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In this paper, we will prove some fundamental properties of the power mean operator

of order p and establish some lower and upper bounds of the compositions of
operators of different powers, where g, A are a nonnegative real valued functions
defined onTand Y(t) = for)»(s) ds. Next, we will study the structure of the generalized
class Uy (B) of weights that satisfy the reverse Holder inequality

Mgu < BM,u,

forsome p < g, p.g#0,and B> 1 is a constant. For applications, we will prove some
self-improving properties of weights in the class L{E(B) and derive the self improving
properties of the weighted Muckenhoupt and Gehring classes.
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1 Introduction

In [20], Muckenhoupt introduced a full characterization of Muckenhoupt A”-class of
weights in connection with the boundedness of the Hardy-Littlewood maximal opera-
tor in the space L% (RR,) with a weight #. Another important class of weights, the Gehring
class GY, for 1 < g < 0o, was introduced by Gehring [11, 12] in connection with local
integrability properties of the gradient of quasiconformal mappings. Due to the impor-
tance of these two classes in mathematical and harmonic analysis, their structure has
been studied by several authors, and various results regarding the relationship between
them and their applications have been established. We refer the reader to the papers
(1, 2,4-10, 13, 14, 16—19, 26-30, 32] and the references cited therein.

In the following, for the sake of completeness, we present the background and the basic
definitions that will be used in this paper. We fix an interval I C R, = [0, c0) and consider
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subintervals I of I of the form [0,¢], for 0 < £ < oo and denote by |I| the Lebesgue measure
of I. Throughout the paper, we assume that 1 < p < co. A weight u is a nonnegative locally
integrable function defined on R, . Most often u, which is a positive function of real num-
bers defined on IR, will appear in the role of the weight in L% (R, )-estimates, i.e. we shall
consider the norm

oo 1/p
lgl iz, = ( fo ()" u(2) dt) < 00.

In the literature, a nonnegative measurable weight function # defined on a bounded inter-
val ILis called an A?(C)-Muckenhoupt weight for 1 < p < oo if there exists a constant C < co
such that

1 1 1 p-1
(mflu(t)dt> <mv/1u = (t)dt) <C, (1)

for every subinterval I C I. Muckenhoupt [20] proved the following result. If 1 < p < co and
u satisfies the A?-condition (1) on the interval I, with constant C, then there exist constants
q and C; depending on p and C such that 1 < g < p, and u satisfies the A?-condition

1 1 L -1
<m/1u(t)dt> <m/1u 7 (t)dt) <(, (2)

for every subinterval I C L. In other words, Muckenhoupt’s result (see also Coifman and
Fefferman [3]) for self-improving property states that: if u € A?(C) then there exists a con-
stant € > 0 and a positive constant C; such that u € A?~¢(C;), and then

AP(C) C AP~4(Cy). (3)

In [20], Muckenhoupt introduced the characterizations of A”-class of weights in connec-
tion with the boundedness of the Hardy-Littlewood maximal operator

1 y
Mg(x):= sup —— | g(s)ds, (4)
y#xyel Y — X Jx

in the space L(R,) with a weight u. In particular, Muckenhoupt proved the following
result: If g(x) is nonnegative weight on an interval [ and 1 < p < 0o, then the inequality

/ (Mg(x))pu(x) dx < K/ (|g(x)|)pu(x) dx,

R+ +

holds if and only if the inequality (1) holds, where the constant K independent of g. An-
other important class of weights, which is related to the Muckenhoupt class, is the G?-
class for 1 < g < oo of weights that satisfy the reverse Holder inequality. This class has
been introduced by Gehring [11, 12] in connection with local integrability properties of
the gradient of quasiconformal mappings. A weight « satisfies the G7-condition (or is said
to belong to the Gehring class G7(K)) if there exists IC >1 such that the inequality

1
(% /qu(x)dx> ! < K(% /Iu(x) dx>, forall7 CI. (5)
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holds. Gehring result says that if a weight satisfies a reverse Holder inequality for some
exponent, then it satisfies a reverse Holder inequality for a slightly larger exponent. In
particular, Gehring proved that there exists € = €(n,g, ) > 0 such that u € L?(I) for p <
q + €, while for each p, there exists a new constant KC, = K,,(n, ¢, K, p) such that

i P < (i )p
i /Iu x)dx <IC, i /Iu(x)dx . 6)

In other words, Gehring’s result for self-improving property states that:
ueGYK) = 3Je>0 suchthatue GI™(IC,).

The proof of Gehring’s inequality has been obtained using the Calderén-Zygmund De-
composition Theorem and the scale structure of L?-spaces. In [25], Popoli established the
sharp results for the self-improving and the transition properties of Gehring G? and Muck-
enhoupt A? weights by unifying the corresponding sharp results for weights satisfying a
general reverse Holder inequality in a general space named B};. We say that u belongs to
the class B} (K) if u satisfies the reverse Hélder inequality

[/up(t)dt]p §K|;/uq(t)dt]q, K >0,
1 1

for some constants p > g and for every subinterval / C I. Popoli showed that the optimal
exponents of integrability as well as the best constants in the integral inequalities could be
obtained by means of the function

cwan-(25) ()

provided the appropriate setting of variables. Actually, by observing that the function w
is strictly increasing for x in (—00,0) and strictly decreasing in (0, +00), we have that the
equation w(p,q,x) = B, B > 1 admits only one negative solution v_ = v_(p, ¢, B) and one
positive solution v, = v,(p,q, B). One way of establishing Gehring’s Lemma involves ex-
ploiting the correspondence between a weighted Muckenhoupt class and a reverse Holder
class. In fact from (5), we get that

1 1 1 ,;T11 p-1 1 q(p-1)
i ~p1 i -1
(|[| /qu (x)(u(x)> dx) < K1 (|I| /Iu(x) dx> . (8)

By taking g = p/(p — 1), we have from (8) that (here U(J) = f] u(t) dt)

1 1 1 1 \i1 A\
(mf,”(’“)(m)”’x)(mf,”(")(m) "”C)

P U\’
< jav-1 L|[P|(1) (#) =K?, forallICI,

which is a weighted A% (K?) condition for z~! with respect the weight z and p = q/(g — 1).
This shows that if z € GZ(K) then u™! € A4(C) with C = K? where p = q/(g — 1). On the



Saker et al. Journal of Inequalities and Applications (2023) 2023:76 Page 4 of 21

other hand, in considering mean convergence problems for various series in [21-23], it
was natural to consider the weighted Hardy-Littlewood maximal operator

Mg(x):= sup

1 y
y#xx,y€l w /x g(t) dm(t), o)

where m(t) was a suitable measure, and the quotient is to taken as zero if the numerator
and the denominator are both zero or both infinity. In [20], the author proved that if m is
a Borel measure on an interval I, which is 0 on sets consisting of single points, 1 < p < 0o
and g(x) be a nonnegative weight on I, then Mg is bounded on L% (R,) if and only if

1 1 . p-1
<W /1 u(t)dm(t))(m /1 u'r (t)dm(t)) <C, (10)

for every subinterval I C I, where C is a positive constant independent of g. So, it was natu-
ral to study the structure of the Muckenhoput class A% (C) with a weight A and the Gehring
G! with a weight A. A nonnegative measurable weight function u defined on a bounded
interval I is called an A? (C)-Muckenhoupt weight for p > 1 if there exists a constant C < 0o
such that

-1
(ﬁ /1 A(t)u(t)dt) (ﬁ /1 x(t)u‘zfl(t)dt>p <c, (11)

for every subinterval I C I, where Y(I) = flk(t) dt. In [24], Popoli extended the results
established in [15] and proved that the self-improving property holds and gave explicit and
sharp values of exponents. We say that the nonnegative measurable function u satisfies the
weighted Gehring G -condition if there exists a constant K > 1 such that

1 1/q 1
(m /qu(x))»(x) dx) < K(m /I)L(x)u(x) dx), (12)
for all I C I, where Y () = fI A(x) dx. For a given exponent g > 1, we define the GZ-norm of
uas
1 1 e
Gl(u) = sﬂlgla[(m /Ik(t)u(t) dt) (m /Ik(t)uq(t) dt) i| , (13)

where the supremum is taken over all intervals I C I and represents the best constant
for which the GZ-condition holds true independently on the interval I C I In [31, Theo-
rem 4.1], Sbordone proved that if (12) holds and A(x) dx is a doubling measure, i.e. there
exists a constant d > 0 such that Y (27) < dY (I), then there exists a p > g such that

2 fuenras)” < )
(w) e (x)k(x)dx) <1 (5 [P0 d). 1)

By the weighted power mean operator Mg of order g # 0 and nonnegative weight g de-
fined on [, we call the operator

Moo= (L /A(s) q(s)ds>1/q forIClI (15)
qg' T(I) | g ) .
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In the present paper, we consider the class 2/ (B) of all nonnegative weights g satisfying
the reverse Holder inequality

Mg <BM,g, (16)

where the constant B > 1 is independent of [ and p, g such that g > p. The smallest constant,
independent of the interval I and satisfying the inequality (16), is called the /;-norm of
the weight g and will be denoted by ¢4/ (g) and given by

ST

US(Q) = sup(M,g) 7 (M,g)7, for I CIL. (17)
Icl

We say that g is a U, -weight if its 24 -norm is finite, i.e.
gell < Ulg <+oo.

When we fix a constant C > 1, the triple of real numbers (p,q,C) defines the U] class:
gelli0) = Ul =C,

and we will refer to C as the Ug -constant of the class. It is immediate to observe that the
classes A% and G are special cases of the class U of weights as follows:

AR :=L[1%p, and G} :=U{.

The paper is organized as follows: In Sect. 2, we state and prove some basic lemmas con-
cerning the bounds of power mean operator M,g. In Sect. 3, we establish some lower
and upper bounds of the compositions using two special functions p, and p, defined
later and prove some inclusion properties. For example, we prove that if g € I (B) then
Mg € U, (B;) with exact values of 1 and B;. In Sect. 4, we present some applications of
the main results and prove the self-improving properties of a monotone weights from f;/,
i.e. we will prove thatif g € Z/{g(B) then g € U, (B;) with exact values of 5 and B. For illus-
trations, we will derive the self-improving properties of the Muckenhoupt and Gehring
weights as special cases. The results in this paper improve the results in [24, 31] in the
sense that the results are valid for arbitrary parameters p < g, p.q # 0 and can be consid-
ered the natural extension of the results in [7].

2 Basic lemmas and some fundamental properties

In this section, we state and prove the basic lemmas that will give some properties of the
power mean operator that will be used to prove the main results later. We will assume that
I is a fixed finite subset of R, and we recall the power mean operator Mg that we will
consider in this paper is given by

1 t 1/p
M,g(t) = (m/() A(s)g? (s) ds) , foralltel, (18)

for any nonnegative weight g : I — R* and p € R\{0} and Y(¢) = fot A(s) ds. For the sake of
conventions, we assume that 0- oo =0 and 0/0 = 0.
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Lemma 1 Assume that g : 1 — R* is any nonnegative weight and p € R\{0}. Then the
following properties hold:
(1). If g is nonincreasing, then Mg is nonincreasing and M,g(t) > g(t), for all t € IL
(2). If g is nondecreasing, then Mg is nondecreasing and M,g(t) < g(t), for all t € L.

Proof 1). From the definition of Mg and the fact that g is nonincreasing, we get for p = 1
that

1 ¢ 1 ¢
Mug(t) - (W fo us)g(s)ds) > (m /O us)g(t)ds) _g().

For the general case when p # 1, we also have for all ¢ € I that

1/p

t 1/p t
Mpg(w:(ﬁ /0 A(s)gp<s)ds> z(ﬁ /0 A(s)g%)ds) _ g(0).

From this inequality, we get that
t
Y(8)g?(t) < / A(s)gf(s)ds, foralltel. (19)
0

Now, using (19) and the fact that g is nonincreasing, we obtain that

o ) . (l/p)—lT(t))L(t)gP(t)_A(t)f(fk(s)gp(s)ds
(Mpg®) = ;(m /0 )‘(S)gp(s)ds> T2(z)

1 1 WP=1 15 (5)g? (s) ds — [ ()P (s) dis
< —A(t)(m /0 A(S)g”(SMS) T2(0)

:0,

that is (M ,g(¢))’ <0 for all ¢ € [, and thus M ,g(¢) is nonincreasing.
2). From the definition of M,g(t) and the fact that g(¢) is nondecreasing, we have for
p =1 that

1 t 1 t
Mig©) = 7o /0 Mg ds < 2 /0 Ms)g(t)ds = g(¢). (20)

For the general case when p # 1, we also have for all ¢ € I that

t 1/p ¢ 1/p
M,pg(t) = <ﬁ/(; A(s)gp(s)ds) < (ﬁ/{) )»(s)g”(t)ds) =g(t).

From this inequality, we see that

Y (t)gr (t) > /:)»(s)gp(s) ds, foralltel (21)
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Then, using inequality (21) and the fact that g is nondecreasing and proceeding as in the
first case, we obtain that

(Mpg(t))/

L1 WL (AP (£) - M(2) [y M(s)gP(s) ds
(7w [ Hoe0a) 0

. Lot WP=1 15 ()gP(s) ds — [ M(s)g? (s) ds
ZZ””(W/O k(S)g"(SMS) T2(r)

:O,

which implies that (M,,g(¢))’ > 0 for all £ € I, and thus M ,g(t) is nondecreasing. The proof
is complete. O

As in the proof of Lemma 1, we can also prove the following results.

Lemma 2 Assume that g : 1 — R* is any nonnegative weight and q € R\{0}. Then the
following properties hold:
(1). If g is nonincreasing, then Mg is nonincreasing and M,g(t) > g(t), for all t € I
(2). If g is nondecreasing, then M ,g is nondecreasing and M,g(t) < g(t), forall t € IL

To prove the main results in this section, we will use the properties of the function

1/p
pp(n) = <1_%> ,

of the variable for n € (—oo, min(0,p)) U (max(0, p),00). It is clear that the function
pp(n) is continuous and increases from 1 to +00 on (—oo, min(0, p)) and from 0 to 1 on

(max(0, p), 00) and

Up /p
ep(mpp(p —n) = (1—%) <1_p%n>
p

forn e (—oo,min(O,p)) U (maX(O, q), oo).

The function S, ,(n) is continuous and increases from 1 to +0c on (-0, min(0,p)) and
decreases from +00 to 1 on (max(0, g), 0). Therefore, for any B > 1, the equation

1-pm)'?

S = =
(1-g/m)e

.a (1) B, (22)

has two roots: a positive root n* and a negative root n".

Page 7 of 21
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Theorem 3 Let p < q, p.q#0, and g :1— R* be any nonnegative weight. If g € U (B) for
B> 1, then

. Mgt _
pp(n) < /\/lp(/f/l—ig))(t) <pp(n7), foralltel, (23)

where n* and n~ are the roots of (22).

Proof From the definition of M g(t), we have that

, 1 s plg’
(roMe0] = [ 1055 [ Hwgwan) |

1 s plq
:A(s)(m/(; )L(u)gq(u)du>

ST )((i /Sx( () d )M)/ (24)
s 10 ), w)g?(u) du .

The second term in (24) is given by

1 s plg\’
T(S)<<m/0 k(u)gq(u)du> )

Py (M)W (T(s)us)gq(s) = M(5) fo Mu)g?(u) du)
q T(S) TZ(S)
p

o Mu)g?(w) du\ P07 p o Mu)g?(w) du\P'
J(T) - Do (REEEE) )

By combining (25) and (24), we obtain

s /
romeo] = (22 (5 [ M) 0

s (p/g)-1
+§<% fo A(u)gq(u)du) 1(s)g1(9)- (26)

Integrating (26) from O to ¢ and dividing by Y (¢), we have that

~ qg-p 1 t 1 s plq

p 1 t 1 s (plg)-1
ot [ G [ rgrdn) ™ a0 (27)

From the definition of M,g, we see that the first term in (27) is given by

1 ¢ 1 s plq
%/0 A(S)(mfo )»(M)gq(u)du> dsz[Mp(ng)(t)]p’ 28)

Now, we have the term

1 rAr . )(p/q)—l
T(t)/o (T(s) /0 Mg (u) du A(s)g?(s) ds.



Saker et al. Journal of Inequalities and Applications (2023) 2023:76

By applying reverse Holder’s inequality for p/q < 1 and p/(p — q), we obtain that

t s (Plg)-1
ﬁ/o (ﬁfo A(u)gq(u)du> A(s)g?(s) ds
1 ! 1 s rlq (-a)lp
= (3 [ 20(55 [ rowrwan)as)
£ qalp
* (% /0 A(s)g (s) ds)

= [Mp(ng)(t)]piq[Mpg(t)]q'

(29)

By substituting (29) and (28) into (27), dividing by p[M,(M,g)(£)}?, and then applying

(16), we obtain that

1 M@ >(1_1)+1 [M,g ()]

p [(Mp(My)))r — q)  qMp(My)@®))e

(2o 1)l
P q q [Mp(M,g)(8)]4

By setting

[Mp(Myg)(®))
[Mp(M)(0)]1F — [Myg ()P’

n=p

we see that inequality (30) can be written in the form

o[, MM - (M T/P
B™|1-
|: [M qg t)]p
_ B_,,[ (Mg ]"/"Sl_zﬂ (Mog®Y
(M, (M) P pIMMg) O

<11 (1 _ Mege@®P )
p [Mp(Myg)(1)]P
q ( [M,(M@)(B)]F = [Myg®)P )

=17y M, (M) OF

This inequality can be written now as

1/p 1/q
()" e
n n

or equivalently

(1- 2y

Spa(n) = m <B, forallp<gq.
n

(30)

(31)

(32)

Page 9 of 21
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This means that n € (—00,77] U [1*, +00). The properties of the weight p, imply that
pp(n*) < pp(n) < pp(n~), and since

pp(n) = (1 - E)”‘” - (1 _ MM @) - [ngunp)w

n [Mp (M) )]
- (1 1s i asOr )“P _ Mg
[Mp(Mgg) (D)1 M, (Myg)(8)’
we obtain that
s (Mg (2)] .
— ) 33
pp(n*) < M, (M < pp(n”) (33)
which is the desired inequality (23). The proof is complete. d

Theorem 4 Let p < q, p.q#0, and g : 1 — R* be any nonnegative weight. If g € U, (B) for
B> 1, then

Mgt
Pq(m) < /\/lﬂl(jf/l—gjg))(t) < pq(n’), foralltel, (34)

where n* and n~ are the roots of (22).

Proof From the definition of M,g(t), we obtain that

[T () Mig(s)]

1 s qlp’
_ [m(m /0 A(u)g*’(u)du) ]

1 s qlp 1 s q/p/
:A(s)(mfo )»(u)gp(u)du) +T(S)|:(m/o )»(u)gp(u)du) i| (35)

Proceeding as in the proof of Theorem 3, we get that

7 q 1 t 1 s qlp
[M,pg(s)]" < (1-1;)% /0 MS)(W /0 x(u)gp(u)du) ds

q 1 t 1 s (q/p)-1
[ (5 [ rogwan) T sogoas (36)

From the definition of Mg, we see that the first term in (36) is given by

1 4 1 s alp
W/O )»(s)(m/() A(u)gp(u)du> ds = [My(M,)@®)]". 37)

Now, we simplify the term

1 rAr , ><q/p)—1 )
T(t)/o (T(s) /0 Ma)g? (u) du Ms)g?(s) ds.
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By applying Holder’s inequality for ¢/p > 1 and ¢q/(q — p), we obtain

1 ¢ 1 $
_ _ P
T(t)/o (w/o Hug

1 t R ’ » )‘W )(q—p)/q ( M)p/q
(s | 0 [ o) " 0
= [My(M0) 0] [Mag®]

(a/p)-
(u) du> As)g? (s)ds

(38)

By substituting (37) and (38) into (36), dividing by g[ M (M ,£)(£)]4, and applying (16), we

obtain

[(M,g(£)]4 - (1
gM;(Mpg)®)]7 ~ \ q

(1
S —
q

__1>+l
p)  p My

1) BP
I Wt
p) pl

(Mg}
Mpg)()

[(Mpg@))

MM OF (39)

This inequality now takes the form

| M(M,@] -
[B<1 M, (M

(o) |7
[(Mg(M,g)(1)]e

PO p(_
o1 g\

T U {O)
-4 gMM

=1-%2

p [Mg(Mpg)(0)]? -

[ pg(t)]")”qr
28 (1))

pg(t)]
[Mq(/\/lpg)(t)]”

(Mg ()] )
My(M,g)(#))e

— [Mpg®)l” (40)

q [My(M)@)]7
By setting

- [(Mg(Mpg)()]? (41)

~ MM 0 - Mg

we see that the inequality (40) takes the form

1/p 1/q
()"
n n

or equivalently,

YAYY)
(1-2)1p

Sp,q(n) = m <
n

This means that n € (—00,777] U [n*, +00). The properties of the weight p, imply that

0g(N") < pg(n) < pg(n7), and since

1/q /g
(1_2) " _(; MMp)@)] - [Mpg(t)]q)
- <1 77) ) <1 [Mg(M,g) )11

Page 11 of 21
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(1 1o )”q: )
M M@ )~ TM (M, @]

we obtain that

+ Mpg(t) _
pe(n*) < M, (M0 <pq(n),

which is the required inequality (34). The proof is complete. O

The assumptions and the conclusions of Theorems 3 and 4 will be used in proving the

following theorems.

Theorem 5 Assume that the conditions in Theorems 3 and 4 hold. Then the compositions
(C@©)" MM)@), and (Y1) Mp(M2)(0) (42)
are nonincreasing
(T0)" MpMe®), and  (1(0)" M (My)(@), (43)
are nondecreasing.
Proof Using the definition of M, (M,g)(t), we see that

(P )" My (Myg)(0))

= (Y)Y My(M,)®) + (TO) (M, (M,)®)
= %(T(ﬂ)(”" UMM 0 + ()" (My(M,0)®). (44)

From the definition of M,(M,g)(), we see that

(My(M,2)®)'

1 t 1 s qlp g\ !
= ((m/ MS)(W/‘ A(u)gp(u)du) ds) )
qalp (1/g)-1

5w [0 [rorwa)” )

T(t)k(t)(T(t fo (u)g? (u) du)?? — A(t) fo Als) (Y o Mo)g? () du)?'? dis
T2(2)

A2)

=0 [(My (M) ) (Myg(0)" = My(M,0)(®)]-

This and (44) imply that

1

(r@®)"" MM, @) = - (@)™ OMy(M,g)(®)
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. (T(t))“’"“‘l}I(Mq(Mpg)(t))l‘qu (M,g ()

am*

_%(T(t)) TIAOM(M,9)(2)

= q
- (1) oMM 0| e+ () -]

M, M0®) ql

That is
+ , +y_
((r®)"" MM ®) = (x@®) " MOM (M,
1 1 M,g(?) )q 1}
R Al L 45
<[ i (wohew) 4
We note that the same equality remains valid if p and g change places, that is

+ +y_
(@)™ MpMeg)®) = (T @)™ MMy (Mg)(®)
1 1 Mgt L |
L (e y 1) »
nt p \Mp(Myg)(®) p
It is clear that the signs of the derivatives of the left-hand side of (45) and (46) are deter-
mined by the signs of the terms in the square brackets on the right-hand side. In turn, the

signs of the square brackets are determined by inequalities (23) and (34). For example, the
left-hand side in (23) means that the derivative

(Y@ My(M,)®)

) lp\ p
> (Y()"" T O M (M) ) [ni * }, ((1 - nﬁ) > B zﬂ -0

is nonnegative. Hence, the function (Y (£))" " M »(M,g)(t) is nondecreasing. Analogously,
we can prove the monotonicity of the remaining functions mentioned in the theorem. This
completes the proof. g

3 Main results
In this section, first, we prove that the power mean operators Mg and Mg of the weight
g € U] satisfy the the reverse Holder inequality with some better exponents.

Theorem 6 Let p < q, p.q # 0, and g be any nonnegative weight, and n* and n~ are the
roots of equation (22).
0).Ifg eL{Z(B)forB >1landn<ntandn+#0, then

Mact(Gia) ot M (7). w

(ii). Ifg € Z/{}?(B)forB >1landn>n,andn#0, then

M,g e ug(—zgz;) and Mg e W(—ZZEZ;) (48)
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Proof (i). Since 7 is either positive or negative, we will discuss the two cases:

1). Assume that 5 > 0. By raising (34) to the power 7, we obtain for s < ¢ that

(Y®) ™" 25)o2 (") [(Y)"" My(M,0)s)]"
< A(9)(M,g(s)"
<2©)(06) ™" p2 (M) [(T©) " My(Mpg)(s)]"- (49)

Using the monotonicity of
()" MMy)@), and  (T(0)"" M(Myg)(@),
we have that

()™ 1! (") [(Y D) Mg(Myg)(@)]"
< (Mpg(9))"2(s)
<) ™" 2 () [(r )" MM, @)]". (50)

Let < n*. By integrating from 0 to ¢ and dividing by Y(¢), and raising it to the power
1/n > 0, we get that

Pl O(TENYT My (M,g)@®)]" [ . )“"
( T /0 A(s)(Y(s)) ds

(L AN
< (s [ 000" )

PaM)(TONVT MM, [* S\
5( 0 /O A(s)(Y(9)) ds) . (51)

Since

(X))
/0 (’Y‘(s)) A(s)ds = 4(—77/77+) 1

we have

Pl My (M) [ ot )””
( 0 [)A(s)(T(s)) ds

— (10;](77_)[(T(t))l/n+Mq(Mpg)(t)]77 (T(t))—n/n++l>l/n
() (=n/n*)+1

1 1/n
_ <pg(n-)[Mq(Mpg><r)]"m)
nt

_ Pq(’]_)
pn(n*)

Mg(Mpg)(®). (52)
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Similarly, since n~ < 0, then —n/n~ > 0 and hence —n/n~ + 1 > 1, we have that

¢ -n/n"+1 _ (’Y‘(t))—ﬂ/'f”

! -nin” _
./0 (Y ()™ A(s)ds = ey —

In this case, we have

/ NV
(pq(n ()" Mq(/\/lpg)(t)]"/ A(s) () nin ) !

Y(t)
(Pq( (@) M d(M,2)(0)]" (Y ()™ +1>l/n
- (@) -n/n~+1
) SZEZ‘;Mq(M"g)(t)' (53)

By substituting (52) and (53) into (51), we obtain

pq(77+) Pq(ﬂ‘
pn(n‘)Mq(MPg)(t) < M, (MpQ)(0) < 1)

Mg(M,g)(2),

which implies that

Mg e Z/I,;7 ('Z:EZ:D,

that is the second relation in (47) in the case n > 0.

2). Assume that 7 < 0. By raising (34) to the power 5, we obtain for s < ¢ that
1) (0E) ™ e [(16) " My(M,g)(6)]”
> A(s)(M,g(s))"
> 26)(06) ™" o2 () [(T6) " My(M,)s)]". (54)

Using the monotonicity of
(r®)" MyMy)®), and  (T(©)"" M(M,g)(@),
we have that

1) ™ el )[(T©)" My(Mu)@)]'
> (s >(Mpg< ))
> 2(06) ™" o)) [(T©)"" M(Mug)®)]" (55)

By integrating from O to ¢ and dividing by Y (¢), and raising it to the power 1/n < 0, we get
that

Y 1/n~ n t o
[(r@) /;/::)(Mpg)(t)] Pg(n+)/o AMs)(T(s)) " ds

1 t . 1/n
< (1 [ *0(Me0)"as)
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T ()" My(M,g)(®)]" ' “nl*
< (OO ) [ 2™ as. (56)

Proceeding as in the proof of the first case, we then obtain that

Pq(n_)
:017(77+)

PaT) 4 (Mo)() = My (Myg)(8) <

oyl Mg(M,g)(®).

This gives us gain that

Myg ety (2405),

which is the first relation in (47) in the case 1 < 0. Similarly, we can prove the first relation
in (47) using the relation (23). Analogously, we prove the two relations in (48) using the
same technique and inequalities (23) and (34). The proof is complete. d

In Theorem 6, we proved that the power mean operators Mg and Mg of the weight
g € U} satisfy the reverse Holder inequality with some better exponents. However, the
fact that the mean Mg or Mg belongs to some class 4 does not imply that the weight
g itself belongs to U,}. Thus, Theorem 6 does not guarantee the self-improvement of the
summability exponents of the weight g € 4. But, if we additionally assume the condition
of the monotonicity of the weight g, then we can obtain the following results for self-

improving of exponents.

Theorem 7 Let p < q, p.q #0, and g be any nonnegative weight belongs to U, (B) for B> 1,
and n* and n~ are the roots of the equation (22).
(1). If g is nonincreasing, and 1 < n*, then

pol) ) < pq(7) )
uf ————), un ————1,.
e q(pn<n+>pp<n+> £ oy r)on () (57)

(2). If g is nondecreasing, and n > n~, then

7)oy (n7) Pq(n™)pn(n7)
Ui pp—n), up(%), 58
g€ "( (") £ =0 (589

Proof (1). Since g is nonincreasing, and since
1 t 1/p
M,g(t) = (—/ A(s)g? (s ds) , foralltel,
O E I R0
we have that M ,g(¢) > g(¢), and so
My (Mgg)(®) = M, g(2). (59)

By applying the second relation in (47), we obtain that

pp(’)_)
pn(n*)

My(Mgg)(e) < Mp(Mgg)(@). (60)

Page 16 of 21
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By applying the left-hand side of the inequality (23), and since Mg (¢) is nonincreasing
(see Lemma 1), we from have (59) and (60) that

Mgt < My(Me0)® < 27 i, (Mog)(0)
Py(1%)
ﬂp(n") Mg(2).
= oy1)ep(nt) "
That is
Pp(17) )
el ———— ),
£5% (pn(n+)pp(n+)
which is the first relation in (57). Similarly, since g is nonincreasing, we have M,g(t) > g(¢),
and so
My (Mpg)(t) = M, g(2). (61)

By applying the first relation in (47), we obtain that

pq(’?_)
pn(’fr)

M,g(t) < M, (M,g(t)) < My (Mpg(®)). (62)
By applying the left hand side of the inequality (34), and using (61), (62) and the fact that
M,g(2) is nonincreasing (see Lemma 1), we have that

,Oq(ﬂ )
pn(77+)

M, (g(8) < My(M,g(®) < My(M,g(®)

Pq(fl_)
- pn(n*)pq(w)M"g(t)'

That is

pq(n”)
© un <q7> ’
S AN EE P D
which is the second relation in (57).

(2). Since g is nondecreasing, then by Lemma 1, the fact that M,g(¢) is nondecreasing
and M,g(t) < g(t), we have that

My (Mpg)(t) = M, g(2). (63)

By applying the first relation in (48), we obtain that

My(Mpg)(t) = %M,{(Mpg)(t). (64)

By applying the right-hand side of the inequality (34), we have that

- () Mpg(t)
= pgm)py(n7)

My (Me)(t) = p (65)
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By combining (63) and (65), we have that

- Pqm7)pn(n7)

Mpg(t) = ,0q(7]+) Mng(t)!
that is
pq(ﬂ_)pn(n_))
up -, < b
gc ( Pa(n)

which is the second relation in (58). Again, since g is nondecreasing, Lemma 2 implies that
M,g(2) is nondecreasing and M ,g(¢) < g(¢), and so

My(Mag)(t) = Myg(2). (66)
By applying the second relation in (48), we obtain that

Pp(ff)

M, (M g)t) > o)

Mp(Mgg)(®).

By applying the right-inequality in (23), we have that

,Op(ff)
P (n7)

My (@)(€) = My (Mgg)(t) = Mp(Mgg)(t)

Pp(’fr)

= pp()py(n7) Mag(®). (67)

By combining (66) and (67), we have that

Pp(n7)py(1n7)

M
qg(t) = pp(’f)

M, g(?).

pp(n‘)pn(n‘))
Ui ———————=1,
g€ '7< /Op(n*)

which is the first relation in (58). The proof is complete. d

In the following, we will apply the above results in deriving the self-improving properties
of the two Muckenhoupt and Gehring classes

AY :=U1%p, and G :=U{.

Theorem 8 Let p > 1 and g be any nonnegative and nondecreasing weight belonging to
AP(B) for B> 1. Then g € A](BY) for n € (n~, p] where n™ is the root of the equation
p—n

L= gy =1, (68)
p-1
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and

y_ p)ey ()
p1(n)

Proof Since A} :=U", , then equation (22) becomes C,,(n) = B, which is written by
=7

P

(20 (m) -

By applying the transform n — 1/(1 — x), we see that 1~ is determined from the equation

P20 gyt =1, (69)

which is the desired equation (68) and the constant B is obtained from (58) and given by

A AURIUD)
? p1(n)

The proof is complete. O

Theorem 9 Let q > 1 and g be any nonnegative and nondecreasing weight belonging to
G1(B) for B> 1. Then g € G}(BY) for n € [q,n*) where n* is the root of the equation

(g) (L) _B (70)
X xX—q

p1(n7)y(n7)
pi(n*)

and
B =

Proof Since G := U], then equation (22) becomes Cpq(n) = B, which is written by

() ()

which is the desired equation (70), and the constant Bj is obtained from (57) and given by

v _ :01(77_))077(77_)
! p1(n*)

The proof is complete. d

4 Conclusion

In this paper, we have considered a class of generalized H6lder inequalities and proved the
self-improving properties of the weights in this class. The main results are proved by em-
ploying some properties of a mean operator and additional properties of the composition
of different operators with different powers. By employing the self-improving properties
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of the general class, we have derived the self-improving properties of the Muckenhoupt
weights and the Gehring weights, which are compatible with the results obtained by some
authors in the literature.
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