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convergence of linear processes generated by negatively dependent random
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1 Introduction
To investigate the uncertainty in probability, Peng [11–13] introduced the important con-
cepts of the sub-linear expectations space. Peng’s works [11–13] motivated many scien-
tists to extend the results of classic probability space to that of the sub-linear expecta-
tions space. Zhang [27–29] obtained the exponential inequalities, Rosenthal’s inequali-
ties, and Donsker’s invariance principle under sub-linear expectations. Wu [16] studied
precise asymptotics for complete integral convergence under sub-linear expectations. Un-
der sub-linear expectations, Xu and Cheng [24] investigated how small the increments of
G-Brownian motion are. Xu and Zhang [18, 19] studied a three-series theorem of indepen-
dent random variables and a law of logarithm for arrays of row-wise extended negatively
dependent random variables under the sub-linear expectations. Zhong and Wu [33] ob-
tained the complete convergence and complete moment convergence for weighted sums
of extended negatively dependent random variables under sub-linear expectations. For
more limit theorems under sub-linear expectations, interested readers could refer to Wu
and Jiang [17], Huang and Wu [8], Zhang and Lin [31], Zhong and Wu [33], Hu and Yang
[7], Chen [2], Zhang [30], Hu, Chen, and Zhang [6], Gao and Xu [3], Kuczmaszewska [9],
Chen and Wu [1], Xu and Cheng [20–24, 26], and the references therein.

Meng, Wang, and Wu [10] studied convergence of asymptotically almost negatively as-
sociated random variables with random coefficients. Hosseini and Nezakati [4] obtained
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complete moment convergence of the dependent linear processes with random coeffi-
cients. For more results about complete moment convergence of moving average pro-
cesses, interested readers could refer to Zhang and Ding [32], Hosseini and Nezakati [5],
and the refercences therein. The main conclusions of Meng, Wang, and Wu [10] are that
under proper conditions, the complete convergence and complete moment convergence
of almost negatively associated random variables with random coefficients hold. It is natu-
ral to ask whether or not the relevant results hold under sub-linear expectations. Here, we
try to establish convergence of linear processes generated by negatively dependent ran-
dom variables under sub-linear expectations, complementing the corresponding results
obtained in Meng, Wang, and Wu [10]. In other words, we here investigate the complete
convergence and complete moment convergence related to the infinitely weighted sums of
negatively dependent random variables under sub-linear expectations. Our results differ
from that of Xu et al. [25], Xu and Kong [26], who studied the complete convergence and
complete moment convergence relevant to finitely weighted sums of negatively dependent
random variables under sub-linear expectations.

We organize the rest of this paper as follows. We give some necessary basic notions,
concepts, and corresponding properties, and cite necessary lemma under sub-linear ex-
pectations in Sect. 2. In Sect. 3, we give our main results, Theorems 3.1-3.3, their proofs
will be presented in Sect. 4. Some of the lemmas and their proofs are also given in Sect. 4.

2 Preliminaries
As in Xu and Cheng [21], we use similar notations as in the work by Peng [12, 13], Chen [2],
and Zhang [29]. Suppose that (�,F ) is a given measurable space. Assume thatH is a subset
of all random variables on (�,F ) such that X1, . . . , Xn ∈ H implies ϕ(X1, . . . , Xn) ∈ H for
each ϕ ∈ Cl,Lip(Rn), where Cl,Lip(Rn) represents the linear space of (local Lipschitz) function
ϕ fulfilling

∣
∣ϕ(x) – ϕ(y)

∣
∣ ≤ C

(

1 + |x|m + |y|m)(|x – y|), ∀x, y ∈R
n

for some C > 0, m ∈N depending on ϕ.

Definition 2.1 A sub-linear expectation E on H is a functional E : H �→ R̄ := [–∞,∞]
fulfilling the following properties: for all X, Y ∈H, we have

(a) Monotonicity: If X ≥ Y , then E[X] ≥ E[Y ];
(b) Constant preserving: E[c] = c, ∀c ∈ R;
(c) Positive homogeneity: E[λX] = λE[X], ∀λ ≥ 0;
(d) Sub-additivity: E[X + Y ] ≤ E[X] + E[Y ] whenever E[X] + E[Y ] is not of the form

+∞ – ∞ or –∞ + ∞.

Remark 2.1 By Theorem 1.2.1 of Peng [13], the sub-linear expectation E could be repre-
sented as a supremum of linear expectations. By Theorem 1.2.2 of Peng [13], if Xi(ω) ↓ 0
as i → ∞ implies limi→∞ E(Xi) = 0, then the sub-linear expectation E is the upper ex-
pectation, i.e., there exists a set of probability measures P in (�,F ) such that E(ξ ) =
supP∈P EP(ξ ), ξ ∈H, where EP denotes the linear expectation under probability P. Hence,
the difference between the sub-linear expectation and the upper expectation is that the
former extends the later in some sense.
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A set function V : F �→ [0, 1] is named to be a capacity if
(a) V (∅) = 0, V (�) = 1;
(b) V (A) ≤ V (B), A ⊂ B, A, B ∈F .

A capacity V is called sub-additive if V (A ∪ B) ≤ V (A) + V (B), A, B ∈F .
In what follows, given a sub-linear expectation space (�,H,E), set V(A) := inf{E[ξ ] :

IA ≤ ξ , ξ ∈ H} = E[IA], ∀A ∈ F (see (2.3) and the definitions of V above (2.3) in Zhang
[28]). V is a sub-additive capacity. Set

CV(X) :=
∫ ∞

0
V(X > x) dx +

∫ 0

–∞

(

V(X > x) – 1
)

dx.

As in 4.3 of Zhang [28], throughout this paper, define an extension of E on the space of all
random variables by

E
∗(X) = inf

{

E[Y ] : X ≤ Y , Y ∈H
}

.

Then E
∗ is a sub-linear expectation on the space of all random variables, E[X] = E

∗[X],
∀X ∈H, and V(A) = E

∗(IA), ∀A ∈F .
Suppose that X = (X1, . . . , Xm), Xi ∈ H and Y = (Y1, . . . , Yn), Yi ∈ H are two random

vectors on (�,H,E). Y is said to be negatively dependent on X, if for each function
ψ1 ∈ Cl,Lip(Rm), ψ2 ∈ Cl,Lip(Rn), we have E[ψ1(X)ψ2(Y)] ≤ E[ψ1(X)]E[ψ2(Y)] whenever
ψ1(X) ≥ 0, E[ψ2(Y)] ≥ 0, E[|ψ1(X)ψ2(Y)|] < ∞, E[|ψ1(X)|] < ∞, E[|ψ2(Y)|] < ∞, and ei-
ther ψ1 and ψ2 are coordinatewise nondecreasing, or ψ1 and ψ2 are coordinatewise non-
increasing (see Definition 2.3 of Zhang [28], Definition 1.5 of Zhang [29], Definition 2.5
in Chen [2]). {Xn; –∞ < n < ∞} is called to be negatively dependent, if Xl+n is negatively
dependent on (Xl, . . . , Xl+n–1) for each n ≥ 1, –∞ < l < +∞. The existence of negatively
dependent random variables {Xn; –∞ < n < ∞} under sub-linear expectations could be
yielded by Example 1.6 of Zhang [29] and Kolmogorov’s existence theorem in classic prob-
ability space. As in discussed in Zhang [28], if {Xn}+∞

n=–∞ is sequence of negatively depen-
dent random variables, and fn(x) ∈ Cl,Lip(R), –∞ < n < +∞ are nondecreasing (resp. nonin-
creasing) functions, then {fn(Xn); –∞ < n < ∞} is also a sequence of negatively dependent
random variables.

Assume that X1 and X2 are two n-dimensional random vectors defined in sub-linear
expectation spaces (�1,H1,E1) and (�2,H2,E2), respectively. They are called identically
distributed if for every function ψ ∈ Cl,Lip(Rn) such that ψ(X1) ∈H1, ψ(X2) ∈H2,

E1
[

ψ(X1)
]

= E2
[

ψ(X2)
]

,

whenever the sub-linear expectations are finite. {Xn}∞n=1 is named to be identically dis-
tributed if for each i ≥ 1, Xi and X1 are identically distributed.

In the paper we assume that E is countably sub-additive, i.e., E(X) ≤ ∑∞
n=1 E(Xn), when-

ever X ≤ ∑∞
n=1 Xn, X, Xn ∈ H, and X ≥ 0, Xn ≥ 0, n = 1, 2, . . . . Hence E

∗ is also countably
sub-additive. Let C stand for a positive constant, which may change from place to place.
I(A) or IA represent the indicator function of A. Write log(x) = ln max{e, x}, x > 0.

We cite the following lemma.
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Lemma 2.1 (See Lemma 2.4 of Xu et al. [25]) Let {Xn; n ≥ 1} be a sequence of negatively
dependent random variables in sub-linear expectations space (�,H,E). Then there exists
a positive constant C = Cp depending on p such that for n ≥ 1, and 1 ≤ p ≤ 2,

E

[

max
1≤k≤n

∣
∣
∣
∣
∣

k
∑

i=1

Xi

∣
∣
∣
∣
∣

p]

≤ Cp(log n)p

[ n
∑

k=1

E
[|Xk|p

]

+

( n
∑

k=1

[∣
∣E(Xk)

∣
∣ +

∣
∣E(–Xk)

∣
∣
]

)p]

. (2.1)

We also present a useful lemma.

Lemma 2.2 If for a random variable X on (�,F ), CV{|X|} < ∞, then

E
∗[|X|] ≤ CV

{|X|}.

Proof The proof is similar to that of Lemma 4.5 of Zhang [28]. By CV{|X|} < ∞, we see
that limn→∞ nV{|X| > n} = 0. Since

|X| = lim
n→∞

n
∑

k=1

|X|I{k – 1 < |X| ≤ k
}

≤ lim
n→∞

n
∑

k=1

kI
{

k – 1 < |X| ≤ k
}

= lim
n→∞

n
∑

k=1

k
(

I
{|X| > k – 1

}

– I
{|X| > k

})

≤ lim
n→∞ 1 +

n–1
∑

k=1

I
{|X| > k

}

– nI
{|X| > n

} ≤ 1 +
∞

∑

k=1

I
{|X| > k

}

,

by the countable sub-additivity of E∗, we obtain

E
∗[|X|] ≤ 1 +

∞
∑

k=1

E
∗[I

{|X| > k
}]

= 1 +
∞

∑

k=1

V
{|X| > k

} ≤ 1 + CV

{|X|}.

By considering |X|/ε instead of |X|, we have

E
∗[|X|/ε] ≤ 1 + CV

{|X|/ε}, E
∗[|X|] ≤ ε + CV

{|X|},

which by taking ε → 0 implies

E
∗[|X|] ≤ CV

{|X|}.

The proof is finished. �

3 Main results
Our main results, considered as an extension of Chen and Wu [1] in some way, are as
follows.

Theorem 3.1 Suppose that γ > 1, 1 ≤ p < 2, 1 < γ p < q ≤ 2, and Xt =
∑∞

i=–∞ aiεt–i is a
linear process in sub-linear expectations space (�,H,E). Let {εn, n ∈ Z} be a sequence of
negatively dependent random variables, identically distributed as ε with E(ε) = E(–ε) = 0
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in sub-linear expectations space (�,H,E). Suppose that {an; n ∈ Z} is a sequence of con-
stants satisfying

∑∞
i=–∞ |ai| < ∞. If CV(|ε|γ p(log |ε|)q) < ∞, then for all ε > 0,

∞
∑

n=1

nγ –2
V

(

max
1≤m≤n

∣
∣
∣
∣
∣

m
∑

t=1

Xt

∣
∣
∣
∣
∣

> εn1/p

)

< ∞. (3.1)

Theorem 3.2 Assume that α > 0, 1 < p < q ≤ 2, and Xt =
∑∞

i=–∞ aiεt–i is a linear process
in sub-linear expectations space (�,H,E). Let {εn, n ∈ Z} be a sequence of negatively de-
pendent random variables, identically distributed as ε with E(ε) = E(–ε) = 0 in sub-linear
expectations space (�,H,E). Suppose that {an; n ∈ Z} is a sequence of constants satisfying
∑∞

i=–∞ |ai| < ∞. If CV(|ε|p logq(|ε|)) < ∞, then for all ε > 0,

∞
∑

n=1

nαp–α–2
E

∗
((

max
1≤m≤n

∣
∣
∣
∣
∣

m
∑

t=1

Xt

∣
∣
∣
∣
∣

– εnα

)+)

< ∞. (3.2)

Remark 3.1 Under the assumptions of Theorem 3.2, we see that

∞ >
∞

∑

n=1

nαp–α–2
E

∗
((

max
1≤m≤n

∣
∣
∣
∣
∣

m
∑

t=1

Xt

∣
∣
∣
∣
∣

– εnα

)+)

≥
∞

∑

n=1

nαp–α–2
E

∗
(

εnαI

(

max
1≤m≤n

∣
∣
∣
∣
∣

m
∑

t=1

Xt

∣
∣
∣
∣
∣

> 2εnα

))

(3.3)

= C
∞

∑

n=1

nαp–2
V

(

max
1≤m≤n

∣
∣
∣
∣
∣

m
∑

t=1

Xt

∣
∣
∣
∣
∣

> 2εnα

)

, for all ε > 0.

Therefore, from (3.3), we conclude that the complete moment convergence implies the
complete convergence. In particular, set αp = 1, 1 < p < q ≤ 2, we conclude that

∞
∑

n=1

n–1
V

(

max
1≤m≤n

∣
∣
∣
∣
∣

m
∑

t=1

Xt

∣
∣
∣
∣
∣

> εn1/p

)

< ∞, for all ε > 0. (3.4)

Theorem 3.3 Suppose that Xt =
∑∞

i=–∞ aiεt–i is a linear process in sub-linear expectations
space (�,H,E). Assume that {εn, n ∈ Z} is a sequence of negatively dependent random vari-
ables, identically distributed as ε with E(ε) = E(–ε) = 0 in sub-linear expectations space
(�,H,E). Suppose that {an; n ∈ Z} is a sequence of constants satisfying

∑∞
i=–∞ |ai| < ∞. If

CV(|ε| log2(1 + |ε|)) < ∞, then for all ε > 0,

∞
∑

n=1

n–2
E

∗
((

max
1≤m≤n

∣
∣
∣
∣
∣

m
∑

t=1

Xt

∣
∣
∣
∣
∣

– εn

)+)

< ∞. (3.5)

Remark 3.2 Under the assumptions of Theorem 3.3, we can conclude that

∞
∑

n=1

n–1
V

(

max
1≤m≤n

∣
∣
∣
∣
∣

m
∑

t=1

Xt

∣
∣
∣
∣
∣

> εn

)

< ∞ for all ε > 0. (3.6)

In fact, if the assumptions of Theorem 3.2 hold, then (3.4) yields (3.6). However, the as-
sumptions of Theorem 3.3 are weaker than that of Theorem 3.2.
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By (3.6), we obtain the following corollary.

Corollary 3.1 If the assumptions of Theorem 3.3 hold, then

V

(

lim
n→∞ n–1

n
∑

t=1

Xt �= 0

)

= 0.

By similar proofs of Theorems 3.1, 3.2, 3.3, Remarks 3.1, 3.2, and Corollary 3.1, we could
obtain the following.

Remark 3.3 Suppose that in Theorems 3.1, 3.2, 3.3, Remarks 3.1, 3.2, and Corollary 3.1,
with the conditions that there exists a constant C satisfying E(h(εn)) ≤ CE(h(ε)), for all
n ∈ Z, 0 ≤ h ∈ Cl,Lip(R), and E(–εn) = E(εn) = 0 in place of the assumption that for each
n ∈ Z, εn is identically distributed as ε, the other conditions remain the same. Then the
conclusions also hold in Theorems 3.1, 3.2, 3.3, Remarks 3.1, 3.2, Corollary 3.1. More-
over, in what follows, the assumption that E is countably sub-additive could be replaced
by that E∗ is countably sub-additive, all conclusions also hold in Theorems 3.1, 3.2, 3.3,
Remarks 3.1, 3.2, and Corollary 3.1.

4 Proofs
To prove our main results, we need the lemmas below.

Lemma 4.1 Suppose that 1 ≤ p ≤ 2 and {εn, n ∈ Z} is a sequence of negatively dependent
random variables in sub-linear expectations space (�,H,E). Assume that {an; n ∈ Z} is a
sequence of constants satisfying

∑∞
i=–∞ |ai| < ∞. Then

E
∗
(

max
1<m≤n

∣
∣
∣
∣
∣

∞
∑

j=–∞

( m–j
∑

i=1–j

ai

)

εj

∣
∣
∣
∣
∣

p)

≤ C(log n)p sup
i∈Z

{ n–i
∑

j=1–i

E|εj|p +

( n–i
∑

j=1–i

[|Eεj| +
∣
∣E(–εj)

∣
∣
]

)p}

. (4.1)

Proof By Hölder’s inequality, countable sub-additivity of E∗, and Lemma 2.1, we obtain
for p > 1,

E
∗
(

max
1<m≤n

∣
∣
∣
∣
∣

∞
∑

j=–∞

( m–j
∑

i=1–j

ai

)

εj

∣
∣
∣
∣
∣

p)

= E
∗
(

max
1<m≤n

∣
∣
∣
∣
∣

∞
∑

i=–∞

( m–i
∑

j=1–i

εj

)

ai

∣
∣
∣
∣
∣

p)

≤ E
∗
(∣

∣
∣
∣
∣

∞
∑

i=–∞
|ai| max

1<m≤n

∣
∣
∣
∣
∣

m–i
∑

j=1–i

εj

∣
∣
∣
∣
∣

∣
∣
∣
∣
∣

p)

= E
∗
(∣

∣
∣
∣
∣

∞
∑

i=–∞
|ai|1–1/p|ai|1/p max

1<m≤n

∣
∣
∣
∣
∣

m–i
∑

j=1–i

εj

∣
∣
∣
∣
∣

∣
∣
∣
∣
∣

p)

≤ E
∗
(∣

∣
∣
∣
∣

( ∞
∑

i=–∞
|ai|

)1–1/p( ∞
∑

i=–∞
|ai| max

1<m≤n

∣
∣
∣
∣
∣

m–i
∑

j=1–i

εj

∣
∣
∣
∣
∣

p)1/p∣
∣
∣
∣
∣

p)
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≤ C
∞

∑

i=–∞
|ai|E∗

(

max
1<m≤n

∣
∣
∣
∣
∣

m–i
∑

j=1–i

εj

∣
∣
∣
∣
∣

p)

= C
∞

∑

i=–∞
|ai|E

(

max
1<m≤n

∣
∣
∣
∣
∣

m–i
∑

j=1–i

εj

∣
∣
∣
∣
∣

p)

≤ C
∞

∑

i=–∞
|ai|(log n)p

[ n–i
∑

j=1–i

E|εj|p +

( n–i
∑

j=1–i

[|Eεj| +
∣
∣E(–εj)

∣
∣
]

)p]

≤ C(log n)p
∞

∑

i=–∞
|ai| sup

i∈Z

[ n–i
∑

j=1–i

E|εj|p +

( n–i
∑

j=1–i

[|Eεj| +
∣
∣E(–εj)

∣
∣
]

)p]

≤ C(log n)p sup
i∈Z

[ n–i
∑

j=1–i

E|εj|p +

( n–i
∑

j=1–i

[|Eεj| +
∣
∣E(–εj)

∣
∣
]

)p]

,

while p = 1, by the countable sub-additivity of E∗ and Lemma 2.1, we obtain

E
∗
(

max
1<m≤n

∣
∣
∣
∣
∣

∞
∑

j=–∞

( m–j
∑

i=1–j

ai

)

εj

∣
∣
∣
∣
∣

)

= E
∗
(

max
1<m≤n

∣
∣
∣
∣
∣

∞
∑

i=–∞

( m–i
∑

j=1–i

εj

)

ai

∣
∣
∣
∣
∣

)

≤ E
∗
(∣

∣
∣
∣
∣

∞
∑

i=–∞
|ai| max

1<m≤n

∣
∣
∣
∣
∣

m–i
∑

j=1–i

εj

∣
∣
∣
∣
∣

∣
∣
∣
∣
∣

)

≤
∞

∑

i=–∞
|ai|E∗

(

max
1<m≤n

∣
∣
∣
∣
∣

m–i
∑

j=1–i

εj

∣
∣
∣
∣
∣

)

=
∞

∑

i=–∞
|ai|E

(

max
1<m≤n

∣
∣
∣
∣
∣

m–i
∑

j=1–i

εj

∣
∣
∣
∣
∣

)

≤ C(log n) sup
i∈Z

[ n–i
∑

j=1–i

E|εj| +

( n–i
∑

j=1–i

[|Eεj| +
∣
∣E(–εj)

∣
∣
]

)]

.

Hence the proof of this Lemma is finished. �

Lemma 4.2 Suppose that {Xn; n ≥ 1} and {Yn; n ≥ 1} are two sequences of random vari-
ables on (�,F ). Then for any n ≥ 1, M > 1, ε > 0, and a > 0,

E
∗
(

max
1≤j≤n

∣
∣
∣
∣
∣

j
∑

t=1

(Xt + Yt)

∣
∣
∣
∣
∣

– εa

)+

≤
(

1
εM +

1
M – 1

)
1

aM–1 E
∗
(

max
1≤j≤n

∣
∣
∣
∣
∣

j
∑

t=1

Xt

∣
∣
∣
∣
∣

M)

+ E
∗
(

max
1≤j≤n

∣
∣
∣
∣
∣

j
∑

t=1

Yt

∣
∣
∣
∣
∣

)

. (4.2)

Proof By Lemma 2.2 of Sung [15], we obtain

E
∗
(

max
1≤j≤n

∣
∣
∣
∣
∣

j
∑

t=1

(Xt + Yt)

∣
∣
∣
∣
∣

– εa

)+

≤ E
∗
(

max
1≤j≤n

∣
∣
∣
∣
∣

j
∑

t=1

Xt

∣
∣
∣
∣
∣

– εa

)+

+ E
∗
(

max
1≤j≤n

∣
∣
∣
∣
∣

j
∑

t=1

Yt

∣
∣
∣
∣
∣

)

. (4.3)
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On the other hand, by Markov’s inequality under sub-linear expectations and Lemma 2.2,
we see that

E
∗
(

max
1≤j≤n

∣
∣
∣
∣
∣

j
∑

t=1

Xt

∣
∣
∣
∣
∣

– εa

)+

≤ CV

((

max
1≤j≤n

∣
∣
∣
∣
∣

j
∑

t=1

Xt

∣
∣
∣
∣
∣

– εa

)+)

=
∫ ∞

0
V

(

max
1≤j≤n

∣
∣
∣
∣
∣

j
∑

t=1

Xt

∣
∣
∣
∣
∣

– εa > t

)

dt

=
∫ a

0
V

(

max
1≤j≤n

∣
∣
∣
∣
∣

j
∑

t=1

Xt

∣
∣
∣
∣
∣

> εa + t

)

dt +
∫ ∞

a
V

(

max
1≤j≤n

∣
∣
∣
∣
∣

j
∑

t=1

Xt

∣
∣
∣
∣
∣

> εa + t

)

dt

≤ aV

(

max
1≤j≤n

∣
∣
∣
∣
∣

j
∑

t=1

Xt

∣
∣
∣
∣
∣

> εa

)

+
∫ ∞

a
V

(

max
1≤j≤n

∣
∣
∣
∣
∣

j
∑

t=1

Xt

∣
∣
∣
∣
∣

> t

)

dt (4.4)

≤ E
∗(max1≤j≤n |∑j

t=1 Xt|M)
εMaM–1 + E

∗
(

max
1≤j≤n

∣
∣
∣
∣
∣

j
∑

t=1

Xt

∣
∣
∣
∣
∣

M)
∫ ∞

a

1
tM dt

=
(

1
εM +

1
M – 1

)
1

aM–1 E
∗
(

max
1≤j≤n

∣
∣
∣
∣
∣

j
∑

t=1

Xt

∣
∣
∣
∣
∣

M)

.

Combining (4.3) and (4.4) results in (4.2) immediately. �

Proof of Theorem 3.1 Observe that γ p < q ≤ 2. Notice that E(εj) = E(–εj) = 0, for all j ∈ Z

and for each n ≥ 1, write

ε′
nj = –n1/pI

(

εj < –n1/p) + εjI
(|εj| ≤ n1/p) + n1/pI

(

εj > n1/p);

ε′′
nj = εj – ε′

nj =
(

εj – n1/p)I
(

εj > n1/p) +
(

εj + n1/p)I
(

εj < –n1/p);

εj = ε′
nj – Eε′

nj + ε′′
nj – Eε′′

nj + Eε′
nj + Eε′′

nj.

Define ε′
n, ε′′

n as ε′
nj, ε′′

nj only with ε in place of εj. We easily see that

∣
∣ε′

nj
∣
∣ = |εj|I

(|εj| ≤ n1/p) + n1/pI
(|εj| > n1/p);

∣
∣ε′′

nj
∣
∣ =

(

εj – n1/p)I
(

εj > n1/p) –
(

εj + n1/p)I
(

εj < –n1/p)

≤ |εj|I
(|εj| > n1/p).

(4.5)

Thus, for each n ≥ 1, we see that

m
∑

t=1

Xt =
m

∑

t=1

∞
∑

i=–∞
aiεt–i =

∞
∑

j=–∞

m–j
∑

i=1–j

aiεj

=
∞

∑

j=–∞

m–j
∑

i=1–j

ai
(

ε′
nj – Eε′

nj
)

+
∞

∑

j=–∞

m–j
∑

i=1–j

ai
(

ε′′
nj – Eε′′

nj
)

(4.6)

+
∞

∑

j=–∞

m–j
∑

i=1–j

ai
(

Eε′
nj + Eε′′

nj
)

.
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Hence,

∞
∑

n=1

nγ –2
V

(

max
1≤m≤n

∣
∣
∣
∣
∣

m
∑

t=1

Xt

∣
∣
∣
∣
∣

> εn1/p

)

≤
∞

∑

n=1

nγ –2
V

(

max
1≤m≤n

∣
∣
∣
∣
∣

∞
∑

j=–∞

m–j
∑

i=1–j

ai
(

ε′
nj – Eε′

nj
)

∣
∣
∣
∣
∣

> εn1/p/3

)

+
∞

∑

n=1

nγ –2
V

(

max
1≤m≤n

∣
∣
∣
∣
∣

∞
∑

j=–∞

m–j
∑

i=1–j

ai
(

Eε′
nj + Eε′′

nj
)

∣
∣
∣
∣
∣

> εn1/p/3

)

+
∞

∑

n=1

nγ –2
V

(

max
1≤m≤n

∣
∣
∣
∣
∣

∞
∑

j=–∞

m–j
∑

i=1–j

ai
(

ε′′
nj – Eε′′

nj
)

∣
∣
∣
∣
∣

> εn1/p/3

)

(4.7)

=: L1 + L2 + L3.

First, we establish L1 < ∞. By Markov’s inequality under sub-linear expectations, Lem-
ma 2.1, Lemma 4.1, E(ε1) = E(–ε1) = 0, and (4.5), we see that

L1 =
∞

∑

n=1

nγ –2
V

(

max
1≤m≤n

∣
∣
∣
∣
∣

∞
∑

j=–∞

m–j
∑

i=1–j

ai
(

ε′
nj – Eε′

nj
)

∣
∣
∣
∣
∣

> εn1/p/3

)

≤ C
∞

∑

n=1

nγ –2–q/p
E

∗
(

max
1≤m≤n

∣
∣
∣
∣
∣

∞
∑

j=–∞

m–j
∑

i=1–j

ai
(

ε′
nj – Eε′

nj
)

∣
∣
∣
∣
∣

q)

≤ C
∞

∑

n=1

nγ –2–q/p(log n)q sup
i∈Z

[ n–i
∑

j=1–i

E
∣
∣ε′

nj
∣
∣
q +

( n–i
∑

j=1–i

[∣
∣E

(

ε′
nj
)∣
∣ +

∣
∣E

(

–ε′
nj
)∣
∣
]

)q]

= C
∞

∑

n=1

nγ –2–q/p(log n)q sup
i∈Z

[ n–i
∑

j=1–i

E
∣
∣ε′

n
∣
∣
q +

( n–i
∑

j=1–i

[∣
∣E

(

ε′
n
)∣
∣ +

∣
∣E

(

–ε′
n
)∣
∣
]

)q]

= C
∞

∑

n=1

nγ –2–q/p(log n)q sup
i∈Z

[ n–i
∑

j=1–i

E
∗∣∣ε′

n
∣
∣
q +

( n–i
∑

j=1–i

[∣
∣E

(

ε′
n
)∣
∣ +

∣
∣E

(

–ε′
n
)∣
∣
]

)q]

≤ C
∞

∑

n=1

nγ –2–q/p(log n)q sup
i∈Z

n–i
∑

j=1–i

E
∗(|ε|qI

(|ε| ≤ n1/p))

+ C
∞

∑

n=1

nγ –2(log n)q sup
i∈Z

n–i
∑

j=1–i

V
(|ε| > n1/p)

+ C
∞

∑

n=1

nγ –2–q/p(log n)q(nE
(∣
∣ε′

n – ε
∣
∣
))q

≤ C
∞

∑

n=1

nγ –1–q/p(log n)q
E

∗(|ε|qI
(|ε| ≤ n1/p))

+ C
∞

∑

n=1

nγ –2–1/p(log n)q sup
i∈Z

n–i
∑

j=1–i

E
∗(|ε|I(|ε| > n1/p))
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+ C
∞

∑

n=1

nγ –2–q/p+q(log n)q(
E

∗|ε|I(|ε| > n1/p))q

≤ C
∞

∑

n=1

nγ –1–q/p(log n)q
E

∗(|ε|qI
(|ε| ≤ n1/p))

+ C
∞

∑

n=1

nγ –1–1/p(log n)q
E

∗(|ε|I(|ε| > n1/p))

+ C
∞

∑

n=1

nγ –2–q/p+q(log n)q(
E

∗|ε|I(|ε| > n1/p))q

=: L11 + L12 + L13. (4.8)

Note that γ p < q, by Lemma 2.2, we see that

L11 = C
∞

∑

n=1

nγ –1–q/p(log n)q
E

∗(|ε|qI
(|ε| ≤ n1/p))

≤ C
∞

∑

n=1

nγ –1–q/p(log n)qCV

(|ε|qI
(|ε| ≤ n1/p))

≤ C
∞

∑

n=1

nγ –1–q/p(log n)q
∫ nq/p

0
V

(|ε|q > x
)

dx

≤ C
∫ ∞

1
yγ –1–q/p(log y)q dy

∫ yq/p

0
V

(|ε|q > x
)

dx

≤ C
∫ ∞

1
yγ –1–q/p(log y)q dy

∫ y

0
V

(|ε|p > x
)

xq/p–1 dx

≤ C
∫ ∞

0
V

(|ε|p > x
)

xq/p–1 dx
∫ ∞

1∨x
yγ –1–q/p(log y)q dy

≤ C
∫ ∞

0
V

(|ε|p > x
)

xq/p–1(1 ∨ x)γ –q/p(log(1 ∨ x)
)q dx

≤ C
∫ ∞

0
V

(|ε|p > x
)

xγ –1(log x)q dx

≤ CCV

(|ε|γ p logq(|ε|)) < ∞. (4.9)

Since γ p > 1, we also obtain

L12 = C
∞

∑

n=1

nγ –1–1/p(log n)q
E

∗(|ε|I(|ε| > n1/p))

≤ C
∞

∑

n=1

nγ –1–1/p(log n)qCV

(|ε|I(|ε| > n1/p))

≤ C
∫ ∞

1
xγ –1–1/p(log x)q dx

∫ ∞

0
V

(|ε|I(|ε| > x1/p) > y
)

dy

= C
∫ ∞

1
xγ –1–1/p(log x)q dx

[∫ x1/p

0
V

(|ε| > x1/p)dy +
∫ ∞

x1/p
V

(|ε| > y
)

dy
]

(4.10)
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≤ C
∫ ∞

1
xγ –1(log x)q

V
(|ε| > x1/p)dx

+ C
∫ ∞

1
V

(|ε|p > y
)

y1/p–1 dy
∫ y

1
xγ –1–1/p(log x)q dx

≤ CCV

(|ε|γ p logq(|ε|)) + C
∫ ∞

1
V

(|ε|p > y
)

yγ –1(log y)q dy

≤ CCV

(|ε|γ p logq(|ε|)) < ∞.

Since γ > 1, q > 1, by monotonicity of E∗ and Lemma 2.2, we have

L13 ≤ C
∞

∑

n=1

nγ –2–q/p+q(log n)q(
E

∗|ε|γ pI
(|ε| > n1/p)/n(γ p–1)/p)q

≤ C
∞

∑

n=1

nγ –2–γ q+q(log n)q(
E

∗|ε|γ p)q

≤ C
∞

∑

n=1

n(γ –1)(1–q)–1(log n)q(CV

{|ε|γ p})q < ∞. (4.11)

By (4.8)-(4.11), we conclude that L1 < ∞.
Next, we prove L2 < ∞.
By similar proofs of Lemma 2.1 here and Theorem 2.1 (a) of Zhang [29], and E(ε′

nj) =
E(–ε′′

nj) (cf. Proposition 1.3.7 of Peng [13]), we could see that

E
∗
(

max
1≤m≤n

∣
∣
∣
∣
∣

∞
∑

j=–∞

m–j
∑

i=1–j

ai
(

E
(

ε′
nj
)

+ E
(

ε′′
nj
))

∣
∣
∣
∣
∣

q)

≤ C(log n)q sup
i∈Z

n–i
∑

j=1–i

∣
∣E

(

ε′
nj
)

+ E
(

ε′′
nj
)∣
∣
q. (4.12)

Hence, by Markov’s inequality under sub-linear expectations, (4.12), (4.5), and the proof
of L1 < ∞, we obtain

L2 =
∞

∑

n=1

nγ –2
V

(

max
1≤m≤n

∣
∣
∣
∣
∣

∞
∑

j=–∞

m–j
∑

i=1–j

ai
(

E
(

ε′
nj
)

+ E
(

ε′′
nj
))

∣
∣
∣
∣
∣

> εn1/p/3

)

≤ C
∞

∑

n=1

nγ –2–q/p
E

∗
(

max
1≤m≤n

∣
∣
∣
∣
∣

∞
∑

j=–∞

m–j
∑

i=1–j

ai
(

E
(

ε′
nj
)

+ E
(

ε′′
nj
))

∣
∣
∣
∣
∣

q)

≤ C
∞

∑

n=1

nγ –2–q/p(log n)q sup
i∈Z

n–i
∑

j=1–i

E
∣
∣ε′

nj
∣
∣
q < ∞.

Now, we establish L3 < ∞. By Markov’s inequality under sub-linear expectations, Lem-
ma 2.1, Lemma 4.1, CV{|ε|p} < CCV{|ε|γ p(log |ε|)p} < ∞, and (4.5), we see that

L3 =
∞

∑

n=1

nγ –2
V

(

max
1≤m≤n

∣
∣
∣
∣
∣

∞
∑

j=–∞

m–j
∑

i=1–j

ai
(

ε′′
nj – E

(

ε′′
nj
))

∣
∣
∣
∣
∣

> εn1/p/3

)
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≤ C
∞

∑

n=1

nγ –3
E

∗
(

max
1≤m≤n

∣
∣
∣
∣
∣

∞
∑

j=–∞

m–j
∑

i=1–j

ai
(

ε′′
nj – E

(

ε′′
nj
))

∣
∣
∣
∣
∣

p)

≤ C
∞

∑

n=1

nγ –3(log n)p sup
i∈Z

[ n–i
∑

j=1–i

E
∣
∣ε′′

nj – Eε′′
nj
∣
∣
p +

( n–i
∑

j=1–i

[∣
∣E

(

ε′′
nj
)∣
∣ +

∣
∣E

(

–ε′′
nj
)∣
∣
]

)p]

= C
∞

∑

n=1

nγ –3(log n)p sup
i∈Z

[ n–i
∑

j=1–i

E
∣
∣ε′′

n – Eε′′
n
∣
∣
p +

( n–i
∑

j=1–i

[∣
∣E

(

ε′′
n
)∣
∣ +

∣
∣E

(

–ε′′
n
)∣
∣
]

)p]

= C
∞

∑

n=1

nγ –3(log n)p sup
i∈Z

[ n–i
∑

j=1–i

E
∗∣∣ε′′

n – Eε′′
n
∣
∣
p +

( n–i
∑

j=1–i

[∣
∣E

∗(ε′′
n
)∣
∣ +

∣
∣E

∗(–ε′′
n
)∣
∣
]

)p]

≤ C
∞

∑

n=1

nγ –3(log n)p sup
i∈Z

[ n–i
∑

j=1–i

E
∗(|ε|pI

(|ε| > n1/p)) +

( n–i
∑

j=1–i

E
∗(|ε|I(|ε| > n1/p))

)p]

≤ C
∞

∑

n=1

nγ –2(log n)p
E

∗(|ε|pI
(|ε| > n1/p))

+ C
∞

∑

n=1

nγ –3+p(log n)p(
E

∗(|ε|pI
(|ε| > n1/p)/n(p–1)/p))p

≤ C
∞

∑

n=1

nγ –2(log n)pCV

(|ε|pI
(|ε| > n1/p))

+ C
∞

∑

n=1

nγ –2(log n)pCV

(|ε|pI
(|ε| > n1/p))(CV

(|ε|p))p–1

≤ C
∞

∑

n=1

nγ –2(log n)pCV

(|ε|pI
(|ε| > n1/p))

≤ C
∫ ∞

1
xγ –2(log x)p dx

∫ ∞

0
V

(|ε|pI
(|ε| > x1/p) > y

)

dy

= C
∫ ∞

1
xγ –2(log x)p dx

[∫ x

0
V

(|ε| > x1/p)dy +
∫ ∞

x
V

(|ε| > y1/p)dy
]

= C
∫ ∞

1
xγ –1(log x)p

V
(|ε| > x1/p)dx + C

∫ ∞

1
V

(|ε| > y1/p)dy
∫ y

1
xγ –2(log x)p dx

≤ CCV

(|ε|γ p(log |ε|)p) + C
∫ ∞

1
V

(|ε|p > y
)

yγ –1(log y)p dy

≤ CCV

(|ε|γ p(log |ε|)p) < ∞.

The proof of Theorem 3.1 is finished.

Proof of Theorem 3.2 Let p < q ≤ 2. Notice that Eεj = E(–εj) = 0, for all j ∈ Z and for each
n ≥ 1, write

ε̃′
nj = –nαI

(

εj < –nα
)

+ εjI
(|εj| ≤ nα

)

+ nαI
(

εj > nα
)

;

ε̃′′
nj = εj – ε̃′

nj =
(

εj – nα
)

I
(

εj > nα
)

+
(

εj + nα
)

I
(

εj < –nα
)

;

εj = ε̃′
nj – Eε̃′

nj + ε̃′′
nj – Eε̃′′

nj + Eε̃′
nj + Eε̃′′

nj.
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And define ε̃′
n, ε̃′′

n as ε̃′
nj, ε̃′′

nj only with ε in place of εj. We can see that

∣
∣ε̃′

nj
∣
∣ = |εj|I

(|εj| ≤ nα
)

+ nαI
(|εj| > nα

)

; (4.13)
∣
∣ε̃′′

nj
∣
∣ =

(

εj – nα
)

I
(

εj > nα
)

–
(

εj + nα
)

I
(

εj < –nα
)

;

≤ |εj|I
(|εj| > nα

)

. (4.14)

Therefore, for each n ≥ 1, we get

m
∑

t=1

Xt =
∞

∑

j=–∞

m–j
∑

i=1–j

ai
(

ε̃′
nj – Eε̃′

nj
)

+
∞

∑

j=–∞

m–j
∑

i=1–j

ai
(

ε̃′′
nj – Eε̃′′

nj
)

+
∞

∑

j=–∞

m–j
∑

i=1–j

ai
(

Eε̃′
nj + Eε̃′′

nj
)

. (4.15)

Hence, by Lemma 4.2, we obtain

∞
∑

n=1

nαp–2–α
E

∗
(

max
1≤m≤n

∣
∣
∣
∣
∣

m
∑

t=1

Xt

∣
∣
∣
∣
∣

– εnα

)+

≤
(

1
εq +

1
q – 1

) ∞
∑

n=1

nαp–2–α 1
nα(q–1) E

∗
(

max
1≤m≤n

∣
∣
∣
∣
∣

∞
∑

j=–∞

m–j
∑

i=1–j

ai
(

ε̃′
nj – Eε̃′

nj
)

∣
∣
∣
∣
∣

q)

+
∞

∑

n=1

nαp–2–α
E

∗
(

max
1≤m≤n

∣
∣
∣
∣
∣

∞
∑

j=–∞

m–j
∑

i=1–j

ai
(

ε̃′′
nj – Eε̃′′

nj
)

∣
∣
∣
∣
∣

)

+
∞

∑

n=1

nαp–2–α
E

∗
(

max
1≤m≤n

∣
∣
∣
∣
∣

∞
∑

j=–∞

m–j
∑

i=1–j

ai
(

Eε̃′
nj + Eε̃′′

nj
)

∣
∣
∣
∣
∣

)

(4.16)

≤ C
∞

∑

n=1

nαp–αq–2
E

∗
(

max
1≤m≤n

∣
∣
∣
∣
∣

∞
∑

j=–∞

m–j
∑

i=1–j

ai
(

ε̃′
nj – Eε̃′

nj
)

∣
∣
∣
∣
∣

q)

+
∞

∑

n=1

nαp–2–α
E

∗
(

max
1≤m≤n

∣
∣
∣
∣
∣

∞
∑

j=–∞

m–j
∑

i=1–j

ai
(

ε̃′′
nj – Eε̃′′

nj
)

∣
∣
∣
∣
∣

)

+
∞

∑

n=1

nαp–2–α
E

∗
(

max
1≤m≤n

∣
∣
∣
∣
∣

∞
∑

j=–∞

m–j
∑

i=1–j

ai
(

Eε̃′
nj + Eε̃′′

nj
)

∣
∣
∣
∣
∣

)

=: K1 + K2 + K3.

First, we establish K1 < ∞. By Markov’s inequality under sub-linear expectations,
Lemma 4.1, and (4.13), we see that

K1 = C
∞

∑

n=1

nαp–αq–2
E

∗
(

max
1≤m≤n

∣
∣
∣
∣
∣

∞
∑

j=–∞

m–j
∑

i=1–j

ai
(

ε̃′
nj – Eε̃′

nj
)

∣
∣
∣
∣
∣

q)

≤ C
∞

∑

n=1

nαp–αq–2(log n)q sup
i∈Z

[ n–i
∑

j=1–i

E
∣
∣ε̃′

nj – Eε̃′
nj
∣
∣
q +

( n–i
∑

j=1–i

[∣
∣E

(

ε̃′
nj
)∣
∣ +

∣
∣E

(

–ε̃′
nj
)∣
∣
]

)q]
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= C
∞

∑

n=1

nαp–αq–2(log n)q sup
i∈Z

[ n–i
∑

j=1–i

E
∣
∣ε̃′

n – Eε̃′
n
∣
∣
q +

( n–i
∑

j=1–i

[∣
∣E

(

ε̃′
n
)∣
∣ +

∣
∣E

(

–ε̃′
n
)∣
∣
]

)q]

= C
∞

∑

n=1

nαp–αq–2(log n)q sup
i∈Z

[ n–i
∑

j=1–i

E
∗∣∣ε̃′

n – Eε̃′
n
∣
∣
q +

( n–i
∑

j=1–i

[∣
∣E

(

ε̃′
n
)∣
∣ +

∣
∣E

(

–ε̃′
n
)∣
∣
]

)q]

≤ C
∞

∑

n=1

nαp–αq–2(log n)q sup
i∈Z

n–i
∑

j=1–i

E
∗∣∣ε̃′

n
∣
∣
q

+ C
∞

∑

n=1

nαp–αq–2(log n)q sup
i∈Z

( n–i
∑

j=1–i

E
∣
∣ε̃′

n – ε
∣
∣

)q

≤ C
∞

∑

n=1

nαp–αq–2(log n)q sup
i∈Z

n–i
∑

j=1–i

E
∗(|ε|qI

(|ε| ≤ nα
))

(4.17)

+ C
∞

∑

n=1

nαp–2(log n)q sup
i∈Z

n–i
∑

j=1–i

V
(|ε| > nα

)

+ C
∞

∑

n=1

nαp–αq–2(log n)q sup
i∈Z

( n–i
∑

j=1–i

E
∗|ε|I(|ε| > nα

)

)q

≤ C
∞

∑

n=1

nαp–αq–1(log n)q
E

∗(|ε|qI
(|ε| ≤ nα

))

+ C
∞

∑

n=1

nαp–α–1(log n)q
E

∗(|ε|I(|ε| > nα
))

+ C
∞

∑

n=1

nαp–αq–2(log n)q sup
i∈Z

( n–i
∑

j=1–i

E
∗|ε|I(|ε| > nα

)

)q

=: K11 + K12 + K13.

Notice that p < q, by Lemma 2.2, we obtain

K11 ≤ C
∞

∑

n=1

nαp–αq–1(log n)qCV

(|ε|qI
(|ε| ≤ nα

))

≤ C
∫ ∞

1
xαp–αq–1(log x)q dx

∫ xαq

0
V

(|ε|q > y
)

dy

= C
∫ ∞

0
V

(|ε| > yα
)

yαq–1 dy
∫ ∞

1∨y
xαp–αq–1(log x)q dx (4.18)

≤ C
∫ ∞

0
V

(|ε| > yα
)

yαq–1+αp–αq(log y)q dy

≤ CCV

(|ε|p(log |ε|)q) < ∞.

Since p > 1, we also see that

K12 = C
∞

∑

n=1

nαp–α–1(log n)q
E

∗(|ε|I(|ε| > nα
))
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≤ C
∞

∑

n=1

nαp–α–1(log n)qCV

(|ε|I(|ε| > nα
))

≤ C
∫ ∞

1
xαp–α–1(log x)q dx

∫ ∞

0
V

(|ε|I(|ε| > xα
)

> y
)

dy

= C
∫ ∞

1
xαp–α–1(log x)q dx

[∫ xα

0
V

(|ε| > xα
)

dy +
∫ ∞

xα

V
(|ε| > y

)

dy
]

(4.19)

≤ C
∫ ∞

1
V

(|ε| > xα
)

xαp–1(log x)q dx

+ C
∫ ∞

1
V

(|ε| > yα
)

yα–1 dy
∫ y

1
xαp–α–1(log x)q dx

≤ CCV

(|ε|p(log |ε|)q) + C
∫ ∞

1
V

(|ε| > yα
)

yαp–1(log y)q dy

≤ CCV

(|ε|p(log |ε|)q) < ∞.

Obviously, while αp > 1, by Lemma 2.2,we see that

K13 ≤ C
∞

∑

n=1

nαp–αq–2(log n)q sup
i∈Z

( n–i
∑

j=1–i

E
∗|ε|pI

(|ε| > nα
)

/nα(p–1)

)q

≤ C
∞

∑

n=1

n–(q–1)(αp–1)–1(log n)q(
E

∗|ε|p)q

≤ C
∞

∑

n=1

n–(q–1)(αp–1)–1(log n)q(CV

(|ε|p))q < ∞. (4.20)

While 0 < α ≤ 1/p, by CV(|ε|p(log |ε|)q) < ∞, we obtain limx→∞ xp(log x)q
V{|ε| > x} = 0,

which in combination with Lebesgue’s dominated convergence theorem of Rudin [14] im-
plies

lim
n→∞ n1–αCV

{|ε|I(|ε| > nα
)}

= lim
x→∞ x1–α

(

xα
V

{|ε| > xα
}

+
∫ ∞

xα

V
{|ε| > y

}

dy
)

≤ lim
x→∞ C

∫ ∞
xα V{|ε| > y}dy

xα–1 = lim
x→∞

∑∞
k=0

∫ (2k+1x)α

(2k x)α V{|ε| > y}dy
xα–1

≤ lim
x→∞ C

∞
∑

k=0

V
{|ε| >

(

2kx
)α}(

2kx
)pαxα–pα

(

2k)α–pα(

2α – 1
)

= C
∞

∑

k=0

(

2k)α–pα × 0 = 0,

and supn n1–αCV{|ε|I(|ε| > nα)} < ∞. Hence, while 0 < αp ≤ 1, by K12 < ∞, we have

K13 ≤ C
∞

∑

n=1

nαp–αq–2(log n)q(nE∗|ε|I(|ε| > nα
))q

≤ C
∞

∑

n=1

nαp–α–1(log n)q(
E

∗|ε|I(|ε| > nα
))(

n1–α
E

∗|ε|I(|ε| > nα
))q–1 (4.21)



Xu et al. Journal of Inequalities and Applications         (2023) 2023:77 Page 16 of 20

≤ C
∞

∑

n=1

nαp–α–1(log n)q(
E

∗|ε|I(|ε| > nα
))(

n1–αCV

(|ε|I(|ε| > nα
)))q–1 < ∞.

By (4.17)-(4.21), we conclude that K1 < ∞.
Next, we establish K2 < ∞. By Lemma 4.1, (4.14), and the proof of (4.19), we see that

K2 =
∞

∑

n=1

nαp–2–α
E

∗
(

max
1≤m≤n

∣
∣
∣
∣
∣

∞
∑

j=–∞

m–j
∑

i=1–j

ai
(

ε̃′′
nj – Eε̃′′

nj
)

∣
∣
∣
∣
∣

)

≤ C
∞

∑

n=1

nαp–2–α(log n) sup
i∈Z

[ n–i
∑

j=1–i

E
∣
∣ε̃′′

nj – Eε̃′′
nj
∣
∣ +

n–i
∑

j=1–i

[∣
∣E

(

ε̃′′
nj
)∣
∣ +

∣
∣E

(

–ε̃′′
nj
)∣
∣
]

]

= C
∞

∑

n=1

nαp–2–α(log n) sup
i∈Z

[ n–i
∑

j=1–i

E
∣
∣ε̃′′

n – Eε̃′′
n
∣
∣ +

n–i
∑

j=1–i

[∣
∣E

(

ε̃′′
n
)∣
∣ +

∣
∣E

(

–ε̃′′
n
)∣
∣
]

]

= C
∞

∑

n=1

nαp–2–α(log n) sup
i∈Z

[ n–i
∑

j=1–i

E
∗∣∣ε̃′′

n – Eε̃′′
n
∣
∣ +

n–i
∑

j=1–i

[∣
∣E

∗(ε̃′′
n
)∣
∣ +

∣
∣E

∗(–ε̃′′
n
)∣
∣
]

]

≤ C
∞

∑

n=1

nαp–2–α(log n) sup
i∈Z

n–i
∑

j=1–i

E
∗∣∣ε̃′′

n
∣
∣

≤ C
∞

∑

n=1

nαp–1–α(log n)E∗(|ε|I(|ε| > nα
))

≤ C
∞

∑

n=1

nαp–1–α(log n)CV

(|ε|I(|ε| > nα
))

(4.22)

≤ CCV

(|ε|p(log |ε|)) < ∞.

Now, we prove K3 < ∞. By similar proofs of Lemma 4.1 here and Theorem 2.1 (a) of
Zhang [29], and E(ε̃′

nj) = E(–ε̃′′
nj) (cf. Proposition 1.3.7 of Peng [13]), we see that

E
∗
(

max
1≤m≤n

∣
∣
∣
∣
∣

∞
∑

j=–∞

m–j
∑

i=1–j

ai
(

E
(

ε̃′
nj
)

+ E
(

ε̃′′
nj
))

∣
∣
∣
∣
∣

)

≤ C(log n) sup
i∈Z

n–i
∑

j=1–i

∣
∣E

(

ε̃′
nj
)

+ E
(

ε̃′′
nj
)∣
∣. (4.23)

Hence, by Markov’s inequality under sub-linear expectations, (4.23), (4.14), and the proof
of K2 < ∞, we obtain

K3 ≤ C
∞

∑

n=1

nαp–2–α(log n) sup
i∈Z

n–i
∑

j=1–i

∣
∣E

(

ε̃′
nj
)

+ E
(

ε̃′′
nj
)∣
∣

= C
∞

∑

n=1

nαp–2–α(log n) sup
i∈Z

n–i
∑

j=1–i

∣
∣E

(

ε̃′
n
)

+ E
(

ε̃′′
n
)∣
∣

≤ C
∞

∑

n=1

nαp–2–α(log n) sup
i∈Z

n–i
∑

j=1–i

E
∣
∣ε̃′′

n
∣
∣
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≤ CCV

(|ε|p(log |ε|)) < ∞.

The proof of Theorem 3.2 is finished. �

Proof of Theorem 3.3 For for all j ∈ Z and for each n ≥ 1, write

ε̃′
nj = –nI(εj < –n) + εjI

(|εj| ≤ n
)

+ nI(εj > n);

ε̃′′
nj = εj – ε̃′

nj = (εj – n)I(εj > n) + (εj + n)I(εj < –n);

εj = ε̃′
nj – Eε̃′

nj + ε̃′′
nj – Eε̃′′

nj + Eε̃′
nj + Eε̃′′

nj.

And define ε̃′
n, ε̃′′

n as ε̃′
nj, ε̃′′

nj only with ε in place of εj. First, by CV{|ε| log2(1 + |ε|)} < ∞, we
obtain limx→∞ x(log x)2

V{|ε| > x} = 0, which in combination with Lebesgue’s dominated
convergence theorem of Rudin [14] implies

lim
n→∞(log n)CV

(|ε|I(|ε| > n
))

= lim
x→∞(log x)

(

xV
{|ε| > x

}

+
∫ ∞

x
V

{|ε| > y
}

dy
)

= lim
x→∞

∞
∑

k=1

∫ xk+1

xk V{|ε| > y}dy
(log x)–1 ≤ C lim

x→∞

∞
∑

k=1

V
{|ε| > xk}xk(log xk)2 1

k2(log x)
= 0,

and supn≥1(log n)CV(|ε|I(|ε| > n)) < ∞. As in the proof of Theorem 3.2, by the proof of
Lemma 2.2 of Zhong and Wu [33] and the discussion above, we could see that

∞
∑

n=1

n–2
E

∗
(

max
1≤m≤n

∣
∣
∣
∣
∣

m
∑

t=1

Xt

∣
∣
∣
∣
∣

– εn

)+

≤
(

1
ε2 + 1

) ∞
∑

n=1

n–3
E

∗
(

max
1≤m≤n

∣
∣
∣
∣
∣

∞
∑

j=–∞

m–j
∑

i=1–j

ai
(

ε̃′
nj – Eε̃′

nj
)

∣
∣
∣
∣
∣

2)

+
∞

∑

n=1

n–2
E

∗
(

max
1≤m≤n

∣
∣
∣
∣
∣

∞
∑

j=–∞

m–j
∑

i=1–j

ai
(

ε̃′′
nj – Eε̃′′

nj
)

∣
∣
∣
∣
∣

)

+
∞

∑

n=1

n–2
E

∗
(

max
1≤m≤n

∣
∣
∣
∣
∣

∞
∑

j=–∞

m–j
∑

i=1–j

ai
(

Eε̃′
nj + Eε̃′′

nj
)

∣
∣
∣
∣
∣

)

≤ C
∞

∑

n=1

n–3
E

∗
(

max
1≤m≤n

∣
∣
∣
∣
∣

∞
∑

j=–∞

m–j
∑

i=1–j

ai
(

ε̃′
nj – Eε̃′

nj
)

∣
∣
∣
∣
∣

2)

+
∞

∑

n=1

n–2
E

∗
(

max
1≤m≤n

∣
∣
∣
∣
∣

∞
∑

j=–∞

m–j
∑

i=1–j

ai
(

ε̃′′
nj – Eε̃′′

nj
)

∣
∣
∣
∣
∣

)

+
∞

∑

n=1

n–2
E

∗
(

max
1≤m≤n

∣
∣
∣
∣
∣

∞
∑

j=–∞

m–j
∑

i=1–j

ai
(

Eε̃′
nj + Eε̃′′

nj
)

∣
∣
∣
∣
∣

)

≤ C
∞

∑

n=1

n–3(log n)2 sup
i∈Z

{ n–i
∑

j=1–i

E
∣
∣ε̃′

nj
∣
∣
2 +

( n–i
∑

j=1–i

[∣
∣Eε̃′

nj
∣
∣ +

∣
∣E

(

–ε̃′
nj
)∣
∣
]

)2}
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+ C
∞

∑

n=1

n–1 log nE∗(|ε|I(|ε| > n
))

+ C
∞

∑

n=1

n–1 log nE∗(|ε|I(|ε| > n
))

= C
∞

∑

n=1

n–3(log n)2 sup
i∈Z

{ n–i
∑

j=1–i

E
∣
∣ε̃′

n
∣
∣
2 +

( n–i
∑

j=1–i

[∣
∣Eε̃′

n
∣
∣ +

∣
∣E

(

–ε̃′
n
)∣
∣
]

)2}

+ C
∞

∑

n=1

n–1 log nE∗(|ε|I(|ε| > n
))

= C
∞

∑

n=1

n–3(log n)2 sup
i∈Z

{ n–i
∑

j=1–i

E
∗∣∣ε̃′

n
∣
∣
2 +

( n–i
∑

j=1–i

[

E
∗∣∣ε̃′

n – ε
∣
∣
]

)2}

+ C
∞

∑

n=1

n–1 log nE∗(|ε|I(|ε| > n
))

≤ C
∞

∑

n=1

n–2(log n)2
E

∗(|ε|2I
(|ε| ≤ n

))

+ C
∞

∑

n=1

(log n)2
E

∗(I
(|ε| > n

))

+ C
∞

∑

n=1

n–1(log n)2(
E

∗(|ε|I(|ε| > n
)))2 + C

∞
∑

n=1

n–1 log nE∗(|ε|I(|ε| > n
))

≤ C
∞

∑

n=1

n–2(log n)2CV

(|ε|2I
(|ε| ≤ n

))

+ C
∞

∑

n=1

(log n)2
V

(|ε| > n
)

+ C
∞

∑

n=1

n–1(log n)2(CV

(|ε|I(|ε| > n
)))2 + C

∞
∑

n=1

n–1(log n)CV

(|ε|I(|ε| > n
))

≤ C
∞

∑

n=1

n–2(log n)2CV

(|ε|2I
(|ε| ≤ n

))

+ CCV

(|ε| log2(1 + |ε|))

+ C
∞

∑

n=1

n–1(log n)CV

(|ε|I(|ε| > n
))

≤ C
∫ ∞

1
x–2(log x)2 dx

∫ x2

0
V

(|ε|2 > y
)

dy

+ C
∫ ∞

1
x–1(log x) dx

∫ ∞

0
V

(|ε|I(|ε| > x
)

> y
)

dy + C

= C
∫ ∞

0
V

(|ε| > y
)

y dy
∫ ∞

1∨y
x–2(log x)2 dx

+ C
∫ ∞

1
x–1(log x) dx

[∫ x

0
V

(|ε| > x
)

dy +
∫ ∞

x
V

(|ε| > y
)

dy
]

+ C

≤ C
∫ ∞

0
V

(|ε| > y
)

(log y)2 dy + C
∫ ∞

1
V

(|ε| > x
)

(log x) dx

+ C
∫ ∞

1
V

(|ε| > y
)

dy
∫ y

1
x–1(log x) dx + C

≤ CCV

(|ε| log2(1 + |ε|)) + C
∫ ∞

0
V

(|ε| log
(

1 + |ε|) > z
)

dz

+ C
∫ ∞

1
V

(|ε| > y
)

(log y)2 dy + C
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≤ CCV

(|ε| log2(1 + |ε|)) + C < ∞.

The proof is complete. �
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