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1 Introduction
In this paper, we are concerned with the 3D compressible isothermal magnetohydrody-
namic (MHD) equations, which are a combination of the compressible Navier—Stokes

equations of fluid dynamics and Maxwells equations of electromagnetism (see [1, 13]):

+div( u)=0,
(u;+div( u®U)—p u-(u+ )Vdivu+VP( )= (curlB) x B, (1.1)
B;-curl(uxB)= B, divB =0,

where ¢ > 0 is the time and x € R? is the spatial coordinate. The unknown functions ,u =
(ul, u?, uP)¥, B = (b}, b%,b*)¥, and P denote the fluid density, velocity, magnetic field, and

pressure, respectively. The viscosity coefficients i and  satisfy the physical restrictions
U >0, 2U+3 >0. (1.2)

Positive constant is the magnetic diffusion coefficient. The pressure P( ) is determined

through the equations of states. Here, we consider the isothermal gas dynamics

P() a witha>0. (1.3)
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The main aim of this paper is to study the Cauchy problem of (1.1)—(1.3) with the initial
data

( »u, B)|t=0 = ( 0, Uo, B())(?C), X € RB’ (14‘)
and the far field behavior
( ,u,B)(x,t) = (7,0,0) as|x| = 00,t>0, (1.5)

where " is a given nonnegative constant. Without loss of generality, we assume that ~ = 1.

The compressible MHD system (1.1) describes the relationship between the Navier—
Stokes equations of fluid dynamics and Maxwell’s equations of electromagnetism, and it
has been studied by many articles [2, 3, 7, 9] and the references cited therein. For the one-
dimensional isentropic compressible Navier—Stokes equations, Hoff [4], Kazhikhov and
Shelukhin [12], and Serre [21, 22] have studied the isothermal problems respectively. For
the multi-dimensional case, Itaya [11], Nash [19], Serrin [23], and Tani [24] investigated
the local existence and uniqueness of classical solutions with vacuum, respectively. Mat-
sumura and Nishida in [16—18] proved the global smooth solutions when the initial data
are close to a non-vacuum equilibrium. Later, Huang, Li, and Xin [10] investigated the vac-
uum and non-vacuum state for the three-dimensional case, and they obtained the global
existence and uniqueness of classical solutions. Yu in [25] studied the 3D compressible
isothermal Navier—Stokes equations with a vacuum at infinity and proved the global ex-
istence of strong solutions. For the isentropic MHD system, Hu and Wang [8, 9] obtained
the global existence of renormalized solutions with general large initial data. Li, Xu, and
Zhang [15] considered the Cauchy problem of the 3D case and obtained the global well-
posedness of classical solution with small energy.

For the isothermal Navier—Stokes system away from vacuum, Nishida in [20] proved
the global existence of BV solutions for one-dimensional MHD equations. Hoff in [5, 6]
obtained the global weak solutions for three-dimensional case. Matsumura and Nishida
in [17] obtained the global smooth solutions. A natural question to ask is whether or not
smooth solutions exist globally in three-dimensional MHD equations. Therefore, the main
purpose of this paper is to investigate the global existence of strong solutions for the 3D
compressible isothermal MHD system.

Before stating the main results, we explain the notation and conventions used through-
out this paper. We denote

/f(x)dx ’/D;Sf(x)dx,

and the standard homogeneous and inhomogeneous Sobolev spaces as follows:

L" = ['(R?), D¢ ={uelLl

loc

wkr = [0 Dk, HF = w2, DK = D}, D' ={u e L%|||Vul| ;2 < 00},

[IVEullLr < 00}, Iull per = 1V¥Ullr,

for 1 <r < oo and k € Z. The total energy is defined as

1 1
o /(5 olUol* + G( 0)+§|Bo|2>(x)dx,
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where G( ) denotes the potential energy density

G() / Mds,
1

§2

and it is clear that G( )~ ( —1)2.

We now state the definition of strong solution of (1.1)—(1.5) as follows.

De“nition 1.1 A triple of functions ( ,Uu, B) is said to be a strong solution of (1.1)—(1.5)
provided that ( ,u, B) satisfies equations (1.1)—(1.5) almost everywhere and belongs to the
class of functions (1.8) in which the uniqueness can be shown to hold.

The main result of this paper is formulated as follows.

Theorem 1.1 For any given numbers M > 0 (not necessary small), ~ > 2 and p € [2,6],
assume that

olUol* +( 0= 1)*+[Bol* € L', (uo,By) e D'ND?,
0<inf o< o) <supo<~, (o-1eH NW'Y, (1.6)
||VUO||i2 + ||VBO||i2 <M,

and the compatibility condition holds

- Uo—( +p)Vdivuo+VP( 0)—(V X Bo) x By = é/2g (17)
for some g € L2. Then there exists a positive constant depending onlyon |, , ,a, M,and
" such that if
my= ,

then for any 0 < T < 0o, there exists a unique global strong solution ( ,u,B) of problem
(1.1)=(1.5) on R® x [0, T] satisfying

0< <27 forallxeRS, t>0,
and

( -1 ec(o,T;H nWw), ,ecC([0,T];L?),
u e C([0, T); D* N D?)NL*(0, T; D*?),

U, €L®(0,T;L?), u,eL*0,T;DY),

B e C([0, T, H*)NL*(0,T; H?), B, eL*0,T;H").

(1.8)

To obtain the strong solutions globally in time, we need global a priori estimates on
smooth solutions for ( ,u,B). The main difficulty is due to the appearance of the strong
coupling between the velocity field and the magnetic field. Another difficulty is the weaker
compatibility condition (1.7). Therefore, to overcome the two difficulties, we first give
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some known inequalities and facts in Sect. 2 and then establish the estimates of the global
strong solutions that are independent of time ¢ to problem (1.1)—(1.5) in Sect. 3. Finally,
with the help of global (uniform) estimates at hand, in Sect. 4 we prove that Theorem 1.1
holds.

2 Preliminaries
In this section, we recall some known facts and elementary inequalities which will be used
later. Firstly, we give the following local existence due to [17].

Proposition 2.1 Assume that the initial data ( o, Uo, Bo) satisfies (1.6) and (1.7). Then
there exist a small time T, > 0 and a strong solution ( ,u,B) to problem (1.1)-(1.5) on
R3 x (0, T.].

Lemma 2.1([26]) Letye WYY(0, T) satisfy the ODE system
Y =g0)+b'@®) on0,T],5(0) =y,

where b € W(0,T), g € C(R), and g(+00) = —oco. Assume that there are two constants
Ny > 0and Ny > 0 such that forall 0 <t; <t; <T,

b(t2) - b(t) < No + Ni(t2 - ta). (2.1)
Then
y(@) <max{yo, *}+No<+oo on[0,T],
where * € R is a constant such that
g )=-Ny for = " (2.2)
The following well-known Gagliardo—Nirenberg inequality can be found in [14].

Lemma 2.2 For p € [2,6], q € (1,00), and r € (3,00), assume that f € H'(R3) and g €
LI(R3) N DY (R3). Then there exists a generic constant C > 0, depending only on q and r,

such that
fllze < CILfII IIVfIILz” (2.3)
gl < Cligll i Vgl s (2.4)

Finally, we introduce the effective viscous flux F, the vorticity , and the material deriva-

“n

tive “-”, which are defined as follows:
. 1
F (2u+ )divu— (P( )—P(l))—§|B|2, Vxul u +u-va,

then

F=div( u)-divdivB®B) and u =V x( u-div(B®B)).
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Thus, it follows from Lemma 2.2 and the standard L?-estimates of elliptic equations that

we have the following lemma.

Lemma 2.3 ([15]) Let ( ,u,B) be a smooth solution of (1.1)—(1.5). Then there exists a
generic constant C > 0 such that for any p € [2,6],

IVEI +1IV Nl < C(I Ullzr +IVB-Bl), (2.5)
IEIw + 1 Nl < C(IVUllz + [PC) =P o + [1BP]2) "
* (Il ullz + VB - Bll2) ", (2.6)

IVUllzr < C(IF N + |PC ) =P, + | IBP] o + 11 llzr)- (2.7)

3 A priori estimates

In this section, we establish the uniform a priori estimates of solutions to problem
(1.1)—(1.5) to extend the local strong solution guaranteed by Proposition 2.1. Assume that
( ,u,B)isasmooth solution to (1.1)—(1.5) on R? x (0, T) for some positive time T > 0 with
smooth initial data ( o, Uo, Bo) satisfying (1.6) and (1.7). Set () min{1,¢} and define

A(T)  sup (IIVul} +[IVBI3),

0<t<T

Ax(T) SUIOT(IIVUIIfz +IVBIIZ).
0<t<

We have the following key a priori estimates on ( , U, B).

Proposition 3.1 For given constant ~ > 0 and M (not necessarily small), assume that
(0, Uq, By) satisfies (1.6) and (1.7). Then there exist positive constants K and , depending
onlyon U, , ,a, ~,and M, such that if ( ,u,B) is a smooth solution of (1.1)—(1.5) on
R3 x (0, T satisfying

0< (xt)<2 forall(xt) eR®x[0,T],

(3.1)
ANT) <2m?,  Ay(T)<3K,

then

0< (xt)<i~ forall(xt)eR?x[0,T],

(3.2)
A(T) <mi?,  Ay(T)<2K,

provided my < .
Proof The proof of Proposition 3.1 will be done by a series of lemmas below.

Throughout this paper, we denote by C, C; (i = 1,2,...) the generic positive constants
that may depend on U, , ,a, -, and M, but are independent of time 7 > 0. We also use
C( ) to emphasize the dependence on

We first begin with the following standard energy estimates, which can be easily deduced
from (1.1)—(1.5).
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Lemma 3.1 Let ( ,u,B) be a smooth solution of (1.1)—(1.5) on R3 x [0, T]. Then

T
sup | (( -1)*+ |u|2+|B|2)dx+/ (IVull?, + IVBI7,) dt < Cmy. (3.3)
te[0,T] 0

Proof Multiplying (1.1), (1.1)2, and (1.1)3 by G'( ), U, and B, respectively, integrating the
resulting equations by parts over R?, and adding them together, one has

d

1 1 .
p (G( )+ IUI2+§|B|2>dx+u||VUIliz+(u+ )idivullz, + VB, =0,

which, integrated over (0, T), immediately leads to (3.3).

Lemma 3.2 Under the conditions of Proposition 3.1, one has

T
sup [IB12; + / B2, dt < ClIBoll3;. (3.4)
0

te[0,T]

Proof By virtue of (3.1) and (3.3), we infer from Lemma 2.2 (p = 6 in (2.3))that

T
/ (Iulljs + IVullys + IVBII7,) dt
0

(T) T
=< C/ (Ivullg, + IIVBIIiz)dHC/( : (IVully> + IIVBII7,) dt
0 T

(1)
<C sup (IVullz, + IIVBIIiz)/ (IVullZ, + IVBIZ,) dt
tefo, (7)) 0

T

+C sup  (IVull7, + ||VB||§2)/ (IVull3, + IVBI2,) dt
te[ (1),T] (T)

< Cmy. (3.5)

Multiplying (1.1); by 3|B|B and integrating by parts over R?, we obtain
d 3 2 2
EHBHL3 +3 /(|B||VB| +BI|V(IBI)|") dx
< / BJ|VB[*dx + C[[ VU7, IBll3s/2, (3.6)
where the last term on the right-hand side in (3.6) comes from the following inequality:

f |Vul|BP dx < C|| Vull 2l|BIS, 1BIS

< CVull2IBIFZ, 1B 6

1/2
< C(IIVull2:11Bl13s)

l1vBIIBI"?| ..
To deal with the right-hand side of (3.6), we notice that

IBIZ < C[IBP?2|}s < C[IVBIBIM |,

Page 6 of 19
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then

1/3

1/2 1/2 1/2 3/2
IBllo2 < CIBIIZIBIM < CIBIX [ VIBE?,5,

which together with (3.6) yields

d 3 3 4 3

EIIBllLs +[IBlls = ClIVUll 2 [IBll /5
which together with (3.5) and Gronwall’s inequality yields the desired estimate (3.4).
Lemma 3.3 Under the conditions of Proposition 3.1,

(W IVUl% + (@ + ) Ildivul® + IVBIZ), + | Y2uls+ 1B+ |V2B|5

5( /a( —1)divudx + /(B-VB—%WBF)-udx)

+C(+] IVUlZ, + IVBI2)

+C(+] ")(Ivull®, + IVB$,) + Crmo, (3.7)
where = (t) >0 is a piecewise smooth function.
Proof Multiplying (1.1); by (£)U and integrating by parts over R3, one has
/ |U|2dx=—/ V(P( )-P(1)) -Udx+p / u-tde+ (U+ )/Vdivu-u

4
1o\ .
+/ <B-VB—§V|B|>~udx 21:1 (3.8)

The right-hand side terms of (3.8) can be estimated as follows. First, noting that
(P( )—P(l))t+u-V(P( ) - P(1)) + P( )divu =0, (3.9)

we obtain from (3.3), (3.9) and Cauchy—Schwarz’s inequality that

I = (/ (P( )—P(l))divudx)t— ’/(P( ) - P(1)) divudx
- / (P( )~ P(), divudax + / (P()=P() (i i) dx
< (/ (P( )—P(l))divudx)t+C "IVull2|P( ) - P1)],,
+/ P(1)(divu)?dx + /(P( )= P(1)) ' i dx

fa(/ ( —l)divudx) +C( +| DIvulz, +Cl ['mo.
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By virtue of Cauchy-Schwarz’s inequality, one has

=—p/ L/+u ku’)d

) 1 )
=_%</ |Vu|2dx)t+% IVull?, - f( ok ku’—§|Vu|2dlvu)dx

(/ |Vu|2dx> +C| [IVull?, + 1 [[Vull?,.
t

Similarly,
M+ P / 2 3
135—7 |divul>dx ) +C| '[[Vull?, + C1 [[Vul?,.
t

For I, it follows from (2.3) and (2.4) that

i-([ (e-ve-;viee). udx) - [ (e ve- 39 uds

1 1
- /(B-VB—§V|B|2> ~udx+ (B-VB—§V|B|2>-U-Vudx

1
< (/ (B VB - 5V|B|2) ~udx) IBI VB VUl 2
t

+C VB2 V2B 2Bl [ VUll2 + C VB2 V2B L lIVul?,

1
< (/ (B VB - EV|B|2) ~udx)t + Z||Bt||§2 + §||VZB||22

+C(+| 'PIVUlS +C( +| DIVBIS, +C| '[IVBIF, + C| |m.
On the other hand, it follows from (2.7) and Cauchy-Schwarz’s inequality that

IVul®s < (| Y20l +1B- VBI2) (IVull2 + [P ) =P, + 1B ,2) >

+[PCY =P} + [ 1B s

1
< 2C, l ”2u||L2 +— 8¢, ||v2B||§2 +C(IVull$, + VBIS,) + Cmy. (3.10)

Substituting I3, I1, I3, I into (3.8) and using (3.10), we immediately obtain

(W IVUl% + @+ ) Iidival®), + || Y22,

5( /a( —1)divudx + /<B~VB—§V|B|2>~udx) + Cmg
t

+C(+] NUIVUlZ +1IVBIZ) +C( +] [)(IIVUlS, + [IVBIIS,). (3.11)

Page 8 of 19
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We infer from (1.1)3 and (2.3) that
( IVBI%),+ 2 |VB|,+ 1Bl = f(Bt— BYdx— '|VB|},
= /|B~Vu—u-VB—Bdivu|2dx— "IVBI2,
<C ||VB|2,+C |ul3IIVBI?;
57||v28||i2+6| VB +C (IVulls, + VBI2,),
thus
( IVBI%), + 2 VB[ + 1Bl <C| '[IVBI% +C (IVullS, + [VBIS,),
which, together with (3.11), yields (3.7).

Lemma 3.4 Under the conditions of Proposition 3.1, there exist positive constants K >
M+ 1and 1<1,dependingonlyon |\, , ,a, ~,and M, such that

)
Ay( (D)) +/ (I a2, + 1B + || V?B|,) de < 2K, (3.12)
0
provided my < 1.

Proof Taking =1 in (3.7) and integrating it over (0, (7)), we deduce from (1.6), (1.7),
(3.1), (3.3), (2.7), (3.3), and (3.4) that

(T)
an( D)+ [ (] 0l 1Bz + | VB
5C(M+1)+a/( —1)divudx|0(T)+/(B-VB—%V|B|2) dx|, "

(T)
+ Cf (I9ull, + [ VBI,) dt
0

=

%A2( (7)) + Cmy? A3 ( (1)) + C(M +1)?,

thus
@ 172412 2 2R |12
A D)+ [ (] 0]+ 1B + [ VB ) dt
0
< Comy*K3? + C3(M + 1)* < 2K,

provided

. K
Mo < 1 mln{l,g} with K Cs(M +1)%
2

Thus, we immediately obtain the desired estimate (3.12). The proof of Lemma 3.4 is there-
fore completed.
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Lemma 3.5 Under the conditions of Proposition 3.1, there exists a positive constant »,
depending onlyon A, , ,a, ~, and M, such that

i+1
AL(T) +f (] 1/2u||i2 +1Bell?, + ||V2B\}i2)dt§m})’2, (3.13)
i-1

provided my < ,, where ; (t +1-1i) and i is an integer satisfying 1 <i < [T] -1 with

[T denoting the largest integer less than or equal to T.

Proof Without loss of generality, assume that 7' > 2. Otherwise, things can be done by
choosing a suitable small step size. For integer i(1 <i < [T] - 1), taking = ;(¢) in (3.7)

and integrating the results over (i — 1,7 + 1], one deduces from (3.1), (3.3), and (3.5) that

i+1
sup ( AVl + ,-||VB||§2)+/ () Y2a])3s + 1Bel% + | VB||7,) dt
15

teli-1,i+1] 1

< Cmg + ,f(P( ) - P(1))divudsx + i/(B-VB—%WBF) -udx

i+1 i+1
+ C[ (VU + [ VBIS,) de + Cf (YUl + | VBI2,) de
i-1 i-1
< jIIVUIIZz + Camy?M"?(;|IVB|?2,) + Cm,
thus
i+1 3 9
sup (/IVull?, + i||VB||§2)+/ (| Y20l + 1B + | V2B ) dt
teli-1,i+1] i-1
<GCsmp < Cm(l)/z,
provided

. 11
mpy < min 1,—,— .
0= 2 { 2C2M cg}

Lemma 3.6 Under the conditions of Proposition 3.1, it holds that

(1 20l + 1BdZ),+ (IV01% + IVBZ)

< [(] Y2ulZ, + 1Bd%) + € (IVulld, + IVBIS) (1B + | V2B]2,)

+C IVUl%, + C VUL VB2 V2B3Y + C mol VB, | V2B,

+C (IVull2 + mi? + m§ IVBIER) (| Y2a|l, + | V2B|5) + C mo,  (3.14)

where = (t) > 0 is a piecewise smooth function.
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Proof Operating /[ ; +div(u-)] to (1.1)’2, summing with respect to j, and integrating the

resulting equation over R3, one has after integration by parts
(—/ |U|2dx> ——/ [G)? dx
2 .2
=- /u’[ P+ div(u ,'P)]dx+ Tl /u’[ u’;+div(u uj)]dx
+ ( +p)/iz’[,« ((divu) +div(u ;(divu))]dx

. /uf[ (B VB + div(uB - VB)] dx

_—/f/[ . /(1B + div(u ;(IBI?) Z},, (3.15)

2

where the first term on the right-hand side of (3.15) can be estimated as follows. Based on

integrating by parts and (3.1), we obtain

Ji- f (JilP( )+ widu P ))dx

/(—adivu i —adiv(( —1u) il — (ki) (P( ) -PQ)))dx

f (cadivu jid = il u(P( )= P(D)) dx

'C

=g IValz, + CC) (IVullz.
Similarly,
o ; 3 .
h=H /L'/[ w +div(u of)]dx < —T“ Ivul?, + C [[Vulls
and
+H - H .
Js=——— divaly, + 1 IValZ, +C [Vullfs.
Keeping in mind that divB = 0 and integrating by parts over R3, one has
Ju= /(u’(B’t B + B ,B’t) — iu*B ,-Bj) dx
<- / (B i/Bi+B, i/B'dx+ (i/uB B)dx
_k
=3 IVQl7, + C Bl [IVBl;. + C VBII7, ||VzB||L2||Vu||L2
_k
=g IVQl7, + C my?|VB,|[7, + C (IIVBIl2 + ||VU||L2)HVZB”L2
Similarly,

15<E VU2 +C my* VB2 +C (VB + [VullL,) | V2B .
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It follows from (2.6), (2.7), (3.4) and Cauchy—Schwarz’s inequality that

IIVUI|§4 < (|| ”ZUHEZ +]B- VBIIEZ)(IIVUIILZ + ||P( )—P(1)||L2 + || IBIZHLZ)
+|PC) =P s + [ 1BI] s

< (IVull2 + m3? + IBIMZIVBIER) (| Y2ull, + 1BI3 | V2B )

+ C(ymo + (1Bl 7 1Bl
< (IVull2 + g+ mi 1B (| 20] 2 + [ VB }2)
+ C()mo + VB3, V2B, (3.16)
Substituting /1, /5, .., Js into (3.15) and using (3.16), we obtain
([ "Palk),+ 1voi,
< % IVBIE + | /[ 0l + € (1vul + 19BIE) [ V2B

+C VUl +C mo| VB2, | V2B, + C mo

£ C (VU + b+ mIVBIER) (| 0], + [vB]L) 617
On the other hand, it follows from (1.1)5 that

Blt_ Bt=(B~VU—U'VB—BdIVU)£. (3.18)

Multiplying (3.18) by B; and integrating over R3 yield

_||Bt||22) - S IBdif + IVBl
(2 L . 2 L L
= /(BtVU—U'VBt—Btd“/u)Btdx

+ /(—B-V(u-Vu)+(u-Vu)-VB+Bdiv(u~Vu))-Btdx
3

+ /(B.vu—u.VB—B.divu).Btdx > N (3.19)
i=1

Now, we estimate N; (i = 1,2, 3) as follows. By using (2.1), (2.2) and integrating by parts,

we have
N1y = C 1Bl IVUll 21l VBl 2 = 3 IVBLII7, + ClIB: 17211 Vull 7.
Due to (2.3), (2.4) and Cauchy—Schwarz’s inequality, we have
Ny = /(uk B LfBi +uk il iBjB];—uk ot iB/Bi—uk B ,B]t) dx
= C [BllzIVUll2IVUll s I VB¢l 2 + C IVBIlsIVUll 21 VUl 3 I1Bell s

3/2

=< VB2, + C VB[ VB

4 4
VUl +C [IVull 4,

Page 12 of 19
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and inequality (3.4) gives
N3 < C B[ VB 2l VUll2 < C mg?|[ VU2, + 3 IVB: 7.
Thus, substituting Nj, N, N3 into (3.19), we infer from (3.16) that

( ||Bt||]%2)t + ||VB;||§2

| -
=3 IValZs + | "[IBelZ. + C VUl I1Bellz

+C VUL IVBIR2|V2B) + C mol VB, | V2B,

e 3
+C (Ivull +mg™ + mg " IVBI) (| 0 + [ VB[ ) + C o,

which together with (3.19) gives (3.14).

Lemma 3.7 Under the conditions of Proposition 3.1, it holds that

sup (]| ”ZUHEZ + B2, + HVZBHEZ) < Cm}. (3.20)
te(0,T]

Moreover, for any 0 < t; < t, < T, it holds that

5]
/ 2(IVall?, + 1VB,II%,) dt < Cmy? + Cmo(ty - t1). (3.21)

2]

Proof For any integer 1 <i <[T] -1, taking = iz with ;(¢) (t+1-1i)in (3.14) and
integrating it over (i — 1,7 + 1], we obtain from (3.1), (3.3), and (3.13) that

i+1
sup  2(] Y2ul, +1Bl%) + / 2(IvVull?, + VB |1%,) dt
i-1

teli-1,i+1]

i+l i+l
< Cmg + c/ (] Uzuui2 +1BelI%) dt + c/ ZIvull?, dt
i-1

i-1

i+1
+ C/ Z(Ivullg2 + 1VBIIE) (1Bl 72 + ||VZB||iz)dt

-1

12 12

i+1 i+1
+ C/ 2vulls IVBI2 | V2B, dt + CmO/ 2B, | V2B, dt
i-1 i-1

i+1
+ c/ 2(IVull + mb + mY*IVBIER) (| Y203, + | V?B|5,) dt
i-1

i+1
< sup (vl e s 1vBIR) [ 2] L B ) d
teli-1,i+1] i-1

i+1
+ Cmo(__sup ||VB||§2)/ 2|v?B|?%, dt + Cmi
i-1

teli-1,i+1]
<Cmy® sup 2(| "Puf+|V*B],.) + Cmy. (3.22)
teli-1,i+1]
On the other hand, we obtain from (1.1); that

|V?B],2 < ClIB¢llz2 + CI VU2 VBl 2, (3.23)

which together with (3.22) yields (3.20).
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Next, to prove (3.21), taking = in(3.7) and integrating the results over [¢,£,] C [0, T1],
we deduce from (3.1) and (3.3) that

2
[0 el s 18 « |78
1

2
2
<C sup (IIVUI|§z+|IVBlliz)/ (IVull3, + IVBI2,) dt

tet1,t2] t
+ C(mo +A1(T)) + Bl ;3A1(T) + Cmg + Cmg(ty — £1)

< Cm(l)/z + Cmp(ty — 7). (3.24)

Taking = 2in(3.14) and integrating it over [¢1,£,] C [0, T], we deduce from (3.1), (3.3),
(3.20), and (3.24) that

5]
/ (19012 + [VB,I%) dr

a1
ty
<c sup (| Pal e |vBln)? [ (1 alh v ) @
telty o] f
+ Cmll® + Cmo(ty — 1) < Cml/® + Cmo(ty — 11).
The proof of Lemma 3.7 is therefore completed.

Lemma 3.8 Under the conditions of Proposition 3.1, it holds that

sup (|| 207 + 1B + [ V7B )

tefo, (7))
(1) , ,
+/ (Va2 + IVB|l7,) dt < C. (3.25)
0
Proof Taking = in (3.14) and integrating it over [0, (T)], we deduce from (3.1), (3.3),
and (3.20) that
1724112 2 @ .2 2
sup (|| MPul.+ 1B + (IVal?, + I VBI1%) dt
telo, (T)] 0
(1) ) (1)
< Cmg + c/ (I M2al, + 1Bz, ) de + c/ IVull?, de
0 0

(T)
+ C/O (IVullz2 + 1IVBII2) (1B l132 + HVZBHiz)dt
@ 4 32| v2p ||3/2 @™ 3 2p |3
+C/ IVull.IIVBIES | VB dt+/ VB3, || V?B| . dt
0 0

(T)
+ C/ (||Vu||Lz + m(l)/2 + mé“”VBHif)(” I/ZUH; + ”VzBHiz)dt
0

(1)
< sup (|Vulz +ml?+ m5/4||VB||jg2/ (I Y2a|?, + | v2B|3,) dt
telo, (T)] 0
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(T)
+Cm0< sup ||VB||§Z)/ |v2B|2,dt+ C
(7] 0

telo,
p (| 205+ |V%B],5) -
which together with (3.23) yields (3.24).
Lemma 3.9 Let ( ,u,B) be a smooth solution of (1.1)=(1.5) on R3 x (0, T] satisfying (3.1).

Then there exists a positive constant > 0, depending only on |\, , ,a, ~, and M, such
that

7
0< (x0)< 1 T, Vi) eR3x[0,7), (3.26)
provided my < .

Let D; ¢ + U -V denote the material derivation operator. Then we can rewrite (3.1);
as follows:

D, =g( )+b(®)

where

a 1 ! 1 _,
) (=D b -3 /0<F+5 |B|)ds.

Obviously, it holds that g(co) = —c0. So, to apply Lemma 2.1, we still need to deal with b(¢).
To do this, we first use (2.4)—(2.6), (3.3), (3.4), (3.12), (3.13), and (3.25) to deduce that for
any0<fn << (I)=<1,

|b(t2) - b(11)|

(T)
<c() (IF Iz + 1Bl ) dt
0
) 1/4 3/4
<C f (IFIS IVEIRE + 1Bl s VBl 6) de
0
@ 1/2 2/3 1/2\1/4 . 3/4
<C (IVull2 +mg + IBIZRIBN,) " (IVUll2 + 1B - VBl 2) ™" dt
0

(T)
+c/0 IVBI|;2||V?B|,» dt

(T) 5/8 (1) 3/8
< Cm(l)/m( / 45 dt) ( / Ival?, dt)
0 0
(T) 5/8 (T) 3/8
+ Cm(l)/u( / -3/5 dt) < f Ivu|, dt)
0 0

(1 172
- Cmo Cmg,/2< [ Ivel dt) < Comi/®.
0

Page 15 of 19
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Therefore, for t € [0, (T)], we can choose Ny and N in (2.1) as
Ni=0,  Np=Cem’®,

and *=1in (2.2), then we obtain from Lemma 2.1 that

3
sup || llze <max{”, *} +No < ~+Comy'® < —, (3.27)
tel0, (T)] 2

provided that

- 16
mo =< 3 { 1) 2,(2—(:6) }

For t € [ (T),T], we obtain from (2.4)—(2.6), (3.3), (3.4), (3.12), (3.13), and (3.25) that,
forall (T)<ti<t,<T,

|b(t2) - b(11)|

ty
< C(')/ (IF|lz> + 1Bl ) dt
5]

2

a
S TR / (IFIZEIVEI + 1Bl VBso) dt
a 2 1/3\2/3 _) 2
< (tr—t)+C [ (IVullz +my”) " (IVU| 7, + B - VBI},) dt
4u +2 0

a
< (4” ) + C7ng/6> (tz - tl) + Cgm%/g

a
(ty — t1) + Cemd?,

U+

provided that

a 6/7
= 4 { 3’(67(4u+2 )> }

Therefore, for t € [ (T), T, we can choose Ny and Nj in (2.1) as

a

bh—1), Np = Cem?®,
M+ (&2 —t1) 0 87171

N =
and *=2in (2.2), then we obtain from Lemma 2.1 that

3 3 7"
sup || iz~ < maX{ =7, } +No< = +Coml® < —, (3.28)
te[ (T),T) 2 2 4

provided that

- 3/2
my < {4’(E) } (3.29)

The combination of (3.27) with (3.28) yields (3.26).
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4 Proof of Theorem 1.1
In this section, we always assume that the initial energy m1, satisfies (3.29) and the positive
constant C may depend on T and g besides iU, , ,a, ~,and M.

Lemma 4.1 Under the conditions of Theorem 1.1, the following estimates hold:

(T)
sup (|| Y2al?, + B2 + |V2B|L) + / (IVal%, + [VB%) <C. (4.1)
tel0, (T)] 0

Proof Taking =1 in (3.14) and integrating the resulting equation over (0, (T)], we de-
duce from (3.23) that

(T)
sup (| V2a|Z, + B2 + |V2B|L) + / (IVul2, + 1VB2%)
tefo, (T)] 0

(T)
<| %2, +Cm0+C/ (IVull, + IVBIS) (| Y20, + 1B.I2%) dt + C
0

<G
which leads to (4.1).

Lemma 4.2 Under the conditions of Theorem 1.1, the following estimates hold:

T
s[g%(H 20)2, + 1BI1% + | V?B|2,) + f (IVUl% + [VB]%) < C, (4.2)
tel0, 0

and for any p € [2,6],

T
sup (IIV llz2rzr + VUl 1) +/ | Vul| e dt < C(T). (4.3)
0<t<T 0

Proof Inequality (4.2) can be obtained directly from Lemma 3.7 and Lemma 4.1. Similar
to the proof of [10], we can obtain (4.3).

Proof of Theorem 1.1 To prove Theorem 1.1, by virtue of Proposition 2.1, we know that
there exists a positive time T, > 0 such that problem (1.1)—(1.5) possesses a strong solution
( ,u,B)inR3 x (0, T,]. Next, with all the a priori estimates established in Sect. 3, we will
extend the local strong solution to all time.

First, in view of the definitions of A;(T) and A,(T), it is easily deduced from (3.1) that

A(0) <my?,  Ay0)<2K, 0< <

’

N

(=)

due to mo < . Thus, there exists a time T € (
Set

, T.] such that (3.1) holds for T' = T7.

T* sup{ T|( ,u,B)is a strong solution on [0, T]}
and

T; Sup{ T|( ,u,B)is a strong solution on [0, 7] satisfying (3.1)}.
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Thus, T > T; > 0. By virtue of Proposition 3.1, we know
T* = T%,

provided mg <
Next, similar to the proof of [10, Sect. 4], we can claim that T* = co. Thus, the proof of
Theorem 1.1 is complete.
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