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1 Introduction
In recent years, set optimization problems have received increasing attention and have
been intensively discussed due to extensive applications in many areas such as vector op-
timization, vector variational inequalities, mathematical economics, game theory, engi-
neering management, control system “eld, and many others; for details, seed] and the
references therein.

It is well known that the stability of solutions is a very interesting topic in the study of
set optimization. Xu and Li [7] established the semicontinuity of minimal solution map-
pings and weak minimal solution mappings to a parametric set optimization problem by
making use of the converse-property of objective mappings. Han and Huand@] studied
the upper semicontinuity, lower semicontinuity, and convexity of solution mappings of
parametric set optimization problems. Khoshkhabar-amiranlo®] studied the semicon-
tinuity and compactness of minimal solutions of parametric set optimization problems.
Karuna and Lalitha 0] discussed the continuity of approximate weak e cient solution
mappings of parametric set optimization problems under the strict quasiconvexity of the
objective map. Under some suitable conditions Zhang et all] discussed the semicon-
tinuity and compactness of minimal solution mappings to a parametric set optimization
with the general pre-order relations. Mao and Hanl] discussed the semicontinuity of
solution mappings for parametric set optimization problems via improvement sets un-
der several suitable conditions. Since the compactness of objective values is so strong, it
limits the application of stability of set optimization problems. The main purpose of this
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paper is to investigate the upper semicontinuity, lower semicontinuity, and closedness of
solution maps to the parametric set optimization problem via improvement sets under
appropriate assumptions. In our results we have no compactness assumption on the ob-
jective maps. Moreover, the continuity of the objective map is replaced by (weak, converse)
<L-continuity assumptions, which is of great interest and importance. Our results extend
and improve the corresponding ones of7[ 8, 10..14)].

The rest of this paper is organized as follows. The next section presents some neces-
sary notations, concepts, and results to be used throughout the paper. In S2ete obtain
the upper semicontinuity, lower semicontinuity, and compactness Bfminimal solution
mappings for a parametric set optimization problem under weaker and simpler assump-
tions.

2 Preliminaries
Throughout the paper, unless otherwise speci‘ed, we assume thatY, and A are real
normed vector spaces. We assume thi&tC Y is a convex, closed, and pointed cone with
nonempty interior. We denote the family of nonempty subsets of by P(Y). We denote
byintA, clA, andA° the topological interior, the closure ofA, and the complementary set
of A, respectively.

A setA e P(Y) is calledK-closed ifA + K is closedK-properif A+ K ZY.

The sets of all minimal solutions and weak minimal solutions &f € P(Y) are de“ned as
follows:

minA:={aeA:(A..a)N(.K)={0}};
WminA :={acA:(A..a)N(..intK) =@}

In [15], for any A, B € P(Y), the lower set less order relatiorl and the strict lower set
less order relation}, on P(Y) are de“ned by

A<(B & BCA+K;

A<kB & BCA+intK.
In [16], Chicco et al. de“ned the upper comprehensive set of adetC Y by
u..comprE) :=E+K.

Definition 2.1 ([16]) Let E be a nonempty subset in YE is called an improvement set
with respecttoK i 0 e EandE+K =E.

In the sequel, we assume th& C Y is an improvement set withE C K\ {0}. Dhigra and
Lalitha [17] de“ned a set relation as follows:

A<tB & BCA+E

A<EB & BCA+intE



Li and Weidournal of Inequalities and Applications  (2023) 2023:75 Page 30f 10

LetF: X — 2" be a set-valued mapping with nonempty values a@lC X with G 7 .
We consider the following set optimization problem:

(SOP) min F(x)

st. xeG.

Definition 2.2 ([17]) An elementX € Gis said to be
(i) a K-l-minimal solution of (SOP if x € G such that F(x) <k F(X) imply F(X) <k F(x);
(ii) an E-l-minimal solution of (SOP) if X € G such that F(x) <k F(X) imply
F(R) <k FOO):
(iii) a weak E-lI-minimal solution of (SOB if X € G such that F(x) <<|E F(X) imply
F(X) <k F(x).
LetK(G), B (G), W,(G) denote theK -I-minimal solution, E-I-minimal solution, and the
weakE-I-minimal solution set of (SOB), respectively.

Remark2.1 ([12)) K(G) C E(G) C W,(G).

We say thatF is K-closed-valued K -proper-valued) onG if F(x) isK-closed K -proper)
for eachx € G.

Definition 2.3 Let G be a nonempty convex subset of and E be an improvement set.
A set-valued mapping- : X — 2Y is said to bel-E-strictly quasiconvex aix € G if, for any
x € Gwith x#ZX,t € (0,1)

F) <t F(R) = F(tx+(1..1)%) <k F().

The mapF : X — 2 is said to bel-E-strictly quasiconvex onG if it is |-E-strictly quasi-
convex at every € G.

We use the following example to illustrate the existence bfE-strictly quasiconvex for
set-valued mappings.

Example2.1 LetX =Y =R? G =[0,2] x [0,2], andK =R2, E=[0.1, +00) x [0.1, 400).
ConsiderF : X — 2Y de“ned as

{(3,3), if X1 =x2=0,

(0,1)+R?, ifx;=0,0<x, <1,
F(X1,X%2) = .

(1,0)+R2, if0<x <1,x,=0,

{(5,5), otherwise.
We can verify thatF is |-E-strictly quasiconvex at (0, 0).

Definition 2.4 ([4]) Let F:X — 2Y be a set-valued mapping. TheR is said to be
(i) K-lower semicontinuous (K-Ls.c.) at X if, for any open subset U of Y with
F(X) N U #Z @, there is a neighborhood N (X) of X such that F(x) N (U ..K) # ¢ for all
x € N(X).
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(i) K-upper semicontinuous (K-u.s.c.) at X if, for any open neighborhood U of F(X),
there is a neighborhood N (X) of X such that for every x € N(X), F(x) C U + K.

(ili) K-Hausdorff lower semicontinuous (K-H-Ls.c.) at X if, for any open neighborhood
U of zero, there is a neighborhood N (X) of X such that for every x € N (X),
F(X) CF(x)+U +K.

(iv) K-Hausdorft upper semicontinuous (K-H-u.s.c.) at X if, for any open neighborhood
U of zero, there is a neighborhood N (X) of X such that for every x € N(X),
F(X) CF(X)+U +K.

We say thatF isK-l.s.c. K-u.s.c. K-H-l.s.c.,anK-H-u.s.c. onX ifitis K-l.s.c.K-u.s.c.,
K-H-lLs.c., andK-H-u.s.c. at each poink € X, respectively. Taking< = {0}, we get the
de“nition of lower semicontinuity (I.s.c.), upper semicontinuity (u.s.c.), Hausdor lower
semicontinuity (H-l.s.c.), and Hausdor upper semicontinuity (H-u.s.c.), respectively.

Remark2.2 (4,6,9]) u.s.c= H-u.s.c= K-H-u.s.c.;u.s.c2 K-u.s.c= K-H-u.s.c.;and
H-l.s.c.= l.s.c.= K-l.s.c.;H-l.s.c.= K-H-l.s.c.= K-lL.s.c.

As pointed outin[4], FisH-l.s.c. (respK-H-l.s.c.) aixif Fisl.s.c. (respK-l.s.c.) atxand
F(x) is compact. MoreoverfF isK-u.s.c. (resp.u.s.c.) atif FisK-H-u.s.c. (respH-u.s.c.)
at x and F(x) is compact.

Lemma 2.1 ([3, 10]) A set-valued mapping FX — 2¥ is |.s.c. at X € X if and only if, for
any sequencéx,} € X with x, — X and for anyy € F(X), there exists y € F(x,) such that

Yn— V.

Lemma 2.2 ([3,10]) LetF:X — 2" be a set-valued mappindror any giverx e X, if F(X) is
compact then F is usc. at X € X. If and only if for any sequencgx,} € X with x, — X and
for any y, € F(x,) there existy e F(X) and a subsequencg,, } of {yn} such that y, — V.
Lemma 2.3 ([18]) If E is an improvement sethen E+ intK =intE andintE+ K = intE.

Lemma 2.4 ([9]) Let Ae P(Y). Then WminA% @ if A is K-closed and K-proper

Lemma 2.5 ([12,17]) Let E be animprovement sgtor any giverx € G, if F(X) is compact
thenx is an E-I-minimal solution if and only if there is no x G such that Rx) <t F(X).

Theorem 2.1 Let E be an improvement seffor any giverx € G, if F(X) is K-closed and
K-proper, thenX is a weak E-I-minimal solution if and only if there is no x G such that
F(X) <k F(%).

Proof In view of Lemmaz2.4, we haveNminF (X) # #. Suppose that there exists € G such
that F(x) <kt F(X). Sincex € W, (G), we haveF(x) <k F(x). So, we get

F(X) C F(x) +intE C F(X) + intE+ intE C F(X) + intE+ K C F(X) + intK. (2.1)
Lety € WminF(x). Consequently,

(FX) ..5) N (..intK) = 9. (2.2)
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It follows from (2.1) that there existyy € F(X) andk € intK such thaty =y, + k. Thus,
.k=yo..y€ (F(X)..y) N (..intK),
which contradicts .2). The converse is obvious. O

Lemma 2.6 ([12]) Let A be a nonempty and compact subset of Then Min(A) # ¢ and
Max(A) 7 @. Furthermore A ¢ A+ K\ {0} and AZ A .. K\{0}.

Lemma 2.7 Let G be anonempty convex subset of X and E be an improvemerfEset —
2Y is |I-E-strictly quasiconvex on G with nonempty compact valugsen E(G) = W, (G).

Proof It su ces to prove that W,(G) € E(G). Letx € W,(G). If there existsxy € G such
that F(xo) <k F(X), then

F(X) < F(xo) + E.

SinceE C K\ {0}, we getF(X) C F(xg) + K\{0}. This together with Lemma2.6implies that
Xo Z X. SinceF is |-E-strictly quasiconvex onG, one has

F(txo + (1 ..1)X) <k F(X).

By Theorem2.1, we can see thak € W,(G), which contradictsx € W,(G). Therefore,x €
E(G). .

Definition 2.5 LetG be a nonempty subset ok andF : D — 2 be a set-valued mapping.
We say that
(i) Fis §'E—continuous at X € G with respect to Yo € G if for all sequences {Xn},
{Yn} € G satisfy Xn — Xo, Yn — Yo such that F(xp) §'E F(yn) for sufficiently large n,
then F(Xo) <g F(Yo);

(ii) Fis weak <<'E—continuous at Xp € G with respect to yp € G if for all sequences {Xn},
{Yn} € G satisfy Xn — Xo, Yn — Yo such that F(xn) <<IE F(yn) for sufficiently large n,
then F(Xo) < F(Yo);

(ili) Fis converse <k-continuous at Xo € G with respect to yo € G if F(Xo) <k F(yo) and

for any sequences {Xn}, {Yn} C G satisfy X, — Xo, Yn — Yo, we have F(xn) §'E F(yn)
for sufficiently large n;

(iv) Fis weak converse <<:E-Continuous at Xg € G with respect to yp € G if
F(x0) <k F(yo) and for any sequences {Xn}, {yn} € G satisfy X, — Xo, Yn —> Yo, we
have F(xn) <k F(yn) for sufficiently large n.

Fis §'E-continuous (resp., Weal<<'E-continuous) onGif Fis §'E-continuous (resp., weak
<<'E-continuous) at eachxy € G with respect to eachyy € G; F is converseg'E—continuous
(resp., weak convers«'E—continuous) onGif Fis converses'E-continuous (resp., weak
converse<-continuous) at eachxy € G with respect to eachy, € G.

Proposition 2.1 Let G be a nonempty subset of. Assume that a set-valued mapping
F:G— 2'is K-H-u.sc. at xg € G and K-l.sc. at yg € G. If F(X) + E is closegthen F is
<f-continuous at % € G with respect to y € G.
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Proof SinceF : G — 2" is K-H-u.s.c. atxp € G, take two sequence$x,} and {y,} that
satisfyxn — Xo, Yo — Yo such thatF(x,) <i F(yn) for su ciently large n. Letee intK and
€>0. Then .ce+intK is an open neighborhood of 0 irY. SinceF is K-H-u.s.c. atxg, we
haveF(x,) C F(Xp) ..ce+intK + K for su ciently large n. Then we have

F(yn) C F(xg) ..ce+intK + K + EC F(xg) ..ce+E.
SinceF(xp) + E is closed, lettinge — 0, we have
Fyn) S F(xo) +E. (2.3)

We now claim that F(xo) <L F(yo); otherwise,F(yo) N (F(xo) + E)° # . SinceF is K-l.s.c.
atyp, we haveF(y,) N ((F(xo) + E)© ..K) # ¢ for n su ciently large. That is, F(xo) jé'E F(Yn),
(indeed, ifF(xp) g'E F(yn), then we haveE(y,) + K) € (F(xo) + E+ K) = F(Xo) + E, so we get
(F(yn) + K)) N (F(xo0) + E)© = @. We conclude thatF(y,) N ((F(Xo) + E)* ..K) =@. This is a
contradiction.), which contradicts @.3). d

Proposition 2.2 Let G be a nonempty subset of. Assume that a set-valued mapping
F:G— 2" is H-K-u.sc. at Xo € G and H-K-l.sc. at yp € G. If F(x) + K is closed for any
xe€ G, thenF is weak<<'E—continuous atx € G with respecttoye G.

Proof SinceF : G — 2" is H-K-u.s.c. atxg € G and H-K-l.s.c. atyy € G. Take two se-
quences{x,} and {yn} that satisfyx, — Xo, Yn — Yo such that F(x,) <kt F(yn) for n suf-
“ciently large. Letee intK and e > 0. Then .ee+intK is a neighborhood of 0 inY. We
haveF(x,) € F(xo) ..€e+ intK + K and F(yo) € F(yn) ..€e+ intK + K for n su ciently
large. Sincd=(xo) + K and F(y,) + K is closed, lettinge — 0, we have=(x,) € F(Xg) + K and
F(yo) € F(yn) + K. Then we have

F(Yo) € F(yn) + K € F(xn) +intE+ K C F(xo) + K +int E+ K C F(xo) +intE.
That is, F(Xo) <k F(Yo)- -

Proposition 2.3 Let G be a nonempty subset of. Assume that a set-valued mapping
F:G— 2" is H-K-usc. at yp € G and H-K-l.sc. at Xo € G. If F(x) + K is closed for any
x € G, then F is conversg-continuous and weak conversg-continuous at x € G with
respecttoye G.

Proof Letec intK ande >0, then .ce+intK is an open neighborhood of 0 irY. Take two
sequencesgx,} and {y,} satisfyx, — Xo, Yo — Yo such thatF(xo) <k F(yo). SinceF : G —
2¥ isH-K-u.s.c. atxg € G andH-K-I.s.c. atyp € G, we haveF(xo) € F(Xy) ..€e+intK + K
and F(yn) € F(yo) ..€e+intK + K for n su ciently large. Since F(xn) + K and F(yo) + K is
closed, lettinge — 0, we haveF(xg) € F(xn) + K and F(y,) € F(yo) + K for n su ciently
large. Then we have

F(yn) € F(yo) + K € F(Xo) +intE+K C F(xy) + K +intE+K € F(x,) +intE,

for n su ciently large. That is, F(xn) < F(ya) for n su ciently large.
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The proof of converseg'E—continuous property is similar to the proof of weak converse
<-continuous property. O

Assume thatG: A — 2X andF : X — 2Y are two set-valued mappings with nonempty
values. Forany € A, now we consider the following parametric set optimization problem
(for short, PSOP):

(PSOP) min F(x)

s.t. xeG(h).

We denote the solution mappingss : A — 2X, W, : A — 2% for (PSOP) as follows:
E(*) =E(G()), Wi(2) =W (G(%)).

3 Mainresults

In this section, we make an investigation of the continuity of solution mappings for
(PSOP). Firstly, we give the upper semicontinuity and compactness of the wigakinimal
solution mapping for (PSOP).

Theorem 3.1 Letig e A. Suppose that
(i) G is continuous and compact-valued at Ao;
(ii) F is weak converse <-continuous on G(ho), K-closed-valued, and K-proper-valued.
Then W (X) is u.s.c. at Ao and W, (L) is compact

Proof We “rst assert thatW, (1) is u.s.c. at,g. Suppose on the contrary thatV,(1) is not
u.s.c. atig, hence there exist an open neighborhood/y in X with W,(1o) € Wy and a
sequence{i,} with A, — Ao such thatW,(rn) € Wo. Therefore, there is a sequend,}
with x, € W, (An) and

Xn € Wo, VneN. (3.1)

Since G is upper semicontinuous and compact-valued af, by Lemma2.2 there exist
Xo € G(Ao) and a subsequencix,, } of {x,} such thatx, — Xg. Without loss of generality,
let X, — Xo.

We now claim that xo € W (). If Xo € W,(Ao), then by Theorem2.1there existsyy €
G(ro0) such thatF(yo) <k F(Xo). By the lower semicontinuity ofG at Ao and Lemma2.1,
there exists a sequencgy,} with y, € G(An) such thaty, — yo. F is weak converse:<'E—
continuous on G(o). By Proposition2.3we haveF(y,) <k F(xn) for n su ciently large,
which is a contradiction tox, € W, (An), and soxg € W, (1g). Therefore, from the assump-
tion that x, — Xg, we havex, € Wy for n large enough, which contradicts3. 1). Therefore,
W, (1) is u.s.c. ato.

Next, we state thatW,(Ao) is compact. In fact, sincaV,(1g) € G(1o) and G(1o) is com-
pact, it is only su cient to prove that W,(1o) is closed. Let{z,} € W,(1o) be a sequence
with z, — 2o. If Zg € W, (Ao), then there exists* € G(1o) such thatF(z*) <k F(zo). It yields
the same proof as above that we hat#z*) <<'E F(z,) for nlarge enough, which contradicts
{z} € W, (Xo), and so{zp} € W, (Ag). ThereforeW,(1o) is compact. O

Now, we give the following example to illustrate Theorer.1
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Example3.1 LetX =R, Y =R? A =[0,1], andK = R2, E=[0.1, +o0) x [0.1,+00). As-
sume thatG(x) =[0,1] for all » € A. LetF: X — 2Y be a set-valued mapping de“ned as
F(x) =[...1x) x [0,1) for allx € R. Let o = 1. Then it is easy to check that all conditions
of Theorem3.1are satis“ed. By a simple computation, we know th&/, (1) = [0, A] for all

A € A. Clearly, we can see thal/ (1) is u.s.c. at 1 andV,(1) = [0, 1] is compact.

Theorem 3.2 Letig € A. Suppose that
(i) Gis continuous and compact-valued at Ao;
(ii) F is weak converse <<I5—continuous on G(Ag), K-closed-valued, and
K-proper-valued,;
(iti) F is|-E-strictly quasiconvex on G.
Then B(1) is u.s.c. at g and E(Lg) is compact

Proof We show thatE (1) is u.s.c. at.g. Suppose on the contrary thalg (1) is not u.s.c. at
Ao, then there exist an open neighborhoo®V in X with E(1¢) € W and a sequencéi}
with An, — Ag such that

E(n) ZW. (3.2)

SinceF is|-E-strictly quasiconvex onG, then by Lemma2.7we getE (1g) = W (Ao) S W.
By employing Theorem3.1, it follows that W, () is u.s.c. at\g; therefore, there exists a
neighborhoodV of Ag such thatW,(1) C W for all » € V. Sincei, — Aq, it is clear that
An €V for nlarge enough. Thusk (A,) € Wi (A,) € W for n large enough, which is a con-
tradiction to (3.2). Hence,F (%) is u.s.c. atg. E(ro) = W, (o) together with Theorem3.1
indicates thatE; (o) is compact. O

Remark3.1 By Remark2.2 and Proposition2.3 it is easy to see that Theoren3.1 and
Theorem3.2are the generalizations of Theorem 4.1 and Theorem 4.2 it], Theorem 3.1
and Theorem 3.7 in Q. In Example3.1, F is K-closed-valued but not compact-valued.
Therefore, Theorem 4.1 and Theorem 4.2 iip], as well as Theorem 3.1 and Theorem 3.7
in [10], cannot be used.

The following theorem establishes the lower semicontinuity of thE-minimal solution
mapping for (PSOP).

Theorem 3.3 Letiy e A. Assume that
(i) G is continuous and compact-valued at \o;
(i) Fis §'E—continu0us on G(Ao) with nonempty and compact values and F(X) + E is
closed on G(Ao).
Then B()) is l.sc. at Ao.

Proof Assume on the contrary thatg (1) is not I.s.c. athg, then there existy € E(Ao), an
open neighborhoodW, of 0 in X, and a sequencér,} with A, — A such that

(Y+Wo)NE(n) =¥, VneN. (3.3

We conclude fromy € E(1o) that y € G(Ao). SinceG is |.s.c. athg, by Lemma2.1there
exists a sequencéy,} with y, € G(1,) such thaty, — y. We now claim thaty, € E (k)
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for n large enough. Indeed, if not, there is a subsequer(gs, } of {y,} and a subsequence
{An )} Of {An} such thaty,, & E (1, ) for k=1,2,.... Without loss of generality, we sup-
posey, € E(An) for n=1,2,.... Then by Lemma&.5 there existsx, € G(An) such that
F(Xn) §'E F(yn). SinceG is upper semicontinuous and compact-valued ap, by Lemma2.2,
there existx € G(1o) and a subsequencex,, } of {x,} such thatx, — x. Without loss of
generality, letx, — x. It follows from F(x;) §'E F(y,) andFis §'E-continuous onG(ig). By
Proposition 2.1we getF(x) <k F(y), which contradictsy € E (o). Hencey, € E(xq) for n
large enough. Therefore, it is obvious to “nd thay, € (y+W;) NE (1) for nlarge enough,
which contradicts 3.3). Hence,E (1) is I.s.c. atrg. O

Now, we give the following example to illustrate Theorer8.3.

Example3.2 LetX =R,Y =R?, A =[0, 1], andK = R?,E=[0.1, +o0) x [0.1, +00). Assume
that G(1) =[0,1] forall » € A. LetF : X — 2" be a set-valued mapping de“ned as

F(x)=1[0,x] x [0,x], VxeG.

Let 4o =0. Thenitis easy to check that all conditions of Theorerd.3are satis“ed. By a
simple computation, we know thatg (1) =[0, 1] for all A € A. Clearly, we can see thd (1)
isl.s.c.atO.

We show the lower semicontinuity of the weale-minimal solution mapping for (PSOP)
as follows.

Theorem 3.4 Let)ig e A. Assume that
(i) G is continuous and compact-valued at Ao;
(ii) F is <f-continuous on G(ho) with nonempty and compact values and F(X) + E is
closed on G(Ao);
(iti) F is|-E-strictly quasiconvex on G.
Then W(X) is l.s.c. at .

Proof Applying Theorem 3.3 we know thatE ()) is |.s.c. athg. By Lemma2.7, we have

B (%) = W|(%o). For any open seV with V NW,(1q) # @, so we have thaV N E (1) # 7.
SinceE (1) is |.s.c. atrg, there exists a neighbourhootl of A such that, for allx e U,

V NE®)F39.
By Remark2.1, we haveg (1) € W, (1), then
VNW(A)#d, VieU.

Hence,W,(}) is |.s.c. atrg. d
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