Huang et al. Journal of Inequalities and Applications (2023) 2023:53 ® Journal of Inequalities and Applications
https://doi.org/10.1186/513660-023-02959-5 a SpringerOpen Journal

RESEARCH Open Access

Approximate controllability of second-order

Check for
updates

impulsive neutral stochastic differential
equations with state-dependent delay and
Poisson jumps

Hao Huang'", Zheng Wu? and Xiaofeng Su'

“Correspondence:
shuxuehhao@126.com

'School of Mathematics and
Statistics, Hefei Normal University,
Hefei, Anhui 230601, China

Full list of author information is
available at the end of the article

@ Springer

Abstract

We consider the approximate controllability for a class of second-order impulsive
neutral stochastic differential equations with state-dependent delay and Poisson
jumps in a real separable Hilbert space. Under the sufficient conditions, we obtain
approximate controllability results by virtue of the theory of a strongly continuous
cosine family of bounded linear operators combined with stochastic inequality
technique and the Sadovskii fixed point theorem. Finally, we illustrate the main results
by an example.
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1 Introduction

Controllability plays an important role in both deterministic and stochastic control sys-
tems throughout the history of modern control theory. It is well known that controllabil-
ity of deterministic and stochastic equations has been frequently used in many fields such
as physics, engineering, artificial intelligence, automatic control, biochemical, and so on
(see [1-4] and the references therein). In the actual industrial process, the control usually
does not affect the complete state of the dynamical systems, but only affects a part of it,
and thus two basic concepts of exact controllability and approximate controllability are
derived. Generally speaking, controllability means that it is possible to steer dynamical
systems from an arbitrary initial state to the desired final state using the set of admissible
controls.

The controllability of deterministic differential equations has been widely investigated
by many authors in the past decades; see, for example, [5-7]. In fact, stochastic differential
equations (SDEs) have attracted much attention for many inevitable random factors in real
phenomena and played an important role in many branches of science and industry, such
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as physical, biological, medical, neural networks, financial, and engineering problems (see
[8-11] and the references therein). In addition, impulsive effects exist in many dynamic
systems, which describe abrupt changes of states at certain instant of time [12]. Therefore
there is a real need to investigate the controllability of impulsive stochastic differential
equations, and many results were obtained in recent years; see, for example, [13-15].

Differential equations with state-dependent delay (SDD) are well known in modeling
many practical problems, and for this reason, the study of this type equations have gain
more attention in recent years [16—20]. It should be pointed out that Muthukumar and
Rajivganthi [17] investigated the following impulsive neutral stochastic functional differ-
ential system with SDD:

d[x(t) + F(t, xt)] = [Ax(t) + Bu(t)] dt + G(t, % p(t,x,)) AW(E),
t E] = [O,b] \ {tl,tz,...,tm},
xo=¢ € B, (1.1)

Axlgy :x(t,j) —x(t,:) = Ik(x(tk)), k=1,2,...,m.

By means of the Sadovskii fixed point theorem and semigroup theory the approximate
controllability results are obtained under some sufficient conditions. Note that the publi-
cations mentioned focus on the first-order SDEs.

Second-order abstract differential equations have gained much more attention due to
their wide applications in physics and engineering. For example, the system of dynamical
buckling of a hinged extensible beam can be modeled by second-order differential equa-
tions [21, 22]. Fitzgibbon [21] has discussed the extensible beam equation

%z w19z L 2 9%z 3z
°z - dy) 2 () =0 1.2
oz oy <a2+a3/0 y) dy? +f(8t> (-2

subject to the boundary conditions at the ends of the beam being hinged, namely,

9z(y,t)
dy

20,8) = 2(L, £) = 2,y (0, ) = 2,,(L, £) = 0,

where z(y, £) is the deflection of the beam at point y and time £, f is a nondecreasing numer-
ical function, L is the length of the beam, and «; > 0 (i = 1,2, 3) are given parameters. The
nonlinear friction force f (g—i) is the dissipative term. Under some reasonable assumptions,
Eq. (1.2) can be rewritten as a second-order abstract differential equations as follows:

z”+A2z+M(||A%z||121)Az +f(Z) =0, (1.3)

where the A is an infinitesimal generator of a strongly continuous cosine family on a
Hilbert space H, and M and f are real functions. By means of the theory of semigroup
of linear operators and the theory of cosine operators, the global existence and bounded-
ness of solutions of Eq. (1.2) are obtained under some suitable conditions.

In fact, the second-order SDEs are ideal models to describe the integrated process in
continuous time, which can be made stationary. For instance, it is useful for engineers to
model mechanical vibrations or charge on a capacitor or condenser subjected to white
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noise through second-order SDEs. Recently, Duan and Wang [9] have introduced the fol-
lowing stochastic wave equation:

Vtt:cz\/mﬁew, O<x<l,
V(0,2) = V(l,1) = 0, (1.4)

V(x,0) = f(x), Vi(x, 0) = g(x),

where V(x, t) is the displacement of a vibrating string at position x and time ¢, c is a positive
constant (wave speed), € is a positive real parameter modeling the noise intensity, W(t) is
a Brownian motion taking values in the Hilbert space L2(0, 1), and the initial data f and g
are deterministic for simplicity. Obviously, Eq. (1.4) can be abstracted as a kind of second-
order SDEs, and many results on the controllability of second-order stochastic control
systems are obtained in recent years [23-27].

Since, actually, in real life, we will always meet jump-type stochastic perturbations, SDEs
with Poisson jumps have become very popular in describing many natural phenomena
arising from fields such as economics, stochastic population control, stochastic pathwise
control, engineering, and so on [28, 29]. It is natural and necessary to include a jump term
in the SDEs. Moreover, many practical systems (such as sudden stock price variation re-
sulting from market crashes, war, epidemics, and so on) may undergo some jump-type
stochastic perturbations. The path continuity supposition does not seem plausible for
these models. Therefore we should consider stochastic processes with jumps in model-
ing such systems. In general, these jump models are derived from Poisson random mea-
sure. For this reason, in recent years, many papers reported on the qualitative properties
of SDEs with Poisson jumps, such as existence, stability, and controllability. Especially, we
refer to [30-34]. As we know, most of the existing literature focuses on the first-order
SDEs with Poisson jumps. It is worth mentioning that, very recently, the controllability of
second-order SDEs with Poisson jumps has begun to attract the attention of researchers,
but the relevant results remain limited. Huan and Gao [35] discussed the controllability of
nonlocal second-order impulsive neutral stochastic functional integro-differential equa-
tions with delay and Poisson jumps by employing the theory of a strong continuous cosine
family of bounded linear operators and the Banach fixed point theorem. However, Trig-
giani [36, 37] has proved that the notion of exact controllability is usually too strong and
has limited applicability in infinite-dimensional spaces, whereas the approximate control-
lability is more suitable for describing the control systems. Muthukumar and Rajivganthi
[38] investigated the following second-order neutral stochastic differential equations with
infinite delay and Poisson jumps:

d[«'(t) - f(t, %) | = [Ax(t) + Bu(t) ] dt + g(t, ;) dw(?)
+ / h(t, x,, n)N(dt,dn), te]=1[0,b], (1.5)
Z

x=¢ € B, x/(0) = €.

Under some suitable conditions, the approximate controllability results are obtained by
using the theory of cosine family of operators and the successive approximation technique.
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To the best of our knowledge, the approximate controllability of second-order impul-
sive neutral stochastic differential equations with SDD and Poisson jumps has not been
investigated yet. To fill this gap, motivated by the work of [17, 35, 38], in this paper, we
are concerned with second-order impulsive neutral stochastic differential equations with
SDD and Poisson jumps of the form

d[x'(t) - F(¢, xt)] = [Ax(t) +f(t %) + Bu(t)] dt + o (t, Xp(tx,)) AW(E)
+ / h(t,x(t-),v)N(dt,dv), te]=1[0,T)t#t,
u

Ax(tk) = Ik(xtk); Ax,(tk) = j}((xtk)) k= L2,...,n (1'6)

xo=¢ eb, x'(0)=x, € H,

where the stochastic process x takes values in a real separable Hilbert space H, A : D(A) C
H — H is the infinitesimal generator of a strongly continuous cosine family on H, K is
another real separable Hilbert space, and w(t) is a given K-valued Brownian motion or
Wiener process. Let N(dt,dv) be the compensated Poisson measure that is independent
of w(¢), which will be specified later.

Our contributions of this paper are as follows.

(i) From a practical viewpoint, Eq. (1.6) is in fact an abstract impulsive neutral second-
order stochastic wave equation with SDD and Poisson jumps. Therefore the approximate
controllability of a more realistic abstract model of Eq. (1.4) can be considered by intro-
ducing Poisson jumps, SDD, impulsive, neutral, and control terms as given in Eq. (1.6).

(ii) The approximate controllability of second-order impulsive neutral stochastic differ-
ential equations with SDD and Poisson jumps is an untreated topic in the literature, which
is an additional motivation for writing this paper.

(iii) We obtain sufficient conditions ensuring the approximate controllability of Eq. (1.6)
by using the theory of a strongly continuous cosine family of bounded linear operators,
Sadovskii’s fixed point theorem, and the stochastic inequality technique (such as the Doob
martingale inequality and Burkholder-type inequality for stochastic integrals driven by
Poisson processes).

(iv) It is worth mentioning that, compared with Eq. (1.5), Eq. (1.6) takes the impulsive
effect into account, and the delay is also state-dependent. Thus Eq. (1.6) is more general
and more difficult to handle technically. In addition, the main technique in [38] was based
on successive approximation, which is different from that in this paper.

(v) In Sect. 4, an example about the approximate controllability of second-order stochas-
tic wave equations is given to illustrate the obtained main results.

This paper is organized as follows. In the next section, we present some notation and
preliminaries adopted from [2, 8, 9, 12, 16, 18, 29, 32, 39-46]. Section 3 is devoted to the
approximate controllability of Eq. (1.6). In Sect. 4, an example is provided to illustrate the

main results. Finally, conclusions are presented in the last section.

2 Notation and preliminaries
Let (H, || -1, (-,-)) and (K, || - Ik (-, -) k) be two real separable Hilbert spaces, let {e,,};_; be a
complete orthonormal basis of K, and let {w/(t) : £ > 0} be a cylindrical K-value Q-Wiener

process, where Q is a finite nuclear covariance operator. Denote Tr(Q) = Y > ; A, < 00,
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wherer Qe,, = Ay, (A, >0, m=1,2,...). Set

w(t) = Awttm(Bem, >0,
m=1

where {,,(t)}0r; is a sequence of real-valued independent one-dimensional standard
Brownian motions over a complete probability space (2, F, P).

We assume that F; = o{w(s) : 0 < s < t} is the o-algebra generated by w and Fr =
{Fi}i>0. Let & € L(K, H) and define

I€1% = Tr(EQE™) = > IV Améeml,
m=1

where £* is the adjoint of the operator &, and L(K, H) is the space of all bounded lin-
ear operators from K into H endowed with the same norm || - ||. If ||& ||2Q < 00, then £ is
called a Q-Hilbert—Schmidt operator. The completion Lo(K, H) of L(K, H) with respect
to the topology induced by the norm || - | ¢, is a Hilbert space with the above norm topol-
ogy, where ||€||g = (£,§) 3. The collection of all strongly measurable square-integrable H-
valued random variables, denoted by £,(€2, H), is a Banach space equipped with the norm
%Il z, = (Ellx|?) 3 where the expectation E is defined by Ex = [, x(w) dP. Let L5(S2, Fr, H)
be the Banach space of Fr-measurable square-integrable random variables with values in
H, and let ,szt (J, H) be the space of all square-integrable and F;-adapted processes.

Let C(J, £2(£2, H)) be the Banach space of all continuous maps from J into £,(£2, H) sat-
isfying the condition sup,;. E l%(t)||? < co. An important subspace of £,($2, H) is given
by

,Cg(Q,H) = {x € Ly(Q,H):xis ]-"o-measurable}.

Let p = (p()) (t € D)) be a stationary JF;-Poisson point process with characteristic mea-
sure A(dv), and let N(dt,dv) be the Poisson counting measure associated with p. Then,
N(t,U) = ZserjftIu (p(s)) with measurable set U € B(K —{0}), which is the Borel o -field
of K —{0}. Let N(dt,dv) = N(dt,dv) — dt\(dv) be the compensated Poisson measure inde-
pendent of w(t), and let P, (J x U; H) be the space of all predictable mappings /1 : ] xU — H
for which fOT J Ell(t, v)||3; dtr(dv) < oo. Then we can define the H-valued stochastic in-
tegral fOT fu h(t, V)]\~[ (dt,dv), which is a centered square-integrable martingale.

For more detail, we refer the reader to Da Prato and Zabczyk [39], Gawarecki and Man-
drekar [40], and Situ [29].

Consider the following second-order impulsive neutral stochastic differential equations
with SDD and Poisson jumps:

d[x'(t) - F(t, xt)] = [Ax(t) +f(t %) + Bu(t)] dt + o (t, %p(tx,)) AW(E)
+ / h(t,x(t-),v)N(dt,dv), te]=[0,Tlt#t,
u

Ax(tk) = Ik(xtk); Ax,(tk) = j}((xtk)) k= L2,...,n (2'1)

xo=¢ €B, x'(0)=x, €H,
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where the history x; : (—00,0] — H, x,(0) = x(t + 6), t > 0, belongs to the phase space B,
which will be described axiomatically later. Assume that the mappings F:J x B — H,
fiIxB—>H o:]xB— LoK,H), h:] xHxU— H,and p:] x B— (-00,T],
Ii,Ix : B— H (k = 1,2,...,n) are appropriate functions that will be specified later. The
control function u takes its values in Ezﬁ (/, U) of admissible control functions for a sepa-
rable Hilbert space U, and B is a bounded linear operator from U into H. The initial data
o(t) € L2(2,B) and x4 (£) are H-valued F;-measurable random variables independent of
the Wiener process with finite second moment. Moreover, let 0 = £y < t; < -+ < t, <ty =
T be prefixed points, and let Ax(;) represent the jump of the function x at #, which is
defined by Ax(t) = x(t]) — x(; ), where x(}) and x(¢;) denote the right and left limits of
x(t) at £ = t;, respectively. Similarly, x'(£}) and x'(£;) denote, respectively, the right and left
limits of x'(¢) at t = #.

We say that a function x : [«, 8] — H is a normalized piecewise continuous function on
[, B]if x is piecewise continuous and left continuous on («, 8]. We denote by PC([«, 81, H)
the space of the normalized piecewise continuous, F;-adapted measurable processes from
[, B] into H. Particularly, we introduce the space PC of all F;-adapted measurable H-
valued stochastic processes {x(¢) : £ € [0, T} such that x is continuous at ¢ # &, x(¢;) = x(tx),
and x(t}) exists for k= 1,2,...,n. Then (PC, | - ||p¢) is a Banach space with norm

Ilxllpe = su;)(EHx(s) %)z,

For x € PC, we denote by %, k = 1,2,...,n, the function % € C([tx, tx+1]; L2(2, H)) given
by

. x(t) forte (ti,tesal,
X (t) =
x(tf) fort=1.

Moreover, for D € PC, we denote Dy = {%¢:x € D}, k=0,1,...,n,

Lemma 2.1 ([16]) A set D C PC is relatively compact in PC if and only if the set Dy is
relatively compact in C([tk, txs1]; £L2(2, H)) for every k =0,1,...,n.

Further in this paper, we will employ an axiomatic definition of the phase space B in-
troduced by Hale and Kato [41]; see also [42] for details. The axioms of the space B are
established for Fy-measurable functions from (-o00,0] into H, endowed with seminorm
Il - I3 that satisfies the following axioms.

Axiom A [fx:(-oo,n+T] — H,T > 0,issuchthatx, € Band x| .1 € PC([n,n+T],H),
then for every t € [n,n + T), the following conditions hold:
(i) x;isin B,
(ii) Ellx@)Il < Lllxcls,
(ili) llxclls < N(¢ = n)sup, <<, Ellx(s)|l + M(£ - n)llx, |5, where L > 0 is a constant,
M, N :[0,+00) — [1,+00), N is continuous, M is locally bounded, and L, M, and N
are independent of x.

Axiom B The space B is complete.
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To prove the main results, we need the following essential properties.

Lemma 2.2 ([20]) Let x: (—00, T] — H be an F;-adapted measurable process such that
the Fo-adapted process xo = ¢(t) € L5(2, B) and x|; € PC(J,H). Then

’

lxslls < Mrllglis + Nt sup E|x(s)
0<s<T

where Nt = sup,.; N(t) and Mt = sup,.; M(¢).

Next, we introduce the theory of cosine functions of operators and the second-order
abstract Cauchy problem, which appeared in [43—45].

Definition 2.1 ([43, 45]) (1) A one-parameter family {C(¢) : £ € R} of operators in H is
said to be a strongly continuous cosine family if the following conditions hold:
(i) C(0) =1, the identity operator in H;
(ii) C(t)x is continuous in ¢ on R for all x € H;
(iii) C(£+s) + C(t—s) =2C(t)C(s) for all t,s € R.
(2) The corresponding strong continuous sine family {S(¢) : ¢ € R} C L(H), associated with
the family {C(¢) : t € R} is defined by

t
S(t)x:/ C(s)xds, teR,xecH.
0

(3) The infinitesimal generator A : H — H of {C(¢) : t € R} is given by Ax = d—2C(t)x|t:0

dt?
forallx e D(A) = {x € H: C(-)x € C*(R; H)).

It is known that the infinitesimal generator A is a closed densely defined operator on H

with the following properties.

Lemma 2.3 ([43, 45]) Suppose that A is the infinitesimal generator of a cosine family of
operators {C(t) : t € R}. Then:
(i) there exist My > 1 and w > 0 such that ||C(¢)|| < Mae®!, and hence
[S@E)] < Mae®'t;

(i) A fSrS(u)xdu =[C(r) = C(s)]x for all 0 <s < r < 00;

(iii) there exists N > 1 such that ||S(s) - S(r)|| < N| ] e ds|, 0 <s < r < o0;

(iv) S(s+£)=S(s)C(t) + S(t)C(s) for all s,t € R.
From the uniform bounded principle and Lemma 2.3 we easily to see that {C(t) : t € J} and
{S(¢) : t € J} are uniformly bounded by My = Me®",

Consider the second-order linear abstract Cauchy problem
*(t) = Ax(t) + g(t), t €], x(0) = w1,x'(0) = wa, (2.2)

where g : /] — H is an integrable function. The mild solution x : ] — H of the equation
(2.2) is given by

x(t) = C(t)wy + S(t)ws + ftS(t—s)g(s) ds, te],
0
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which is continuously differentiable:
t
X' (t) = AS(E)w1 + C(t)ws + / Ct-s)gls)ds, te].
0

For more detail about cosine family theory, we refer to [43—45]. Now we state Sadovskii’s
fixed point theorem and the Burkholder—Davis—Gundy inequality, which are used in the

proof of the main results.

Lemma 2.4 ([39]) For any r > 1 and arbitrary Lo(K, H)-valued predictable process ®,

2r

/s O (u) dw(u)

0

< (r(2r - 1))’( /0 Elee]2)’ ds> . (2.3)

sup E‘

s€[0,t] H

Lemma 2.5 ([46]) Let W be a condensing operator on a Banach space X, i.e., ¥ is contin-
uous and takes bounded sets into bounded sets, and (¥ (B)) < u(B) for every bounded
set B of X with u(B) > 0, where u denotes the Kuratowskii measure of noncompact-
ness. If W(N) C N for a convex closed bounded set N of X, then V has a fixed point
in X.

Remark 2.1 Note that every map defined on a compact set is condensing. Further, the
completely continuous operators, contractions, and also the sums of these two types are
condensing operators. We refer the reader to [46] for more detail about the condensing

operators.

Definition 2.2 An F;-adapted stochastic process x : (—0o, T] — H is called a mild solu-
tion of Eq. (2.1) if xp = ¢ € B, x(sx,) € B satisfies xg € LI(RQ, H), x|y € PC,and x'(0) = x; € H
satisfies x; € £L3(Q, H). The functions C(¢ - s)F(s,x;) and S(¢ — s)f (s, s) are integrable on
[0, T), and the following conditions hold:

(i) {x; : t € J} is B-valued, and the restriction of x to the interval (¢, tx,1], k= 1,2,...,n,
is continuous;

(i) Ax(te) = Ie(xg), AX' () = Te(x), k= 1,2,...,m5

(iii) for each ¢ € ], x(¢) satisfies the following integral equation

x(t) = C()$(0) + S(t)[x1 — F(0,)] + / t C(t — s)F (s, x5) ds
0
+ /0 St —s)f (s, 25) ds + /0 S(t = 8)o (8, %p(5,x,)) AW(S)

+/0 S(t—s)/uh(s,x(s—),v)N(ds,dv)+/0 S(t — s)Bu(s) ds

+ Y Clt-t)Iwy) + Y S(E - )Ty, (2.4)

O<ty<t O<ty<t

Definition 2.3 System (2.1) is said to be approximately controllable on J if R(T; ¢, u) =
L,(2, Fr,H), where the reachable set R(T’; ¢, u) is defined as R(T; ¢, u) = {x(T;¢,u) : u €
£g:t (J, U)}, and R(T; ¢, u) is the closure of the reachable set of system (2.1).
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Lemma 2.6 ([47]) For any xT € Ly(RQ, Fr,H), there exists ¢ € E;—‘(Q,Lz(], Lo(K, H)))
such that xT = E(xT) + fOT @(s)dw(s).

In what follows, we always assume that p : J x B — (—00, T'] is continuous and ¢ € B. In
addition, we need the following hypotheses:

(Hy)LetR(p™) ={p(s,¥) <0, p(s,¥) : (s, ) € ] x B}. The function t — ¢, is well defined
from R(p") into B, and there exists a continuous bounded function J¢ : R(p~) — (0, 00)
such that ||¢¢[|5 < J?(£)l|¢ll5 for every t € R(p").

(H2) The cosine family of operators {C(¢) : t € J} and the corresponding sine family
{S(¢) : t € J} are compact for ¢ > 0, and there exist positive constants M¢c and Mg such
that | C(¢)[1> < M, IS@)|1> < Ms.

(H3) B e L’f‘ (J, U), and there exists a positive constant M such that || B||?> < M.

(H,) There exist constants Lr > 0 and L > 0 such that

E|F(t,%) - E@t,y)|” < Lellx - 1%

forallx,yc Bandt e/, and L = supo,7 E|IF(£,0)]1%

(Hs) The function f : ] x B — H satisfies the following properties:

(i) there exist an integrable function m : /] — [0, 00) and a nondecreasing function ©; €
C([0,00); (0, 00)) such that, for every (¢,x) € ] x B,

Q&)

E|f (6,0 < m@)Q (I1x1%), Jim inf = A < o0;
—00

(ii) there exists a constant Ly > 0 such that

E|lft,2) —f@& )| < Lllx - yl%

forallx,ye B, te].

(He) The function o : ] x B — L(K, H) satisfies the following properties:

(i) the function o (-, x) : ] = L(K, H) is strongly measurable for every x € B;

(ii) the function o (¢,-) : B — L(K, H) is continuous on R(p~) UJ;

(iii) there exist an integrable function g : /] — [0, 00) and a nondecreasing function Q, €
C([0, 00); (0, 00)) such that, for every (t,x) € ] x B,

Q
Elo ()| < q®2a(Ix1%). Clirgoinfﬂ _

0O < oo;
(iv) there exists a constant L, > 0 such that
E|o(t,0) - oty < Lolx-yl%
forallx,y e Band t €/,
(H;) The maps I; and I; are completely continuous, and there exist positive constants

cJ,; (/=1,2,3,4), L, and L, k=1,2,...,n, such that

E|lh@)|’ <l +c2 E|k® - L) < Lillx-yl%
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E|L@)|” < gl + ¢ E[ ) = L) < Lellx - yli5
forall x,y € B.

(Hg) The function % :J x H x U — H is a Borel-measurable function, and there exist
positive constants M and A~/[h such that for all x,y € ﬁg:‘ (J,H)and t €],

E(fot/Z/{||h(s’x(S_)’ U) HZ)L(dV)dS) \/E(‘/Ot'/u“h(s’x(s_)’ l)) ||4k(dv)ds>2

< MhE/Ot(l + Hx(s) “2) ds,

t - — _ 2
E(/o /M”h(s"“(s )v) = h(s,y(s-),v) | udv)ds)

Et h(s, x(s=),v) = h(s, y(s—), 4Add)
v (/O/uu (5,%(5-), v) = (s, (=), v) I *A(dv) s
< M,E fo l(s) - () ds.

(Hs) For each 0 < ¢ < T, the operator aR(,I']) = a(al + I')™t — 0 in the strong op-
erator topology as @ — 0, where the controllability operator I'] associated with system
(2.1) is defined as

T
rl= / S(T - )BB*S*(T - s)ds,
t

where §* denotes the adjoint operator of S.
The next lemma can be proved by using the phase spaces axioms, and its proof is omit-
ted.

Lemma 2.7 Letx: (—oo, T] — H be a function such that xo = ¢, xy = x1 € H, and x|; € PC.
Then

sl < (Mr +J3) ¢l + Nrsup E{ |x(6)] : 6 € [0,max{0,s}]}, seR(p7)UJ,
where ]g =sup{J®(t): t € R(p7)).

Remark 2.2 Let ¢ € B and ¢ < 0. The notation ¢, represents the function defined by
¢:(0) = p(t +0). Consequently, if the function x in Axiom A is such that xy = ¢, then x; = ¢;.
We observe that ¢; is well defined for ¢ < 0, since the domain of ¢ is (—o0, 0].

3 Approximate controllability
In this section, we investigate the approximate controllability of system (2.1).

Let us introduce the space BPC = {x: (—00,T] — H;xo = ¢ € B,x|; € PC},and let || - || 7
be a seminorm in BPC defined by

ST

Ixll7 = llxoll 5 + stu?(E”x(s) I")2.

Page 10 of 26
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For all « > 0, define the control for system (2.1) as
u®(t,x) = B*S*(T - t) [(od +TE) 7 (ExT = C(T)$(0) - S(T) (%1 — F(0,$)))
+ /t(al + FST)_lcp(s) dw(s)]
0

—B*S*(T -¢) /t(od + FST)_IC(T —§)E(s,x5) ds
0

—-B*S*(T -1t) ft(od + FsT)flS(T —8)f (s, x5) ds
0

—B*S*(T -t /t(al + FST)flS(T — 8)0 (8, % p(s,x5)) AW(S)
0

—B*S*(T - t)/t(al + FST)_IS(T—S)/Z:{h(s,x(s—), U)K](ds, dav)
0

~B S (T-0)(al+T3) " > CT - t)l(xy)

O<ty<T

~BSHT -0l + T D ST~ t)lk(xy,),
O<tx<T
and define the operator ® on BPC as follows:
qu(t) = ¢(t)’ t €]O = (_OO;O]:
Dx(t) = C(t)p(0) + S(¢) [xl —F(O,q))] + /t C(t = s)F(s,xs) ds
0
+ /0 St —s)f (s, 25) ds + /(; S(t = 5)o (8, %p(5,x,)) AW(S)
+/0 S(t—s)/l;h(s,x(s—), v)f\?(ds, dv) +/0 S(t — s)Bu®(s,x) ds

+ Z C(t_tk)lk(xtk)"' Z S(t_tk)jk(xtk)x te].

O<tg<t O<tg<t

To prove the approximate controllability of system (2.1), we will first show that there

exists a fixed point of the operator & for all « > 0.

Theorem 3.1 Assume the (H1)—(Hs) are satisfied. Then for each 0 < « < 1, the operator ®
has a fixed point, provided that

1
81(0(1 + 10T2M§M§—2) <1 (3.1)
o
and

1
3T (TMcLeNT +2CMy) + 18T* MMy — Ky < 1, (32)
o
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where

T T
Ky = 2N7 <2T2MCLF + TMg / m(s)dsA + Tr(Q)Ms® / q(s)ds
0 0

n n
+ 2TCM,L? + nMc Z ¢ + nMs Z c,f), (3.3)
k-1 k-1

Ki = McT?LeN7 + N2MsL T* + MsTTr(Q)L, N7 + 2TCM,,

n n
+nMcN7 Y Ly +nMgN7 Y L. (3.4)
k=1 k=1

Proof For ¢ € B, we define 5 by

o(t) for t € J = (—00,0],
C(t)p(0) forte].

o(t) =

Then from the properties of B we infer 5 € BPC. Let x(¢) = z(t) + a(t), t e (—o0,T]. Itis
easy to see that x satisfies (2.4) if and only if z satisfies zyp = 0, '(0) = x; = 2/(0) = z1, and

t
2(t) = S(t)[z1 = F(0,0)] + / C(t — $)F(s, z; + ¢s) ds
0
t t
+ / St —s)f(s,zs + bs)ds + / S(t—5)o (8, 2p(s,25) + 5/0(3,‘;5)) aw(s)
0 0

+/0tS(t—s)/uh(s,z(s—)+$(s—),v)ﬁ(ds,dv)+/0tS(t—s)Bua(s,z+$)ds

+ Y Cle- )z + dy) + Y St-tklzy +dy), tel.

O<tg<t O<ty<t

Define B°PC = {y: (—oo0, T] — H,y, = 0,y|; € PC}. For any y € B°PC,
1 1
Iyr = lolls +sup(Ey(s) )" = sup(Ey)[)* = Iylee,
NS NS

and thus (B°PC, || - ||7) is a Banach space. Let B, = {y € BPC : ||y||% < r} for some r > 0.
Then the family B, C BOYPC is uniformly bounded. For z € B,, we have

lze + dellB < 2(lzel% + 16:1%)
= 2[NZ sup (E|z0)|) + 2(Mr +¢) 1dol + 2NF sup (E]36)])]
s€[0,t] se[0,¢]

< 2[N2r+2(My +J0) 111 + 2NEMEE | 6(0) ]

=r*.

Define the operator ® : B°PC — B°PC by

&)Z(t) =0, tej= (—OO, 0])



Huang et al. Journal of Inequalities and Applications (2023) 2023:53 Page 13 of 26

dz(8) = S(t)[z1 - F(0, ¢0)] + / C(t - s)F(s, zs + ) ds
0
+ / S(t—-35)f(s,zs + as) ds + / S(t=8)o(8,2p(s5,25) + ap(s,@)) dw(s)
0 0

+f0 S(t—s)/uh(s,z(s—)+¢(s—),v)N(ds,dv)+/0 S(t —s)Bu®(s,z + ¢) ds

+ Y Clt -tz + dy) + Y St -tz +dy), te).

O<ty<t O<ty<t

From assumptions (H), (Ha), (Hs), Holder inequality, and Bochner theorem [48] we can
easily obtain that C(¢ — s)F(s,zs + as) and S(t — s)f (s, zs + as) are integrable on [0,¢). In
addition, by using the strong continuity of C(¢) and S(¢), combined with Lemma 2.3 and
Lebesgue’s dominated convergence theorem, we conclude that ® is continuous. Therefore
® is a well-defined operator from B°PC into BPC. Obviously, the operator ® has a fixed
point, which means that ® has a fixed point.

To prove that ® has a fixed point, we will first study the control u*(s,z + 5). Let z,z €
B,. From the assumptions, the Holder inequality, the Doob martingale inequality, and a
particular case of Burkholder-type inequality for stochastic integrals driven by Poisson

jumps [32] we have

E||u"‘(s,z+<;~5)||2

1 ~
= 10MpMs — [E[«T|* + McL2 19113 + 2MsEl|z1 1 + 4Ms(Lell 1% + Lr)]
+ 10MBMS— Tr(Q) / E|g(s)|| ds + 10MBMS$MCT2(2LFr* +2LF)
2 1 * 2 1 T *
+ 1OMBMSa—2T/ m(s)Ql(r )ds + IOMBMSOl—2 Tr(Q)/ q(s)SZz(r )ds
0 0

1~ 1 g
+ 20MpMs— TCM,(1+ L*r*) + 10MpMs—nMc » _(cir* + c)
o o o1

+ 10MBM Z art+ ck
1 2 ~
= 10MpMs — {E||xT|| +McL*||p|lp + 2MsE|z1 1> + 4Ms(Lellpl% + Lr)

T 5 N T
+Tr(Q) /0 E|l@(s)|” ds + McT*(2Lrr* + 2Lr) + TMsS2 (1) /O m(s) ds

T n
+ Tr(Q)Ms 2, (r*) / q(s)ds + 2TCA~/[h(1 +L*r*) + nMc Z(c}(r* +c3)
0 k=1

+nMSZ art+ct }:Ao,
E||u”‘(s,z+$)—u“(5,5+$)||2

1
< 6MpMs—; (MC T?LeN7 + MsT*LiN7 + MsTTr(Q)L, N7
(07
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+2CTM,, + nMcN2 Z Ly + nMgN>2 Z Lk>
k=1 k=1

where C is a positive constant. Next, we show that the operator ® has a fixed point in the
following steps.

Step 1: ®(B,) C B, for some r > 0.

We affirm that there exists a positive constant r > 0 such that ®(B,) C B,. If this state-
ment is false, then for each r > 0, there exists a function z'(¢) € B,, but ®(z') ¢ B,, i.e.,
r < E||(®z)(¢")||? for some ¢ € J. However, from the assumptions and Axiom we obtain

A 7 |12
r<E[(®2) ()]

< 8{21\45[15”.7,1 I + 2L (1@l + 2L¢ ] + 2T*Mc (Ler* + L)

T T _
+ TMgﬂl(r*)/ m(s)ds + Tr(Q)Mgﬂz(r*)/ q(s)ds + 2TCM;,(1 + Lzr*)

0 0

+nMc Z(Cir* + ck +nMs Z ckr + ck + TZMSMBAO}

< 8{2Mg[E||z1 1>+ 2Le | BlI + 2L] + 2T*McLp + 2TCM;, + nMc ) c;

k=1

n

1

+ nMs Zcﬁ] + 80T2M]23M§? {E||xTH2 + McL?||$1|% + 2MgE||z, ||
k=1

T
+4Ms(Lellpll% + Le) + Tr(Q) / E|p(s)|* ds + 2T*McLr + 2TCM,,
0

+ nMCch + nMSch} + 8{ 2T*McLer* + TMsSu (r / m(s) ds
k=1 k=1

T n n
+ Tr(Q)Ms2, (r*) / q(s)ds + 2TCM,L*r* + nMc Z c,l(r* +nMs Z c,%r*}
0 k=1 k=1

1 T ~
+80T*MyM§— {2T2MCLFr* + TMsS (r*) / m(s)ds + 2TCM,L*r*
o 0

T n n
+ Tr(Q)Ms2, (r*) / q(s)ds + nMc¢ Z c,l(r* + nMg Z clg(r* }
0

k=1 k=1

Dividing both sides by r and taking the limit as » — oo, we obtain
2a2aq2 L
1<8Kyg|1+10T MSMB@ ,
where Kj is defined by (3.3). From (3.1) we can see that ®(B,) C B, for some positive

number r.
To prove that ® is condensing from B, into B,, we decompose ® = ®; + ®, by

®12(t) = S(t)[z1 - F(0,40)] + / t C(t - 5)E(s, 2 + bs) ds
0

Page 14 of 26
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+ /0 tS(t—s) /u h(s, z(s-) + $(s-), v)N(ds, dv)
S(t—s)Bu*(s,z+ ¢)d
+/0 (t —s)Bu*(s,z + ¢) ds
and

t t
Dyz(t) = /0 S(t—s)f(s,zs + bs) ds + /0 S(t—5)0 (8, 2p(s,25) + g;p(s,gs)) aw(s)

+ Y Clt =tz + ) + Y St - to)k(zy, + r)-

O<ty<t O<ty<t

We will verify that ®; is a contraction operator, whereas ®, isa completely continuous
operator.

Step 2: ®, is a contraction operator.

Take arbitrary z,z € B,. Then for each ¢ € J, we have

E[[(@:2)() - (@20

< STQMCLFN%w supE”z(t) —z(t) H2 +6CTM, supEHz(t) —z(¢) ”2
te] te]
1
+18T* MMz — <Mc T?LeN7 + NyMsLeT? + MsTTr(Q)L, N7
o

+2TCMj, + nMcN7. Y Ly + nMsN7. Zk) supE||z(6) - 2(¢) |*
k=1 k=1 te/

< [ST(TMCLFN% +2CMy) + 18T2M§M,23$K1] sup E||2(t) - 2(t) |
te]

Therefore we get
P12~ $1Zl7 < Kallz - ZII7,

where Ky = 3T(TMcLpN? +2CM;,) + 18 T*M2M3 u—lzl(l with Kj defined by (3.4). From (3.2)
we know that K; < 1, and thus @, is a contraction operator.

Step 3: ®, is a completely continuous operator on B,. For better readability, we break
the proof into five steps.

(i) ®, is continuous on B,.

Let {z"} C B, withz" — z (1 — 00) in B°PC for some z € B,. From Axiom A, Lemma 2.3,
and Lemma 2.7 it is easy to see that 2} . — z,(;z,) and z{ — z; uniformly as n — oo for

5,28

s € (=00, T]. By assumptions (Hs) and (Hg) we have

S22 + ) = fls, 25 + )

and

s ZZ(s,zg) t ¢»0(Sr$s)) = 0(8,Zp(s20) + Pp(s )

Page 15 of 26
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as n — oo for each s € J, and since

E|lf(s.2" + &) —f(s,2 + &) | < 2m(6). (),

| 2

E||U(S’ ZZ(S,Z?) + ¢P(S,$s)) - G(S’ Zp(sizs) + ¢P(Sv$s)) = 2q(t)92 (T‘*),
then by the complete continuity of I, jk (k=1,2,...,n) and the dominated convergence

theorem we have
| ®:2" - baz];

<supE

te]

/ St-9)[f (5,2 + )~ f(s,2 + B)] ds

0

t
[ 8= 5ty + Foin) = 52t + B )
0

+ Y Cle—t)[ Iz, + b)) — Iz + by)]

O<ty<t

2

+ Z S(t_ tk)[jk(zﬁk + atk) —jk(Ztk + atk)]

O<tg <t

t
< 4TM; / E|f (5.2 +85) ~fls2o+ 3| ds
0

¢
+4M;s Tr(Q) fo E“U(S’ ZZ(s,zg’) + ¢p(s,$s)) = 0(8:Zp(s.20) + Pp(s 7)) “2 ds

vanMc > (2l + b)) — Ik(zs + G|

O<tg<t

+4nMs Z ka(zﬁk + q~5tk) —jk(Zrk + 5@)“2

O<tp<t

— 0 asn— oo.

Thus @, is continuous on B,.
(ii) ®, maps bounded sets into bounded sets in BPC.

For each z € B,, from Lemma 2.7 and assumptions (Hs)—(H7) we have

t 2
E||®a2()|” < 415” / S(t - $)f (5,2 + Bs) ds
0

t 2
+4E / S(t—8)0(8,2p(s5,25) + ¢p(s’$s)) dw(s)
0

2
+4E Z C(t - ti)Ix(z;, + afk)

O<tg<t

2
+4E Z St =tk (zy, + s

O<tg<t

T T
§4TM5§21(r*)/ m(s)ds+4M5§22(r*)Tr(Q)/ q(s)ds
0 0
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n n
+4nMc Y (e +c) +4nMs Yy (cir* + ;) =K*,
k=1 k=1

which shows the claim.

To show that ®,(B,) is equicontinuous and ®,(B,)(¢) is precompact in B°PC, we de-
compose ®, as I1; + [1,, where I1; and II, are the operators on B, defined respectively
by

t t
IMz(¢) = / S(t—35)f (5,25 + ps) ds + / St =8)0 (8, 2p(s,25) + Pp(s3,)) AW(S)
0

0

and

Moz(t) = ) Clt - t)lk(zy + ) + Y, St -tz +¢y), L.

O<ty<t O<ty<t

(iii) We first show that IT;(B,) is equicontinuous.

Letz € B,,0<t; <t, < T.From assumptions (Hs) and (Hg) and Lemma 2.3(iii) we have

E||[(M2)(&) - (Mh2)(&) |

ty " 151 o 2
<2E / S(ta = 8)f (8,25 + ¢ps) ds — / Sty = 8)f (8,25 + ps) ds

0 0

+2E

t -
/ S(tz - S)U(SJ Z,D(s,zg) + ¢p(3,$s)) dW(S)
0

51 - 2
- / S(t1 = 8)0 (8, Zp(s25) + Dp(s,) AW(S)
0

2
<4E

/0 ) [S(t2 - ) = St = 9)]f (5,2 + §,) dis

2

+4E / ' S(ty — s)f (8,25 + a;s)ds

3}

t1 - 2
+4E / [S(tz -5) =St - S)]O‘(S, Zp(s,z) + Dp(sde) AW(S)
0

2

ty ~
+4E / S(t2 = 5)0 (8, 2p(s5.2) + P p(s,3,) AW(S)

51

< 6|t2 - t1),

where the constant C does not depend on z, from which it follows that E|[(I1,z)(t;) —
(IMy2)(t1)||> — 0 as &, — t; — 0, and thus I1;(B,) is equicontinuous. Here we consider only
the case 0 < t; < t; < T, because the other cases t; <t <0and t; <0 <t < T are very
simple.

(iv) I1; maps B, into a precompact set in H. That is, for every fixed t € J, the set V (¢) =
{(T1;2)(¢); z € B,} is precompact in H. It is obvious that V(0) = (IT;2)(0) is precompact. Let
0 <t < T be fixed, and let ¢ € (0, ¢). For z € B,, we define

t—¢ t—¢
(M2) (1) = ‘/0 S(t = s)f (s, 25 + ¢s) ds + /(; S(t = 8)0(8, Zp(s,25) + Pp(s.3)) AW(S).
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Since S(2), t > 0, is compact, from Lemma 2.3(iv) we know that the set V() = {(I1{2)(?) :

z € B,} is precompact in H for every ¢ € (0,£). Moreover, for every z € B,, we have

E[[(M2)(0) - (m52) )]

2
<2E

/t S(t—-s)f(s,zs + as)ds

2
+2E

t
/ St = 5)0 (8, 2p(s,25) + Pp(s3,)) AW(S)
t—¢
t t
< 2TM591(7*)/ m(s) ds+2MSS22(r*) Tr(Q)/ q(s) ds.
t—e l-¢

Therefore E||(T1;2)(¢) - (TT52)(£)|*> — 0 as ¢ — 0%, and there are precompact sets arbitrar-
ily close to the set V/(¢). Thus the set V() is precompact in H.

(v) I is completely continuous. Now we decompose I, as G; + G2, where

Gi2)(®) = Y S(t - t)Ik(zy + Py)

O<ty<t

and

G:2)(0) = Y Clt -tz +Py), e,

O<ty<t

Firstly, we show that G; is completely continuous. According to the proof in Step 3 (i) and
(ii), we can see that G, is continuous and G; (B,) isbounded in B°PC. Next, we need to show
that G;(B,)(¢) is relatively compact and G;(B,) is equicontinuous. From the definition of
Gi,forr>0,t €[t tir1], k=1,2,...,n, and z € B,, we find that

YK S(t - t)Ti(B,+(0, H)) if £ € (£, tis),
Gi2)(@0) € { 5 S(txar — )Ti(B,(0, H)) £ = t,,
YKL St - t)1(By (0, H)) + Tu(B(0, H))  if £ = ty,

e~

which proves that [G;(B,)]x(¢) is relatively compact in H for every ¢ € [#, tx1], since the
maps jk are completely continuous for all k = 1,2,...,n. Moreover, using the compactness
of the operators I; and the strong continuity of {S(t) : t € J}, we can prove that [g/l_(\/B,)]k is
equicontinuous at every ¢ € [#, tx,1]. Then from Lemma 2.1 we know that G; is completely
continuous. The proof of complete continuity for G, is similar to that of G;, so we omit
it. Therefore we obtain that IT, is completely continuous. These arguments prove that ®,
is completely continuous. Consequently, it follows from Sadovskii’s fixed point theorem
that the operator ® has a fixed point z € B,. Let x(¢) = z(£) + ¢~5(t), te(-o00,T]. Thenxisa
fixed point of the operator ®. The proof of Theorem 3.1 is completed. g

Theorem 3.2 Under hypotheses (H)—(Hs) and the assumptions of Theorem 3.1, suppose
that also the functions F, f, h, and o are uniformly bounded. Then system (2.1) is approx-
imately controllable on J.
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Proof Let x* be a fixed point of ® in BPC. Using the stochastic Fubini theorem [39], it is

easy to see that

T
x%(T) = C(T)p(0) + S(T)[xl —F(O,¢)] +/0 C(T—s)F(s,x"‘) ds

S

T T
+/0 S(T—s)f(s,xg‘)ds+/(; S(T—s)o(s,x‘;(syxg))dw(s)

n

T ~
+/0 S(T—s)/Z:{h(s,x"‘(s—),v)N(ds,dv)+ZC(T—tk)1k(x‘t’;()

k=1
n y T
+ ZS(T— tk)lk(x‘;‘k) + +/ S(T—s)B{B*S*(T—S)
k=1 0
x [(od +TT) 7 (ExT = C(T)$(0) - S(T) (%1 — F(0,4)))
+ fs(al + I‘rT)l(p(t)dw(r)]
0
—B*S*(T -5s) /S(al + FTT)_IC(T— T)F(7,%%) dt
0
—B*S*(T -s) /S(al + FTT)_lS(T— ‘L')f(l',x‘:) dt
0
—B*S*(T -5s) /S(a1+ FTT)_lS(T— 7)o (r,x‘;(r,x?)) dw(t)
0
—B*S*(T -s) /S(al + FTT)_lS(T— r)/ h(t,x“(r—), v)ﬁ(dr,dv)
0 u

~B*S* (T -s) (@l +T7) " > C(T - t)(x2.)
k=1

—B*SX(T —s)(al + FOT)_l ZS(T - tk)jk(xz()} ds
k=1

=T —a(al+T]) ' [Ex" = C(T)$(0) - S(T) (%1 — F(0,9))]
T
+ a/ (af + FST)_IC(T —$)F(s,x%) ds
0
T
+ a/ (o + FsT)flS(T —8)f (s,x%) ds
0
T
+ ozf (od + FST)f1 [S(T —s)o (er%(s,xg)) - (p(s)] aw(s)
0
T
+ a/ (od + FsT)flS(T —s)/ h(s,x"‘ (s-), v)]?[(ds, dv)
0 u

+or (o] + FOT)71 C(T - tk)lk(x‘;‘k)
k=1

BN 11

1

+ a(al + FOT)_ S(T - tk)ik(x‘;‘k).

k=1
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Moreover, since F, f, i, and o are uniformly bounded on J, there are subsequences, still
denoted by {F(s,x%)}, {f(s,x%)}, {U(S’xZ(s,x‘;))}' and {h(s,x*(s—),v)}, that converge weakly
to, say, F(s), f(s), o(s), and h(s,v) in H, H, Lo(K,H), and H, respectively. The compact-
ness of {S(¢) : ¢ > 0} and {C(¢) : t > 0} implies that C(T — s)F(s,x%) — C(T —s)F(s), S(T —
8)f (s,x%%) = S(T - s)f (s), S(T - S)U(S’xZ(s,xg)) — S(T - 8)o(s), and S(T — s)h(s,x*(s=),v) —
S(T - s)h(s,v). By (Hy) the operator a(al + I'T)™! — 0asa — 0%, and |la(al + TT)71|| <1

for all 0 < s < T. Then by the Lebesgue dominated convergence theorem we have

E||x*(T) -7 |?

< 12E||a(al + ) ' [ExT = C(T)$(0) - S(T) (%1 — F(0,4))]|*

cr2e( [ atat 17) ot -9[e(s2) - Foll )
+12E( / Joe(al +T)) S)F(S)||ds>2
cra( [ etet + ) s 9lf(o) sl ).
+12£(/ |ee(ar + TT) 7 S(T - s)f(s)nds)2

+24C1E afal +TT (h $,x%(s=),v) — h(s,v) 2)»(dv)a.’s
[ [

1

T 3

+E</ / Ha(a[+ FST)_l(h(s,x“(s—), v) = h(s,v)) ||4A(du)ds) }

o Ju

T
C 5 s, v)||*ad d)

+24 {E(fo /uua(aurs) (s,)]*M(dv) ds
+E</T/ Ha(aI+FsT)1h(s,v)||4k(dv)ds)2}

o Ju

T
+ 12E/ et (el + FsT)fl(p(s) ||st
0
T 7\-1)2 2
L 12E /O Ja(ad 4 TIY PIS(T = 9)[o (5,5 ) - o 6)] | s

T
+ 12Ef ||a(a1+ FST)_ls(T—s)a(s)Héds
0

2

ael +TT) Y C(T - )1 (x)
k=1

+12E

2
— 0 asa— 0%,

alel +TT) Y S(T - )T (x2)

k=1

+12E

where C is a positive constant. This gives the approximate controllability of system (2.1)

and completes the proof. d
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Now let us consider a particular case for system (2.1). If i(¢, x(¢—), v) = 0, then system
(2.1) becomes the impulsive neutral second-order stochastic differential equations with
SDD of the form

d[x’(t) - F(¢, xt)] = [Ax(t) +f(t %) + Bu(t)] dt + o (t, %p(tx,)) AW(L),

tE]:[O,T], t#tkr

Ax(te) = Ii(xy),  AX () = I(xy),  k=1,2,...,m, (3.5)
xO:¢€B, x/(O)le e H.

Corollary 3.1 Assume that all assumptions of Theorem 3.1 hold, except (Hg) and that the
functions F, f, and o are uniformly bounded. If

2A42 A02 1
TK3( 1+ 9T*MgMy— | <1
and
1
2T*McLENZ + 10T2M§M§£N%K4 <1,

where

T T
K= ZN% <2T2MCLF + TMS/ m(s)dsA + Tr(Q)MS®/ q(s)ds
0 0

n n
+nMc Zc}( + nMs Zc,s()
k=1 k=1

and

n n
Ky = McT?Lg + MsLeT? + MsT Tr(Q)L, + nMc ZLk + nMs ZZk,
k=1 k=1

then system (3.5) is approximately controllable on J.

4 An example

It is well known that wave equations with random disturbances have attracted more and
more attention for their strong applications in physics, relativistic quantum mechanics,
and oceanography ([9, 49] and references therein). In fact, stochastic wave equations are
hyperbolic stochastic partial differential equations, and the well-posedness of the solu-
tions is quite different from those of other stochastic partial differential equations. It is
more realistic to take into account the impulsive effects, state-dependent delays, Pois-
son jumps, and neutral terms in Eq. (1.4), which is introduced in Sect. 1. Therefore, in
this section, we give an example about the approximate controllability of stochastic wave
equations to illustrate the obtained main results. Specifically, we discuss the following im-
pulsive neutral stochastic wave equation with state-dependent delay and Poisson jumps:

’ [%Z(t’y) ) /_oo /0 @t =579l 1) d ds]
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t

= |:a—zz(t,y) + Bu(t,y) +/

3y2 q2(s — 1)z(s,y) ds] ot

+ ( / qs(s - t)z(s — p1 () pa(|| 22, 9)]]) ) ds) aw(?)
+/ z(t—,y)vl?[(dt,dv), 0<y<mt>0,teJ=[0,TI\{t1,....tu},
u

z(t,0) =z(¢t,m) =0, te], (4.1)
9
ot
z(t,y) = ¢(t,y), te(-00,0],0<y<m,

z(0,y) =x1(y), 0<y<m,

73

AZ(tk)(y)=/ nk(tx — 8)z(s,y)ds, k=1,2,...,m,0<y<m,

—00

tk
AZ () (y) = / E(tx —98)z(s,y)ds, k=1,2,...,n,0<y<m,

where 0 <t < --- < t, < T are prefixed numbers, p1, p : [0,00) — [0,00) are continuous
functions, ¢; (i = 1,2,3), nk, & (k=1,2,...,n), ¢, and x; are appropriate functions, which
will be specified later. Let w(£) denote a stochastic cylindrical Wiener process in a separable
real Hilbert space H = £,([0, 7]) defined on a stochastic space (€2, F, P). Let {p(t),t € J} be
a K-valued Poisson point process (independent of w(t)) with characteristic measure A(dv)
onlU € B(K - {0}), where U = {v e R: 0 < ||v|g <¢,¢ >0} and K = [0,00). We denote by
N(ds, dv) the Poisson counting measure induced by p, and the compensating martingale
measure by K[(ds, dv) = N(ds,dv) — A(dv) ds.

Define A: H— Hby A = % with domain D(A) = {§ € H,£(0) = £(r)}. The opera-

tor A has a discrete spectrum with eigenvalues —#* for n € N, and e,(y) = \/g sin(ny)
(n=1,2,...) is an orthonormal basis of H. Then Az =) ., -n*(z,e,)e,, z € D(A), and
the operators C(t) are defined by C(£)z = Y -, cos(nt)(z, e,)e, from a cosine function on
H, with associated sine function S(t)z =Y oo, w (z,e,)eyn, t € R. It is clear that C(-)z and
S(-)z are periodic functions with ||C(¢)|| <1 and ||S(¢)|| <1 forall z€ H and ¢ € R [44].
Let ¥ (0)y = ¥(8,9), (0,y) € (-00,0] x [0,7], and z(¢)(y) = z(¢,y). Let g : (—o0,0] —
(0,00) be a Lebesgue-integrable function with [ = f_ooo g(t)dt < co. For any b > 0, de-
fine B = {¢ : (—~00,0] — H|(E||y¥(0) IIZ)% is a bounded and measurable function on [-5,0],
and ff)oog(s)(Elll/f(s)||2)%ds < 00}. Now we take g(¢) = e*, t < 0. Then we get [ =

f_ooog(t) dt = 5 and define

0 1
1l = / ¢ sup (E|v@)[")* ds.

It is easy to verify that (B, || - ||g) is a Banach space.

Define the infinite-dimensional space

u

oo oo
{u:Zunen(y):Zui<oo
n=2 n=2

Page 22 of 26
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with norm ||ully = (352, uﬁ)% and the linear continuous mapping B: U/ — H by

o0
Bu =2uye; (y) + Z upe, ().
n=2
It is easy to see that

Bu(t) =2uy(t)ei (y) + Zu,,(t)e,,(y) € Eft(],H)

n=2

for u(t,y, w) = ey tn(t, w)e,(y) € Ezf‘ (/,H). Moreover,

B'v= 2(vy + VZ)EZ(J’) + Z Vnen(y)’
n=3

o0
B*S*(t)z = (2z1¢7" + zze"“)ez(y) + Zzne’”zten »)
n=3
forv=7) 1" v.e,(y) and z =Y, z,e,(y). Let | B*S*(¢)z|| = 0, ¢ € ]. It follows that

o0
||2zle" +zze’4t||2 + Z”zne’”zt ||2 =0 = z,=0, n=12,...
n=3

Thus by Theorem 4.1.7 in [50] the deterministic linear system corresponding to (4.1) is
approximately controllable on J. Therefore hypothesis (Hy) is satisfied. Also, from the def-
inition of B we know that B is bounded and satisfies hypothesis (H3).

The functions F:J x B— H,0: ] x B— Lo(K,H),f:J]xB—H, p:] xB— (-00,0],
h:] xHxU— H, and Ik,jk : B — H are defined respectively by

0 T
F(W)U)=[ /Oql(s,r,y)xﬂ(s,r)dtds,

0

o ()0) = / 4() (5,3) ds,

p(t,¥) =t - pr(®)p2(|w(0)]),

0

F0) = / () (5,3) ds,
0
Ik(I/f)(y)=/ n(=s)¥(s,y)ds, k=1,2,...,n,

0
ik(llf)(y)=/ E(=s)¥(s,9)ds, k=1,2,...,n,
h(®),v) = v o).

We can represent system (4.1) by system (2.1). To get the result on the approximate con-
trollability for system (4.1), we need the following conditions:
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¥q1(s1.9)

ayt

Lr = max”/ f / (8‘5]1(;1 y)) dtdsdy};;i=0,1}<oo

(ii) g2, g3 : R — R are continuous, and

([ @)? )5 ( O (q5(5)” >5
Lf_(f-oo 26) ds| <oo, L, = /_oo 26) ds| <oo

(iii) The functions ng, & € C(R, R), and

© s
,Bkz(f k ds) <oo, k=1,2,...,n,
o 8(5)

0 £2 i
Bk=( Ek(_s)cis) <oo, k=1,2,...,n
o &)

(i) The functions ,i=0,1, are measurable, g, (s, t,0) = g1 (s, t,7) = 0, and

(iv) fu v2A(dv) < oo and fu vAA(dv) < oo.

Under the above assumptions, we obtain that the mappings F, f, o, I, and I; are
bounded: E||F|* < Lg, E|[f||* < Ly, Ello||* < Lo, E[L||* < Bi, and E||x||* < fi. Then all
the conditions stated in Theorems 3.1 and 3.2 are satisfied. Hence by Theorem 3.2 system

(4.1) is approximately controllable.

5 Conclusions

In this paper, we focus on a new kind of second-order impulsive neutral stochastic differ-
ential equations with state-dependent delay and Poisson jumps in a real separable Hilbert
space, which are abstracted from stochastic wave equations. The results of approximate
controllability were obtained by employing the Sadovskii fixed point theorem and the the-
ory of a strongly continuous cosine family of bounded linear operators. Finally, an example
illustrates the effectiveness of the main results. It should be emphasized that Egs. (2.1) con-
sidered in this paper are more general than those in the existing literature, for example,
[23, 24, 35, 38].

Second-order Volterra integro-differential equations were introduced by Hirokazu Oka
[51]. As we know, up to now, there is no literature reported on the second-order stochastic
Volterra integro-differential equations. Therefore we will try to study such equations in
future work, which is a novel and interesting subject. In addition, we will also consider
the controllability and stability of solutions for second-order impulsive neutral SDEs with

jumps or driven by fractional Brownian motion.
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