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1 Introduction
It has come to our attention that there is a logic mistake with the converse of some results
in our paper [1]. These converse of these results are not central in the papers, but they
could be interested in its own right.

Let us denote |x] the integer part of x € R. The following result correct Theorem 3.5 in

[1].

Proposition 1.1
a) If all statistical convergent double sequences (x;;) are f statistical convergent then f
must be compatible.
b) If all strong Cesaro convergent double sequences (x;;) are f-strong Cesdro convergent
then f is compatible.

Proof If f is not compatible, then there exists ¢ > 0 such that limsup, J}(&s}) > c¢. Assume

that &, is a decreasing sequence converging to 0, for each k we can construct inductively
an increasing sequence miy satisfying f (myex) > ¢f (my) and

mier — 1 my 2 2
a1 —————< | 1- - ) (1.1)
’ Mic41 ( Miyl /Ml

Let us define by ny = |myer] + 1, and we set £; = | /mx]. An easy check using (1.1) yields
(i1 = €x)? > Mgs1 — 1.

Let us fix Axy1 C [lis1 — L/Tke1 — Mxc] — 1] X [€xs1 — | /71 — Mx] — 1] asubset of N x N
such that #(A,1) = M1 — 1. Let us denote A = [ J; Ax and set x;; = x4(i,). Let us see
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that x;; is statistically convergent to 0, but not f-statistically convergent. Indeed, for any
m,n € N, there exist p and g, such that £, < m < {,,1 and £, < n < £,,;. Set k = min{p, g}.
We can suppose without loss that k > €x,1 — [ /M1 — 1k ] — 1. Hence, since (/M1 — 1)? <
0., <my,foranye>0:

#Gp):i<mj<nand x| >e} _ m . Mis1 — Mk
mn T ke - LWk -] - 1)?
n n —-n
< _k + k+1 k
mi  (JMks1 — /A1 — i — 2)?
Mi+1 =Nk
< ﬂ M1
oM Qo [Pt 2 )
Mt 1 M+l

which goes to zero as r — oo as desired. On the other hand, if we set
Ac(p,gmn) ={(i,j)) eENxN:p<i<mq<j<nlx>e},

we shall show that there exists ¢ such that the limit

... f@#A:(p,g,m,n))
e )

is not zero. Indeed,

SO < o) < boo lxijl > 12D fm) _ fOmer)
c
fe3) T flm) T flm) T

which gives that

. f(#Al/Z(O’ 01 m, I’l))
lr}gzl f(mn) =

On the other hand, for each p, g there exists p/, ¢’ such that £, <p < {,/,; and {; < g <
£y.1. Set s =max{p/,q'}. Since A1/2(0,0,m,n) C A12(p, g, m, n) UA1(s, s, m, n), we get that
for any § >0

hmA(pl q, m, 71) - limf(Al/2(0! Or m, l’l)) _ f(ns) >c—8

mn fomn) i fnn) Flmm) =

which yields part a). Again the part b) is the same proof. g
The next result fixed the converse of Theorem 3.7 in [1].

Proposition 1.2 [fall f-strong Cesaro convergent double sequences are f-statistically and
bounded then f must be compatible.

Proof If f is not compatible then there exist two sequences (&x), (m1y) satisfying f(myer) >
¢f (my) for some ¢ > 0. We set £ = | /mx], we can select my inductively, such that the
sequence

Mi41€k+1 — MiEk

Tks1 =
" (Lrr1 — Li)?
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is decreasing and converges to zero. Again it is direct to show that x;; = Zi,j Tkl X(xotrny] (B ))
is f-statistically convergent to zero, but not f-strong Cesaro convergent. O
flne) _

fn) —
0. We will say that a modulus function f is compatible of second order or 2-compatible,

; = 0. Clearly, if f is compatible, then f is 2-compatible. The
next result correct Theorem 2.6 in [1].

Let us recall that f is a compatible modulus function provided lim,_,¢limsup,

provided lim,_, ¢ limsup,, ;EZE

Proposition 1.3 Assume that for any f-statistical convergent double sequence (x;;) we
have that for any € >0
. f(#Aé‘ (0: 01 m, I’l))

hm — =0
ma f(mn)

then f must be 2-compatible.

Proof Indeed, assume that f is not compatible. Let &, be a decreasing sequence converging
to 0. Since f is not compatible, there exists ¢ > 0 such that, for each k, there exists m; such
that f(myex) > cf (my). Moreover, we can select my inductively satisfying

1 A-edm (1.2)

1-ep1 -
Mi+1 Mi+1

Now we use an standard argument used to construct subsets with prescribed densities. Set
ny = [mrer] + 1. And extracting a subsequence if it is necessary, we can assume that n; <
My <---,my <my<---.Thus,set Ax = [mps1 — (M1 — nx)] N N. Condition (1.2) guarantee
that Ay C [my, mig,1].

Let us denote A = |, Ax, and %, = xa(n).

An easy check show that the sequence x;, = x,, is f-statistical convergent to zero, but
W‘g(;(’i%””‘)) > ¢ which yields the desired result. O

Itis worthy to find a 2-compatible function that is not compatible, and to improve Propo-
sition 1.3 replacing 2-compatibility by compatibility.

The corrections have been indicated in this article and the original article [1] has been
corrected.
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