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Abstract

This paper deals with the rate of convergence for the central limit theorem of

estimators of the drift coefficient, denoted , for the Ornstein-Uhlenbeck process

X ={X,t 0} observed at high frequency. We provide an approximate minimum

contrast estimator and an approximate maximum likelihood estimator of , namely
n=1/E YL XD, and == X X =X ) n Y0 X2.,), respectively, where

ti=i ni=0J,...n_ » 0.We provide Wasserstein bounds in the central limit

theorem for ,and .
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1 Introduction

Let X :={X;,t 0} be the Ornstein-Uhlenbeck (OU) process driven by Brownian motion
{W;,t  0}. More preciselyX is the solution of the following linear stochastic di erential
equation

Xo=0; dXt: Xt dt+th, t O, (11)

where >0 is an unknown parameter.

The drift parametric estimation for the OU process1.1) has been widely studied in the
literature. There are several methods that can estimate the parametein (1.1) such as
maximum likelihood estimation, least squares estimation, and minimum contrast estima-
tion; we refer to monographs 14, 15]. While for the study of the asymptotic distribution
of the estimators of based on discrete observations ¥f, there is extensive literature, and
only several works have been dedicated to the rates of weak convergence of the distribu-
tions of the estimators to the standard normal distribution.
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From a practical point of view, in parametric inference, itis more realistic and interesting
to consider asymptotic estimation for 1.1) based on discrete observations. Thus, let us
assume that the procesX given in (1.1) is observed equidistantly in time with the step
size :ti=i n,i=0,...n,andT =n , denotes the length of the *observation windowZ
Here we are concerned with the approximate minimum contrast estimator (AMCE)

~ 1
%ZinZl xti ’

n-—

and the approximate maximum likelihood estimator (AMLE)

-~ ._ Zinzlxti...l(xti --xti...l)
n-— % )
n Zinzl thi“.l

which are discrete versions of the minimum contrast estimator (MCE) and the maximum
likelihood estimator (MLE) de“ned as follows:

- 1 g XsdXs
T

e T ,
2 Jy Xzds Jo X2ds
Recall that, for two random variableX and Y, the Wasserstein metric is given by

dw (X,Y) = SLQI)(l)|E[f X)] .- E[f()]],
ip

whereLip(1) is the set of all Lipschitz functions with the Lipschitz constant 1.

Rates of convergence in the central limit theorem of the MCE and MLE 1 underthe
Kolmogorov and Wasserstein distances have been studied as follows: There exst 0
depending only on such that

sup

P(\/j(_T ) x) PV x)
x R 2
dw <\/2j(_T ),N) % see ¥, Theorem 5.4],

if XRP(/;(T...) x>...P(N X)

dw (,/21( T .. ),N) % see B, Theorem 1] for “xed N = 1,

C
— see B, Theorem 2.5],

C
— see L2, Theorems 1 and 2],

where A" N(0, 1) denotes a standard normal random variable.

The purpose of this manuscript is to derive upper bounds of the Wasserstein distance
for the rates of convergence of the distribution of the AMCE, and the AMLEAn. These
estimators are unbiased, and we show that they are consistent and admit a central limit
theorem as OandT . Moreover, we bound the rate of convergence to the
normal distribution in terms of the Wasserstein distance.

Note that the papers P] and [4] provided explicit upper bounds for the Kolmogorov
distance for the rates of convergence of the distribution of, and ,, respectively. On
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the other hand, [7] provided Wasserstein bounds in central limit theorem for,. Let us
describe what is proved in this direction:
+ Theorem 2.1 in [2] shows that there exists C > 0depending on such that

P<\/2j(~n...) x)...P(J\/ X) Cmax( logT _T* ) 1.2)

T 'n2logT
« Theorem 2.3 in [4] proves that there exists C > 0depending on such that

P(\/;(An ) x> PV x)

+ Theorem 5.4 in [7] establishes that there exists C > 0 depending on  such that

dw (/;(Nn ),N) Cmax(if,\/?). (1.4)

Remark1.1 Note that in [2, Theorem 2.1], B, Theorem 2.3], and 7, Theorem 5.4], the
asymptotic normality of the distribution of , and , needn 2= T?z OandT
However, Theorem3.6and Theorem4.1, which are stated and proved below, show that,
respectively, the asymptotic normality of the distribution of, and ", only need = %

0andT

sup
x R

(1.3)

logT T2 )
sup .
X R

T "nlogT

Cmax(

The aim of the present paper is to provide new explicit bounds for the rate of conver-
gence in the CLT of the estimators , and , under the Wasserstein metric as follows:
There exists a constan€ > 0 such that, foralln 1, T >0,

dw (\/;(~” ),N) cmax<if,z—22), (1.5)

see TheorenB.6, and

T ~ 1 T3
dw <\/2j( h e ),/\/) Cmax(—f, ﬁ)’ (1.6)
see Theoremd.1

Remarkl.2 The estimatesX.5 and (1.6) show that we have improved the bounds on the
error of normal approximation for 4 andAn. In other words, it is clear that the obtained
bounds in (1.5 and (1.6) are sharper than the bounds inl(.2), (1.3), and (L.4).

To “nish this introduction, we note the general structure of this paper. Sectiol con-
tains some preliminaries presenting the tools needed for the analysis of the Wiener space,
including Wiener chaos calculus and Malliavin calculus. Upper bounds for the rates of
convergence of the distribution of the AMCE , and the AMLEAn are provided in Sect3
and Sect4, respectively.
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2 Preliminaries

This section gives a brief overview of some useful facts from the Malliavin calculus on
Wiener space. Some of the results presented here are essential for the proofs in the present
paper. For our purposes, we focus on special cases that are relevant to our setting and
omit the general high-level theory. We direct the interested reader ta8, Chap. 1]and [L6,
Chap. 2].

The “rst step is to identify the general centered Gaussian proce& ) o with an isonor-
mal Gaussian process X {X(h),h #} for some Hilbert space#, that is, X is a cen-
tered Gaussian family de“ned a common probability space (F,P) satisfying, for every
hi,hy - H, E[X(h))X(h2)] = ha,hz 4.

One can de“ne’H as the closure of real-valued step functions on [0,) with respect to
the inner product 1py,1pg % = E[ZtZ4]. Note that X(1j4) g Zt.

The next step involves themultiple Wiener-1td integrals The formal de“nition in-
volves the concepts of the Malliavin derivative and divergence. We refer the readerit® [
Chap. 1]Jand [L6, Chap. 2]. For our purposes, we de“ne the multiple Wiener-It6 integréj
via the Hermite polynomialsHp. In particular, forh  # with h 4, =1,andanyp 1,

Ho(X() = 1p(1 ?).
Forp=1andp =2, we have the following:
H1(X(1p4)) =X(Ljo4) = 12(10) 2z, (2.1)
H2(X(10.)) =X (101)? - E[X(1o)?] = I2(1%) £ 22 . E[Z]2. 2.2)

Note also thatly can be taken to be the identity operator.

€ Some notation for Hilbert spaceket H be a Hilbert space. Given anintegey 2, the
Hilbert spacesH 9and? 9 correspond to theqth tensor productand gth symmetric ten-
sor productof H. If f  H Yisgivenbyf =3 . a(1....jq)e; - @, where §)i g
form an orthonormal basis ofH{ 9, then the symmetrizationf is given by

1 o
f:azzam,---dq)eon € (o)

JER

where the “rst sum runs over all permutations of {1,...g}. Thenf is an element of
‘H 9. We also make use of the concept of contraction. Thi¢h contraction of two tensor
productsg, --- g,ande, --- @, isanelementofi **3-2 given by

(8 - &) (&g - &g

= |:1_[ 8 & i|Qr+1 8¢ G &q- (2.3)
=1

€ Isometry property of integralslp, Proposition 2.7.5Fix integersp,q 1 as well as
f H Pandg #H A.

p!f,ng pr:qi
otherwise.

E[lq()lq(@)] = (2.4)



Es-Sebaliy et allournal of Inequalities and Applications  (2023) 2023:62 Page 5 of 17

€ Product formula [16, Proposition 2.7.10Let p,q 1. 1ff H Pandg H ¢
then

01e(@ = irl(f) (7)1 ™0 @5)

€ Hypercontractivity in Wiener Chaos-or everyq 1, Hq denotes thegth Wiener chaos
of W, de“ned as the closed linear subspace bf( ) generated by the random variables
{HeW(h)),h  #H, h 4 =1}, whereH is theqth Hermite polynomial. For anyF |q:17-l|
(i.e., in a “xed sum of Wiener chaoses), we have

E[IFP)Y®  coq(E[IFIZ]) foranyp 2. (2.6)

It should be noted that the constants, ; above are known with some precision whef is
asingle chaos term: indeed, by, Corollary 2.8.14]coq = (P ... 192,

€ Optimal fourth moment theorem Let N denote the standard normal law. Let a se-
quenceX : X, Hg, such thatEX, = 0 and Var[X,] = 1, and assume thaX, converges to
a normal law in distribution, which is equivalent tdim, E[X;] = 3. Then we have the op-
timal estimate for total variation distancedry (Xn, '), known as the optimal 4th moment
theorem, proved in [L7]. This optimal estimate also holds with the Wasserstein distance
dw (Xn, ), see ¥, Remark 2.2], as follows: there exist two constartsC > 0 depending
only on the sequenceX but not on n, such that

cmax{E[X7] ... 3[E[X?]|} dw(Xn,N) Cmax{E[X]]... 3|E[XZ]|}. (2.7)
Moreover, we recall that the third and fourth cumulants are, respectively,

a(X) = E[X®] ... §[X?]E[X] + 2E[X]?,

40 =E[X*] ... EIXIE[X?] ... E[X?]* + 12E[X]2E[X?] ... €[X]*.
In particular, whenE[X] = 0, we have that

s()=E[X?]] and 4(X)=E[X]... §[x?]".

If g # 2, then the third and fourth cumulants forl,(g) satisfy the following (see (6.2)
and (6.6) in [L], respectively),

ks(12(9) = E[(12(9))*] =8 0.9 194 2, 2.8)
and

ka(l2(@)] =16( 9 195 2+2 97197 2)
89 19% 2 (29)
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Lemma 2.1 ([19]) Fix aninteger M 2.We have

M 1\ M
S 1T Gl e( X))
=1

[kl n j k] n
1jMm

wherek = (ky, ... ku),andv RM is a “xed vector whose components drer ...1.

Throughout the paper\ denotes a standard normal random variable. AlsG,denotes
a generic positive constant (perhaps depending orbut not on anything else), which may
change from line to line.

3 Approximate minimum contrast estimator

In this section, we prove the consistency and provide upper bounds in the Wasserstein
distance for the rate of normal convergence of an approximate minimum contrast estima-
tor of the drift parameter of the Ornstein-Uhlenbeck procesX :={X;,t 0} driven by
Brownian motion {W,,t 0}, de“ned as solution of the following linear stochastic di er-
ential equation

Xo=0;  dX =..Xdt+dw, t O (3.1)

where >0 is an unknown parameter. Since8(1) is linear, it is immediate to see that its
solution can be expressed explicitly as

t
X, = f e 9 gw,, 3.2
0
Moreover,
t
v :/ e 9 g, (3.3)
is a stationary Gaussian process, séeJ].
Furthermore,
X¢ =Z; ..e"'Zp. (3.4)

SinceZ :={Z;,t 0} is a continuous centered stationary Gaussian process, then it can
be represented as a Wiener-Ité (multiple) integrad; d l1(1j04) for everyt 0, according
to (2.1). Let (r) = E(Z;Zo) denote the covariance o for everyr 0. It is easy to show
that

et
0=E@Z)= S5~ t R

In particular, (0)= Zi Moreover, notice that (r)= (..r) forallr <O.
Our goal is to estimate based on the discrete observations ¥f, using the approxima-
tive minimum contrast estimator:
~ 1 1

"I Aheq o) L (35)
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whereg(x) :==,ti=i n,i=0,...n, , 0andT =n p,wheread,(X),n 1,aregiven
by

1 n..1
(<)== 3 XE (3.6)
i=0

To analyze the estimator, of based on discrete high-frequency data in time &f, we
“rst estimate the limiting variance (0) = zi by the estimatorf,(X), given by B.6).
Let us introduce

n..1

Fa(2) = T(fn(Z)...zi), Wherefn(Z)::%Zthi.
i=0

According to (2.2), F,(Z) can be written as

Fn(2) = \/7212 1%) u(/izl(n):zlz(n). (3.7)

We will make use of the following technical lemmas.

Lemma 3.1 Let X and Z be the processes giver(&2) and (3.3, respectivelyThen there
exists C> 0 depending only on such that foreveryp landforalln N,

[Fa) o Fa@ o ni (3.8)

Proof By (3.4), we can write

[Fa(X) - @) o lee 25 BN ZoZy | g

Combining this and the fact thatZ is a stationary Gaussian process, we deduce

C n..1
[FaX) R @) o ﬁze..ti
i=0

_Cl.e" n
“nl.e o
C
n oo
where we used—_"— 1asn . Thus, the desired result is obtained. O

Lemma 3.2 There exists G 0depending only on such that for large n

1 c< §+n1n>. (3.9)

23

’E(Fﬁ(Z))




Es-Sebaliy et allournal of Inequalities and Applications  (2023) 2023:62

Consequentlyusing(3.9), for large n

1
c( 2+ )
( "nog

Proof Using the well-known Wick formula, we have

‘E(Fnz(X)) ig

2

E(2222) = E(Z2)E(Z2) + 2(E@Z:Z9)*= %0)+2 Xt ..9.

This implies

E(F32)=T _Efnz(Z) %Efn(Z) + 2(0)]

=T[EfX(2) ... %(0)]

=T = Z 2(0)]

L ij=0
=T ZZ 2(t; . 1)]
L ij=0
2nn12.. 2 ,n 2)j..dl
B IR U e Darry-
ij=0 ij=0
:_n+_n 2(G.41) n
2 r]0i<j n..1
n.1
—_n,_n . R g
5 nZ(n k)e
k=1
n...1 n...1
_ N n R, N ® q
22+_ZZe : ZnZke
k=0 k=1
Further,
n..1
en, N e&n
2 2
2 k=0
_en, nl.e® n
T 22 21 .e2n
_oen, 1 n 1 N oa
T 22 21 . p2n""21. p2 . €
_ e +£ 1 i o2
2 2 22 (L... n+o( p) T 21.e-2n
e 1 1
=5z toalt ot P Rro( D) G
1

(3.10)

(3.11)

(3.12)

(3.13)

Page 8 of 17
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Moreover,
n...1 1 n...1
n R - R
“2p ke= 1 = 2n nz(k ne = "o, (3.14)
k=1 k=1
and asn

n..1 1
Z(k n)e...R n n é / Xe...2x dx = — <
k=1 0 4

Combining (3.12), (3.13, and 3.14 and
on such that for largen

T2 Zi there existsC > 0 depending only

1
2 2 ...2Nn n
‘E(Fn(Z))...F C( pte n)
1
cl 2+
( "'n n)
Therefore, the desired result is obtained. O

Lemma 3.3 There exists G 0depending only on such that for large n

C

ks(Fn(2))] LIS (3.15)

ka(Fa(2))| Cnln (3.16)
Consequently

max((la(F@) | fa(R@)) - @)

Proof Using 1% 1105 = lpog 1oy #lpg lpg= (t..9lpg Loy, we can write

n..1

no1n= 7“ t --ti)lpy  Log-
=0

Combining this with (2.8) and (3.7), we get

kS(Fn(Z)):k3(|2( n)) 8 nin 1y

32 n..1

nTn/z Yo ot) (it ()

ij k=0

32 n..1

nTn/zZ (G-d) n) (G-K) n) ((..) n)

i,jk=0
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3/2
S 2. () (ke ) (ke o)

kil<n,i=1,2,3

nTﬁf (Z (k n)>3. (3.18)

|k|<n

On the other hand,
Z k o) = ize--lkl n
2
|k|<n |k|<n
1 n...1
_Ze~~k n
k=0
l.e"n
@d.e-n
C
—_ (3.19)
n
Combining (3.18 and 3.19 yields
C
ka(Fa(2)) N
which implies (3.15.
Using 2.9 and (3.7), we get
lka(Fa(2))] 48 n 113 2
2 n...1
— n 2 2 2 2
=482 > (lphy 11ty loty 1 loglu 2
k1.k2 k3,ka=0
2 n...1
=483 ) ElZy,Zy,JEZy 24 JEIZy, 74 JEIZy, 74,
k1,k2,k3,ka=0
2 n...1
= 48—;1 Z (tiy - fp) (fig - 1kg) (tig - fg) (fiy - 1g),
k1.k2,k3,ka=0
where we used
1.2, 11,2 = 1pg,1 1 1
og 1log= los:log #lpsg Loy
=E[ZZi]1pg  1pg- (3.20)
Furthermore,
2 n...1
48n—; Do (ko) (g otk (g ) (t i)
k1,k2 k3 ka=0

2 n..1

=487 Do (k) ) ((kska) n) ((Kaoka)) ) ((k2--Ka)) n)

k1Ko ,k3,ka=0
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-48—Z| (1 n) G2 n) G2 n) (Gi+iz-do) o)

|J||<r|

2 A\ 3
c (Y] « n)|3)
+ (2
1 1\ 3
(X« W)
n [k|<n
1
Cn - (3.21)

where we used the the change of variablks..k, =1, ks .. ks =2 andks .. ks = j3, and then

applying the Brascamp-Lieb inequality given by Lemn2al. Therefore, the proof of 8.16
is complete. O

Theorem 3.4 There exists G 0depending only on such thatforalln 1,

dw( 2 2Ry (X),N) c( ﬁ+n1 )

n

Proof Using 3.8) and (3.9), we obtain

dw( 2 ¥R, (X),N)

dW( 2 /2Fn(z)uN) + ” Fn(x) Fn(Z)HLz( )
Fa(2) ) 2 32F, (Z)( 1 )
d N ) +E — ..+/E(F3(Z +
W(JE(FZ(Z)) VEF2@Z)) \ 2 @2 (F:@) ;
Fn(z) 3/2 |E(F2(Z)) _3'| C
dw| ——= N+ +
VE(F(2)) — +VEFXZ) N oa
Fa(2) ) ‘ 2 1 c
d N )+ CIE(FS(2)) .= | +
W(w/E(FZ(Z)) @) 73",
dW ( Fn(z) ,N) + C(
E(F3(2))
cl 2+ ,
( "n n)
where the latter inequality comes from4.7) and 3.17). O
Theorem 3.5 Suppose , OandT . Then, the estimator , of is weakly consis-
tent, that is, , in probability,as , OandT
If, moreovern , Oforsomel< <2orn , for some > 1,then, is strongly

consistentthat is, almost surely

Proof Using (3.9), it is su cient to prove that the results of the theorem are satis“ed for
the estimatorf,(X) of &

The weak consistency df,(X) is an immediate consequence fron8(10.
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Ifn , Oforsome 1< <2,the strong consistency df,(X) has been proved byl[0,
Theorem 11].
Now, suppose than , for some > 1. It follows from (3.10 that

1\1 c c c

Combining this with the hypercontractivity property .6) and [13, Lemma 2.1], which

is a well-known direct consequence of the Borel-Cantelli Lemma, we obtdiix) zi

almost surely. g

Theorem 3.6 There exists G 0depending only on such thatforalln 1,

dw<\/2j(~n...),N> c( 24 nl_n) (3.22)

Proof Recall that by de“nition = g(:+). We have

e o )02 )02 cofi 1)

for some random point , betweenf,(X) and zi
Thus, we can write

\/;(Nn )= 2 3’2Fn(X)+23/2—1_TnS(Fn(X))2.

Therefore,

T ~ 1
dw(\/;(n...),N) S —EF

where we have used thady (X1 + X2,¥)  E[|X2]] + dw (X1,Y) for any random variables,

X2,Y.
The second term in the inequality above is bounded in Theore®4. By Hdolderss in-
equality, and the hypercontractivity propertyZ.6), for p,q> 1 with 1/p+ 1/g=1

1
(57
n
1|P\YP ’
coa(E| 5| ) EIFOOL
n
1
C(E

p\ Up
1 > , (3.24)

n
for some constantC > 0 depending omp.
Consequently, using3.23, (3.249 and Theorem3.4, we deduce that foreverp 1

dw<\/2j(~n...),/\/) ncn<E p)1/p+c< §+n1n>.

+dw( 2 ¥R(X)N),  (3.23)

1
?<Fn(x»2

1/
; ) R0

1
—E(Fn(x»z

1
"3
n




Es-Sebaliy et allournal of Inequalities and Applications  (2023) 2023:62 Page 13 of 17

To establish 8.22), it is left to show that E| ,|® <  for somep 1. Using the
monotonocity of x3and the fact that | [|fn(X),2i|], it is enough to show that
E|f.(X)|®< forsomep 1. This follows as an application of the technica¥[ Propo-
sition 6.3]. O

4 Approximate maximum likelihood estimator
In this section, we study an approximate maximum likelihood estimator of based on
discrete observations oX.

The maximum likelihood estimator for based on continuous observations of the pro-
cessX given by @.1) is de“ned by

3 XsdXs

, 4.1
Jo X3ds )

7=

Here we want to study the asymptotic distribution of a discrete version of.Q1). Then,
we assume that the process given in (3.1) is observed equidistantly in time with the step
size ,:ti=i n,i=0,...n,andT =n , denotes the length of the *observation windowZ
Let us consider the following discrete version of;:

-~ Zinzl Xti...l(xti "'Xti...l)

= .. , 1.
" n Ziﬂ:l thi...l
Note that [6] and [11], respectively, proved the weak and strong consistency of the esti-
mator , asT and , O.

Let X be the process given by3(1), and let us introduce the following sequences

n
$= on thz.l
i=1

and
n n
n ::Zemtixti..i( et ) = Ze“(tiﬂi'“j} ot D
i=1 i=1
where
t
t:/ edeS.
0
Thus,
».\n _ e n., 1+ _n
n S
Therefore,
1
= —[(e- n...1 -
T( n) = T( + )+ I -
; is,
L n
e + T
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2
2 n
= /n g<5+o(1)> + fnT(X) , 4.2)

wheref,(X) is given by 8.6).
Next, since , ;and y ... ,areindependent, we have

E 1 2 — 1 - ---(ti+ti...1"tj+tj...iE
_T n =7 Ze [ oAt tj...1( tj e tj...l)]

ij=1

1 L
- Ze...z(t.ﬂ._..iE[ ti2m1( Gt 2]
i=1

_ %Ze...Z(tiﬂi...iE[ t?...J]E[( tj - ti.”l)z]
i=1

-1 " ...2(ti+ti___j<ez REEI 1)<e2 L=2 ti-ul)
T .lee 2 2

n

_ (1..9’"2 n)]_ -2t 1)
_Wﬁg(l_e t.d)

_(@.e?2n (L.e?n)/ 1.e2T
R (n(l..e--z n))'

Moreover, since

(1.e2n 1 n
@y . 2 2 el

there existsC > 0 depending only on such that for largen

(L ) ]-2] o eih) o

UsingE[ ,]=0andthefactthat ;;, ;and ...y ,areindependent, we get

(5 )% )

On the other hand,

{31

1 n
- Z e GFtitt et i+ )
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T2 2
_ 6(1..6'“2 rI)2 1 2t
e P
6(1.e? 31
T@) 2 n
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where the latter inequalitycomesfromthefactthait“e;:n 2 asn

Theorem 4.1 There exists a constant € 0such that foralln 1,

dw<\/2j(]...),/v) c( nln+\/n>g). (4.6)

Proof De“ne G, := if n. Using .7), (4.4), and @.5), we have

dw (\/EGTLG%)'N> % (4.7)

Combining (4.7) with (4.2), (4.3), and 3.10, we obtain

o|W<\/2j(An ),/\/>

1 Gn 3
"W(?M*”)*C n
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n i

(\/éﬁ ) ‘JE(?&(X)(@ f“(x)>

H VEGD 1)

=) | =
( VEGY)' E&)
+Cy/n 3
1 1
—+ + 3
C(n n—n) “yn
1
C|l —+.,/n 3),
< n g “)

where we used the fact thaE|f,(X)|*< , which is a direct application of the technical
[7, Proposition 6.3]. The proof of 4.6) is thus complete. O

L ) fn(x) L4 ) L2( )
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