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1 Introduction
The description of deterministic real-world phenomena using mathematical models or
computer models allows us to approach and study them effectively from a mathemati-
cal perspective. However, in some practical situations, modeled problems have appeared
with uncertainties or vaguenesses due to uncertain data, imprecise measurement, etc. De-
pending on the characteristics of problems and the types of uncertainties, the correspond-
ing modeled problems can be fuzzy, stochastic, or interval-valued. For instance, we can
utilize the tools of interval analysis in situations where the values of the input data are
uncertain, but we can determine or estimate the intervals to which these values belong.
Interval analysis was pioneered by Ramon Moore (see [27]) in 1966. After that, there have
been various studies on interval analysis in both theoretical and applied mathematics (see
[11,17,23,28, 34] and the references given in there). More recently, some well-known inte-
gral inequalities were generalized to the interval-valued case, such as Jensen’s inequalities
(see [12, 35]), Minkowski’s inequality (see [30]), Chebyshev’s inequality (see [36]), Opial’s
inequalities (see [14, 37]), and Wirtinger’s inequalities (see [13]). These research works
have provided fundamental tools used in mathematics as well as applied and engineering
sciences.

Time scales were first introduced and studied by Stefan Hilger (1988) in his PhD thesis.
This study constitutes a powerful and practical approach in attempting to unify standard
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concepts in discrete and continuous mathematics. Time scales theory was previously ap-
plied to numerous problems in applied and pure mathematics (see [5, 7, 16, 18, 22]). In
2006, Qin Sheng et al. (see [33]) introduced and studied a combined so-called diamond-
alpha dynamic derivative as a linear combination of nabla and delta dynamic derivatives.
Also, diamond-alpha integrals and their applications were studied in [4, 10, 24, 25]. In
general, inequalities in classical calculus or time scales calculus play crucial roles in many
areas of mathematical analysis. Hence, there have been numerous works in attempting to
extend the classical inequalities to inequalities on time scales in some recent years, for in-
stance, Jensen-type inequalities (see [3, 6, 26]), Ostrowski-type inequalities (see [21, 29]),
and Hardy-type inequalities (see [2, 31]).

In recent decades, time scales calculus for interval or fuzzy contexts has been more and
more attractive with various research works. First, using the so-called Hukuhara differ-
ence, Shihuang Hong proposed the Hukuhara—Hilger derivative of time scales multivalued
functions to study multivalued dynamic equations on time scales (see [19]). Then, in or-
der to offer tools for the study of interval dynamic equations, Vasile Lupulescu introduced
generalized differentiability and Riemann delta integrability of dynamic interval-valued
functions (see [23]). In 2019, Dafang Zhao et al. (see [38]) provided several time scales
versions of interval integral inequalities. To do this, the authors proposed the concept
of interval Darboux delta integral and interval Riemann delta integral for interval-valued
functions. For further details about time scales calculus with uncertainties, we refer to
[20, 32, 37] and references therein.

Motivated by the above observations, this paper aims to propose a new concept of in-
terval Riemann diamond-« integral for a class of time scales interval-valued functions
defined as a linear combination of interval Riemann nabla and delta integrals. With the
help of this concept, we prove diamond-« Jensen’s interval inequalities for convex and
concave interval-valued functions. Also, interval versions of the diamond-« Hoélder and
Minkowski inequalities are presented. The set up of this paper is as follows. In Sect. 2,
we first recall some basic properties from time scales calculus and interval analysis that
will be used in the rest of the paper. The definition of interval Riemann diamond-« in-
tegrals for interval-valued functions and some of its essential properties are contained in
Sect. 3. In Sect. 4, we present Jensen’s interval inequalities, Holder’s interval inequality,
and Minkowski’s interval inequality for interval Riemann diamond-« integrals. Finally, in
Sect. 5, several numerical examples are offered in order to illustrate our main findings.

2 Preliminaries
Throughout this paper, we denote by R and Z the sets of real and integer numbers, re-
spectively.

2.1 Time scales and diamond-« integrals
Definition 2.1 (See [9]) Any closed # # T C R is called a time scale.

Definition 2.2 (See [9]) The so-called forward and backward jump operatorso,p: T — T
are given by

o(t)=inf{se T|s>t} and p(£) =sup{se T|s<t},

where inf# = sup T and sup ¥ = inf T.
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Definition 2.3 (See [9]) A point ¢ € T is called right-scattered, left-scattered, right-dense,
or left-dense if o(t) > t, p(t) < t, o(t) = ¢t, or p(t) = ¢, respectively. A time scale is called
isolated if all of its elements are both left-scattered and right-scattered.

In the sequel, we denote by [a, b]t, [a, b)T, (4, b]T, and (a, b)T the intersection with T of

real intervals [a, b], [a, D), (4, b], and (a, b), respectively.

Definition 2.4 (See [9]) Let £ € T and § > 0. A neighborhood of ¢ is denoted by Ur(z, )
and defined by U (¢,8) = (t -6, + 8)r

Definition 2.5 Let {¢,},cy C T and a € T. We say that {£,},cn convergences to a, denoted
by t, — a, if for any ¢ > 0, there is N € N with ¢, € Ur(a, ¢) for all » > N.

Definition 2.6 (See [16]) ¢ : T — R is called ld-continuous (or rd-continuous) if it is con-
tinuous in left-dense (right-dense) points in T and its right-sided (left-sided) limits exist
as finite numbers in right-dense (left-dense) points of T. The sets of all ld-continuous, rd-
continuous, and continuous ¢ : T — R are denoted by €j4(T,R), €4(T,R), and &(T, R),

respectively.

Definition 2.7 (See [24]) A partition of an interval [a, b]t is an arbitrary, in increasing

order arranged
P={a=tyt,....t, :b} C la, b]r.
The set of all of such partitions is denoted by P = P((a, b)).

Lemma 2.1 (See [8]) For each § >0, there is {t,...,t,} = P € P with the property that, for

alli€{1,2,...,n}, either we have t; — t;_1 < 8 or otherwise t; — t;_1 > 8 and o (t;_1) = t;.

By Ps = Ps((a, b)), we denote the collection of all partitions possessing the property
described in Lemma 2.1.

Definition 2.8 (See [24]) Assume 0 < « < 1. Let ¢ : [a,b]T — R be bounded, and let
{to,...,t,} =P € P.For 1 <i<n,wepick § € [t;_1,t;)1, n; € (ti_1,t;]T, and put

§= 3" (@p(&) + (1 - a)p(n)) (& — tir).

i=1

The sum S is said to be a Riemann ¢, -sum of ¢ that corresponds to P € P. The function
¢ is called Riemann ¢, -integrable on [4, b]T provided there is some R € R so that for each
& > 0, there is § > 0 with the property that P € P; implies |S — R| < ¢, independent of how
&, n; for 1 <i < nare chosen. Then, R is said to be the Riemann ¢, -integral of ¢ on [a, b],
and it is denoted by fab @(5)ys.

The next result gives us a sufficient condition for the Riemann {, -integrability of a real-
valued function on a time scale.
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Theorem 2.1 Leta,be T, ¢: T — R, and 0 < a < 1. Assume that ¢ is both Riemann
A-integrable on [a,b)T and Riemann V-integrable on (a,b]t. Then, ¢ is Riemann {,-
integrable on [a, bt and

b b b
/ P (8)Ous = a/ d(s)As+ (1 - a)/ ¢(s)Vs.
Proof The proof can be found in [3]. O

Theorem 2.2 (See [24]) Let ¢ : [a,blT — R be a real-valued function. If ¢ is continuous
on [a, b, then ¢ is Riemann Oy -integrable on [a, b]r.

Proposition 2.1 (See [24]) Assume a,b,c € T,a<c<b, M, Ay € R, and let ¢, : T — R
be continuous. Then, the following statements hold.
(i) [71a0() + 2P ($)]0us = A1 [ $(5)0us + Aa [, Y(s)0us.
(i) 7 ¢6)0us = [ P6)0us + [ P(s)0as.
(iii) [ ¢(s)0us > 0 if $(s) > 0 for all s € [a, blr.
@) [ 6005 = [7 Y (5)0as if ¢(s) = ¥ (s) for all s € [a, blr.

Proposition 2.2 (See [24]) Ift € T and ¢ : T — R, then the following statements hold.
(i) ¢ is Riemann Oy -integrable on [t,0(t)]T and

a(t)

¢()00s = u()[ (@) + 1 - )p(c (1))],

t

where u(t) ;= o (t) — ¢t forall t € T.
(i) ¢ is Riemann g -integrable on [p(t), t]T and

/ 96045 =20 (2(0) + (1~ (0],
p

(t

where v(t):=t - p(t) forallt € T.

For further details on the Riemann ¢, -integral of real-valued functions, we refer to [1,

3, 33] and the references therein.

2.2 Inequalities for diamond-« integrals
Next, we recall and prove the following results about diamond-« inequalities that play
important roles in our analysis.

Proposition 2.3 (See [1, Theorem 2.2.5]) Assume a,b € T and c,d € R. If 0 € €([a, D],
(c,d)) and ¢ € €((c,d),R) is convex, then

b
L 0(8)04s 1 [
cp(fb_a )sb_a/ﬂ #(0))Ous. )

If ¢ is strictly convex, then < in (1) may be replaced by <. If ¢ is concave, then < in (1) is
reversed.
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We call (1) the diamond-« Jensen inequality. The following proposition presents the

extended diamond-« Jensen inequality.

Proposition 2.4 (See [1, Theorem 2.2.6]) Assume a,b € T and c,d € R. If 0 € €([a, D],
(¢, d)), ¢ € €((¢,d),R) is convex, and 6 € &([a, b]T, R) satisfies fab 16(s)| Qs > 0, then

2)

(ff |e<s)|@(s><>as) _ 2 106)Ig(e(s)0us
J106)0as /T [ 10()]00s

If ¢ is strictly convex, then < in (2) may be replaced by <. If ¢ is concave, then < in (2) is

reversed.

Proposition 2.5 (See [1, Theorem 2.3.11]) Leta,b € T. Assume that 6,¢, vy € €([a, b]T,R)
such that f:@(s)l/fq(s)oo,s > 0. If}% + é =1 withp > 1, then

b b 117 b %
/ |9(s)||¢(s)w(s)|<>ass( / |9(s)||¢(s)|"<>as) ( / |e(s)||¢r(s)|"<>as> . 3)

The inequality (3) is known as a diamond-« Hoélder inequality on time scales. For o = 0
and « = 1, the inequality (3) becomes the nabla and delta Holder inequalities, respectively.
In the particular case 6(s) = 1 for all s € [, b]t and ¢, ¥ € &([a, b]T, R"), the inequality (3)

of Proposition 2.5 can be rewritten as

b b 1% b %,
/ ¢(s)w(s)<>ass( / ¢P<s><>as> ( / wq(s)oas) .

The following proposition gives us the reversed diamond-o Holder inequality on time

scales.

Proposition 2.6 Leta,b € T. Assume that ¢,V € €([a, b]T, R") such that 0 < k < ¢/ <
K<oo.[fll7+6l]=1withp>l,then

b 2/ b : » b
( / ¢P<s><>as) ( / w<s)<>as) s(%) / SV (5)us. @)

Proof Forp>1, }7 + ‘—11 =1, from the fact 0 < k < ¢”/19, we obtain ¢ > kl%lﬁ% forall g, ¢ €
&([a, b]t,R"). By applying Proposition 2.1(iv), we obtain

b . b . L b
/ SV (5)0us = kF / FOUH (5)0us = k? / V(5 0us,

which implies that

b A i
</ ¢>(S)1/’(S)<>a8> ZkW’(/ 1//q(s)<>as> . (5)
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Similarly, since ¢” /17 < K, we have ¢ = ¢¢§ <K 0 ¢y . It follows from Proposition 2.1(iv)

that
Db g !
( / ¢P<s><>as) gm( / ¢<s)w(s)<>as) . ©)

Combining the inequalities (5) and (6), we therefore derive

b ; b : b
( f ¢>P<s><>as) ( f wq(s)oas) 5(%) f SOV (5)0as.

The proof is finished. d
The next proposition provides the diamond-a Minkowski inequality.

Proposition 2.7 Ifa,be T, 0,¢,¥ € €([a,b]r,R), and p > 1, then
; 1
( [ leelo + w<s>\”<>as)

b 3 b 3
5( / ye(s)|\¢(s)y”<>as) +( / ye(s)\\w(s)y"oas) . @)

Proof For p > 1, from the triangle inequality, we get

b b 1
/ 1005)]|6(6) + ¥ (6)] Vus = / 1665)][6(5) + ¥ ($)]|¢(5) + ¥ Ous
b
< f 105)]|¢(6)]|6(6) + ¥ Ous
b

. / 106)]|95)][6() + ¥ us.

By Holder’s inequality (3) in Proposition 2.5, we get

b
/ 106)]|66)]|6(5) + ¥ (5)” Ous

b 3/ b o 1-1
< ([ 100llewrows)" ([ 101166+ v )1 0us)

and

b
/ 106)][96)]|6(5) + ¥ (6)” Ous

b 2/ b o -1
f(/ !9<s>||w(s)!"<>as) ( / 106)|(|g(s) + v (s)[” )P-Ioas) :

Therefore, we obtain

b
[ 101160+ v 0us
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1
»

b N 1-
s(f 10)](|6(s) + v (5)” )1<>s)

b % b %
x[(/ |9(s)||¢(s)|p<>as) +(/ |9(S)||I//(S)|P<>as> ],

and hence we arrive at the inequality (7). The proof is finished. d

Proposition 2.8 Let a,b € T. Assume that ¢, € €([a, b]T,R") such that 0 < k < ¢/ <
K<oo.Ifp>1, then

p-1

b 3 b 3 A i
([ or00s) ([ wro0s) = ()" ([ oo svoros).  ®

Proof For p > 1, using Proposition 2.6, we have

b
/ $O[6(6) + V] Ous

k [;;21 b v/ b v -5
z(%) ( / W(s)oas> ( / ([66) + w7 1<>as>

and

b
/ VO[B6) + YO Ous

k 1;;21 b B/orb o 1-1
= <%) (/a WP(S)Oa«?) (/ﬂ ([qb(s) + W(S)]p 1)17—1 <>a5> )

It follows that

b
/ [6(5) + (9] Ous

b b
- [ 00000 -y 0us [ w9000 v} 0us

( ) ( ¢(S)+1p(s)p1)Ll aS>1}9
|:(/b¢p(5)<>as> (/ WP(S)Oas)I}

—

p-

“wl

Therefore,

(/ b[¢(s>+w(s)]P<>as)lz( >_[(/ ¢P<s><>as> +</ bwp(sms)’%].

The proof is finished. d
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2.3 Interval arithmetic and interval-valued functions on time scales
Further, we denote by Z = {I = [, 1]|I,1 € R and I < I} the class of all non-empty compact
intervals of real numbers. The interval I € 7 is said to be positive (or negative) if I > 0 (or
I < 0). The set of all positive intervals and negative intervals are denoted by Z* and Z-,
respectively.

The next definition gives us some arithmetic operations in Z used in the rest of this

paper.

Definition 2.9 (See [27]) LetI=[L1],] = U_j] €7 and A € R. We define
(i) Addition: /@] =[I+],1+]].
(i) Scalar multiplication:

(AL AL), ifA>0,
(A AL, if A <O.

(i) Multiplication: I - J = [min{l],1],1],1]}, max{I], I], 1], I]}].
(iv) Power:

[1",7”], if T eZ* ormisodd,
I"=11"1", ifIeZ orniseven,

[0,1]"], ifOe€lormniseven.

(v) Inclusion: I € J if and only if ] <[ and I1<].

Definition 2.10 (See [34]) Let I = [,I], ] = [[j] be intervals in Z. The generalized
Hukuhara difference (gH-difference for short) of I and J is defined by

16g4] = [min{I -], 1 -]}, max{l -], 1-]}].

The gH-difference is also represented by the form

[L-],1-]] ifed)=L(),
]eg]—[]: _
[I-T,1-]] ifed) <L),

where €(I) = I — I is said to be the length of = [[,] € T.
In addition to the mentioned algebraic operations, the set of intervals 7 is also a com-
plete metric space with the Hausdorff distance © defined by ® : Z x 7 — R* U {0} with

D(1,]) = max{|[ - ]I, T-T}.
We collect some well-known and important properties of the Hausdorff metric.

Proposition 2.9 (See [34]) LetI,],M,N € T and ) € R. Then, the following assertions are
true.
(i) DUSM,]OM)=2(,])),
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(i) DA -LA-])=ADL)),
(iii) DU S/, MO N) <D, M) + D(/,N).

In order to establish continuity of time scales interval-valued functions, we now give the
following definition.

Definition 2.11 Let ® : T — 7 be an interval-valued function on a time scale T, and let
top € T. Aninterval A is called the T-limit of ® as ¢ tends to £y, denoted by lim,_,,, ®(£) = A,
if, for any {t,},en C T\ {0 (%), p(to)} with £, — £y, we have lim,,_, .o D(P(t,), A) = 0.

Definition 2.12 Assume ® : T — 7 and ¢y € T. An interval A is called the left-sided (or
right-sided) T-limit of ® as ¢ tends to £, denoted by limg . ®(t) = A (or lim,_, + O(t) =
A), if, for any {t,},en C T\ {o(t0), p(20)}, tn < to (or t, > ty) with t, — o, we have
lim,,—s 00 D(P(t,), A) = 0.

If®: T — Zand A €Z, then clearly lim,,,, ®(£) = A ifflimt_na O(t) = limr—>¢5 O(t) = A.
Theorem 2.3 Let ®:T — I, and let ty € T. The limit of © as t — &, if it exists, is unique.

Proof The proof can be obtained easily from the definition of T-limit and the properties
of the distance ©. O

Theorem 2.4 Let  : T — T be an interval-valued function such that ®(t) = [®(t), D(¢)]
forallt €T, and let ty € T. Then, existence of lim,_,, $(t) implies existence of both limits
lim;_, ., ®(¢) and lim,_,, (). Moreover,

lim ®(¢) = [lim (), lim E(t)].
t—to t—to t—to

Proof Let {t,},en C T\ {o(t0), p(to)} be such that £, — f. Assuming lim,_,,, O(t) = A =
[A1, Az] € Z, we obtain lim,,_, oo ®(P(2,), A) = 0. From the way the Hausdorff distance is
defined, we get

lim |®(2,) — Ay | = lim [®(5,) - Aq| = 0.

Therefore, lim;_,;, (¢£) = A1 and lim,_,, ®@(t) = Ay. This shows the result. O

Definition 2.13 An interval-valued function ® : T — 7 is called continuous at ty € T if
lim,_, ., ®(¢) exists and lim;_, ,, ®(t) = ®(¢). The function P is said to be ld-continuous (or
rd-continuous) if it is continuous at left-dense (or right-dense) points in T and its right-
sided (or left-sided) limits exist (and are finite) at right-dense (or left-dense) points in
T. The set of all ld-continuous, rd-continuous, and continuous functions ® : T — 7 are
denoted by €14(T,Z), €4(T,Z), and &(T, Z), respectively.

The following remark gives us the relationship between the continuity, 1d-continuity,
and rd-continuity of an interval-valued function.

Remark 2.1 Let [®,®] = ®: T — Z and ¢y € T. Then ® is continuous (Id-continuous or
rd-continuous) at f iff the real-valued functions ® and @ are continuous (ld-continuous
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or rd-continuous) at ty. In addition, from [9, Theorem 1.60], it follows that if the real-
valued functions ® and @ are continuous, then they are both ld-continuous and rd-
continuous. Hence, €(T,Z) C €14(T,Z) N €4(T, Z).

3 Interval Riemann diamond-« integral for interval-valued functions

Our principal goal in this section is to propose a new integral definition for time scales
interval-valued functions, called interval Riemann diamond-« integral. Moreover, some
essential characteristics of this integral also are investigated. In what follows, we always as-
sume « € [0, 1] unless we explicitly state some exceptions. First, we start with the concepts

of interval Riemann nabla and delta integrals.

Definition 3.1 Let @ : (4, b]r — Z be bounded and P = {ty, 1, ...,t,} € P. Choosing arbi-

trary points n; € (¢;_1, ¢]r, for 1 <i < n, the sum

RSy = Z(ti —tii1) - ©(ny)

i=1

is said to be the interval Riemann V-sum of ® corresponding to P. Then ® is called interval
Riemann V-integrable on the region (a, b]r if there is Iv € Z so that for every ¢ > 0, there

is 6 > 0 satisfying
@(RSV,Iv) <&

for each interval Riemann V-sum of @ that corresponds to P € Ps, independent of the
way n; € (41, 4]T, for 1 <i < n, is chosen. Iy is said to be the interval Riemann V-integral
of ® on (a, b]t, and we write Iy = f: ®(s)Vs.

Analogously, the interval Riemann delta integral of a time scales interval-valued func-

tion can be defined as follows.

Definition 3.2 (See [23]) Let ® : [a,b)r — Z be bounded and P = {ty,t,...,t,} € P.
Choosing arbitrary points &; € [¢;_1,¢,)T, for 1 <i < n, the sum

n

RSp = Z(ti —tis1) - ©(&)

i=1

is said to be the interval Riemann A-sum of ® corresponding to P. Then & is called in-
terval Riemann A-integrable on the region [a, b)r if there is I5 € 7 so that for every ¢ > 0,

there is § > 0 satisfying
D(RSA,In) <€
for each Riemann A-sum of @ that corresponds to P € Ps, independent of the way &; €

[ti-1,t)T, for 1 <i < m, is chosen. I, is said to be the interval Riemann A-integral of ® on
[a,b)r, and we write I = f: d(s)As.
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Theorem 3.1 Let [P, ®] = & : T — Z. Then, ® is interval Riemann V -integrable on (a, b]t
iff ® and ® are Riemann V -integrable on (a, blt. In addition,

‘/ﬂb ®(s)Vs = [/ﬂbg(s)Vs,/abE(s)Vs}

Proof The proof can be obtained easily using the technique from the proof of [23, Theo-
rem 6). a

More details about the interval Riemann A-integral can be found in [23].

Definition 3.3 Let ® be abounded interval-valued function on [a, b]T, and let {fo, ..., t,} =
PeP.Forl<i<n,wepick§; € [¢_1,t)T, n; € (ti-1, ], and put

RS5, =Y (ti=ti) [ @) ® (1 —a) - D(ny)].
i=1

The sum RSy, is called the interval Riemann ¢, -sum of & that corresponds to P € P.
Then & is called interval Riemann O -integrable on [a, b]r if there is I, € T so that for
each ¢ > 0, there is § > 0 satisfying

D(RSo,,1o,) < ¢

for each interval Riemann {,-sum of ® that corresponds to P € P; independent of the
way to pick & € [ti_1, )1 and n; € (ti-1,4]T, for 1 < i < n. I, is said to be the interval
Riemann Qg -integral of @ from a to b, and we write f: D(s)Oys.

The next theorem presents a sufficient condition for the interval Riemann -

integrability of an interval-valued function.

Theorem 3.2 If & : T — 7 is interval Riemann V-integrable on (a, bl and interval Rie-
mann A-integrable on [a, b)r, then ® is interval Riemann {,-integrable on [a, b]t. More-

over,

b b b
/ ¢(s)<>as:a-/ @(s)AsGB(l—a)-/ ®(s)Vs.

Proof The proof is classical and directly follows from Definitions 3.1, 3.2, and 3.3. d

Theorem 3.3 Assume ® : T — T is such that ®(s) = [®(s), D(s)] for all s € T. Then, ® is
interval Riemann ) -integrable on [a, by if ® and ® are Riemann {-integrable on [a, b .

Moreover,

/ab D(5) s = [/;9(5)%8,/;5(s)<>as],

Proof The proof is classical and follows straightforward from Definition 3.3 and the defi-
nition of the Hausdorff distance. O
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Corollary 3.1 Let T be a time scale and a,b € T, a < b. Assume that ® € &([a, b],Z) such
that ®(s) = [®(s), D(s)] for all s € T. Then, the following statements hold.
(i) IfT =R, then

/ﬂb D(s)Ops = /ﬂb O(s)As = /ﬂb O(s)Vs = f; ®(s)ds,

where fab D(s)ds is the classical interval Riemann integral and
[P @(s)ds = [[* D(s)ds, [ B(s)ds].
(i) If T = hZ with h > 0, then

b

/ D(5)Qys = |:h Z D(kh) + aP(@h + (1 —a)P(b)h,

k—h+1

-1

=S

h

N

B(kh) + aD(a)h + (1 - a)@(b)hi| .

k=%+1

S0

(iti) If T ={t;|t; < tis1} for i € Ny, and m < n, then

n-1

/ ' D(5)0us = |:Z(ti+l —t)[a®@(t) + (1 - ) D(ti11)],

Z(tl+1 (1 a)a(ti+l)]i|'

Example 3.1 Let us consider A € Z and @ : T — Z such that ®(s) = A for all s € T. Then,
we have f: ®(s)Oys = (b—a) - A.

Example3.2 LetT = hZ, h € (0,1),and let @ : [0,2],7 — Z be given by ®(s) = [s? +5, ¢ + 1]
for all s € [0,2]z. Then, from Corollary 3.1(ii), we have

E\N

2 -1 -1
/ <D(s)<>as:|: > (KK + kh) + 6(1 - ), by (€ +1) +2ah + (e + 1)1 - oe)hi|
0

k=1 k=1

|1 5 ) e? -1
_[3(14+h +9h —18ah),2 + (e —1)(1—a)h+eh_1h:|.

Theorem 3.4 Let & : T — T be such that ®(s) = [®(s), (s)] for all s € T. Then, fort € T,
@ is interval Riemann O, -integrable on [p(t), ], and

t
/ 0600 =) o 0(0(0) & (1 -) - 0(0)
p(t,

Proof Suppose that @ : T — 7 is such that ®(s) = [®(s), ®(s)] for all s € T. Then, ®(p(t)) =
[@(o(t)), D(p(¢))]. According to Proposition 2.2, it follows that ® and ® are Riemann (-
integrable on [p(¢), f]T and

/ 860 =100 (p(0) + (1 -)0(0)
p(t
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and

/( )5(s)<>as =v(0)(a®(p(®) + (1 - a)®(2)).
olt

From Theorem 3.3, we obtain

/,;(t) P5)0us = Upm 20 fp(:) CD(S)%S]

= [v(@)(a@(p(0) + (1 - a)D(2)), v() (@ P(p(1)) + (1 —a)D(2))]
=v(0) - (a- [2(p(®), @(p(1)] & (1 — @) - [D(2), D(D)]),

and hence f;(t) D(5)Ous =v(t) - (o - D(p(2)) B (1 — @) - O(2)). The proof is finished. a

The following theorem provides us the linearity of the interval Riemann diamond-«
integral with addition and scalar product.

Theorem 3.5 Assume that &,V : T — T are interval Riemann O -integrable on [a, b]y.

Then, the following assertions hold.

(i) A- @ isinterval Riemann O4-integrable on [a, bl and

/;b A D($)Ous=A - /ﬂb D(5)Oys.

(i) @ @ W is interval Riemann O4-integrable on [a, bl and

b b b
/ [0(5) ® W(5)]Ous = / B(5) s @ / W(s)0us.

a

Proof The proof is classical and immediately follows from Definition 3.3. d

Theorem 3.6 If®,V : T — T areinterval Riemann {-integrable on [a, b]r, then ® Ogy ¥V
is interval Riemann {,-integrable on [a, bl and, moreover,

b b b
f (5)0us O f W(5)0us C f [0(5) Sgrt W(s)]Ous.

Proof By Theorem 3.3, ® ©gy Y is interval Riemann {,-integrable on [a, b]t. Put Y =
@ —Wand Y = ® — V. From the inequalities

b b b
/ min{I(S),T(S)}OaSSmin{ / X ()0as, / T(S)%S}

b b
§max{ / Y(5)0us, / T(s><>as}

b
< / max{ X (s), T(5)} Ous,
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it follows that
b b__
[min{f l(S)Oa T(S)(}as} max{ (5)Oqs, / T(S)QaS”
b b
C |: / mln <>as max s), Y (s) Oas]

Therefore, we have

/ﬂ ’ 5(6)0us g /  W($)0us

- [ / ’ 06)0us / bE(s)oas} Oun [ / W0 / bﬁ(s)oas}
= |:min{/abl(s)oas,/abT(s)Oas},maX{/ﬂhl(s)oas»/abT(S)OaS”

b b

c [ / min{Y(s), T ()} s, / maX{I(S),T(S)}OaS}
b

=/ [q)(s) egH\p(S)]Oas-

The proof is finished. O

Remark 3.1 With the assumptions as in Theorem 3.6 and adding the condition that
£(P(s)) — £(Y(s)) possesses a constant sign on [a, b], we have

b b b
/ B(5)0u's Oy / V()0 = / [0(5) Sgrt ()] Ous. ©)

Indeed, if £(®(s)) — £(¥(s)) > 0 on [a, b]T, then & - W < & — W on [g,b]r and ® Oz ¥ =
[Y,Y]. Thus,

b b o o
/ [0(5) ~ W(9)]0us < / [®(5) - T)]Ous.

Hence, we obtain

/ﬂ ’ 5(6)00s O / ()08

-| / " 0(6)0us, / b6<s)oas} O [ / W0 / bﬁ(s)oas}
_ _min{ / 50w, / b?<s><>as},max{ / ()08 / hmoas”

- /ﬂbl(s)oas,/abT(S)%S]

b
- f [0(5) Sgrt W(5)]Ous,
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s0 (9) holds. For the second case, i.e., £(D(s)) — £(¥(s)) < 0 on [a, b]T, using a similar argu-

ment, we can also obtain equality (9).
To illustrate Remark 3.1, let us consider the following example.

Example 3.3 Let T = 2N and ®, ¥ : T — 7 be such that
d(s) = [5,52 + 1] and W(s)=[1,2]-s forallseT.
We remark that £(®(s)) — £(¥(s)) = (s — 1)? has a constant sign on [1,4]t. We have
D(s) Ogn W(s) = [0,52 - 25+ 1] for all s € [1, 4]t
and
4 4
/ [D(s) Ognt W(s)]Qus = / (0,8 =25+ 1]0gs = [0,19 — 17a].
1 1
Moreover, we have
4 4
/ D(5)Ous = f [5,8% +1]0qs = [10 - 50,39 — 270]
1 1
and
4 4
/ U (5)Ous = / [1,2] - sOqs = [1,2] - (10 — 5a).
1 1
Since

4 4
E(/l <I>(s)<>as) =29-220 > 10 -5«a = E(/; \D(S)Oas>

for all @ € [0, 1], we obtain
4 4
f D(5)Ous OgH f W(s)Ogs = [0,19 — 17a],
1 1
and hence
4 4 4
[ 200w [ w60us= [ [06) 0 v6)]ous
1 1 1

Theorem 3.7 Suppose ©,V : T — T satisfy ® C V on [a,bly. If ® and V¥ are interval

Riemann O -integrable on [a, b]T, then

/ﬂ ’ 0(5)0us < /  $$)0us.
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Proof Suppose that ®(s) = [®(s), D(s)] and W(s) = [¥(s), ¥(s)] for all s € T. From the as-
sumption ® € ¥ on [a, b]t, Definition 2.9 gives

W(s) < P(s) and P(s) <W(s) forallse [a,b]r.

This yields

/ W([)0us < f " 0()0us and / T B(s)0us < f T )00

a a a

Thus, [fab D(5)0qs, fab D(s)Oys] C [f: W(s)Oys, f: W(s)Oys]. By Theorem 3.3, we get

/ﬂ  0(s)0us / W00

a

This finishes the proof. O

The next example illustrates Theorem 3.7. All numbers in the following example are
rounded to three decimal digits.

Example 3.4 Let h = 0.02. We consider interval-valued functions ®, ¥ : [1, 2]z — Z such
that ®(s) = (s — 1) - [1,2] and W(s) = [1 — 25 + s%,2+/s — 1] for all s € [1,2])z. It is easy to see
that1-2s+s% <s—1and2s—2 < 2+/s— 1 foralls € [1,2],z. Therefore, by Definition 2.9(v),
we get P(s) € W(s) for all s € [1, 2];z. Moreover, by Corollary 3.1(ii), we have

2 2
/ <I>(S)<>a5=/ [s—1,25—2]Oys
1 1

!

=[0.49 +0.02(1 — «),0.98 + 0.04(1 — ) |

S

-1 #-1
(kh? = 1) + (1 — ), " (2kh* - 2h) +2(1 - a)h:|

+1 k:%+l

]

=

and

2 2
/ kI/(s)<>a5=/ [1—25+sz,2«/s—1]<>as
1 1

=[0.323 +0.02(1 — @), 1.312 + 0.04(1 — @)].

SN

]

-1 %—1
(= 2k + I°H®) + (1 — @), 20 Y Vkh—1+2(1- a)h]

=1
+1 k=7 +1

==

It is obvious that
[0.49 +0.02(1 — @), 0.98 + 0.04(1 — )] < [0.323 + 0.02(1 — ), 1.312 + 0.04(1 — ) ]

for all @ € [0, 1]. Thus, we can conclude that

/1 " 0()0us /1 W00
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4 Diamond-« inequalities for interval-valued functions
In this section, we prove some Jensen-type inequalities for the class of convex and concave
time scales interval-valued functions by using the interval Riemann diamond-« integral.
Moreover, diamond-«o Holder-type and Minkowski-type inequalities for interval-valued
functions are proved. To obtain the interval versions of the diamond-« Jensen inequalities,
we need the concepts of convexity and concavity of interval-valued functions on time
scales as follows.

A real-valued function ¢ : [a, b]T — R is said to be convex on [a, by if for all s, ¢ € [a, b,
A €[0,1] such that As + (1 — L)t € [a, b]T, we have

P (ks + (1= 2)t) < 1g(s) + (1 - 1) (2),

while ¢ : [a, b]T — R is called concave on [a, b] if
P (As+ (1= 2)t) = Ad(s) + (1 - 1) (2)

for all s,t € [a,b]T, A € [0,1] such that As + (1 — L)t € [a, b]r. Note that if a real-valued
function ¢ : [a, b]T — R is convex (concave) on [a, b]T, then it is continuous on (a, b)T (see

(15]).

Definition 4.1 (See [38]) An ®: [a,b]T — Z is said to be Z-convex on [a, b if
A-D(s) D (1-2) () C D(As+ (1 - 1))

for all s, t € [a, b]T, A € [0,1] such that As + (1 — L)t € [a, b]r.

Definition 4.2 (See [38]) An @ : [a,b]r — T is said to be Z-concave on [a, b]t if
D(As+ (1 - 1)) SA-D(s) D (1-A) - D(2)

foralls,t € [a,b]T, . € [0,1] such that As + (1 — 1)t € [a, b]T.

The following theorem gives us the connection between Z-convexity (concavity) of an
interval-valued function and classical convexity (concavity) of corresponding real-valued

functions on time scales.

Theorem 4.1 (See [38]) Let [, ®] = ®: [a, blr — L. Then, the following assertions hold.
(i) @ is I-convex on [a,bly if and only if ® is convex on [a, b]t and ® is concave on
[ﬂ, b]T
(i) @ is Z-concave on [a, by if and only if @ is concave on |a, blt and @ is convex on
[a,b]T.

Theorem 4.2 Let ® : [a, bl — T be such that ®(s) = [®(s), D(s)] for all s € [a, b]t. Assume
that ® is I-convex or I-concave on [a, b]r. Then, ® is interval Riemann {,-integrable on
[a, D]T.
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Proof Suppose that [®, ®] = @ : [a,b]7 — T and ® is Z-convex or Z-concave on [a, b]t.
Then, Theorem 4.1 implies that ¢ and @ are continuous. According to Theorem 2.2 and

Theorem 3.3, we conclude the interval Riemann diamond-« integrability of ® on [a, b]r. [

Now, we present the diamond-« Jensen interval inequality on time scales via interval

Riemann {,-integral.

Theorem 4.3 Let a,b € T and c¢,d € R. Assume that ¢ € €([a,blr,(c,d)) and ® €
&((c,d), T) such that ®(s) = [D(s), D(s)]. If  is an T-convex interval-valued function, then

1 b 17 0(5)0us
E'/a cp(g(s))oasgob(ﬁ). (10)

Proof Suppose that ¢ € &([a, b]T, (c,d)) and ® € €((c,d),Z) such that ®(s) = [D(s), D(s)].

Then, it follows that ® o ¢ € €([a,b]r1,Z), and hence ® o ¢ is interval Riemann -
integrable on [a, b]t. From Theorem 3.3, it follows that

fab ®(0(s)) Qus = [/abQ(Q(S))Oas,/ﬂbE(g(s))oaS],

Since ® is Z-convex, from Theorem 4.1, we get that ® is convex, and ® is concave. Ac-

cording to Proposition 2.3, we have

b b
9<fa Q(S)Oas> 1 /‘ ®(0(5))Ous

b-a “b-a

and

1 [P —( [2 0(5)0us
b_ﬂL CD(Q(S))(%sf(D(%),

Therefore, it follows from Definition 2.9(v) that

I 1 b
[m/ﬂ 9(@(3))<>as,m/a @(Q(s))0a5:|

c [ ® (f:ms)oas),a( fo(S)OaS)]
b-a b-a

holds, i.e.,
PR b‘b( (8))Ous € @ LQ(S)O"S
b-a J, CW)Vas = b-a )
The proof is finished. d

In the following theorem, we present the generalized diamond-« Jensen interval in-

equality on time scales.

Page 18 of 30
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Theorem 4.4 Assume a,b € T and c,d € R. Assume ¢ € €([a, b, (c,d)), ® € €((c,d),T)
is so that ®(s) = [®(s), D(s)], and 6 € €([a, b]r, R) satisfies

b
f ‘9(3)’()0,5 >0.

If ® is an T-convex interval-valued function, then

S 10| (@(5)0us (M) (11)

J216(5)]0us J106)10a

Proof Suppose that ¢ € &([a, b], (c,d)) and ® € €((c,d),T) such that ®(s) = [D(s), D(s)].
Then, it follows that ® o o € @([a, b]t,Z), and hence ® o ¢ and ® o o are Riemann ¢,-
integrable on [a, b]t. Since 8 € €([a, b]T,R), 0 is Riemann {,-integrable on [a, b]T, which
yields that |8|(® o 0) and |8|(® o 0) are Riemann {,,-integrable on [a, b]t. By Theorem 3.3,
we get that |0|(® o p) is interval Riemann ¢, -integrable on [a, b]T and

b b b
f \e(s)@(a(s))oas:[ / 16()]@(2(5)) O, / |e<s>|<1>(g<s>)<>as}.

Since ® is Z-convex, it implies from Theorem 4.1 that ® is convex and @ is concave.
According to Proposition 2.4, we obtain

(/ 16(5)10(s)0us )< Sz 1065)|2(0(9)0us
J06N0as /T [ 166)]0us

and

/1 10()[®(@($) Vs _ ( 1 |9(s)|g(s)<>as)
20610~ N 2106106

From Definition 2.9(v), we derive

[f 16(5)|D(0($)Ous [ 16(s) (Q(S))Oas]
1 |9(s 10as 216610

< [a( L) o L oeeter) |

ie.,
2 16(5)| 2(e(s))0as (f |9(S)|Q(S)<>oz>
f 60(s)|0as f 160()Oq
The proof is finished. g

Remark 4.1 Note that if « = 0, then the result in Theorem 4.4 provides us a nabla version
for the generalized Jensen interval inequality. Moreover, if & = 1, then we obtain a result
similar to the one proved in [38, Theorem 9].
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Next we present the reversed diamond-« Jensen interval inequality.

Theorem 4.5 Let a,b € T and c,d € R. Assume that ¢ € €([a, b, (¢,d)), ® € €((c,d),T)
such that ®(s) = [D(s), D(s)], and 6 € &([a, b]r, R) such that

b
/ |9(s)|0us >0.

If ® is an T-concave interval-valued function, then

(12)

(f 16(s) |Q(S)<>oz> 17216()1®(o(s) )<>as
f 16(s)[ O B f 16()] s

Proof Suppose that ¢ € &([a, b]T, (c,d)) and ® € €((c,d),Z) such that ®(s) = [D(s), D(s)].
Then, it follows that ® o o € @([a, b]t,Z), and hence ® o ¢ and ® o o are Riemann ¢,-
integrable on [a, b]r. Since 6 € &([a, b]T,R), 0 is Riemann O, -integrable on [a, b]t, which
yields that |9|(® o 0) and |@|(® o o) are Riemann ¢,-integrable on [a, b]r. By Theorem 3.3,
this implies that |8|(® o o) is interval Riemann ¢, -integrable on [a, b]r and

b b b
/ \e(s)@(e(s))oas:[ / 10()]@(2(5)) O, / ye<s>|c1>(g<s>)<>as}.

Since @ is Z-concave, Theorem 4.1 implies that @ is concave and ® is convex. According

to Proposition 2.4, we obtain

S 106)|12(0()0us _ q>( f |9(s)|g<s)<>as>
J06)0s TN 710 as

and

(f |0(S)|Q(S)<>oz) 1 |9(S)I<I>(Q(S))<>as
f 16(s)[Qus B f 10(s)[Qus

From Definition 2.9(v), we derive

[ (fflew |<>;>as)’ (ff|9|;)|§|<>as )]

[f 10(5)|D(0(5)Oas [ 16(s)|® Q(S))OaS]
I |e(s)|<>as T 1000w S

ie.,

(f |0(S)|Q(S)<>QS> 1 |9(S)|q)(@(s))<>as
f 16(s)|Ou - f 16(s)|Oas

The proof is finished. d
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Corollary 4.1 Let a,b € T and c,d € R. Assume that o € €([a, b]r,(c,d)), ® € €((c,d), L)
such that ®(s) = [®(s), D(s)], and 6 € &([a, b]r, R) such that

b
/ ‘9(5)’00,3 >0.

If ® is both T-convex and Z-concave, then

o (f: |9(s)|g(s)<>as) _ [ 16(5)12(2(5)Ous 13
L7 1061 0us S 19(8)10as
Proof The proof follows directly from combining Theorem 4.4 and Theorem 4.5. O

The following result gives us a version of the diamond-« Holder interval inequality.

Theorem 4.6 Let a,b € T. Assume that ®,¥ € €([a,b]r,L?) are such that ®(s) =
[D(s), D(s)] and W(s) = [W(s), ¥(s)] for all s € [a, b]t. If}l7 + ‘—; =1lwithp>land 0<k <
P /W1 < K < 00, then

b 7 b 2 b :
LQ(S)-W(S)OQSE[(£> 1}(/”1 CDp(S)<>a5> (/a ‘I"’(S)OQS). (14)

Proof From Definition 2.9(iii), we have
®(s) - W(s) = [minS, max S], (15)

where S = {®(s)W(s), D(s)W(s), D(s)¥(s), P(s)W(s)}. Since ® and W are positive interval-

valued functions, it follows from (15) that
D(s) - W(s) = [D()W(s), D(s)W(s)]-
Therefore, we have

b b b
f @(s)-ws)oas{ f BSW($)0as, / E(s)ﬁ(s)oas}.

From the fact that ® and W are positive and for p > 1 with zlﬂ + % =land 0<k < ®?/¥7 <

K < 00, we derive from Proposition 2.6 that

b L/ b : b
( f gp(s)oas) ( f y(s)%s) 5(%) f DS)W(s)0us. (16)

Applying Proposition 2.5 for the two positive real-valued functions ®(s), ¥(s), we obtain

b b 3/ b :
/ 6(s)ﬁ<s><>ass< / 6’”(s)<>as> ( / w"(s)oas) . 17)
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Combining (17) and (16) with Definition 2.9(v), we get

b b_ o
[ / DOV ($)00s, / @(s)\lf(s)oas}

. b ;

g[(lf() ( f gp(s)oas) ( / gq(s)oas) ,
b 3 b :

( / 6"(s><>as) ( f w"(s><>as) }

1

and hence

b
f B(s) - W(s)Ous

= b b i b b :
g[(%) 1“ f P ($)0as, f @”(s)oas} [ / W) us, f \P"(s)oas} .

On the other hand, from Definition 2.9(iv), it follows that
PP(s) = [®P(s), @"(s)] and W(s) = [W(s), U (s)].

Therefore,

b 7 b 2 b :
fa cb(s)-w(s)oasg[(g) 1]( f <I>P(s)<>as) ( f w(s)oas) .

The proof is finished. d

If the assumptions in Theorem 4.6 hold for the special case p = g = 2, then we get the
diamond-o Cauchy—Schwarz interval inequality on time scales.

Corollary 4.2 Let a,b € T. Assume that ©,V € €([a,b]r,L*) are such that ®(s) =
[D(s), D(s)] and W(s) = [¥(s), W(s)] for all s € [a, b]r. Then, we have

b i b ) b 1
/a d>(s>-w(s)<>asg[<§) 1]( / d>2(s)<>us) ( / w2<s><>as) ,

where Nk < ®/W < /K < 00.
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The last theorem in this section is to represent the Minkowski interval inequality via

Riemann ¢, -integral. The theorem is stated as follows.

Theorem 4.7 Let a,b € T. Assume that ®,V € €([a,b]r,L") are such that ®(s) =
[D(s), D(s)] and W(s) = [W(s), V(s)] for all s € [a, bl and 0 <k < ®/¥ <K <c0.Ifp>1,
then

b }, b },
( / CI>”(s)<>as) ea( [ w(s)oas)
g[l, (%) }( / (d>(s)e5w(s))Poas) . (18)

Proof Since ® = [®, ®] and ¥ = [¥, V], it follows from Definition 2.9(iv) that
(@) @ ¥(s) = [(26) + ¥(s)", (D) + ¥(s)"]-

According to Proposition 2.7, we have

b 1% b ;1, b :
( / (g(s)+g(s))”oas) 5( / gﬂ(s)oas> +( / y(s)oas) . (19)

For p > 1 with 0 < k < ®/¥ < K < oo, Proposition 2.8 yields

( / ba"(s><>o,s)'l’ R ( / bws)oas)’% < (%()_ ( / "@) +W(s>)1’<>as>'l’. 20)
Moreover, we have
(/ab CDP(S)OaS)}, ® (/ﬂb \IJP(S)OQS)}?
_ [ [ ’ 9(6)0us, [ b6”<s><>as]‘l“ ® [ | W0, [ bﬁ”(sms]}’
- [( f bgp(s)oas)’l’ + ( / by«s)oas)’%, ( / bEP(sms)'% + ( / hﬁp(s><>as>’%].
Combining Definition 2.9(v) with (20) and (19), we derive
([ 000s) ([ woos) ([ #oos) + ([ Foos) ]
c [( [ (@) + g<s))”<>as);, (’%) ” ( | @) + W(s))”oas);}
_ [1, (%)_] : [( / (@0 + g(s))"oas)’%, ( / (@) + ms))"oas)'%}

L)) (fononore

N|>—‘
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Therefore,
b 1 b 1 K\ b i
(/ <1>p(s)<>as) ea(f wp(s)oas) c 1,(—)" (/ (<I>(s)esw(s))’”<>as) .
a a k a
The proof is finished. d

5 lllustrative computations
In this section, we analyze some examples to illustrate the main results presented in Sect. 4.
First, we consider an example to illustrate Theorem 4.5 for the class of Z-concave interval-

valued functions. Note that all numbers in this section are rounded to three decimal digits.

Example 5.1 Let h=0.01 and 0,0 : [0, 1]z — R be real-valued functions given by o(s) =
In(s+1) and 8(s) = 1 +2s%. We consider @ : [0,In2] — Z such that ®(s) = [®(s), D(s)], where
®(s) = coss and D(s) = ¢* (Fig. 1a). Since ® is concave and ® is convex for all s € [0,In2],
from Theorem 4.1, it follows that ® is Z-concave on [0,In2]. According to Theorem 4.5,

we have

(21)

o (f; |e(s)|e(s)<>as> < Jo 166)19(0())0us
o 166)10as /7~ J716()I0as
Now we compute the integrals

99

1 1
/ |0(5)| Qs = / (1+25°)Oas = > h(2K°H> +1) + ol + 3(1 — )l = 1.677 - 0.020x
0 0 k=1

and

1 1
/ 0(5)]0(s)0as = / (1+25%) In(s + 1)Qqs
0 0

99
= "h(1+2k°K*) In(kh +1) + 3h(1 - @) In2 = 0.765 — 0.021a.
k=1

2L 1.7

1.6

1.5
14
14 - 1.3

114 F

08
0.9

0.6 I I I I I . | 08
0 0.1 0.2 03 0.4 0.5 0.6 0.7 0 0.2 0.4 0.6 0.8 1

s o
(@) (b)

Figure 1 (a) Graph of ®(s) (blue and red curves represent ® and @, respectively). (b) lllustration of
Example 5.1 with different values of & (blue and red curves represent RJ* and R, respectively, and green
and pink dotted curves are LJ* and 0, respectively)
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Therefore, we obtain

o (fol |9(s)|9(s)<>as> i [COS <0.765 0021 ) oxp (0.765 - 0.02104)]

L210()10as 1.677 — 0.02« 1.677 — 0.02«

Moreover,

1
/I‘Q(S)‘CD(Q(S))QD,S = / (1 + 252) [cos(ln(s + 1)),s + 1]<>as
0 0

= [1.478 — 0.020c,2.692 — 0.05¢].

Thus,

S 106)@(0(s)0us  [1.478—0.020 2.692 - 0.05a
13 16(5)[0as 1.677 - 0.02c” 1.677 — 0.02cx |

It is easy to see that
0.765 - 0.021« 0.765 - 0.021«
cos| ———— ), expl ——————
1.677 — 0.02¢ 1.677 — 0.02c

c 1.478 - 0.02c¢ 2.692 — 0.05¢
=1 1.677 -0.02a” 1.677 — 0.02x

for all @ € [0, 1]. Hence inequality (21) holds. For brevity, we denote the values of the ex-
pressions on the left-hand side of (21) and the right-hand side of (21) corresponding to
each o € [0,1] by LJ* and RJ%, respectively. Figure 1b shows inequality (21) with different
values of @ € [0,1].

The following example illustrates Corollary 4.1.
Example 5.2 Let h >0 and 0,0 : [0,1];7 — R be real-valued functions given by o(s) = 53
and 6(s) = 1 + 2s%. We consider an interval-valued function @ : [0, 1] — Z given by ®(s) =
[2 —s,s + 3] for all s € [0,1]. It is clear that ® is both Z-convex and Z-concave on [0,1].

According to Corollary 4.1, we have

Jo 1061 2QE)0as _ (D< fo |e(s)|@(s)<>as>.
Jo 16(3)] Ous L 16(9)|0as

Indeed, for all o € [0, 1], we have

1 1
/ |9(s)|<>as = / (1 + 232)<>as = %(—6}101 +h +3h+ 5)
0 0
and

1 1
/ |9(s)|g(s)<>as:f $*(1+25%) Qs = —i(h— 1*(2k* +4h - 7) + 3h(1 - ).
0 0 12
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It follows that

o (fol |e<s)|g(s)<>as>
Jo 18()[Oas
~ (36ha +2h* — 1312 - 18h—7)
4(6ha — h% — 3h - 5)
_ [12//10{ —2h* + 5h% —6h — 33 108ha + 2h* — 25K — 54k — 67]
4(6ha —h2-3h-5) 4(6ha — h2 — 3h —5)

On the other hand, we have

/0 06| (0(6)) 0us
= /01(1 +25%)[2-5%,5% + 3]Qus
- 1_12 [~12h0 + 2h* — 5h* + 61 + 33,-108ha — 2h* + 25k + 544 + 67 |
= [11_2(2}14 - 5h* =30k + 33) + 2ha + 3h(1 - ),

1
E(—2h4 +25h* — 90h + 67) + 3hor + 12h(1 - a)],

which yields

o 10()|®(0(8) s
Jo 10()|Oas
12ho — 2h* + 5h%* — 6k — 33 108ha + 2h* — 25h* — 54h — 67
B [ 4(6hoe —h? —3h—-5)  4(6ha —h®—3h—5) ]
o (f; |e<s>|g(s><>as>‘
Jo 10(3)[Oas

The last two examples are presented to illustrate Theorem 4.6 and Theorem 4.7, respec-

tively.

21 10 56 3 79 17 39
Example 5.3 Leta =0.5and T = {to,t1,...,t} = {1, 55, 5 22+ 3» 127 9 50» 2} Assume that

&, W e &([1,2]r,Z*) are such that ®(s) = [®(s), P(s)] and W(s) = [W(s), ¥(s)], where D(s) =
5, D(s) =s+2, W(s) = /5, W(s) = exp(z) + s for all s € T. It is clear that 1 < /W7 < V2,
with p = 3 and 117 + % = 1. According to Theorem 4.6, we have

2 2 3 2 2
/1 cb(s)-w(s><>asg[%,1]~( /1 d>3(s)<>as) ( /1 wz(s)oas) . 22)

Indeed, we have

2 2
/ () - W(s)Ous = / (D)W (), BT ()] Ous
1 1
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7
= |:Z(Si+1 =) [ @(s) W (s) + (1 = ) D(si1) W (si41) ],

=0
7

Z(Sm —5;)[a®(s)W(s) + (1 - a)6(5i+1)$(si+l)]i|
i=0

=[2.028 — 0.327c,10.749 — 1.304]

and

2 2
| #00u= [ [£6.8°6])0us
1 1

=[4.396 — 1.233,47.114 — 6.592«].

Analogously, we obtain ff Wi (8)Ous =[1.411 - 0.122¢,5.137 — 0.575c]. Then, we have

2 3
( / CI>3(s)<>as> = [V/4.396 — 1.233, v/47.114 - 6.592c ]
1

and

23 3 3 3
Wi(s)00s ) = [V/(1.411 - 0.122)%,v/(5.137 — 0.575a)?].
1
Therefore, we have

2
/ D(s) - U(s)Qqs = [2.028 — 0.327c, 10.749 — 1.304c(]
1

1
c [ \3/ 75(4.396 ~ 1.2330)(1.411 - 0.122a)2,

V(47114 - 6.592a)(5.137 — 0.575a)2]

L () ([ o)

We also denote the values of the expressions on the left-hand side of (22) and the right-
hand side of (22) corresponding to each « € [0,1] by LH* and RH, respectively. Then,
inequality (22) with different values of « € [0, 1] is shown in Fig. 2.

Example5.4 Leth=0.02and ®, ¥ : [0,2],7 — Z* be so that ®(s) = [®(s), D(s)] and W(s) =
[W(s), W(s)], with ®(s) = /1 +s, (s) =5+ s%, W(s)=+/2s+1,and W(s)=s+ 2 forall s €
[0,2])z. It is clear that % < ®(s)/W(s) < 1 forall s € [0,2];7. According to Theorem 4.7, we
have

1

2 3 2 3 2 3
( /0 <1>2(s><>o,s) ea( /0 w2<s><>as> g[lg]( /o (<I><s>@w(s))2<>as> @3)
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Figure 2 Illustration of Example 5.3 with different values of & (blue and red curves represent RH* and RH,
respectively, and green and pink dotted curves are LH* and m", respectively)

Indeed, we have

2
/Z(CD(S)GB\I'(S))2<>O,S: /2|:(\/1 +5+4/2s+1)%, <2s+2+ i) ]
0 0

s+1

=[19.901 - 0.235¢,53.619 — 0.569«].

Hence, ( f02(¢(s) D W(5))2005)? = [+/19.901 — 0.235a, v/53.619 — 0.569x]. On the other

hand, we have
2 2 2 2
/ D2(5)Ogs = / [1 +5, (s + —) ](}as = [4.02 — 0.04w, 8.97 — 0.062c]
0 0 s+1
and
2 2
/ W2(5)Oys = / [25+1, (s +2)*]Ous = [6.04 — 0.08ct, 18.787 — 0.24cx].
0 0
Then, we have

2 3 2 3
( / @2(s)<>a,s) ea( / wz(s)oas)
0 0

= [v/4.02 - 0.040 + +/6.04 — 0.08c,+/8.97 — 0.062« + +/18.787 — 0.24«]

3
C [1, C/ﬂ - [v/19.901 — 0.235¢,/53.619 — 0.569¢]

31 ([ :
= [1, §i| . (/0 (@(s) ® \IJ(s))2<>o,s> .
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85

75

6.5

a L L L L L L L L L 1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

(0%

Figure 3 Illustration of Example 5.4 with different values of « (blue and red curves represent RM* and MY,
. ) o —a )
respectively, and green and pink dotted curves are LM* and LM, respectively)

We also denote the values of the expressions on the left-hand side of (23) and the right-
hand side of (23) corresponding to each « € [0,1] by LM* and RM?, respectively. Then,
the inequality (23) with different values of « € [0, 1] is shown in Fig. 3.
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