and x = (1 — y)y1 + yy» for y1, 2 € [, V]
and y € [0,1] in (21), multiplying by I'y s(y) and then by using integration w.r.t. y over
[0,1] leads to the conclusion that

1
Fnev-252) [ Tustrray
0

1 Lol 1
e / f Fas )P0 (1= )% 2y = 1ly1 - y]) dudy
88 Jo Jo

1
< [F(w) + F)] /0 Lop(y)dy

~ /1 Fa,ﬂ(y)CF(yyl +(1=y)y2) er F((1-y)y + V)’z)) r

-B 1
- W((M + V)1 +y2) - ZMV)/O Lo p(y)
20 Pp(v-p) ! s i s
o pp Jy TesW(007 925 (27 =2y + 1)~y (L= y)yiys) dy

! L g(p 241 lr e(12y -1 d
_<2ﬂaﬂ_2a—ﬂ (ﬂ;’f ))/0 wp()e(12y = Ly - y2l) dy

Page 10 of 29
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Hence,

1
]F(/L o2t +y2>—oz‘ﬁ
2 )8

1 1 1
+ —/ f To () o((1- U« |2y - 1|y1 - y2l) dudy
88 Jo Jo

< [F0) + F0)] 5o

~ /1 Fa,ﬂ(y)CF(yyl +(1-y)y2) er F((L—y)y1 + V)’z)) dy

20 (v — ) 1
"B (B0 -2 o
20~F _ 1
- w /0 Fmﬂ()’)(()’lz +y22) (2)/2 -2y + 1) —4y(1- V)y1y2) dy
1 1 2 1
B (Zﬁaﬂ B za—ﬁB<ﬁ; ot 1)) fo Fap()e(12y = 1ly1 - 32l) dy,

and thus,

yi+y\ 1 g (M [* b1 1
F pAv- T o Tos(V)u’ (1= w)@ |2y = 1|ly1 — y2l) dudy
o Jo

1
EIF(/L)+IE’(V)—ﬂaﬁ/O Fa'ﬁ(y)(lF(yyl +(1—V)y2)*2'F((1—V)y1 +J/J’2)>dy

) ZEU—_MIQ o (k4 v)01+72) - 200)
2 _ 1
B ((i(i M)PZL) | Tap)(0n” +927)(2v" =27 + 1) =4y (L=y)yiyo) dy

1 2 !
- (5 - §B<ﬂ: 2" 1)) /0 Tos(¥)e(12y = 1liy1 - y2l) dy.

That is,

1 1L orl 1
+ gaﬁ/ / Lo s o((1-w)e |2y —1|ly1 - y2|) dudy
0 0

afT(B +1)

<F(u) +F() - 20— 31 (P12 F () + P12 F )}

_20(v—p)
Bv —p)?

2 _ 1
- (gi(i M)l:) /0 Tas() (1% +22°) (20> =2y + 1) =4y (1 - y)y132) dy

a? ((M +V)(y1 +y2) - ZIW)

1 2 !
- <5 - §B<ﬁ, o 1)) /0 Tos(1)@ (127 = 1lly1 —y21) dy. (22)

Page 11 of 29
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Also, we have

1
/ (1-1-p))a-y)yrtdy= L
0 B

)
(0%

1 _ 1
fo P(= =) Ayt dy == (s 1a),

1 p1 2
/072(1—(1—1/)“) (1-y)tdy =-

ﬁ[g(ﬁ +1La) - B(B+1,227")],

1
fo Co s () (1 +92°) (2v% = 2y + 1) — 4y (1L - y)y1y2) dy
2 2
=2 ;yz (—é[8<ﬁ+1,l>—B<ﬁ+1,z>]—33(ﬂ+1,l)+1)
of B o o o o o

24952 (4 2 6 1
N ;’yz (—B(ﬁ+1,—>——B(ﬂ+1,—>+1>,
af B o o o o

which completes the proof of the first inequality.

To prove the second inequality, from the uniformly convex of I, for y € [0, 1] we obtain

]F<y1 +yz) ZF()% +(I-y+yy+(1- y)yz)
2 2

- Flyyi + Q= y)y2) + F((L - y)y1 + vy2)
- 2

1
_ZL§0(|27/_1||3’1_J’2|)~ (23)

Multiplying (23) by [y, 4(y) and then by integrating the resulting inequality w.r.t. y over
[0,1] gives

1
F(252) [ Tty
0

- /Olra’ﬂ(y){lF(yyl +(L=p)y2) +F(Q -y + Vyz)}dy

2

1 1
- 1/ Tos(V)e(12y = 11.Iy1 - 32l) dy,
0

that is,

]F<y1 +y2> - afT(B +1)

) =2,y 5 FOD + T Fon)

1
~ pa? fo Pap(0)0(12y = 11131 - 721) dy. (24)

Therefore,

F(w) + F(v) 4@(”%)

B
> F(u) + F(v) - %{Wmm) 81 F)
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1
+pa [ Tuptlol(20 = 1k - ) dy, (25)
0
which completes the proof of the second inequality. d

Remark 4.7 If we set ¢(y;1) = 0 in Theorem 4.6, we get inequality (2.7) in Theorem 3 of
[18].

Theorem 4.8 Let F € U(yp; [u,v]). Then, Hemite—Jensen—Mercer type inequality for uni-
formly convex function

]F<pc+v n y2> '3/ (1+@- M)“l)|}’1—y2|)d“

afT(B +1)
S T e 2(ys — )aﬂ {ﬂ] (rv—y1) -F(u+v—y2) + ]Mﬂ_y2 T +v - yl)}

<F(u) +F(v) - w ~ Bo(n —m)[BG . Lﬂ) _B@ s Lﬂﬂ

(v—p)
~[0 =001 - + 0 =)0 —m]‘(” o (26)
holds for all y;,y, € [, v].
Proof To prove the inequality, we use the uniformly convex of IF to get
]F(/,L ol x1 +x2) :F(2,u +20—x —x2>
2 2
1 1
< FGrv—x)+ F(u+v—xz)——<p(|xz—x1|) (27)

for all x1,%, € [, v].

Letx; =yy1 + (1 —y)y2 and x5 = yy, + (1 — y)y1. Then (27) leads to
+ 1
F(M +v- leyz> < E]F(“ +v = (yy+(1-y)y))

+ %F(u +v= A=y +ym)) - ;llw(lzy 1L - ). (28)

Multiplying both sides of (28) by I'y () and integrating the obtained inequality w.r.t.
y on [0, 1], we have

1
Fev-252) [ Tusrray
0

1
< %/0 Fap({F (i +v = (yo1+ (A =y)p)) + F(w+ v = (L =y +y3)) }dy

1 1
_Z/ @(12y = 1Lly1 = y21)Tap(y) dy. (29)
0
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Also,

1
/0 Tap(W)F(+v—(yy1+ (1 -y)y))dy

1 o
= Wr(ﬂ + l)ﬂ](u,ﬂ)—yl)‘]F(l’L + VvV —y2)’ (30)
1
/0 Tas(WF(i+v = (1= y)y1 +yyn)) dy
1
= WF(,B + l)ﬂ]&+v_y2)+F(M + Vv —)’1), (31)
! 1
/ Top(y)dy = —aF )
0 B

and
1
/0 Ca (V) ((11 =2y 1) [y1 - y2l) dy
1 1
=of’3/ uﬁ’l(p((1+(1—u)5)|y1—J’2|)du; (33)
0

where u =1 - (1 - y)%. By the use of (29), (30), (31) and (33), we get

2
- afT (B +1)
T 2(y2 = y1)*P

+ B (' 4 1
]F(M s y2> + Z/ (1 + Q- w)@ )|y - yal) du
0
{ﬂ]&+v_yl)_IF(/L +V—9y2) + ﬁ]&w_yz)JF(u +v-y)}. (34)
It follows from the uniformly convexity of F that

F(y(u+v=y1)+L-y)u+v-y))

<yF(u+v-y1)+1=p)F(u+v-y)-y1=y)e(ly - l).

and

F((1=y)(p+v=y1)+y(u+v-1y))

SA=-p)F(u+v-y)+yFu+v-y)-y1-y)e(lyn -l).

Adding the above two inequalities and using Theorem 3.1 gives

Fy(u+v-y)+0-y)(u+v-y))
+F((1 =) +v-y1)+y(+v-y)
<F(u+v-y1)+F(u+v-y)-2y(1-y)e(ly -7l)
<2(F(p) + F)) = (F(1) + F(y2)) =2y (1 = )@ (Iy1 - 321)

2w -y — ) 2(v —y2)(y2 — )
-V ) -

(- uP wowr U .
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Multiplying (35) by I'y () and then by using integration w.r.t. y over [0, 1], we have
{Fly(u+v=y1)+ 1 =y)(u+v-y))
1
BP0y ¢ yuev-3)] [ Taptndy
1
< ((FG + F0) - (F00) +F02) [ Tugtr)dy
1
~2¢(In —yzl)/0 Tap(y)dy
_20(v-p)

1
=00 -0+ 0=32)02-10)] [ Tauntdy.

Since
1 1 5o
f YTap(y)dy :a‘ﬂ“f y(I-(1-9y))" " (1-y)dy
0 0
1
=a‘ﬁ”/ (1-a-y))""a-yyrdy
0
1
_a*ﬂ+1'/‘ (1 _ (1 _ y)a)ﬁ*1(1 _ J/)ot+1 d)/
0

1 1
:a-ﬂ/ téu-t)ﬂ-ldy—a-ﬂ/ ti(1— )P dy
0

0

ot [3(% . Lﬂ) —B(% . Lﬂ)],

where ¢ = (1 — ) and B is beta-function,

fr 1
;x(yz (_ﬁy:)af)} {ﬁ]&uru—yl)*F(M +Vv _y2) + ﬂ]&+v,y2)+]].r(llu +V _yl)}
F F
=F(u)+FQ) - M - Be(In —yzl)[B<l + Lﬁ) —B(E + 1,,3)}
o o
[0 =061 = ) + 0= 32) 0 )] L, (36)
(v—p)
Combining (34) and (36) leads to (26). O

Remark 4.9 If we set ¢(y1) = 0 in Theorem 4.8, we get inequality (2.8) in Theorem 3 of
[18].

5 New inequalities via differentiable uniformly convex function
Throughout this section, / is defined by

298-10PT(B + 1) Y1+
Ii=|————= x JF(«, B, 1, )—]F(po+v——>
s — 1) By, 32 5

)

and B, = B(B8 + 1, g) forn=1,2,3.
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Theorem 5.1 Letw, B >0,y <y andF : [u,v] — R be a differentiable mapping such that
F" e L, v] and |F'| is an uniformly convex mapping with modulus ¢. Then the inequality

I< y—24;y1 |:2(|F’(u)| +|F'(v)|)B1 + [F'(32)|B2 - |F'(51)| By - w(& —Bs)

- %((u =301 =)+ (v =92) 0 —u))Bl]

holds for all y1,y, € [, v].

Proof 1t follows from Lemma 1.3 that

Y2-0 ﬂfl(l—(l—)/)“)ﬁ
27N, S
4' 0 o
2 - 2_
X[F’<u+v—< 2yy1+gyz))—F’(u+v—<gy1+ zyyz))]dy‘-
Hence,

_ 1 (1 N\ B
Ifyz y1aﬁ/ (1 (1-y) )
4 0 o
2 - 2 -
X[F’<M+v—< 2yy1+gyz>>—F’(u+v—<gy1+ zyyz)>”dy
<227 N yp fl 1-a-y" ﬂ]F/ +V— 27y + L d
=g A a " 2 1T ) )|
1 1-(1- a\ B 2
T el (e 5 )}
0 o 2 2
Since |F’| is uniformly convex with modulus ¢, Theorem 3.3 asserts that

_ 1 (1 _a\B -
2| [ . o o G

~ 2¢(V—u)<2—y
wv-w?* \ 2

I =

=001 =)+ 0= 30210

(2-7) FESCES DA [ : :
—%w(m—yl)}dwfo (Ty) {lw(u)hmw)y—gmm)\

2 - 2 - 2_
- Tyi]}w(h” - %(%(V -y — )+ 2)/ (v —92)(y2 —M)>
—@w@z—yl)}dy}-

After some calculations, we get

ya-9 g 1 1—(1—1/)"‘)ﬁ
e | (R

{176+ [0 - 252 F 00| - L Fon ay
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1 (1 _ e\ B

+/ (M) {|F/(M)| it u)|-—|1w(y1)|— |]F/(Y2)|}d7/}
0 o

Yo =1 Li-a-y)\(y2-y)

T “ﬁ{/o( o >{ voumn)

+ M((V =)o —u) + (v _yz)@z_,u))}dy}'
(v—pu)

Therefore,
_ / / 1
I< ”4—“” [2(|1F ()| + |F (u)|)B(/3 +1, 5)
+|[F'(32) |B<ﬂ +1, —) |F(y1)|B(ﬁ +1, —)

_ M<B<ﬁ+ 1,1) _B<,3 +1,§>)
2 o o

2((/;(1) )2)((V Y01 =) + (v =22) (2~ 1)B (ﬁ+1’$):|’

where we have used the facts that
! B
a/ (1-1-9y)*)"dy=B(B+1,a"),
0
1
a/ y(1-(1-y))’dy =B(B+1L,a')-B(B +1,2a7")
0
and
! s
a/ y(2- y)(l -(1- y)"‘) dy :B(,B + 1,0{_1) —B(,B + 1,30[_1). O
0
Theorem 5.2 Let o,8>0,y1 <y2, 4> 1, p= tll’ld F: [u,v] = R be a differentiable

mapping such that ¥’ € L[, v] and |F'| is an umformly convex mapping with modulus ¢.
Then the inequality

I<y2_y1aﬁ< By )‘1’ x H(m‘/wwn |F/|q(v>31) _EOD b

4 ()t/3+1 Olf5+1 20{13+1

F| _ _
| 20|{ﬂ(3’12)(31 -B) - %q)(u —1)(B1 + By)
- %w(u - W)(B - By)

1
p(v—u) 1 1 a
- mﬂ)’z _yl)(WBl - WBB) }

" {(W/ww) +[F(v) Bl) _IF102)

P Spi B+ Ba)

B |IF/|5I()’1)(B1 B,)- (v =y2) (2 — 1)

Y Ww(v - ) (B1 + By)
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D)
(v — p)2ab 4

pv-n) 1 1 i
2(]) )2 (3’ J’l)( ﬂ+1 WBS)} i|;

holds for all y;,y, € [, v].

(v =) (B1 - By)

Proof Letp = li It follows from Lemma 1.3 that

1 a\ B
Iiyz—yla,g/ (1—(1—)/) )
4 0 o
X[F’<M+v—< Y+ y2>>
P20 g / - (1 J/)a
== A
(/1(1'“‘”“)7 (o= (3 55))
x ———— ) [Flp+v—{Sn+ 2
0 o 2 2
_ 1 (1 _ e\ B
L y1a5</ <1 1-y) ) dy>
4 0 o
Lii—(1—y)\ - N
(L) - (5505 )
0 o 2 2
Since |F’| is uniformly convex with modulus ¢, Theorem 3.3 asserts that
_ 1/1_(1—)2\B :
< ylaﬂ</ <1 (1-7) > dy)p
4 0 o
1 1-(1-y) B , )
<[ (=75 oo e
0 o

2- / / 2 ( )
_Tyi]FrI(jq) \]F| (y2) — 901’“)/:( 5 >(v 1)1 —

v — Zy1+2_yyz dy
2 2

AN
dy)

ST

y(2-vy)
4

-1 -y)\T,, / / oy
’ (/0 <Ty> [’F )+ [F70) = ZIE 00 - =57 [F762)

z(i( )2) <g(‘) —y)0n —u) + 2y (v =y - M))

—}42_y)¢@z—yﬂ}dy)a]

¥ g(v ) —m) - 02 —y»] dy)i

4

After some calculations, we get our desired result.

Remark 5.3 Under the assumption of Theorem 5.2, we can conclude that:
(i) If we set ¢(y1) = 0 in Theorem 5.2, we get Theorem 5 of [18].

(ii) If we set ¢(y1) = 0, u = y1 and v = y, in Theorem 5.2, we get Theorem 3 of [25].
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(iil) If we set ¢(y1) =0, 8 =1 pu =y; and v = y; in Theorem 5.2, we get Theorem 5 of
[26].

Theorem 5.4 Let o, >0, y1 <¥2, g >1 and F: [n,v] = R be a differentiable mapping
such that F' € L[, v] and |F'|1 is a uniformly convex mapping with modulus ¢. Then the

inequality

1
Y2y 1 1 b / / 3 v
1= = 1aﬂ<aﬁm13(ﬁp+1,a>) x [<|F<m|q+|w(v)|q—z|ﬁ ()|

——| o] - (” 2) L= 01— 1)+ ~ (0 = 32) (2 — 1)
W) 4

- éﬁl’(yz —}’1)> ’

/ / 1 / 3 / 1
+(IF G+ [FO - ZF 00l - SF 0 - g0t -

223(1) )l:)< —J’l)()/l—ﬂ)+Z(V—J’z)()’z—ﬂ))>§j|‘

Proof Let p = Ll By using Lemma 1.3 and familiar Holder integral inequality, we can

write

Yo — 91 p 1 1_(1_y)ot Bp }7
e[
| 2-v . v. W\, 7
AL (- (5 50)) [ )
1 _ q :
+<f0 F’(u+v—(§y1+22yy2>> dy) } (37)

By applying the uniform convexity of |F'|? and Theorem 3.3, we have

Flu+v- Zy1+2_yy2
2 2

q

<[F G0l + [FOl - SIFo0I - 2 Foa)”
Zgi(v ;)2)<y v=y1)(1 - _y(V—)’z)(ﬁb—,U«))
P21y, -y (38)

It follows from (37) and (38) that

_ 1/1_(1_)2\PP : 1
sy—24y1aﬂ( [ ) < [([ (ool of - 2eor

ST IEo|" - &)Z)G;%—yl)m—wg(v—yz)(yz—m)
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- Mw(yz —y1)> d)/)5

4
1
([ (IFoor sl - ZiFowl - 22 F oo
2:?)(1) M)lg)( v—y1)(y — ) + 2_y(v—y2)(y2—ﬂ))
y(24 v) e —J’l)> dV) q:|

_ 1 1 117 , ’ 3 v
) 4)’1 aﬁ(aﬂpuB(ﬁer 1 5)) x [(|]F (W|*+|F )| - E|F o0
3
\}(U—M)/;) (1(11 -y -+ i(‘) - 2)(y2 - M))

1 1 3
- g(p(yz - ) (‘F/(M ‘ |F'(v) ‘ E’F(ﬁh)’q - Z‘F(Yz)‘q

_2elv- M)< v-y) (- )+ Z(V =¥2)(2 - M)) - %‘P()’z —J’l)> ] O

(v—p)?

Corollary 5.5 Ifweseta = =1, u =1y and v =y, in Theorem 5.4, we get

1 4 Y1+ y2-n( 1 ,
F -F
‘(3’2—9’1)/x () e < 2 )‘S 4 <P+1>

Fy)+3[F () 1 i
x[(' )l Zl 2)l —gw(h—yl))

X (sm'm)w; Fa)le ém —y1)>%]
Remark 5.6 1f we set ¢(y1) = 0 in Theorem 5.4, we get Theorem 6 of [18].
Remark 5.7 1f we set ¢(y1) =0 and B = 1 in Theorem 5.4, we get Corollary 2 of [18].
Theorem 5.8 Let o, 8 >0, y1 <2, g > 1 and F: [u,v] — R be a differentiable mapping

such that F' € L[, v] and |F'|1 is a uniformly convex mapping with modulus ¢. Then the

inequality

<N Y2-N = |:(|IF } + |F/(U)|q)Bl _ |F (;/1)|’7(B1 +By)
O gy DO sy
2 (v—mw)
_ =202 - 1) l

220 - )81~ Ba) + 2 gt )81 B

2 (ol B - T 6 )
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IF'(y1)14 (v =22)(y2 = 1)
OO g,y 220 )
2 (v—mu)

C=y)01 -

(v—m) 2(

Proof Let p = i Following similar step like in the proof of the previous theorem, by

1
using (38) and Lemma 1.3, we get
g g

Y=y s 1 ! 1_(1_y)a)13
rerer|([aa) ([ (5
_ AN
F’<u+v—(22yy1+§y2)> dV)
1 % 1 1_(1_)/)0[)1‘3
d el R S
(L) ([ (5
<270 B ! 1—(1—3/)0‘)/3
(] (—a

(|]F/(M)|q |F,(U)iq UF,()/ )|q _ —UF,()/ )|q

1

X

2
%( Lv-mon - )+§(u—y2)(yz—m)

2— q
1D, ) )

1 _ _ a\ B
+ (/ (1 (1 7/) ) (|F/(M)|q + |F/(V)|q |F/()/ )|q
0 o

R (- - w0+ 2 0020
- y(24— y)(ﬂ()’z—ylﬂq) dl/)q}~

After some calculations, we get our desired result.

2 —
F’<u+v— (%yl +

1

2 <P(V—H)(31—Bz)+¢(—)2§00’2 y1)(B1 - BS)]q’

)

o,

Corollary 5.9 Ifweseta = =1, =y, and v =y, in Theorem 5.8, we get

1 Y1+
F
02 =) /y1 () - ( 2 )

_rmn <|F/(y1)|q . [T (y2) 17 N (5e(y2 —y1))2)
=7y 6 3 24(y, —y1)?

Y2 -1 <|F/()’2)|q F'y)l? 5(p(y: —J’1))2>é
+ + + )
4 6 3 24(y; — y1)?

Remark 5.10 If we set ¢(y1) = 0 in Theorem 5.8, we get Theorem 7 of [18].

q
dy)
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6 New Ostrowski—Mercer type inequalities for uniformly convex functions

Let F : [0,00) — R be a differentiable mapping on I°, the interior of the interval I, such
that ¥’ € L[a, b], where a,b € I with a < b. If |F'(y1)| < M, then the following inequality
(see [27], page 468):

(39)

.M [(yl —a)2+(b—y1)2}

1 b
F - F(y,) d
‘ 1) b—a,/ﬂZ (2)dy: “b-a 2

holds. This result is known in the literature as the Ostrowski inequality. For recent re-
sults and generalizations concerning Ostrowski inequality, see [28, 29] and the references
therein.

In this section, Mercer—Ostrowski inequalities for the conformable integral operator are
obtained for uniformly convex functions. For this purpose, we give a new conformable in-
tegral operator identity that will serve as an auxiliary result to produce subsequent results
for improvements.

Lemma 6.1 Suppose that the mapping F : I = [a,b] — R is differentiable on (a,b) with
b>a. IfF' € Li[a,b] then for all y1, 1, vz € [a, D] and o, B > 0, the following identity

1 (1 _ @\ B
o (o —M)Z/ <M> Fln+a=(yu+Q=y))dy
0 o

1 _ _ a\ B
—aﬂ(v—yl)Z/ (M) Fy1+b-(yv+Q-y)n))dy
0 o

= -wWFyi+a-pw)+W-y)F@y1+b-v)

AT 1
e v F@) 4 T FOO)) L (40)
Proof Let
I=a?(y1 — WL —a? (v - 1)h, (41)
1 1-(1-= a\ B
I = /0 (%) Fy+a-(yp+1-yh))dy
_Fon+a-p

aﬂ
1 (1 _ e\ B
_(yfu)/o (1 (1a 4] ) 1-y)"FOor+a-(yu+Q-y)n))dy

_Forira-p)  y(B+D)
Pli—p) 1

*Blys s F(@)

Similarly,

1 (1 _Ne\B
12:/0 (M) Fr+b-(yv+@d-y)n))dy

a
_F(y1+b—v)_ rp+1)
S adfv-p) (v —yn)P

Tt sy FD)

Substitute the values of I; and I in (41), we get the required result. O
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Corollary 6.2 Ifweset o = 1 in lemma 6.1

1
01— M)z/(; YPF (11 +a— (yu+ (L -y)yi))dy

1
—(v —y1)2/0 YPF (i +b-(yv+ 1 -y)n))dy

= -wFor+a-pw)+ v -y)F@y+b-v)
rp+1)

S -yt {"Torsa-F @)+ Jor oy FB)}

Remark 6.3 If weset u=a,v=>banda = 8 =1in Lemma 6.1, then it reduces to Lemma 1
in [28].

Theorem 6.4 Let o, >0,a<bandF :[u,v] — R be a differentiable mapping such that

F' € Lla,b] and |I'| is a uniformly convex mapping with modulus ¢. Then the inequality
holds

01— n)?

o

Li< {[\Fw + [F@|]B: - |[F ()| [B1 - Ba) - [F'(31) By

-1 —w)[By — B3] - 2<p(a—y1)(

W a—pu)(n—y1)[B1 —Bz]}

(U—y1)2 7 7 / /
e [|F' ()| + [F'(B)|]B1 - [F'(v)|[B1 — B2l - |F'(31)| B2

— @1 —-v)[By— B3] - M(

O3 - o= B - .

Proof 1t follows from Lemma 6.1 that

1 _ AN
I]LI=‘()/1—M)2<¥’3[O (M) [F’(y1+a—(yﬂ+(1—y)y1))d7/

o

o

1 _ _ e\ B
—(v—yl)zaﬂfo (1(17)/)) F'(y1+b—(yv+@1-y)y))dy

1 _ _ a\ B
f(yl—u)zaﬂfo <M> [F'(yr+a—(yu+@Q-y))|dy

o

1 (1 _a\B
—(v—yl)zozﬂ/() (1(177’)) [F'(y1+b—(yv+(1-y)))|dy

o

Since || is uniformly convex with modulus ¢,

1 _ _ a\ B
LI < (s - e / (M) {|F(yl)|+|w|_V|F(M)|_(1_y)|w)|

o

_2¢(a-y)
(@—y1)?

-yl -y)oOn —u)} dy

(v(a— W) =y1)+ A= y)a-y1) -yn))
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1 _ _ a\ B
+(v —y1)2aﬂ/0 (#) {|]F/(V1)| +|F'(B)] - y|F )| - (1= y)|[F ()|

b-
2(‘/’( 3)’;) (y(b V) =-y)+1A-y)b-y1)n —)’1))

-y =-y)ebn - v)} dy.
After some calculations, we get our desired result. O

Corollary 6.5 Leto,8>0,a<bandF:[u,v] — R be a differentiable mapping such that

F' € L{u,v] and |F'| is a strongly convex mapping with modulus c. Then the inequality
holds

IL| < —— (y {[|F(y1)| |F'(@)|]B1 - |F'(10)|[By = Bo] - [F'(31)|B,
—c(y1 — w)*[Ba - Bs] — 2c(a — ) (e — y1)[B1 - Bo]}
- )+ [ w15
— |F'()|[B1 = B2] = [F'(51)[B2 — c(y1 = v)*[B2 - B3]
—2¢(b—v)(v—y1)[B1 - Bs] }
Proof The result follows from Theorem 6.4 with ¢(r) = cr?. O

Theorem 6.6 Leto,,k>0,a<bandF : [u,v] — R bea differentiable mapping such that

F" € Lla, b] and |F'| is a uniformly convex mapping with modulus ¢. Then the inequality
holds

o

F (v — )2
L= () 25 {[\ww + [F@)["]By - [F )" [B: Bl - [F 00)|'Bs

1

2la—n) —u)(u—yl)[Bl—Bz]}q

— ¢ —w)[Bx - Bs] - @y )2

B
+ aﬂﬂ

- @1 —V)[By - B3] -

=

(‘)_yl)2 / q / q / q / q
" [[F'1)|” + [F'(B)|"]B1 — |F'(v)|*[B1 = Bal - |[F'(31)|"Bs

2¢(b —y1)

b (b—v)(v—yl)[Bl—Bz]}q.

Proof 1t follows from Lemma 6.1 that
1/1_ (1-y) B )
e ‘m -wpet [ (TV) F(yi+a-(yu+1-yn))dy
0

1 _ _ a\ B
_(V_yl)Zaﬂ/(; (M) F'(y1+b—(yv+(1L-y))dy

o

1 _ _ a\ B }7
5()/1-#)20/3(/0 <¥> dy)
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1

1 (1 _a\B 1
% |:/0 <M> |F’(y1 +a-— (]/M+ (1—V)}’1))|qdyj|

o

1 _ _ a\ B %
+(v—y1)2aﬂ</ (1 (1(1 v) ) )
0

1 (1 _ e\ B a
y UO (M) |F/(y1+b-(yu+(1—y)y1))|"dy}

o

Since |F’| is uniformly convex with modulus ¢,

1 _ _ a\ B }7
|L|s(y1—m2aﬂ< fo (%) )

1 (1 _ e\ B
y UO (M) {|F(y1)]q+ F@| - y[F | - - p|F o)

o

_ 2¢(a-y)

@) (v(a-m)(u-y1)+Q-y)a-y)1-n)

-y(1=y)en —u)} da/]q

L=y \P\?
v )2y B 1--y)
+(V=-y)a (/(; ( - ) >
1 _ _ N
X |:/ (M) {|F/(yl)’q+|F/(b){_y|F/(U)|q_(1—)/)|]F/(yl)|q
0 o

_2¢(b-y1)

b7 (v =) =y1)+ (1= y)B-y1)1-n))

q
-y =y)eOn - v)} dy] :
After some calculations, we get the required result. d

Theorem 6.7 Let o, >0,a<bandF:[u,v] — R be a differentiable mapping such that
F' € Lla,b] and |F'| is a uniformly convex mapping with modulus ¢. Then the inequality
holds

BB +1, 1)\ 7 (5 - )’
HL'S( (p,3+ ot)> ()’1 ,lL) {|F/(yl)|q+|]F/(a)|q

apBb+1 o

1

F q_ || q _ _ q
CFWI-IFe)t e0r-p)  ¢la yl)(ﬂ—M)(M—yl)}

2 6 (a—y)?
BB +1,1)\5 (v—y,)2
() 2 o+ o

CFOI-Fo) pbi-v)  eb-p) 7
2 6 (b—y1)? ’

b-v)(v —yl)}
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Proof From Lemma 6.1 and applying Holder inequality, we have

1 _ _ a\ B
”Ll:’(yl_M)Zaﬂ‘/(; (1(17)/)) ]}i"(y1+a—(yu+(l—)/)y1))d)/

o

1 _ _ e\ B
—(v—y)%a’ / (M) F(y+b—(yv+1-y)n))dy
0

o

N

1 (1 _ )\ PB },
s(yl—u)zaf‘(/o (M) dV) (IF'or+a-(yu+0-yin))|"dy)

o

a\ B\ »
+(v—y1)2a’3</0‘1<ﬂ) ) [|F'(y1 +b— ()/v+(1—)/)y1))|qd)/]

o

Q=

Since |F'| is uniformly convex with modulus ¢,

1 1_(1_ )a pB [l, 1 ) ) )
ron-wtet ([ () [HEoor s @l -

_2¢(a-y)
(@—y1)?

% 1 _ _ a\ PB P%
socmo-afo] e ([

1
x [ /0 {!Fw!q +[F®)| =y [FO)]* = A=) [F o] =y (1= y)o(1 - v)

(¥ (b= )0 =32) + A=) (b =300 _y1>)} dv]q'

~(1-p)|[Fo)| (v@-w(u-y)+Q-y)a-y)y1-n)

2p(b-y)
(b—y1)2

After some calculations, we get the required result. O

7 Applications

A random variable X is said to have a normal distribution [30], with o (the standard devi-

ation) and then translated by u (the mean value): F(y;) = m}ﬁ exp{—%(ylg;“)z}, —00 <y <

00. A random variable X normal-distributed with parameters ; and o will be denoted by
X ~N(u,o0).

The normal distribution, often known as the Gaussian distribution, is a symmetric prob-
ability distribution about the mean. This shows that data near to the mean occur more fre-
quently than data distant from the mean. Like every probability distribution, the normal
distribution describes the distribution of values of a variable. It is the most important prob-
ability distribution in statistics because it properly captures the distribution of values for
numerous natural events. Commonly, traits that are the result of several different unique
processes are described using normal distributions. For instance, the normal distribution
may be shown for IQ scores, blood pressure, heights, and measurement inaccuracy.

In this section, we try to estimate the normal probability distribution with the help of
inequalities.

Proposition 7.1 Let v > u >0 and X has normal distribution with X ~ N(*3*, %). Then

2
V- H V(1 2, 2
P(MSXSV)SWCXP<—< o >>(M +1% +4pu).
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Proof By the use of (Lemma 2.1 in [24]) the function F(x) = —log(x) € U(ﬁ(.)z; [, v]).
Set F(x) = —log(x) and ¢(r) = ﬁrz in Theorem 3.1, we have

v-Vy-m _ log<y(u +V - V))

v2 LV

for all y € [u, v]. Therefore,

((v—y)(y—u)> y(u+v-y)
exp <

v2 - Y
or
1y -5\ +V— +v)?
exp(__(liz) ) _rlervoy) exp<ﬁ B M) 42)
2 5V I v 412

for all y € [u, v]. Multiplying (42) by ﬁ and integrating the obtained inequality w.r.t. y
over [u,v], we get

2
plu<X<v)< —v—p) )(M2+V2+4MV)- 0

V-
ex
N P 402

Proposition 7.2 Let >0, k > 1 and X has normal distribution with X ~ N(l%lpc, k—“).

V2
Then
(k—1)(5k* + 1) (k- 1)
<X<kun)< — .
pn <X <kp) < TN exp e
Proof Setting k := i in Proposition 7.1. d

Proposition 7.3 Let 4 <a<b. Then the inequality

ar 2a*> - 1)(b - a)® b
(-age P BERm v [ ea
2
- e ;e b (b-a)— (Zaz_lg)(b_a)3e‘b2
holds.

Proof Applying Lemma 2.2 and Corollary 4.4 with F(x) = e, y1=x=a,y,=y=band
o(r) = (222 - 1)e™?r2. O

8 Conclusion

This paper is devoted to the study of inequalities for uniformly convex functions along
with their properties. We give some examples of such convexity and gave the new con-
cept of Jensen—Mercer inequality for it in a classical sense. In the later part, we employed
our main inequality to get new fractional inequalities for uniformly convex functions. We
used generalized conformable fractional integrals and configure Hermite—Jensen—Mercer
inequalities for them. Some new extensions of fractional Hermite—Mercer type inequali-
ties for differentiable uniformly convex functions are also presented. Finally, we employed
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our newly obtained results to explore new fractional variants of Ostrowski—Mercer type
inequalities. It is pertinent to mention that by special substitution, we got all such inequal-
ities for strongly convex functions. Also, we pointed out some particular cases of fractional
integral inequalities.
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