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1 Introduction
Convexity is a fundamental and widely applicable notion. Its enormous practical impact
on industry and business makes it an important aspect of our daily lives. In fact, convex-
ity plays a crucial role in solving many real-world problems, particularly those related to
constrained control and estimation. From a geometric perspective, a real-valued function
is considered convex if the line segment connecting any two of its points lies entirely on
or above the function graph in the Euclidean space.

The convexity of a function in the classical sense is de“ned as follows: a functfgn
M — R is convex if

fijx+ @0y =i+ ..)f(y) Viel0,1]. (1.1)

If the above inequality is reversed, then the function is said to be concave.

Convexity is a constantly evolving notion, and its extensions and generalizations are
growing rapidly with the advancement of modern engineering, optimization, economics,
and nonlinear programming [L..3]. Recent generalizations of convexity include those
found in [4..11], among others.

The notion of convex functions has been used to prove various inequalities, including
the Schur, Hermite...Hadamard, and Fejér-type inequalities. Among these, the Hermite...
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Hadamard inequality is arguably the most important and most studied. It is stated as fol-
lows.
Letf; : M € R — R be a convex function, and leti;,b; € M with a; <b;. Then the
following Hermite...Hadamard double inequality holds:
a+b 1 by fi(ag) +f1(b
[ 21 o f,(x)dx < fu(a) +1a(by)

1.2
2 - bl..al a 2 ( )

This inequality has numerous applications in various “elds of mathematics, including
analysis, geometry, and optimization. Other applications of convexity include optimiza-
tion problems, game theory, and statistics, among others.

Fejér [L1] presented a generalization of the Hermite...Hadamard inequality using a
weight function w(x). Let f; : [a;,b;] € R — R be a convex function, and letw :
[a1,bi1] — R be a nonnegative integrable function that is symmetric aboﬁ%;—bl. Then
we have

b1 b1 by
a1t b wx)dx < fLQwW(x)dx < w w(x) dx (1.3)

2 ai ai ai

fy

This inequality can be seen as a weighted generalization of the Hermite...Hadamard in-
equality and has numerous applications in various areas of mathematics, including anal-
ysis, approximation theory, and numerical integration. The weight functiow(x) can be
chosen to re”ect various properties of the function being integrated, leading to more ac-
curate approximations and more informative results.

There are several results present in the literature about advancement of inequality the-
ory. For example, in 2021, Kizil and Ardicl2] presented new inequalities for strongly
convex functions using the Atangana...Baleanu integral operators. In 2020, Akdemir
and Ozata [L3] established Griiss-type inequalities for fractional integral operators in-
volving the extended generalized Mittag-Le er function. In 2019, Ozdemir 14] re-
“ned the Hadamard integral inequality vik-fractional integrals forp-convex functions.

In 2022, Avci Ardic, Akdemir, and Set 15] introduced new integral inequalities via
geometric-arithmetic convex functions and provided various applications. Moreover, Ek-
inci, Ozdemir, and Set 16] developed in 2020 new integral inequalities of Ostrowski type
for quasi-convex functions and provided applications in numerical analysis, and Wang
and Shi [L7] in 2006 established Hermite...Hadamard-type inequalities fotimes dif-
ferentiable and GA-convex functions with applications to means. These studies provided
useful results for researchers in the “eld of inequalities and their applications in various
mathematical problems.

Set[18] (2018), studies the integral operators of stronglp,(h)-convex functions. The au-
thor presents some new properties of these operators and proves some important results
concerning the p,h)-convex functions. Sahiner and Sarikaya (2020), it9] investigated
some Fejér-type inequalities fos®)-convex functions. The author established some new
inequalities, including some re“nements of known results, and presented some interest-
ing applications of their “ndings. Malik et al. R0] in 2019 was concerned with inequalities
for generalized f, q)-Euler numbers and polynomials. The authors established some new
inequalities involving these numbers and polynomials, and discuss some interesting con-
sequences of their results. Orhan and Sahin&d] in 2020 presented Hermite...Hadamard-
type inequalities fors-convex functions via fractional integrals. The authors established
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some new inequalities and showed that their results generalize and re“ne some known re-
sults. Zhang and Zhu21] in 2021 investigated Hermite...Hadamard-type inequalities for
strongly s-convex functions. The authors proved some new inequalities, including some
re“nements of known results, and discussed some interesting applications of their “nd-
ings. Overall, L8..22] contributed to the theory of convex functions and their applications
and provided new and interesting results in this area.

In this paper, we delve into the study of strongly reciprocallyp( h)-convex functions
of higher order. The concept of §§, h)-convexity is a generalization of ordinary con-
vexity, which has important applications in optimization, numerical analysis, and other
“elds of mathematics. Strong reciprocalf, h)-convexity is a further re“nement of @,
h)-convexity, which has been shown to be a useful tool in the study of inequalities in-
volving means and related functions. We begin by introducing the notion of strongly
reciprocally (, h)-convex functions of higher order and exploring some of their ba-
sic properties. We then establish a number of new inequalities for this class of func-
tions, including Hermite...Hadamard-type and Fejér-type inequalities. These inequali-
ties are important in their own right and have a variety of applications in di erent ar-
eas of mathematics. Finally, we present fractional integral inequalities that are applica-
ble to strongly reciprocally f, h)-convex functions of higher order. These inequalities
extend the classical Hermite...Hadamard- and Fejér-type inequalities and have potential
applications in the study of fractional calculus and related areas of mathematics. Over-
all, the results presented in this paper contribute to the ongoing study gf, ()-convexity
and its generalizations and have potential applications in a wide range of mathematical
“elds.

The paper is structured as follows. First, we provide an introduction to strongly re-
ciprocally (p, h)-convex functions of higher order, including their basic properties and
preliminary material. Next, we present our main results: Hermite...Hadamard- and Fejér-
type inequalities for this generalization. Finally, we demonstrate a practical applica-
tion of this new class of convex functions by deriving some fractional integral inequali-
ties.

2 Preliminaries
In this section, we give an overview of known de“nitions and results.

Definition 2.1 ([23]) A setM =[az,b;] € R\ {0} is ap-convex set if
1
P+ .Yy PeM (2.1)
forall x,y € M andj € [0, 1], wherep=2u+1orp= %,d =2v+1,c=2w+1,andu,v,w e N.

Definition 2.2 ([23]) Let M =[a;,b;] € R\ {0} be ap-convex set. A functionf; : M =
[a1,b1] — Ris p-convex if

oY P <00+ (L D) (2.2)

for all x,y € M andj € [0, 1].
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Definition 2.3 ([3]) A function f; : M =[az,b;] — R is a strongly convex function with
modulus . > 0 on M if

fuix+(L.d)y <if0)+ (@ Dha) @)Y - %)? (2.3)
for all x,y € M andj € [0, 1].

Definition 2.4 ([24]) A function f; : M =[az,b;] — R is stronglyp-convex if

1 . . . .
fL P+ (LY P <00+ (@ D) (@) VPP (2.4)
for all x,y € M andj € [0, 1].
Definition 2.5 ([25]) A setM =[a;,b1] € R\ {0} is harmonic convex if

Xy
——cM 2.5
x+(1..jy (25)

for all x,y € M andj € [0, 1].

Definition 2.6 Let M =[a;,b1] € R\ {0} be a harmonic convex set. A functiory : M =
[a1,b1] € R\ {0} - R is harmonic convex if

Xy

m < (@ ..pf(x) +jfe(y) (2.6)

f1

for all x,y € M andj € [0, 1].

Definition 2.7 ([26]) A setM =[aj,b;] € R\ {0} is ap-harmonic convex set if

1
XPyP p

Py @7)

for all x,y € M andj € [0, 1].

Definition 2.8 ([26]) Let M =[aj,b;] € R\ {0} be ap-harmonic convex set. A function
f1 : M =[az,bs] € R\ {0} = R is p-harmonic convex if
Xpyp P

erd gy | SR 2.8)

fy

for all x,y € M andj € [0, 1].

Definition 2.9 ([27]) Let M be an interval, and letu € (0,00). A function f; : M =
[a1,b1] € R\ {0} — R s strongly reciprocally convex with modulug. on M if

2

— ; same+mmumu4)§m 2.9)

x+(1..J)

<| k-

for all x,y € M andj € [0, 1].
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Definition 2.10 ([28]) Let M be ap-convex set, and lefx € (0,00). A function f; : M =
[a1,b1] € R\ {0} — R is a strongly reciprocallyp-convex function with modulusy on M
if

P )+ @) S i (2.10)
gy SRR D e .

f1
for all x,y € M andj € [0, 1].

Definition 2.11 ([29]) Let f;,h: 1 =[a;,b;] — R be nonnegative functions. Theff is h-
convex if

frjx+(1..0y =h@f()+h(1..)f(y) (2.11)
for all x,y € M andj € [0, 1].

Definition 2.12 ([30]) Let M =[a1,b;] € R\ {0} be ap-convex set. A functionf; : M =
[a1,b1] — Ris (p, h)-convex iff; is nonnegative and

1 . .
fo X+ (L.gyP P <h()f(x)+h(L..)f(y) (2.12)
for all x,y € M andj € [0, 1].

Definition 2.13 ([31]) Let M be an interval, and letu € (0,00). A function f; : M =
[a1,b1] € R\ {0} — R is higher-order strongly convex with modulug:. on M if

fi jx+ (L <00+ (L D) - us@)lly - x| (2.13)

forall x,y € M, j € [0,1] andl > 1, where
¢() =i ..J).

Definition 2.14 Let M be an interval, and letu € (0,00). A function f; : M =[a;,b;] C
R\ {0} — R is strongly reciprocally fp, h)-convex with modulusy on M if

Xpyp

AL RO R pTce) 2 (2.14)

fl xP yp

for all x,y € M andj € [0, 1].

Now we are ready to introduce a new class of convex functions, strongly reciprocasly (
h)-convex functions of higher order.

Definition 2.15 Let M be an interval, and letu € (0,00). A function f; : M =[a;,b;] C
R\ {0} — R s strongly reciprocally p, h)-convex of higher order with modulusu on M if

1 |
Xy? <h(L D)+ hDRE) () — e (2.15)

by Y
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forall x,y € M, j €[0,1] andl > 1, where
o) =j ..J).

Remark 2.16 Insertingl = 2 into De“nition 2.15with ¢(j) as above, we obtain De"“ni-
tion 2.14 Similarly, insertingl = 2 and h(j) = j into De“nition 2.15 we obtain De"ni-
tion 2.1Q and forl =2, h(j) =j, andp = 1, De*nition 2.15reduces to De"nition 2.9,

As we know,R is a normed space under the usual modulus norm. Thus for arg R,
X1l = 1x]. (2.16)
Using 2.16), inequality2.15can be written as

Py b . . 11!
()P <h(@..phX) +h{h(y) .. uel) — .. — (2.17)

f1 NIRRT

forall x,y € M, j € [0,1], andl > 1, where
o) =j ..J).

3 Basicresults
In the following sections, we delve into the fascinating world of strongly reciprocally, (
h)-convex functions of higher order, which we will refer to aSR(ph) throughout the rest
of this paper. To begin with, we explore some intriguing insights, which can be obtained
by performing simple algebraic operations o8R(ph).

The following proposition is concerned about the addition of two functions frorR(ph).

Proposition 3.1 Let f;,9; : M — R be two two functions from SR(ph) with modulus u on
M. Then f; + 91 : M — R is also in SR(ph) with modulus p* on M, where u* = 2u.

Proof We start by de“nition:

1
XxPyP P
fi+01 %
P+ (1Y
xPyP % xPyP %
=f .S L +01 J

P+ (1. g)yP
|

P+ (1. g)yP

<h()f1) +h(L - Da(y) .. 1) yip -

RGN D00) D) 5 s (3.)

which in turns implies that

=R+ 800 + QL)+ 00) o BACL D) 5 i
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, . o1 1!
=h()(fL +92)() +h(L .. J)(FL + 92)(Y) .. " ¢() R
whereu* =2u, 1 > 0, and¢(j) =j(1 ..j). This completes the proof. O

Our next result is concerned with the scalar multiplication irsR(ph).

Proposition 3.2 Letf; : M — R be a function in SR(ph) with modulus « > 0. Then for any
A >0,Af; : M — Risalso in SR(ph) with modulus v* on M, where v* = Apu.

Proof LetA > 0. Then by the de“nition of f; we obtain

Xpyp r_l) -5 f Xpyp %
P+ (L g)yP S G T

< G +h(L D) .. 60) yi,, o
= M0 + (L - DARE) - () — s
Y X

. . 1 1
=NOHI00 ML D00) - 200) 555

wherev* =i, u > 0, and¢(j) = j(1 ..j). This completes the proof. O

Proposition 3.3 Letfij: M — R, 1<i <n,bein SR(ph) with modulus . Then for A; > 0,
1 <i < n, the function f; : M — R, where f; = ?:l)\.ifli, is also in SR(ph) with modulus
y >0,where y = L hipe.

Proof Let M be ap-harmonic convex set. Then for alk,y € M andj € [0, 1], we have

‘ Xpyp % B n o Xpyp %
ey L ey
" 1 1!
< i h@)f0) +h(L - Dhy) - () &g
i=1 y X
n n
=h() Afu()+h(..))  Aifu(y)
i=1 i=1
" 1 1!
Aiopg() —
i=1 yooxe
=h(j)f1(x) + h(1 ..j)f NERES
=h()fr(x) +h(L..))fr(y) .. ¥ ¢ () VR
wherey = L, Ain. This completes the proof. O

Proposition 3.4 Let f;; :M — R, 1 <i < n, be in SR(ph) with modulus w. Then f; =
max{fyj,i=1,2,...n}isalso in SR(ph) with modulus .
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Proof Let M be ap-harmonic convex set. Then for alk,y € M andj € [0, 1], we have

; Xpyp %
ey
1
pyP 5
=max fy L ’ ,i=1,2,3,...n
xP+(1..g)yp
Xpyp
- xP+(1..])yP
h(j)f h(l..j)f NESNE
<h(@)fe(x) + (L ..)(Y) .. ue() ¥
1 |
=h()max f1i(x) +h(1..j)max fi(y) ..10Q) ﬁ op
=h(j)fy(x) + h(1 ..j)f NESIE 3.2
=h({)f1(x) +h(L ..)f(y) .. ue() VRETIE (3.2)
This completes the proof. O

4 Hermite...Hadamard-type inequality
In this section, we establish a Hermite...Hadamard-type inequality for the function be-
longing to the spacesR(ph).

Theorem 4.1 Let M C R\ {0} be an interval. If f; : M — R is in SR(ph) with modulus
u>0and f; € L[az,b;], then for h(%) 70, we have

1 2aPhP b 1 0.2 1 1
L fiop - 1p tuo 5 p ¢
oh(l) * al+b? 2 lbl 20+ 1)
aPb?) b1 (x
< pg 1 1) 11(+) dx
by a XHP
1 . . R -
< h(1..)fi(a1) + h()fa(bs) dj ..t =55 #()dj. (4.1)
0 a]_b]_ 0

Proof Substitutingj= % into De“nition 2.15gives

1
2¢PyP - p 1 1 1 1 1!

1 XP +yP <h E f1()()"'h E fl(y) ) 5 %ﬁ . (42)
Letx=[(p it +(1 ) #]andy = [(- T f(ll 1J)a )?]. Integrating (4.2) with respect toj over [0, 1],
we have

ot b1 aR b1 At

a+b? 2 ja‘{+(1..j)b‘{ 2 jpb +(1..j)al
1 bp I
P 1.9,

2 bp
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1 1
lfl 2a}b} " i< lh} 1 ahb} "
o ~al+pl T 2 jai +(1..j)b}
1 PP i
T L. L S
0 2 jby + (1 ..)a;
1 bl -
L = At 11...2"dj,
2 aﬁbﬁ 0
1
f 2aPbP P L p(ahb?) blfl(x)dx ) 1 bf.al ! 1. (A
a+0? T 2 plal o o YT 2 PP 2(1+1)
and
22008 » 1obP.al 1A
1 L TR S PP
ab +bP 2 a’ 2(1+1)
<o L @D i o
2 pi.al o, xttr
1 22’ 7 o L P ..al ! 1. (A
2nh(3) ab +hb} 2 ahpd 2(1+1)
_p@ibd) P heo oo

— KP p 1+
b]..a; a XM

which is the left side of inequality 4.1).

Finally, for the right side of inequality 4.1), settingx = a; andy = by in De"nition 2.15
gives
PP i [
a; by P . . L1 1
— h(1 ..j)fi(a) + h(jf1(by) .. — 5 - 4.3
1 @+ (1000 <h(1..j)f2(a2) + h(f(b1) .. 1o () LW (4.3)

Integrating (4.3) with respect toj over [0, 1], we have

1 PP 3 1 !
. _ oAb v di= h(l.jpfas(@)dj+  h()f(bs)dj
o T @+ T o T 0
Y .a ! ot
#() dj
aib o

and

Pl L
5 ¢(j) dj,
iy o 70

p@hy) () 1 _ _ .
d h(1..))f +h(j)fr(by) dj ..,
bY..al o X = (1 ..Df(as) +h()fa(bs) dj..u

which is the right side of inequality 4.1). This completes the proof.

Remark 4.2

1. Inserting | =2, h(j) =], and p = 1 with ¢(j) =j(1 ..J) into Theorem 4.1, we obtain the

Hermite—Hadamard inequality for strongly reciprocally convex function; see [27,
Theorem 3.1].

Page 9 of 20
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2. Insertion of | =2, h(j) =], p=1, and p = 0 with ¢(j) = j(1 ..J) into Theorem 4.1 yields
the Hermite—Hadamard inequality for harmonic convex functions; see [27, Theorem

2.4].

5 Fejér-type inequality
Now we are going to develop a Fejér-type inequality for the functions belongingS®(ph).

Theorem 5.1 Let M C R\ {0} be an interval. If f; : M — R is in SR(ph) with modulus
> 0, then for h() 70, we have

1 2alb} b w(x)
1y 'L P 1+ dx
2h(3) ah + b} a XM
o 1 Prj2aibh . g+ bDxPl'w(x) dx
|a§bp|I 2 4 xP[Ix1+
blf
< 1(X1\1V(X) dx
ar XHP
b1 al(b® .. xP) w(x)
< fi(ag) + (b h L1 ms dx
< fi(az) +fi(ba) el 2l Xt
b?.al ' o Al LX) w(x) g 5.0)

¢

PP PPy 1
a; by a xP(by ..a7) X+*P

for a;,b; € M with a; < b; and f; € L[az,b1], where w : M — R is a honnegative integrable

function satisfying

1 1
aiby ¢ _ ajhy ¢
XxP ah +bh ..xp

Proof Substitutingj = 5 |nto De“nition 2.15yields

1
2PyP b 1 1 1!
y <h 5 BN 5 B0 5 (5.2)

XP +yP

1

(2t b} )p] Integrating (5.2) with respect toj over [0, 1],

Letx= [( ja +(1 j)b ) ]andy b 1+ pag
we have
pp 3 PP i PP i
2a; by p<h 1 ¢ a; by P +h 1 ; a; by P
Y@ T 2t @@l 2 1 Pl

o 1 JAr@.pby bR+ (1.pa) !
"2 abb? T abp

Sincew is a nonnegative symmetric and integrable function, we have

Tl

1
PHP 5 PP
2a;b7 P a,b;

W .
aj + by ja + (1.0

fa
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PpP i PP i
oy Ak e e ¢
2 jap + (1 ..j)by jap +(1..j)by
PP i PP i
N . S VR S
2 jby + (1 ..)a; ja; + (1 ..j)b3
1 jal+(@..pp? jpP+..pad ! ah? ’
up 5 gt g —— (5.3)
2 azby arb; jap +(1..5)by

Integrating inequality 6.3) with respect toj over [0, 1], we have

Y, 2] %W alb? y
o aj+h] jai + (1 ..)b}
1 1
D . L S AR . S
0 2 jab +(1..J)bf jah + (1 ..J)bf
1 PP i PpP i
+ h - f % i w % ' dj
0 2 jby +(1..j)a; jag +(1..5)by
. . . . 1
e LodEIR@.DOD R (.pad iy P,
2 ab} aib jal + (L ..)bY
and
207 5 b1 w(x) po,1 o (22805 .. 45 + D)W
VAl o, a3 @l 2 g, [XP[IxT#P
on L MO,
T2, xiw ’
1 2a%b b b1w(x) N
1
2h(3) ab +bf a XUP
N L |2a0b] ... 41 + DI IO |
jatbf’" 2 o XP|Ixt#®

" f()wW(X)

v dx,

ai

which is the left side of inequality $.1).
Finally, for the right side of inequality §.1), settingx = a; in De“nition 2.15gives

PP i I
a; by P . . L1 1
—_— h(1..j)f +h(fi(by) .. ue() — ...
1 ja'i T ..j)b'; <h(1..j)f1(a1) + h(G)fr(b1) .. ue() ag b?

Sincew is a nonnegative symmetric and integrable function, we have

b b albP >
jag + (L1 ..j)by jap + (1 ..j)by
alb? G aln? 5
<h(1..j)f(a 171 +h(i):(b _ b
<h(1..pfr(a)w (0)fr(br)w ja‘£+(1 ..j)bg

jab + (1 ..j)bh
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Ol

1 1! a’b?
b)) 5 W i (5.4)
ai bl jab +(1..j)bd

Integrating inequality 6.4) with respect toj over [0, 1], we obtain

o e £ b
1 P11 P W 50— dj
0 ja; + (1 ..j)by ja; +(1..)by
' ah bl ’
<  h@.jpffa)w —1 di
= (1..)f(a1) PN j
! abb? >
+  h(lf(b)w ———1 di
. ()f2(b1) PN, j
' 1 1! abb? >
. D —-..— W e S S di
#o #0 ay by jal +(1..j)b° |
and
blf by p p“ p
1(Xi\iV(X) dx < fi(ag) +fi(b1) h M Wl(i() dx
w X ag xP(by ..a7) X
b apbp d) Xp(bp ap) v ,
1M1 al 1--47
which is the right side of inequality §.1). This completes the proof. 0
Remark 5.2

1. Inserting | =2, h(j) =], and p = 1 with ¢(j) =j(1 ..j) into Theorem 5.1, we obtain a
Fejér-type inequality for strongly reciprocally convex functions; see [27, Theorem
3.7].

2. In the same fashion the insertion of | =2 and h(j) =j with ¢(j) =j(1 ..j) into
Theorem 5.1 yields a Fejér-type inequality for strongly reciprocally p-convex

functions; see [28, Theorem 3.5].

6 Fractional integral inequalities

Fractional integral inequalities are important to study means$..35. We now develop
some fractional integral inequalities for functions with derivatives i6R(ph). To obtain
results of our desired type, we need the following lemma, which can be found 36].

Lemma 6.1 ([36, Lemma 2.1]) Let f; : M =[a;,b;] C R beadi erentiable function on the
interior M of M. Iff{ € L[a1,bs] and A € [0, 1], then

1
2aib » . ha)+fi(b)  p@ibl) i)

(1.0 ~dx
ab + b’ 2 by..al & X*P
1 +1 1
2p@@ibh) o jal +(1..j)b} Lojal el
1 PRP 1+3 PP 1
Q. 2%) .t "t/ aby Py 6.1)

@@t jal .ol

N
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Theorem 6.2 Let M = [a;,b1] C R\{0} be a p-harmonic convex set, and let f; : M =
[a1,b1] € R\{0} — R be a di erentiable function on the interior M of M. If f{ € L[a1,b4]
and |f]|9 is a strongly reciprocally (p, h)-convex function of higher order on M, q > 1, and
A €[0,1],then

22808 7 fia) +fi(0r)  p(albl) Pt fi(x)
L s+ . e L,
a; +0p 1--47 a
(b ..ah)

1. , q L
< 20(@007) Ca(p,a1,b1)" @ Cs(p,as,b1) f{(az) " + Cs(p,as,bs) f](b1)

1 1 , ’
+C(p,az,ba)u ¥ +Ca(p,b1,a1)" @ Ce(p,b1,a1) f{(a1) * + Ca(p,b1,a1) f{(b1) *

1
+Cg(p,by,a)u (6.2)
where
3 PP 1+3
2 a-b p
Ci(p,az,bs) = A —— =t dj, 6.3
1(p,a1,b1) . 12 .. Al P | (6.3)
1 aPbP 1+4
Colp.brar)=  12)...24 —5———5  dj (6.4)
1 jah +(1..j)bf
3 PP 1+3
2 a-b p
Cs(p,as,bi)=  h@..)2j..0] ——L — dj, 6.5
3(p, a1, by) . (1..9)12) .. 2] P | (6.5)

1 PP 1+3
Capbra)=  h()2Z..248] -2t o g (6.6)
1 jab + (1 ..j)bh
1 PP 1+1
2 a-b p
Cs(p.a,b))=  h()IZj .l ————5  dj (6.7)
0 jal +(1..j)bY
L Al
Co(p,br,ar)=  h(L.J)2j...2#H] ——22L _  dj, (6.8)
ST jab+ (1 .o}
1 PP 1+ I
p a;b P11
Ci/(p,ag,b))=... ()2 ..M L — — .= dj, (6.9)
0 jah +(1..j)b} by "af
1 aPbP 1+% L
Ca(p.bra)=... @02 .24 ——— = .. dj. (6.10)
1 jah +(1..j)b} b “al

Proof Using Lemma6.1, we have

2000 ¢ f@)+iby  p@bd) ()

1..2f dx
@-N e 2 o020 o, X
®.ah) & _ b albP I
f PP (21)") P 1P f]_ P NP dJ
2p(aiby) o jag +(1..5)by jag +(1..5)by
1 PP 1+3 PpP 5
P TP T . L N VR L S
5 jag + (1 ..J)by jag + (1 ..J)by
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Using power mean inequality,

P 4P 3 PP 1+ 1l
LOiea) R gy ah Ty
2p(aby) o jag +(1..5)b;
RPN - S VRN SR
0 T jal ()b jal + (L ..j)bf
1 albp Wy Lg
" jag +(1..5)b;
1 1 1
« gosy ML TR Ak e f
1 jab + (1 ..j)bf jab +(1..j)bh
Sincelf{(x)|9 is in SR(ph), we further have
PP 1 PP 1+ 1l
S(bl"pa%) 2 .2 — albl_ i pdj §
2p(aihy) o ja; + (1 ..)by
3 PpP 145
2 a;b
X 2.2 2t h(1 ..j) f{(a1) * + h(j) f;(by)
L @) e D ) TR0 by
1 1
1 1 | q 1 apbp 1+E 1
() .= djf o+ 2..249) 21—
() o j ; @ ) PRI J
+;
1 agb?_ 1

x (2...24H) h(1 ..j) f/(@1) * +h() f;(by) °

1
2

jab + (1 ..5)bf

|
dj

Qalk

L1

|

_ (b7 ..a0)

1
Ca(p,a1,b1)" @ Ca(p,as,by) f(a1) * + Cs(p,as,by) f;(b1) *
2p(aib}) ! !

1
q

+C7(p,a1,b1)n

1
+C8(p1blval)M 4 ’

which is the required result.
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1
+Ca(p,b1,81) "7 Co(p,by,a1) f{(ar) *+ Ca(p,by,a1) f{(by) *

O

Remark 6.3 Insertingh(j) =j,u =0, andl = 2 with ¢(j) =j(1 ..j) into Theorem 6.2, we

obtain [36, Theorem 2.2].

For g =1, Theorem6.2reduces to the following result.

Corollary 6.4 Let M =[ag,b1] € R\ {0} be a p-harmonic convex set, and let f; : M =
[a1,b1] € R\ {0} — R be adi erentiable function on the interior M of M. If f{ € L[a1,b4],

[f/|*isin SR(ph) on M, and A € [0, 1], then

1
2ab} ? f1(ar) +f1(b1)
ah +bb 2

p@ipi) " fi(x)

dx
bl ..al o xb

1. 0)h
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_ 058D
~ 2p(afib?)

Cs(p,as,bs) + Ce(p, b1, a1) fi(as)
+ Cs(p,b1,a1) + Ca(p,az,bs) f{(b1) + Cs(p,as,bs)+Cg(p,by,a1) n, (6.11)
where C3,C4,Cs,Cg,C7, and Cg are given by (6.5—(6.10.

Remark 6.5 Insertingh(j) = j,u« =0, andl = 2 with ¢(j) = j(1 ..j) into Corollary 6.4, we
obtain [36, Corollary 2.3].

Theorem 6.6 Let M = [a;,b;] € R\ {0} be a p-harmonic convex set, and let f; : M =
[a1,b1] SR\ {0} — R be adi erentiable function on the interior M of M. If f{ € L[az,b1],
If{|% is strongly reciprocally (p, h)-convex function of higher order on M, r,q >1, % + % =1,
and 2 € [0, 1],then

1
2abb) ® o fi(a;) +fi(by)  p(athy) Pt fi(x)

1..0)f
(120 &+ 2 YAl L X

dx

_.a) ey ;
X
~ 2p(alhhh) 2(r+1)

Co(q,p;a1,bs) f{(az) °

1
+C11(q, p; a1, by) f(b1) * + Cia(q, p;az, by)p
+ C1o(q,p;b1,a1) f{(ar) * + C10(a, p;ba, a1) f{(by)

+Caa@ Pibr,anu © (6.12)
where

Co(q,p;az,by) = O%h(l..j) jaﬁiiifb?j)b‘{ s dj, (6.13)
C10(9,p;b1,a1) = ;h(j) ja'ii-a(gfb?j)bg " dj, (6.14)
C11(q,p;a1,by) = O%hq) Eﬁié%ﬁjﬁﬁ'q+gdL (6.15)
C12(q,p;b1,a1) = ;h(l..j) Jha'ff(gfb?j)b’f "3 dj, (6.16)
Clg(q,p;al,bl):...o%¢>(j) ja‘{ffb?j)bﬁ "3 b_];ia_];; Idj, (6.17)
Ci4(q,p;b1,a1) = ... ;¢(j)|2j...2+9\| Jbaﬁ-fl(gfb?j)bﬁ " b_lﬁa_l'i Idj. (6.18)

Proof Using Lemma6.1, we have

2P0 b fi(ag)+hu(b PpP) brf
a; by Y 1(@a) +fi(bs)  p(ayby) 1(X)
aj +bf} 2 bi..a] & Xx*P

1. 0)h dx

Tl

1 +1
= 2p@h?) o jal +(1..j)b? Pojab+@ .l
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1 PP 1+1 PP 1
. a;b P a'b P
+ 2j...24%) 11 1 11

————= fi, 5t dj .
1 jab +(1..))b} Yojab+ @bl

Applying Holderss integral inequality, we have

1

PP 3
<O g
2p(aby) o
A " S L U
X TP L1 P fl TP/ b dJ
o Jag+(1..j)by jap + (1 ..j)by
3 :
+ (2j...24) "dj
3
Lo apy b 9
3 Jap+(1..)by jag + (1 ..j)by
1 1
©.a% & T
:21 pb; (ij)rdj
p(aib) 0
A A apd v 0 a
o Japt+(1..j)by jap +(1..j)by
1 i
+ (2...24) "dj
3
RS R SR AL
P SpP fi = P dj
3 Jag+(1..j)by jap + (1 ..j)by
Sincelf{(x)|9 is in SR(ph), we have
PP ! T 3 PpP a3
TPV A L. L S
2p(ajby) 0 o Jjap+(1..))by
R 1 1"
x h(L..j) f{(@a) " +h() f{(bs) " .. ué() o P dj
1
1 i PP g+d
1 1 jap+(1..j)b;
1 1" d
x h(.j) f{(a) *+h() (be) * .. e(i) PP dj
1 1

1

PP 1
<O)E oy
2p(a;by) 0

1
x Co(q,p;as,b1) f{(a1) * + C11(q, p;as,by) f{(bs) * + Ca3(q, p;as,by)u @
1 1

2 ) ro..
+ 2j...24%) dj
0

1
x Cia(0, p;b1,a1) f{(@1) * + Co(a,p; b1, 1) {(b1) * + C1a(q, p;br,ar)pe °
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_®a) ey g

< @D ¢ 2+ Co(q.p;as,by) fi(ar) *
+C11(q, p;a1,b1) f;(br) * + Cia(q, p;az, br)u q
+ Ci12(q,p;bs,a1) f{(ar) *
+ Cao(,pibr,a) F{(br) * + Caa(,pibranu ¥ (6.19)
which is the required result. O

Remark 6.7 Insertingh(j) =j,u =0, andl = 2 with ¢(j) =j(1 ..j) into Theorem 6.6, we
obtain [36, Theorem 2.5].

For » =0, Theorem6.6reduces to the following result.

Corollary 6.8 Let M = [aj,b;] € R\{0} be a p-harmonic convex set, and let f; : M =
[a1,b1] € R\{0} — R be a di erentiable function on the interior M of M. If f] € L[a1,b1],
If{|9isin SR(ph) on M, r,q>1,1 + % =1,and x € [0, 1], then

1
20000 7 p(albh) ()

dx
PP p_p e
a; +b; by..a; a XP

1

=l

(b} ..0)

. ’ q
S op@oh) ¢ 2+ C@PenblfiE)

1
+C11(q, p;a1,by) f{(b1) T+ Ca(q, p;az, by)pe
+ C1o(q,p;b1,a1) f{(a1) * + C10(q, p;b1,a1) f{(by) *

1
+Cu4(q,p;br,a)u O, (6.20)
where Cg, C10,C11,C12,C14, and Cq4 are given by (6.13—(6.18.

Remark 6.9 Insertingh(j) =j,u =0, andl = 2 with ¢(j) =j(1 ..j) into Corollary 6.8 we
obtain [36, Corollary 3.5].

For » =1, Theorem6.6reduces to the following result.

Corollary 6.10 Let M = [a;,b;] ¢ R\{0} be a p-harmonic convex set, and let f; : M =
[a1,b1] € R\{0} — R be a di erentiable function on the interior M of M. If f{ € L[ag,b1],
/| is a strongly reciprocally (p, h)-convex function of higher orderon M, r,q > 1, % + % =1,
and A € [0, 1], then

fi(ar) +fu(bs)  p(@3bl) Pt fi(x)
2 by LAl o, X

.20 1T
< 11 x
= 2p@@d) 26+ 1)

dx

Co(a,p;as,by) f{(az) *

1
+C11(0, p; a1, by) f{(b1) * + Ca(q, p;as, by)pe
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1
+ C15(q,p;b1,a1) f{(a1) * + C10(q, p;ba,a1) f{(b1) * + Cra(, p;br,as)ie @,
where Cg, C10,C11,C12,C14, and Cy4 are given by (6.13—(6.18.

Remark 6.11 Insertingh(j) =j,« =0, andl = 2 with ¢(j) =j(1 ..j) into Corollary 6.10 we
obtain [36, Corollary 3.6].

For A = % Theorem6.6reduces to the following result.

Corollary 6.12 Let M = [a;,b;] € R\{O} be a p-harmonic convex set, and let f; : M =
[a1,b1] € R\{0} — R be a di erentiable function on the interior M of M. If f] € L[a1,b1],
/| is a strongly reciprocally (p, h)-convex function of higher orderon M, r,q> 1, % + % =1,
and A € [0, 1], then

. 2alth ¢ p(agbd) " fi(x)
— fi(a) + 4f i St 3 +1.(b) .. 191 dx
6 M@ gy RO T aw
1
(bﬁaﬁ) 14271 F / .
= Co(g,p;a1,b1) f{(a
S @) ¢ sagey  Co@panblfi@)

1
+C11(q,p;a1,b1) f(ba) * + C14(q, p;az,by)p

1
+ Ci2(q,p;b1,a1) f{(@1) "+ C10(q, p;b1,a1) f;(b1) * + C14(q,p;br, @)t ¥ ,
where Cg, C10,C11,C12,C14, and Cy4 are given by (6.13—(6.18.

Remark 6.13 Insertingh(j) = j,« = 0, andl = 2 with ¢(j) = j(1 ..j) into Corollary 6.12 we
obtain [36, Corollary 3.7].

Forx = % Theorem6.6) reduces to the following result.

Corollary 6.14 Let M = [a;,b;] € R\{O} be a p-harmonic convex set, and let f; : M =
[a1,b1] € R\{0} — R be a di erentiable function on the interior M of M. If f{ € L[ag,bq],

f{|% is a strongly reciprocally (p, h)-convex function of higher order on M, r,q> 1, % + % =1,
and A € [0, 1], then

PP
2a;b;
PP
a; +b;

1
(bg a‘i) 2 T / ]
Co(d,p;a,by) f
= 2p@0) 420+ 1) o(0,p;ag,by) f;(a1)

1 p(aiby) Pt fi(x)
2 fi(a) + 2f; +f1(b) WAl . A dx

1
+C11(0, p; a1, by) f(b1) * + Ca(q, p;az, by)pe

1
+ Ci12(9,p;b1,a1) f{(a1) * + C10(q, p;ba,a1) f1(b1) * + Caa(q,p;ba,ar)ie ¥
where Cg, C10,C11,C12,C14, and Cq4 are given by (6.13—(6.18.

Remark 6.15 Insertingh(j) =j,« = 0, andl = 2 with ¢(j) = j(1 ..j) into Corollary 6.14 we
obtain [36, Corollary 3.8].
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7 Conclusions

In this paper, we investigated the properties of a newly introduced class of functions called
strongly reciprocally f, h)-convex functions of higher order. Through the study, the au-
thors have established Hermite...Hadamard-type and Fejér-type inequalities for this class
of functions. These “ndings are signi“cant, as they provide new insights into the behav-
ior of these functions, which can be used to analyze a range of mathematical models and
problems.

The paper also presents fractional integral inequalities applicable to strongly recipro-
cally (p, h)-convex functions of higher order. This result is particularly relevant in the “eld
of fractional calculus, where the fractional derivatives and integrals are increasingly used
to model various physical and biological phenomena.

Overall, the paper provides a comprehensive analysis of strongly reciprocglyh)-
convex functions of higher order, and presents several important mathematical results
that will be useful in various areas of mathematics and its applications. The “ndings of
this paper may inspire further research on this class of functions and lead to the develop-
ment of new techniques for analyzing and solving mathematical problems.
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