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1 Introduction
Suppose that p>1, isameasurable set, and f(x), 1 (x) are two nonnegative measurable
functions defined on . Define

Lyl £ = ([0 dx)”p < |

Specifically, if u(x) 1, then we have the abbreviations: f , = f ,,, and L,( )=

Lpu( ).
In addition, letp>1,4a,, ,>0,n Z,a={a,}, .Define

lp, = {a: a, = (;aﬁ n)l/p< }

Specifically, if , 1, then we have the abbreviations: 4 ,:= 4 , ,and [, =1, .
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Consider two real-valued sequences: a ={a,,,},,-1 L, andb={b,},-, I, then

a,b,, (1.1)

n=1 m=1

where the constant factor is the best possible. Inequality (1.1) was proposed by Hilbert
in his lectures on integral equations in 1908, and Schur established the integral analogy of
(1.1) in 1911, that is,

F@e0)
| [ P < saen (12)

where f,g Lp(R"), and the constant factor is also the best possible.

Inequalities (1.1) and (1.2) are commonly named as Hilbert inequalities [1]. In recent
decades, especially after the 1990s, a great many extended forms of (1.1) and (1.2) were
established, such as the following one provided by Krni¢ and Pecari¢ [2]:

DI (25) @by 13

n=1 m=1

where 0<  4,p>1, 1 + 1 =1, U, =m0 = pa(= 7271 "and B(u,v) is the Beta
function [3].
Moreover, Yang [4] established the following extension of (1.2), that is,

f(x)g(Y)
where , , >0, + =1 u@) =« I and (x)=x71 L

With regard to some other extended forms of inequalities (1.1) and (1.2), we refer to
[5—11]. Such inequalities as (1.3) and (1.4) are commonly known as Hilbert-type inequal-
ities. It should be pointed out that, by introducing new kernel functions, and considering
the coe cient refinement, reverse form, multidimensional extension, a large number of
Hilbert-type inequalities were established in the past 20 years (see [12—23]).

It should also be pointed out that the kernel function in inequalities (1.1) and (1.2) are
homogeneous [11, 12], and there exists another form of (1.1) with a nonhomogeneous
kernel function [12], that is,

/ f(x)g(y)d A< faga (15)
o Jo l+uxy

The discrete form of (1.5) can also be established, but its constant factor cannot be proved
to be the best possible (see [12], p. 315). In 2005, Yang provided a half-discrete form of (1.5)
and proved that the constant factor is the best possible, that is [24],

an
fo f(x);“nxdx< faanz (1.6)

With regard to some other half-discrete inequalities with homogeneous and nonhomoge-
neous kernels, we refer to [23, 25—32].
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The main objective of this work is to establish a new class of half-discrete Hilbert-type
inequalities defined in the whole plane with the kernel functions involving both the ho-
mogeneous and nonhomogeneous cases, such as the following two:

a, 2 3
/_ f(x)%lﬂxn) + (xn)? < 3 Soow @ (@.7)
. (4+ 3)

where [ (x) = |x|p(l— - = |n|q(1— -1 () = |x|p(l_3 21 and , = |n|q(l— 121

More generally, a new kernel function with multiple parameters, which unifies some ho-
mogeneous and nonhomogeneous cases is constructed, and then a half-discrete Hilbert-
type inequality and its equivalent forms defined in the whole plane are established. The
paper is organized as follows: detailed lemmas will be presented in Sect. 2, and the main
results and some corollaries will be presented in Sect. 3 and Sect. 4, respectively.

2 Some lemmas
Lemma 2.1 Let {1,-1}, and

2i+1
=ltie==———ij Z}.
{ 2j+1" }

Suppose that  (0,1), , R* yand , , satisfy < and + <1 Define
1—
K(z)=-—%, (2.1)
1- 2z

where z=1 for =1, and z=-1for =-1.Let K(1):= - for =1, and K(-1) := - for
=-1. Then,

Gz):=K(z)lzl = (2.2)
decreases monotonically on R*, and increases monotonically on R™.

Proof We first consider the case where =1,andz (0,1) (1, ), thenwe have

dK

_ 2 _
d_z_(l_z) z H(z), (2.3)
where
Hz)=( — )z — z~ + . (2.9)

We can easily obtain that

dH _

o (=)= (=) 7'= (=)™ Mz -1 (2.5)
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Therefore, we have 22 >0 forz  (0,1), and 2 <0forz (1, ). It follows that H(z)
H(1) = 0. By (2.3), we obtain ‘fjij <0forz (0,1) (1, ), and therefore K(z) decreases
monotonically on R* for =1.Since 0< <1, it can also be obtained that G(z) = K(z)z ~*
decreases monotonically on R* for =1.

Secondly, consider the case of =1,andz (- ,0). Settingz=—-u, « (0, ), and
observing that R* , We obtain

1—z 1+u
11—z 1+u

G(z) = lz] 1= u L= L(u). (2.6)

Inviewof0< <1,and + <1, weobtain

— = 2(Lvu ) [l— - u @.7)
+(1- — + Ju’ +(1- + Ju +1- ]<0.

This implies that L(x) decreases monotonically with z (z  R™), and therefore G(z) in-

creases monotonically withz (z  R7).

Lemma2.1is proved for = 1. Additionally, in view of , R* , it follows from the
above discussions that Lemma 2.1 holds obviously for the case where =-1. O

Lemma 2.2 Let {1,-1}, and

2i+1
=dtie==———ij Z}.
{ 2j+1" }

Suppose that 0,1), , R* yand , , satisfy + < .Let (z)=cotz, and
K(z) be defined by (2.1). Then,

/ K@l de=—| (—)- (L) (2.8)
_ 2 2 ' '
Proof Consider the case where =1. Observing that R* , We obtain
1- 1+
/ K(2)|z| _ldz:/ il z ‘1dz+f £ z tdz (2.9)
— 0 1-z 0 1+z
Y1-z 1-z
= dz+ —d
/o et / e
1
+/ llz —1dz+f llz _1dZ
o 1+z 1 1+z
1, -1 + -1 1, —— -1 - -1
z —Z z —zZ
=] ——dz+ | ——d
/o 1-z ‘ /0 1-z “
1, -1 + =1 1 - - -1 —
+/ Ldz.q./ idz
0 1+z 0 1+z

1, -1_,2--1 1, - -1 o+l
V4 —Z z —Z
= - dz+ d
|:_/0 1-22 z /o 1-22 Z]

=201+ D).
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Expanding ﬁz— (z (0,1)) into a power series, and using the Lebesgue term-by-term
integration theorem, we obtain

]l—/ Z 2y =1_ 2 j+2 - _1) dz (2.10)

j=0

:2/1(22 i+ —1_22 j+2 ——l)dz
j=0 ¥0

1
_Z(Z v 2 j+2 — )

Observing that (z) = cotz (0 <z < ) can be written as the following rational fraction
expansion [3]:

1
(Z)__+Z<z+1 . >

we obtain

(2_) - [1 ’ ;(2 R /ﬂ @1

1
’N
-
=
3
N
[+
N
N~
N
]+
=
N
~
S——"

1
|N
-
3
N
]+
N
N~.
TP
|
3
1
LN
N
~
+
N -
|
S————

1
’r\)
-
=
=i
| —
N
=
+
ol
|
+
]+
N
N
N~
I
N
N~
+
N~
|
——
| I

|
|N
s
N
3
N
N~
+
N -
|
N———"

Combining (2.10) and (2.11), we obtain

=g (2_> 2.12)
Similarly, we have
- (+ +)
re- (S5) 2.13)

Inserting (2.12) and (2.13) into (2.9), we arrive at (2.8) for = 1. Additionally, if =-1,
then it is obvious that (2.9) is still valid owing to R* , and it follows therefore
that (2.8) holds for the case where =-—1.Lemma 2.2 is proved. O
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Lemma 2.3 Let {1,-1} and

2i+1
.—{t.t 2 1 VL Z}

Suppose that (0,1), . (0,1] ., R* yand , , satisfy < and
+ <min{l, }. Assume thatp>1, 1% + %1 =1,2Z°%:=Z\{0}, and K(2) is defined by (2.1).
For a sufficiently large positive integer [, set

- — -1-2
a= {ai’l}n 70 == {lnl a }n 701

fy= 1M T s,
X) .=
0, x R\S,

where S = {x [x|*¢" <1}. Then,

Ji=Y :an/ K(x n )f(x)dx:/ @)Y auK(x n )dx (2.14)
n 20 B - n 70
_l _1+2 2
vd 24l
> |[ /[-1,1] K(2)l2] 2+ /R L K z}
Proof Write

1= [ S0 T aken )t [ 160 Y ak(en )

n 7% n 7~
+/ fx) ZanK x n dx+/ fx) Zay,K xn d
* n 7% n 7~
=htat]s+],

where S* ={x:x S R}, S"={x:x S R}

Ifx S,n Z% thenwehavex n <0.ByLemma 2.1, it can be proved that G(x # )
decreases withn (n  Z*). Additionally, inviewof ~ (0,1] , it can also be proved that
|n| G decreases with n (m  Z*). It follows therefore that

aK(x n )=« - )G(x n )| -

decreases withn (n  Z*) for afixed x (x S7), and it implies that
_1+2 _1-2 ._
]1>/ [x] Z / K(x y )|y| 4 dydx:=P;.
x S 1
Similarly, it can be obtained that
142 -1 -2
]2>/ [x] Y / K(x ¥ )|y| 4 dydx = Py,
x S§” -

2 2
> [ w7 [ Ky )bl T g
x St 1
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P 2
D B P R T
x St -

If <0, thatis, R™,thenS—=S R =(— ,-1).Letx y =z, and observe that
X =—|x]~ (x<0)and z*~* = |z|*~! (£ < 0), then we have
-1 142 _1-2
P = / [x] ol / K(x y )|y| 4 dydx (2.15)
- 1

1 [t * 42
== / PR f K@zl 7 dzdx
1 7t -1 L2
== / x| / K@)|z| @ dzdx
1t x L2
+= / x| / K@)|z| "7 dzdx
- -1
-1
=— K(2)|z] ~ X dz
1 [t * a2
v _/ o / K(@)l2| ™ dzdx.
- -1

It follows from Fubini’s theorem that

-1
/ | f K@)l 4 dzdx (2.16)

/ K@)lz| ~ / x| T dxdz

2| l/ K(@2)|z| ~ L dz.

Inserting (2.16) back into (2.15), we obtain

l -1 42 0 1s2
Pl:ﬁ[ / K@)l 5 dz + / K@ i dz}.

Similarly, it can be obtained that P, = P, and

l —1-£ 1 -1+ 4
Pz:Ps:ﬁU K@)z qldz+/ K@l 7 dz].

1
This implies that

]>P1+P2+P3+P4

l _1+2 12
=— / K@)|z| 7 dz+/ K(2)|z| 77 dz]|.
[ R\ [-1,1]

Hence, Lemma 2.3 is proved when <0.If >0. It can also be proved that (2.14) holds
true. The proof of Lemma 2.3 is completed. d
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3 Main results
Theorem 3.1 Let { 1,-1}, and

2i+1
={tit=——i,) Z;.
{ aﬂl’}

Suppose that (0,1), , (0,1] . R* yand , , satisfy <

and + <min{l, } Letp>1, 1% + i =1. Assume that i (x) = [x[P& )L =|u7@ )L
wheren Z°:=Z\{0}. Letf(x),a, O besuchthatf(x) L,u(R), anda={a.}, 0 I, .
Let (z) = cotz, and K(z) be defined by (2.1). Then, the following inequalities hold and are

equivalent:
J= y%:oan/_ K(x n )f(x)dx=/_ f(x)r%:ol((x n )andx (3.1)
() (e
~ »
L ::H%W 1[ f_ K(x n )f(x) dx] (3.2)

=) ()]

K(x n )an]qu (3.3)

|
far ] ) (S

where the constant —| |_% _1%[ () - (%)] in (3.1), (3.2), and (3.3) is the best
possible.

Proof Let K(x y)=Kkxn), gy) =a, and h(y) =nfory [n—-1n),n Z* Let
I?(x y):=K(x n), gly) =a, and h(y) = |n| fory [n,n+1),n Z.By Hotlder’s in-
equality, we have

Z a,,/ K(x n )f(x)dx (3.4)

n 70 N

:f f(x)ZK(x n )a,,dx:/ / K(x y )f(x)g(y) dxdy
- n 70 - U

=[] Ry )P0 e e
x [K(x 3 )]"1¢ Ya[n)]* "e()dxdy

1Up
{ ‘/ﬁwme]ﬂwwﬂwww“}
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1/p 1q
) [/ @l ) dx] [Z O e )’PaZ} ,

n 70

where

@=>_K(xn)a (3.5)
n 70

(n)=/ K(x n )|x| ~1dx. (3.6)
Since 1, it can be shown that |#| ~! decreases monotonically if » Z*, and in-
creases monotonically if »  Z~. Moreover, by Lemma 2.1, and observing that and
0,1] , it can be proved that whetherx R*orx R~, G(x n ) decreases mono-
tonically with n if »  Z*, and increases monotonically with n if »  Z~. Therefore, for a

fixed x,

K(x n )|n| L=xl - G(x n )|n| -1

decreases monotonically with #if #  Z*, and increases monotonically with nifn  Z~. It
follows therefore that

©= 2Kl < [ K@yl oy

n 70 -

Supposing that x < 0, and observing that and (0,1] ,weobtainx ™ =—|x|~~
and z- 1 = |z| L. Letting x y =z, it follows that

(x)</ K(xy)lyl tdy= ﬁ/i K(2)|z| tdz. (3.7)

By a similar discussion, it can also be proved that (3.7) is valid for x > 0. Inserting (2.8) into
(3.7), we obtain

)

Additionally, it can be obtained that

ot () (=52)]

Inserting (3.8) and (3.9) back into (3.4), we obtain (3.1). In what follows, it is to be proved
that (3.2) and (3.3) hold under the condition that inequality (3.1) holds. In fact, Let b =
{b.},, 70, where

b, = |nf? _1[/_ I((x n )f(x)dx]p_l,
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then,
p
L= Z |n|? _l|:/ K(x n )f(x) dx] (3.10)
n 70 -

=> b, / K(x n )f(x)dx

n 70

<13 (7)- (S )] e
A ) ()

It follows from (3.10) that (3.2) holds true. Similarly, inequality (3.3) can be proved. In fact,
setting

@)= e -{Z K(x n )an]q_l,

n 70

and using (3.1), it follows that

LZZ/_ x| —1|:Z K(x n )an]qu (3.11)

n 70

:/ g(x) Z[((x n )a,dx

n 70

A (o) (e
] o) (e

Therefore, (3.3) follows obviously. Furthermore, it can be proved that (3.1) holds true when
inequality (3.2) or (3.3) is valid. In fact, assuming (3.2) holds true, it follows from Hdélder’s
inequality that

1= Xl [ K il ) @12)
n 70 -

1/q
L[S agp- =] = a

n 70

Applying inequality (3.2) to (3.12), we arrive at (3.1). Similarly, if we suppose that inequality
(3.3) holds true, it can also be proved that (3.1) is valid. Thus, inequalities (3.1), (3.2), and
(3.3) are equivalent.

In what follows, it will be proved that the constant factors in (3.1), (3.2), and (3.3) are
the best possible. In fact, suppose that there exists a constant C that satisfies

0<C —| [ —%[ (2_>_ (%)} (3.13)
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so that
J=) a / K(x n )f(x)da= / &)Y K(x n )a,dx (3.14)
n 70 - - n 79
<Cf pp @y .

Replace a,, and f(x) in (3.14) with a, and f(x) defined in Lemma 2.3, respectively, and use
(2.14), then we have

2 2
/ K(@)|z] 7 dz+ / K()|z] @ dz (3.15)
[-11] R\[-1,1]

C
<¥]<| ll Sopu ag

: !
:—|C<2/ sz_ldx>p 242 n L
! s* n=2
1 1
<2| |C(/ sz_ldx) <1+/ x_zT_ldx>q
[ St 1
1\r/1 1\4
p q
=2 - 4+ .
() (i)
Apply Fatou’s lemma to (3.15), and use (2.8), then it follows that
(+ +)
1 &) =)

= f K(2)|z| tdz

RS I

2 2
- / lim K(2)[e] 7 de + f lim K(2)|] 7 dz
[-11]¢ R\[-1,1] /

. —1+2 -1-2
lim [ [ k@ =Eae [ ke dz]
[ [-1,1] R\[-1,1]

1 1
1 \72/1 1\¢
| 1N 1N
,—hm[z' 'C<2| |) (z 2 ) } cll

It follows that

<o () ()

Combine (3.13) and (3.16), then we have

] () (5]

Hence, it is proved that the constant factor in inequality (3.1) is the best possible. Ob-
serving that inequalities (3.1), (3.2), and (3.3) are equivalent, it can also be proved that the
constant factors in (3.2) and (3.3) are the best possible. Theorem 3.1 is proved. O

r,

Q=
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4 Corollaries
Let =3 , = =1linTheorem3.1. Then, (3.1)is transformed into the following Hilbert-
type inequality with a nonhomogeneous kernel.

Corollary 4.1 Let {1,-1}, and

2i+1
=tit=——,i,] Zy.
{ 2j+1"/ }

Suppose that 0,1), yand , satisfy0< <2 and + <1 Letp>1, 117 + é =1.
Assume that W(x) = |x[?¢ L, = 10|90 )7L wheren  2°:=Z\{0}. Let f(x),a, O be
such that f(x) L,u(R),anda={a,}, 50 [, .Let (z)=cotz. Then,

/_ f(x)XZ:O1+ (xn;Z — o (4.1)

S ) () e

where the constant factor [ (5-)— (%)] in (4.1) is the best possible.

Set = inCorollary 4.1, then ,and0< < % Since (3)=3+ 3, we obtain
a, (4+ 3)
dx < , 4.2
/; f(x)%l+ (xn) + (xm)? * 3 Sopu @y (42)
n
where p(x) = |x|P0= /271 = |10~ /271 Letting =1, we have (1.7).
Set = in Corollary 4.1, then ,0< < % and (4.1) reduces to the following
inequality.
a, 2 3
dx < , 4.3
/_ f(x)%u ) e P 3 S da (43)
where p(x) = x| L, = |nja@ L
Set =2 in Corollary 4.1, then ,and0< < Z Inviewof (Y-)=3+ 3 we
arrive at
ay, 4+ 3)
dx < : 4.4
/— f(x)%1+ (xn) + (xm)2 * 3 Sopu @y (44)
n

where “(x) - |x|p(1—3 /2)—1’ w= Inlq(l_3 /2-1
Let =—-, = =1inTheorem 3.1. Then, another Hilbert-type inequality with a
nonhomogeneous kernel can be obtained.

Corollary 4.2 Let {1,-1}, and

2i+1
=tit=——,i,] Zjy.
{ 2j+1"/ }
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Suppose that ,0< < and + <2 Letp>1, 117 + é = 1. Assume that |\(x) =
ot = *#22=L = |2~ *2L yheren  Z0:=Z\{0}. Letf(x),a, O besuch thatf(x)
Lyu(R) and a={a}, z0 1 .Let (z)=cotz. Then,

/f()Z s (%)fp,u a,. (45)

where the constant factor g— (( ) ) in (4.5) is the best possible.

Letting =(2k+1) ,k N*,wehaveO<(k+1) <1, , and (4.5) is transformed
into the following inequality
2 k
/ f(x)XZ:O 2k zk—;( n) dr < (2k +1) (4k+2) S @ (4.6)

where p(x) = |0 -1 = |p]ak -t
Setting k =1 in (4.6), we can also obtain (4.3). Moreover, Setting k = 2 in (4.6), we have

0< <%, . It follows that

anf (%) 2
/— §1+ (xn) +(xn)?2 + (xn)3 + (xn)* dx<5— (§> Sopw @ “7)

where p(x) = |xP2 )1, = |n|702 )L
Let =3, =-1, =1inTheorem 3.1, and replace f(x)x®> with f(x). Then, the fol-
lowing Hilbert-type inequality with a homogeneous kernel of degree 2 can be obtained.

Corollary 4.3 Let {1,-1}, and

2i+1
={tit=——i,] Z;.
{ 2j+1'" }

Suppose that 0,1), yand , satisfy0< <2 and + <1 Letp>1, 1% + % =1.
Assume that W(x) = |x|P@ 21 =|n|® L wheren  Z°:=Z\{0}. Let f(x),a, O
be such that f(x) L,u(R),anda={a.}, 70 1, .Let (z)=cotz. Then,

f_ f(x)%x—2 - (:;) s (4.8)

o (@) F)rmen

where the constant factor [ (5)— (%)] in (4.8) is the best possible.

Set = in Corollary 4.3, then ,and0< <Z.Since ()=3+ 3, weobtain
the following inequality

\ 4+ 3
- n 70

where p(x) = |x|P0-8 /271 =|n|?®= /21 Letting =—1, we obtain inequality (1.8).
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Set = in Corollary 4.3, then ,and0< < 1 , and (4.8) is transformed into the
following inequality

f @Y 5 o dx<233 foop @y, (4.10)

% (xn) +n?
n

where p(x) = |xP 1, =m0 L

Let =—-, =-1, =1inTheorem 3.1, and replace f(x)x = with f(x). Then, the
following Hilbert-type inequality involving a homogeneous kernel with degree — can
be obtained.

Corollary 4.4 Let {1,-1}, and

_ t't—2i+1 7
= .—2j+1,l,] .

Suppose that ,0< < and + <2 Letp>1, 1% + é = 1. Assume that | (x) =
oefpC = #2271 = |2~ *2L yheren  Z0:=Z\{0}. Letf(x),a, O besuch thatf(x)
Lyn(R), and a={a,}, ;0 I, .Let (z)=cotz. Then,

[t ae<t (S5 ) s, @11)
- n 70

where the constant factor 2 (( 7 ) ) in (4.11) is the best possible.

Letting =(2k+1) ,k N",wehaveO<(k+1) <1, ,and (4.11) is transformed
into the following inequality

2 k
f f@> = Zk_w el A T <4k+2> fona@q, (412

nZO

where p(x) = |3k -1 = |p)ak -t
Setting k=1,and =1in (4.12), (4.10) can also be obtained. Additionally, let x =2 in
(4.12),then0< <1, , and it follows that

an 2
/_ f(x)XZ‘;x“ +a n +(@xn)? +x nd +nt dx<? (§>fp'“ a,. (413
n
where p(x) = |xP0-2 L = |92 )L
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