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1 Introduction

Supposethatp>1 + 3 L =1,a,,b,>0,0<> " al, <ocoand 0< Y o2 bf < 00. We have
the following dlscrete Hardy—Hllberts 1nequahty with the best possible constant factor
n/sin(}%) (cf. [1], Theorem 315):

3
3

b &L\
Z_Zli+n smn/p) Z“p Zlbz : (1)

m=1

The integral analogues of (1) named in Hardy—Hilbert’s integral inequality was provided
as follows (cf. [1], Theorem 316):

[ L[ s ([eow).
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with the same best possible factor. The more accurate form of (1) was given as follows (cf.
[1], Theorem 323):

=

(i bg) | 3)
n=1

Inequalities (1)—(3) with their extensions played an important role in analysis and its

S le ] ﬂmbn T =
ZZ a1 sin(7 /p) (;ﬂfn>

m=1 n=1

applications (cf. [2-13]).

The following half-discrete Hilbert-type inequality was provided in 1934 (cf. [1], The-
orem 351): If K(x) (x > 0) is decreasing, p > 1,117 + %1 =1,0 < ¢(s) = fooo Kx)x1dx < oo,
f(x)=0,0< [ fP(x)dx < 00, then

Z w2 (/000 K(nx)f (x) dx)p <¢f (é) /ooof”(x) dx. (4)
n=1

Some new extensions of (3) were given by [14—19].

In 2006, by using Euler—Maclaurin summation formula, Krnic et al. [20] gave an exten-
sion of (1) with the kernel as m (0 < A <4).In 2019-2020, following the results of [20],
Adiyasuren et al. [21] provided an extension of (1) involving partial sums, and Mo et al.
[22] gave an extension of (2) involving the upper limit functions, which a new application
of the way in [21]. In 2016-2017, Hong et al. [23, 24] considered some equivalent state-
ments of the extensions of (1) and (2) with a few parameters. Some further results were
provided by [25-28]. In 2023, Hong et. al. [29] published a more accurate half-discrete
multidimensional Hilbert-type inequality involving one multiple upper limit function.

In this paper, following the way of [22], by means of the weight functions, the idea of
introduced parameters, using the transfer formula and Hermite—Hadamard’s inequality,
a more accurate half-discrete multidimensional Hilbert-type inequality with the homoge-

neous kernel as (%, A > 0) involving one derivative function of m-order and the

beta function is given. The equivalent conditions of the best possible constant factor re-
lated to several parameters are considered. The equivalent forms, the operator expressions
and some particular inequalities are obtained. Our new work is different to [29], which is
involving one higher-order derivative function but not involving one multiple upper limit

function.

2 Some formulas and lemmas

Hereinafter in this paper, we suppose that p > 1,}9 + é =11 >0,A1,Ap € (0,A),m,n €
N={1L,2.. LaeO1L§el0,]i =222+ 2,0, = 221 1 2y, = (S, 919 e (7 =
Y15---,9n) € R). We also assume that f(x) (> 0) is a differentiable function of m-order

unless at finite points in R, = (0, 00),
FED () = o(e”) (t>0;x — 00), fkD (0)=0 (k=1,...,m),
F @), ax = (ax,,...,ax,) = 0 (x € R, = (0,00), k= (ky,..., k,) € N"), such that

o0 . A
0< / xp(l_“)'l(f(’”)(x))p dx<oo and O< Z Ik —& ||Z(”_k2)_”az < 00.
0
k
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For M > 0,% () (u > 0) is a nonnegative measurable function, we have the following
transfer formula (cf. [2], (9.3.3)):

/ /yeR”(kZ Yiya<q w(i(]}\/_/i[>a)dy1"'dyn

()= -1
M"F”
M )/ Yt du, )
In particular, (i) in view of [|y[lq = M[Y " ( by (5), we have

[ #i)a

1

) n y[ o | o
[ 52T )
M—o0 yERn O<Z J’l o<1 ¢< [Z M 'yl y

i=1

_ Mnrn( ) 1 ,_1 V= Mul}t Fn( ) -1
_N}gnoo ST f du N )f SV dv; (6)

(ii) for ¥ (u) = (Mua) 0u< 2 (b>0), by (5), we have

M'TH(L) 1 on
o(lylle)dy = lim ———2- d(Mue)ua du
/weR‘i,wuazh} () M—oo "T'(Z) J b2 (M)

= 1F / o)V L. 7)

Lemma 1 For s> 0,a € (0,1],& € [0, %],Ag ={y={yn... by > & (i=1,...,n)}, define
the following function:

1 1
w )= = 0,9=(1,...,9n) € Ag).
&0 e+ lly—Elle)  {x+ [0, (yi — £)@]Ve)s (®>0,y= 01, 90) € Ae)

Then we have —gx(y)<0 2gx(y >0(yeAgj=1,...,n).

Proof We obtain that for s > 0,a € (0,1],£ € [0, 1],y € Ag,

) [, i = §)“a 1y - §)*!
—g.(y) = 0,
3ng ()/) {x_'_ [Zz 1()/1 E)a 1/0(}S+1 <

92 aly) = s(s+ DI, 0 - S)"]Tz()'; £y
3_)/2 8« {x + [Zl 1()’: 1/a}s+2

S(l_a)[ZZ (%-%')“]&*20,._5)054 n ) )
{x+[if=1(yi_g)a]1/a}}s+1 |:ZI:(%'—$) - (-8 :|>0

The lemma is proved. d
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Note. In the same way, for s, <n,a € (0,1],§ € [0, %],y € Ag, we can prove that

2

0 0
—lly-&127" < ly-&I27"=>0 (j=1,...,n), (8
dy; 3y2

and thenfor s, < n,a € (0,1],§ € [0, 3], .(y) := 2.0 ly—& 127" (x> 0,y € A¢), by Lemma 1,
we obtain

0 0 0
— ) =y -EI27" —g + &) —Ily-E12" <0
0y 9y 9y;
© 1) = oy 6127 ) + Iy - £12 g ly)
S 0) = Sy = E I ) + Yy €12 e
37 Y dy dy?
gx(y) -l gx(y) =150, G=Len). )

Lemma 2 For ¢ > 0, we have the following inequalities:

() 27" (3)
o k=" Q@ s 10
can_lr(§)<;|| I < iy (10)

where, Y ", G(K) =3 1 -+ D0 Glky, ..., k).

Proof By (8) (for & =0), in view of —c — n < 0, we find that

82
—IIJ/II"C’” Fllyll;c""ﬂ) (G=1,...,n),
Yj

and then by Hermite—Hadamard’s inequality (cf. [30]) and (7), we have

r(3) 2T(3)
l —c—-n —c—nd _ —c n n ld _ o .
ijlldla </ Iy dy = )/ T

YerIyla> 3}

By the decreasingness property of series and (7), it follows that

k|| =en —c=n g Fn(é) * —c—ld l"'i’l(é)
5 i | Iyl y‘mfl = ey

{yeRY Iylla =1}

namely, inequalities (10) follow.

The lemma is proved. g

Lemma 3 For s > 0, we fine the following weight functions:

s Ik - &1~
w(s2,%) 1= % Xk:(x+||k—§||a)s (xeR,), (11)

xsl—l

m dx (k (S Nn), (12)

wy(s1,K) o= Ik — £ /
0
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(i) For0<sy<s,80 <mn, we have the following inequality:

r(;)

T()B(Szj -5) (®eR.); (13)

wS(SZ; x) <

(ii) for 0 < sy <s, the following expression follows:
COS(Sl,k) :B(Slys_sl) (}’E Ri)r (14‘)

where, B(u,v) := fo et (u,v > 0) is the beta function (cf. [31]).

Tty

Proof (i) For 0 < sy <s,55 < n, by (9) and Hermite—Hadamard’s inequality, we have

_ ly =&z~ - ly =&l
ZU(s,x)<x”2/ ———d 5x“2/ ¢
o Ay @+ lly=§lla) Y ae B+ Ily—Ello) 4

so—n
. / bz,
o Gt )’

Setting ¢(v) := by (6), it follows that

(x+v )5

(52,5) < 2 /R BIyll) dy =2 — lr( ) / v dy

5= /oo V521 uv/x Fn(a) * u52—1 du
- an- 11" (%) (x+v)s - a0 (2) Jo (L +u)

_ ﬁg(s s—8))
= a”_lr(s) 2 2)
namely, (13) follows.

(ii) Setting u = in (12), we find

_x
k=& lle

. o [ Gl = £l k- £l
@s(s1, k) = e =5l /0 Ullk— & llo + [k &)

o0 Msl—l
= du=B o — )
/0 P (s1,5—81)

and then we have (17).
The lemma is proved. g

We indicate the following gamma function (cf. [31]): I'(«) := fooo e ‘t* 1 dt (o > 0), satis-
fying I'(a + 1) = a'(@) (« > 0) and B(u,v) = r(uw)l"(u)l"(v) (u#,v > 0). By the definition of
the gamma function, for X, x > 0, the following expression holds:

1
(@ + Ik =Ell)*  T(h+m) Jo

o0
porm=1 =t k=€ la)t gy (15)

Lemma 4 For t > 0, we have the following expression:

‘/Ooe—txf(x) dx =t /we—txf(M)(x) dx. (16)
0 0

Page 5 of 15
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Page 6 of 15
Proof Since f(0) = 0,f(x) = o(e™) (¢ > 0;4 — 00), we find

/0 e’”‘f’(x)dxzfo e’txdf(x)=eftxf(x)|(o)o‘/0 flx)de™

_1: f(x) x —tx _ > —ix
_xlggo p= +t/0 e f(x)dx—t/(; e " f(x) dx.

Inductively, for f?(0*)

=0,f/D(x) = 0(e”) (t>0,i=1,...,m;x — 00), we still have
/ e fx)de=1" / e (x)dx=---=
0 0

_i/ e—txf(i)(x) dx,
0
namely, expression (17) follows.

The lemma is proved.

O
Lemma 5 We have the following inequality:
(x)ak
——— —dx
Z/ G+ k= &lo)*
(%) b1
< (T()B()Lzy)» )\2)) Ba(A, A= A1)
o 1 1
2 p 2 q
x [ f P =A07L (£0m) ()P dx] [Z ||k—§||g(”’\2)”a2] ) (17)
0 k

Proof By Holder’s inequality (cf. [30]), and Lebesgue term by term integration theorem
(cf. [32]), we obtain

- {/o ) [Xk: (v + ||k1— Ellal)” ”,ff;i'('ff;” } (F™ @)’ dx}‘l’
x {;[/ow (x+||k1 e ;'A(:M i dx:|a,‘f}%
x [Zwk()\hk)nk—S”g(n—iz)_nﬂzil;'
P

Therefore, by (13) and (15) (for s = A, 51

= A1,82 = Ay), we have (18).
The lemma is proved.
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3 Main results
Theorem 1 We have the following more accurate half-discrete multidimensional Hilbert-

type inequality involving one derivative function of m-order:

°° S (x)ay
I:= — 4
;/0 (v k=&l
m-1 -1 Fn( 1)
< |:1_[()\, + l):| (WB()\Q,)\, )\,2)>)qu (}\.1,)\, )\.1)
i=0
% [/mxp(l—il)—l(f(m)(x))l’ dxi| g [Z Ik —& ”g(n—iz)—naz] 5. (18)
0 k

In particular, for A1 + Ay = A, we reduce (19) to the following:

*© fx)ax
I= — d
Z./o @+ [k—&f

") Ve[
< (a” T )> |:l_[()»+l):| B(A1,12)
% [/wap(lkl)l (f(m)(x))P dx:| ? [Z Ik —& ”Z(nkz)nﬂz] 5. (19)
k

where, the constant factor (a” T )n )P ([ 12 Yo+ D)7 B(hy, ) is the best possible.

Proof Using (16) and (17), in view of Lebesgue term by term integration theorem (cf. [32]),
we find

- ﬁ Xk: /0 h f(x)ak[ /0 ot ekt dt] dx

L

_ ﬁ /0 et (t—m /0 ¢t £00) ) dx) (2}(: e—k—suatak> dt

_ m ; /0 0 () [ /0 1 e kg ot dt] dx
F(K(j)m) Z / o ”k’_c):ﬁ 7 [ﬁ(kﬂ)}]"llx.

i=0

Then by (18), we have (19).
r—E-n
For A1 + Xy = A in (19), we have (20). For any 0 < & < pA;, we set dy := ||k||0(2 T (ke
N”),f(x) =0,0<x<1,

flx):= H(z\l +i—§> /j(/ltm---/ltztfl‘%ldtlm dtm_1> dt,,

Page 7 of 15
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R A O(x”’_l), x>1,

where, for m € N, O(x”!) is indicated a nonnegative polynomial of (m — 1)-order.
nel 1
If there exists a positive constant M(< (a,,r_l—(r()ﬂ)) [l_[,«:o (A + D)]71B(A1, A3)), such that

n(l
(20) is valid when we replace (a"l—ll(l"a()s))% [HZBI(A +0)]71B()1, A2) by M, then in particular,
for & = 0, we still have

_  fwa [ X poAn)-1 (Fm) [ \\P ]’_1’
1= Z/ e A
« [Z “k”Z(n,\z)néZ] q‘ (20)
k

By (10), we obtain

e |:/0 KP11) l(f(’"(x) dx] |:2:||k||q"k2 ]

I :(“ e ‘) ( /Imx’“ dx)p (; ||k||;"”) 6

m 2"
r(!()\l +i— )( P IF((a))) (21)

We obtain

00 )q——+m1_ m—1
Zf - O D " dx =1y - 1,

@+ [l&fle)*

o LB
where, I() _Zk zﬂlkll Tom ”k” q dx,h _Zk W”k” q dx.

By (10), we also find that LS kI =0(1) (c= Ay +m + °).-Fors=h+m>0,s =
AM+m— 13 € (0,s) in (12) and (15), by (10), we find

Ggef) [ x1tm=5)-1
Io- ||/<||-”[||k|| / 7dx]
Z I PRE
. k (gt ;) x(kﬁm—f,)—l e (A2+1%) 1 x(kﬁm—%)—l p
Zn(n Ikl ey X = Ikl Ty
o (x+lIklla) o (x+IIklla)
(M +m-£)-1
& Ga+g) [Lx b
> ||k||_8_n|:wx (x1+m——,k)—||k|| / —dx}
; « o p C o IIkIE
_ —e-n &€ 1 —(A1+m+§)—n
—Z”k”a wx+m<)»1+m—l—j;k)—m2k:”k”a

(Al +m— = x2+;)2||k||-8 - 0(1)

1 & €
g(an 1F( ) ()\1+m—;,)nz+l—j>—80(l)>.

Page 8 of 15
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We still find that

KT e o
d
Z( + 1Kl / (e + [kflgyem

A—E-n
k q © 0 m—1
<Z” la /1 (x )dx§M1<oo.

T Ik ahrem

Hence, by (21) and the above results, we have the following inequality

Fn(é) B( E o+ i) o) el
<el <eMJ <Ml_[()\.1 +i— p) (%) (22)

For ¢ — 0" in (23), in view of the continuity of the beta function, we find

() mo 0 T() N3
mB(AI + m,)»z) SM!:O[(AI + l)(m) »

nel
namely, (12 ))% (TT751 + )] B(r1, 45) < M. It follows that

FVI
u= ()
an 1F

is the best possible constant factor of (20).

ST

m-1 -1
{]‘[ (A +1) ] B(A1, A2)

1=

The theorem is proved. g

Remark1 Foriq =222 4 21 5, =22 4 % =Xy + %,weﬁndkl + Ay =A,

|

+_<_+_:)\" 0<5\2:}\,—5\1<)\.

For A — A1 — Ay < g(n — X,), we still can find A < n. In this case, we can rewrite (20) as

follows:

S(x)ax
Z/ e k=g
r” ] -
<<an l(r ) []‘[ K+li| B(1,h)

X[/wapu L (o )P Han g atr-ia-n ] 23)
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Theorem 2 If A — A — Ay < q(n — Ay), the constant factor

m-1 -1 F”(l) }7 1
|:!=_0[(k+i):| (Frfx(g)B(kz,)»—kg)) B1(h, A — A1)

in (19) is the best possible, then we have A — A1 — Ay = 0,A1 + Ay = A.

Proof By Holder’s inequality (cf. [29]), we obtain

o~ A 0o di-1 o0 1 A-kg A
B(Aq,12) = A du- w ey
0 ( 0

1+u) 1+ u)*
o0 1 Ahg-1  Ap-1 0 yh=ha-l [% 00 g A1-1 %
=/ u P u 1 du< / ——du / du
o (1+u? o (1+u) o (1+u)?
= BP (ha, o — Aa)B (1, A — ). (24)

In view of the assumption, compare with the constant factors in (19) and (24), we have

the following inequality:
N N O IY
l—[(k+i) ———~ ] Bi(A,A-11)
i=0 a0 ()
1 rm-1 -1
(&) \» ~ A
<|—=— A+ B(r1,X2),
_(Ol”_lr(s)) |:!_(!( +l):| ( 1 2)
namely, B(3.1, 32) = B (s, A — A2)B4 (A1, A — A1), which follows that (25) retains the form
of equality. We observe that (25) retains the form of equality if and only if there exist
constants A and B, such that they are not both zero and Au**27! = By*1~1 a.e. in R, (cf.
(30]). Assuming that A # 0, we have #*~*271 = £ a.e.in R, namely, A - 1; — A, = 0 and then
),1 + )\2 =A.

The theorem is proved. O

4 Equivalent forms and operator expressions
Theorem 3 Inequality (19) is equivalent to the following inequality:

Son 00 f(x) ]P}},
= k- g2 —
! {;” e [/o Gt k=&l

ol AS) 5o
< |:]—[(A+i):| <Flj(ﬂ)3(xz,x—x2)) B (A, A — A1)
i=0 o

x [/mxp(lfn)l (f(m)(x))p dx:|p. (25)
0

In particular, for A + Ay = A, we reduce (26) to the equivalent form of (20) as follows:

L S ]P}%
k - g||P*2 ey
{;” e [/0 Gt k=&l
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1

NORYI=TNE * .
(amren) [Q‘“"} B [0 )

where, the constant factor ( — lr ﬂ []_[ Yo+ )] B(A1, o) is the best possible.

ot

Proof Suppose that (26) is valid. By Holder’s inequality, we have

= %’+5~2 OOL _ 147_5‘2
1-;[nk—sna /0 (x+||k—§||a)“mdx}[”k ENG T ax]

1

< J[Z Ik-& ||z‘”””ai] g
k

Then by (26), we have (19).
On the other hand, assuming that (19) is valid, we set

oo p-1
= |k - Piz-"/ Ld] , keN".
aj:= |k =&l [o Gk ey €

(26)

(27)

If J = 0, then (26) is naturally valid; if J = oo, then it is impossible to make (26) valid,

namely / < co. Suppose that 0 < J < co. By (19), we have

3 Ik - g 12D
k

el o) o
:]1”:1<|:1_[()\+i)i| <7"‘B(A2,A—k2)> B4 (kA — A1)

i=0 a™ 10 (%)
o0 R }7 %
X [/ xl’(l_xl)—l(f(m>(x))1’ dx] [Z Ik - Euz(n—xz)_naz] ,
' k
[Z Ik~ ||z<”2>"ag} ’
k
m-1 -1 1 A
, r () -
=J< [g(kﬂ)} (WB(M,A—AZO Bi (A, A - A1)

5 |:/ooxp(l_il)—l(f(m)(x))pdx}lf,
0

namely, (26) follows, Wthh 1s equlvalent to (19).

The constant factor (

in (20) is not the best possible.
The theorem is proved.

We set functions ¢(x) := x?0=40-1 (k) = ||k — & | 4"~ ha)- " then,

YIPK) = (Ik - €227 (x€R,,keN").

(= 1F []_[ Y(A +i)]71B(A1,A2) in (27) is the best possible. Oth-
erwise, by (28) (for A; + A5 = k) we would reach a contradiction that the constant factor

d

Page 11 of 15
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Define the following real normed spaces:

1

Lyy(R,):= {f = f(@); Ilf”pd)—(/ p(x \de)<00},

1

@w:{a=mhwwmmm¢:<§:wwﬂ@w)q<w}
k
Lyyrr :={ ={by,..k s 1Dl g 2= <Z¢f _p(k)lbklp) <OO},

and L(R,) := {f € Ly¢(R,);f(x) is a nonnegative differentiable function of m-order, unless
at finite points in R,,f*V(x) = o(e*) (£ > 0;x — 00),f*D(0*) =0 (k= 1,...,m)}.

Foranyf e L(R,), setting by := fo W dx, k € N, we can rewrite (26) as follows:

r(d 5 1
1611,y 1-» < []‘[(m)} <%())B(A2,A x2)> B?(Al,k—)\l)|[f(”’)||p‘¢<oo

namely, b€ l, ,1p.

Definition 1 Define a Hilbert-type operator T : L(R,) — ,y1-» as follows: For any f €
L(R+), there exists a unique representation Tf = b €/ 17> satisfying Tf (k) = by (k € N").

Define the formal inner product of Tf and a € [, and the norm of T as follows:

3 © fw) .
(””*Z”M MWhNMW”}L

k

[F

1T := .
F0eLys®) Iy

By Theorem 1-3, we have

Theorem 4 Iff € L(R,),a € Ly If " N6 lall gy > O, then we have the following equiva-

lent inequalities:

1

NN b
(Tf,a)<[]_[()\+i)] (T()B(AZ,A ,\2))

i=0

x B1 (hy, 2= 1) [ lallgy (28)

m-1 -1 1
Fn
||Tf||p¢1p<|:1_[(k+l):| <%())B()»2,)L kz)) B"(M,)L }Ll)nf ” s (29)

i=0

Moreover, if A1 + Xy = A then the constant factor [[, Yoo+ ) l(an lr B(Az,

Az))%B%(Al,A—)\l) in (29) and (30) is the best possible, namely, | T || = (- 11, ) I1% "+
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D]171B(A1, A2). On the other hand, if . — Ay — hy < q(n — \3), the constant factor

m—-1 -1 Fn(l) 1 )
[R[(mi)] (T()B(Az,k k2)> B1(Ay, A=)

in (29) or (30) is the best possible, then we have A — A1 — Ly =0, namely, Ay + Ay = A

Remark 2 (i) For A = 1,A; =

%,)»2 = 117 in (20) and (27), we have the following equivalent
Hilbert-type inequalities:

Z / S (x)ax

X
G+ k= &la) "

1 Fn(é) P% T © (m) » 117 (@-Dn-1) 4 é
<%<a”‘1f’(§)) sin(rr /p) |:/(; () dx] [; k=&l “k] » (30)
[ &) ]P}%
k-g|} — L4
{? Sl [/0 Wt k=&

1 () row = (pm) ()P ’l’
<%<a“r(g>) (e p) Uo () d"] ’ 1

(ii) for . = 1,A; =
of (32) and (33):

Z /  fWa

X
G+ k= &la) "

117, Ay = é in (20) and (27), we have the following equivalent dual forms

1 r(z) P X o2 pm) P v
<%<a"-lr(§>) sin(n/p)[/o #ETW) dx]
x [Z ||k—5||gq—“"-1azr,
k
LI ) ]p};
k—g|2! S a2
{;” e [/0 Gt k=gl

1 Fn(é) ; T * s (m) { N\ ‘l’
<%<an—1r(g)) sin(7 /p) |:./0 #E) dx} ' (33)

(iii) for p = g = 2, both (31) and (33) reduce to

Z /  fWa

X
(@ + |k = E[l) T+

(32)

T T"(2) n-1
<2 (s T )) [T Vax k-l ] (34)
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and both (32) and (34) reduce to the equivalent form of (35) as follows:

o) 2 %
k- 1"[ Y ] }
{Xk:H Elly /0 o+ Tk— &)

l"n
<%<a” 1(F) ) |:/ (f x) dx] , (35)

The constant factors in the above particular inequalities are all the best possible.

Remark 3 For a > 0, we only obtain 2 h ,(¥) <0 (j=1,...,n) in (9). In this case, we can’t
use Hermite—Hadamard’s inequality to obtain (11). But for & =0, we still can obtain (11),
and then the equivalent inequalities (19) and (26) for & = 0 with the best possible constant
factor were proved.

5 Conclusions

In this paper, following the way of [22], by means of the weight functions, the idea of
introduced parameters and the transfer formula, a more accurate half-discrete multidi-
1
gy (4> 0)
involving one derivative function of m-order and the beta function is given in Theorem 1.

mensional Hilbert-type inequality with the homogeneous kernel as

The equivalent conditions of the best possible constant factor related to several param-
eters are considered in Theorem 2. The equivalent forms, the operator expressions and
some particular Hilbert-type inequalities are obtained Theorem 3, Theorem 4 and Re-
mark 2. The lemmas and theorems provide an extensive account of this type of inequali-

ties.
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