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1 Introduction
Delays in differential systems are used for mathematical modeling in many applications
to describe the dynamics influenced by events from the past. It is known that differential
equations with delay appears in physics, biology, and other disciplines, and the time delay
is considered in the model of the systems [7, 12]. In particular, these equations are applied
to mathematical modeling in many applications to describe the dynamics influenced by
events from the past, see [15, 16, 18]. Most noteworthy is that the attractors of determin-
istic differential equations with a time delay have been studied in [11], while the stochastic
case has been studied in [6, 29].

This paper is concerned with the following plate equations with time delay blurred by
additive noise in R”:

Oplh + QLOsU + O (0s 1) + Oexanth + At + F(u(x, t),x)
= f(u(t - p,x),%x) +g(x, £) + €h(x ”ii—vf, t>1, (1.1)

Uz (x,8) ;= ulx, T +5) = plx,s), 0Ouc(x,8) = 3,p(x,s),

wheret e R, x € R",5 € [-p,0], € € (0,1], , A are positive constants, the time delay p > 0is
a constant, the conditions F, f are satisfied (see Sect. 3), g(x, -) € L2 (R, L*(R")), h € H*(R")

loc
and ¢ € C([t - p,t], H*(R")), W is a two-side real-value Wiener process on a complete

probability space that will be specified later.
For the deterministic case, many authors obtained the existence of global attractors in
[2, 8-10, 30-33, 40]. For the stochastic case, Ma and Shen investigated the existence of
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random attractors for plate equations in bounded domains in [14, 19, 20]. Moreover, in
the entire space, Yao obtained the existence of random attractors for plate equations in
[34—-39]. Wang investigated the global existence as well as long-term dynamics for a wide
class of lattice plate equations on the entire integer set with nonlinear damping driven by
infinite-dimensional nonlinear noise in [27].

For the case p =0 in (1.1), we derived the existence of results in [35]. However, as far as
we know, there is little literature dealing with stochastic time-delay plate equations. Also,
in [28], Wang and Ma studied the existence of pullback attractors for the nonautonomous
suspension-bridge equation with time delay.

Motivated by the literature above, we study the dynamics of the delay plate equations.
The main features of the work are summarized as follows: (i) We prove that (1.1) generates
random dynamical systems; (ii) We show the existence of random attractors for (1.1); (iii)
We obtain the convergence of random attractors for (1.1) as p — 0 or ¢ — 0. A major
difficulty in the proof process is to prove the existence random attractors for (1.1), the
reason for this is that Sobolev embeddings are no longer compact. To overcome this, we
use the uniform estimates and the splitting technique ([26]).

This paper is organized as follows. In the next section, we recall some basic concepts on
the theory of random dynamical systems. We then prove an abstract result for the upper
semicontinuity of random attractors for stochastic delay equations. In Sect. 3, we establish
the continuous random dynamical system for (1.1). Some necessary estimates are given in
Sect. 4. We then prove the existence of pullback attractors for (1.1) in Sect. 5. In Sects. 6
and 7, we further prove the upper semicontinuity of attractors when € — 0 and p — 0.

2 Mathematical setting and notation
Now, we recall some notations and propositions on the theory of random dynamical sys-
tems, the reader is referred to [1, 3, 4, 13, 17, 21-24].

Denote (2, F,P) as the probability space and for t e R, w € €2,

O,0(-) = w(t +-) — w(t).

Let (X, | - |lx) be a separable Hilbert space, and let (2, F, P, {6;};cr) be an ergodic metric
dynamical system

Proposition 2.1 ([24]) Let D be an inclusion closed collection of some families of nonempty
subsets of X, and ® be a continuous cocycle on X over (2, F,P,{0;}1cr). Then, ® has a
unique D-pullback random attractor A in D if ® is D-pullback asymptotically compact
in X and ® has a closed measurable D-pullback absorbing set K in D.

We denote by Cx the space C([—p, 0], X) with the sup-norm

lullcy = sup |lullx, u € C([-p,0],X).
s€[p,0]

Denote by (Y, || - ||) a Banach space that satisfies that the injection X C Y is continuous,
we also denote by Cy y the Banach space Cx N C}([-p, 0], Y) with the norm || - lcxy

Y12y, = VI, +llulle,,  y=@v)", ueCxveCy. (2.1)
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Denote —A the Laplace operator, A = A2 and the Hilbert spaces V, = D(A%) endowed

with inner product and norm
W), = (A% Atv), |-, =A%
In particular, Vy = L2(R"), V5 = H2(R").

3 Random dynamical system
In this section, we discuss the assumptions on F, f, and g and define a continuous cocycle
in Cy, v, (R") for (1.1). Assume F(x,-) € C*(R),f, g satisfy the following conditions:

Let E(r,x) = Jy E(s,x)ds forx e R" and s € R,

|F(s,%)| < crlsl” + m(x), m €L*(R"), (3.1)

F(s,%)s — c2E(s5,%) = ma(x), 12 € L'(R"), (3.2)

F(s,x) > csls]”*! = n3(x), 13 € L'(R"), (33)

‘E(S,x) <o, (3.4)
ds

f0,x)=0, and [f(s1,%) —f(s2,%) < rls1 = s2l, (3.5)

where @w,l;>0,1<p < Z—j and ¢; > 0. It follows from (3.1) and (3.2) that
F(s,x) < c(Is|* + IsI”* + 0} + o). (3.6)

Assume g satisfies

0
/ e‘”“g(-,s+t)||2ds<oo, VT eR, (3.7)

which implies that

r—00

lim/ / e“;g(.,s)|2dxds=o, VT eRR, (3.8)
—oo J |x|>r

where o is a positive constant.
ForY =(u,v)" € Cv,, v, (R"), set

1
1Yllcy, v, @ = (Ilullzcv2 + ||v||2cvo)2
1
= (A +8% = o) [lull® + IVII* + (1 = )| Am])?) 2. (3.9)

In addition, we see that || - ||Cv2,v0 (R™) is equivalent to || - ||Cv2,v0(R") in (2.1).
Let & = 9;u + du, for x € R”, s € [-p, 0], hence problem (1.1) is equivalent to

%+8u:.§,

dé

=+ (a+A-08)¢ +Au+ F(x,u(t,x

o+ )é (%, u(t,x)) (3.10)

=[0a+A-8)-Alu+f(u(t-p,x),x)+gx1t)+ eh(x)ﬂii—‘f,
U (x,8) ;= u(x, T +) = Pp(x,8), &:(x,5) = 0;0(x,5) +5p(x, ).

Page 3 of 27
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Let z(6,w) = hy(6,w), where y satisfies
0
y(w) = —/ é*(w)(s) ds.
From [5], we know that for every w € Q, y(6;w) is continuous.

Let z(6;w) = hy(6;w). We have the following lemma on z(6,):

Lemma 3.1 ([32]) For Ve > 0, there exists a random variable x : Q — R*, such that for
VieR, weQ,

|z6:0) | < e x (@)1,

|Vz(0.0)|| < e x ()| VA,

| Az(6:0) || < &y (@) AR,
where
e x () < x(Ow) < &My (o).
Denote v(t) = £(f) — €z(0,w), then (3.10) is equivalent to

% +du = v+ ez(6,w),
% —B-a-Aw-[6(-8+a+A)—r-Alu—-€[l - (¢ +A-8)]z(6,w)

+ F(u(t,x),x) = f(u(t — p,x),x) + glx, 1), (3.11)
U (x,8) := u(x, T +5) = p(x,s),

v (%, 8) = 0:0(x,8) + (%, 8) — €z(0,w) := Y (x, s).

Forgivent € R,w € Q,and ¢ € Cy,(R"), ¥ € Cy,(R"), asolution of (3.11) will be written
as (u(-, v, w,¢),v(, T,w,¥)). As usual, the segments of u(-, 7,w,¢) and v(-, 7,w, V) on [t —

0, t] are written as u’(-, 7, w, ¢) and V' (-, 7, w, ¥), respectively; that is,

u (s, t,w,9) = u(t +s,7,w,¢), forallse[-p,0];

vi(s, 1,0, %) =v(t +s,T,w,Y), forallse[-p,0].

Under conditions (3.1)—(3.5), for e R, w € , and ¢ € Cy,(R"), ¥ € Cy,(R"), problem
(3.11) has a unique continuous solution (u(-, T, , $), v(-, T, w, ¥)) : [T — p, 00] = Cys, v, (R"),
and the segment u,(-, 7, w, ¢) of u is (F, B(Cy,(R")))-measurable in w € Q and continuous
with respect to ¢ in Cy, (R"); the segment v,(-, 7, w, V) of vis (F, B(Cy,(R")))-measurable
in w € © and continuous with respect to i in Cy, (R").

Define ® : R* x R x Q x Cy, 1, (R") = Cy,,v, (R") by

Cb(tr 7,0, (¢, lb))() = (ut+r(': T,0_:0, ), Viar (5 T,0_c 0, 1/f)), (3.12)

where (¢, 7,0, (¢, 1)) € R* x R x 2 x Cysy, v, (R"), thsr (5, T,0_r 0, ) = u(t + T +5,7,60_; 0, )
for s € [—p,0]; Ve (5, T,0_;0, %) =v(t + T +5,7,0_;, V) for s € [-p,0]. Then, ® is a con-
tinuous cocycle on Cy, v, (R") over (2, F, P, {6, };er)-
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Let D = {D(t,w) € Cy,,1,(R") : T € R,w € Q} be a family of bounded nonempty subsets
of Cy, v, (R") satisfying

lim e7*|D(r - t,6_ =0, Vy>O0, (3.13)

t—+00 tw) ” CVZ,VO(RW)
where |D(t - ¢, G,ta))llcvz,vo ®") = SUP(y ) eD(r—t.0_40) | V) ”Cvz,vO(R")- Let D be the set of all

families D = {D(t,®) € Cy,,vy®n) : T € R, w € Q} that satisfies (3.13).

For later purposes, we assume § € (0, 1) satisfies
1-8>0, a-58>0, r+82—8a>0. (3.14)

In addition,

1617 + 8(a — 8)*
s
A>— 1
> 5@ —3) (3.15)

Under (3.15), assume o satisfies

(3.16)

. 28 1. 8(h+8%—6a)(a-26)
o =minyé,a =6, —, — In
27 p 161}

4 Uniform estimates

We will obtain some necessary estimates of solutions for (3.11) in this section.

Lemma 4.1 Assume that (3.1)—(3.5), (3.7), (3.14), and (3.16) hold. Then, for V¢,t € R,
weQ,and D ={D(t,w):t € R,w € Q} € D, there exists T = T(t,w, D, ¢) > 0 such that for
Vt>T,

L+s
2 (r—t-s) 2
” Y(t+s,1-t60_ 0, YO)HCVZ,VO(R”) + /;,t gort-s ||v(r, T—t,0_.0, W)” dr

+s
y / &) | Aulr,T -8, e_tw,¢>)“2dr
T

-t

L+s
+ / | Av(r, T - £,60_0,%) ||2dr

-t

-7
<M+ M/ e | g7 + 1) HZdr
—00

-7
+ M / (14 | Az + |20r0)

(o¢]

+ ||Vz(9,a))||2 + ||z(9,w)||";;21) dr, (4.1)

where Yy = (¢, V)" € D(t —t,0_;0) and M is a positive constant independent of T, w, D,

and €, but dependent on \, o, o, and §.
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Proof Taking the inner product with (3.11), by v in L2(R"), we obtain

2
E%H V|2 ——(1—8)(AM,V)—(AV,V)—(O(—(S)(V,V)—()»+5 —(Soz)(u,v)

- e(Az(é’tw), V) +e(l—a+ 8)(2(6‘ta)), V) + (g(x, t), v)

- (F(u(t,x),x),v) + (f(u(t - p,x),x), V). (4.2)
By simple calculation, we can obtain the following estimates for the right-hand side of

(4.2):

1d 36
(w,v) = VT, laell® + 7 v I?- o ||Z(9tw) 1% (4.3)
1d B iaups & 2
—(Awy) = =5 — 1 Aul 4||Au|| + 35182007, (4.4)
e(l-a+ 8)(2(6&(0),1/) < c||z(9ta)) ||2 + -8 Ivi?, (4.5)
2
- e(Az(Ota)), V) =—€ (Az(@tw), AV) < % || Az(6;w) ||2 + %HAvIIz, (4.6)
-6

(e 0.v) =l o]’ + =1, 47)

(F(u(t, x),x), v) = (F(u(t, x),x), Z—L: +8u — ez(@ta))>

di/ Flox,u)dx +8( ( (t,x),x),u)
- €(F(ult,%),x),2(6;0)). (48)

By (3.2) we obtain

(F(u(t,x),x),u) > Cz/

?(u,x)dx+/ 1> (x) dx. (4.9)

n n

From (3.1) and (3.3), we obtain

€ (F(u(t, x), %), 2(6;))

<@l vac( [ wea) " o,

p+l

<e || n1(x) H ||z((9ta)) || +c1€ (./]R" (?(x, u) + ng(x)) dx) G ||z(9ta)) ”

< SIm@lP + S0 + 5 [ Fods

+ 8% n3(x) dx + ce? ||z(9ta)) HPH (4.10)
R”

From (3.5), we have

S 4lf2 )
o IvI? + —[ute =) (4.11)

(F (ute = po0)0),v) < b [ute = p) vl < =
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Equations (4.3)—(4.11), together with (4.2), imply

1d -
EE(@2+A—8@HMF+MM2+O—8MAMW+2/‘FWmﬁM)
t ]RVI

3 3 3
< == = J8(5+ 2= 80r) ul® = 6(1 = 8) | Aul”

- 82 ?(u x)dx — l||Av||2+ 41} Hu(t—p)H2+cez(1+ ||Az(0 ce))H2
2 Jon 2 a-35 ‘
+ ||Vz(0ta)) ||2 + ||z(9ta)) Hf;; + ||z(0ta)) ||2) + c||g(x, t) 2, (4.12)
and together with (3.16) we obtain
22 +2 | Fux)dx)+o( Y2 2| Fux)d
P Cry vy (RY) » u,x)dx | + vy y u,x)dx
Lo 2 2 1 2 1 2
+ 58(6 + A —5oz)||u|| + |AvV]]® + 5(01 = 8)|v|” + 58(1 —8)|| Aul|
< C62(1 + ”Vz(@ta)) ”2 + ” Az(6;w) ||2 + ”z(@ta))”2 + Hz(@tw)HZ;l)
8[f2 2 2
+ oy ||u(t—,0)|| +c||g(x,t)|| . (4.13)

Substituting t by 7 — ¢, and integrating (4.13) between [t — £, ¢ + 5], we obtain

£ (49) (” Y(t+s,1—t0_c0,¢0) HZCVZ,VO(R") +2 /]R” ?(u(t +5,T — 50, 0,0),%) dx)

1 L+s 2
+ _(a—é)‘/ ear”V(l",‘E —t,94w,1ﬁ)|| dr
2 -t

+s
+ —8(82 +A- éa)f e‘””u(r,r -t G_Ia),q&)”zdr

Tt

— N

+ 56(1 - 8)/ e"’” Au(r,t —t, Q,Ia),qb)szr
Tt

+s 2
+/ || Avir T~ t,60-c0, )| dr
T

-t
< ea<z—t)(||y0||ZCV2'V0(Rn) + 2[Rn T-"(x,d:)dx)
L+s 9 9
+ 062/ e (L+ | Az(O—r0)||” + [|2(6r—r ) |
Tt

+ ||Vz(9,_,a))H2 + ”z(@,_fw)‘ Z'zl) dr

8[2 1+S 2
i / e |ulr-p, 7 - t,0_.0,9)| dr
o — 8 -t

L+s
+ c/ e‘””g(x, r)||2dr. (4.14)
Tt

Page 7 of 27
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Note that

/ e‘"“u(r -0, T—t0_rw,¢) ||2dr

—t

Tt
= / o r+e) || u(r,t —t,0_w,9) ”2 dr
T

—t-p

1+s—p 2
[ et o
T

~t

+

+s

1
< ge”(r_t”’) ||¢|I2CV2(W) + e”"/ e‘””u(r, T —t0_,w,¢0) ||2 dr. (4.15)

-t

By (4.14), (4.15), and (3.16) we obtain

|| Y(i+5,T—t0_,0,00) ||2Cv2,v0 @ +2 /]R” ?(M(L +5,T —1,0_,0,0),x) dx

1 1+s 2
b8 [0 )| dr

Tt

1 L+s 2

£ 2501 —5)/ I Aulr T~ 1,6-0,¢) | dr
T

+ o (r=1=9) ” Av(r,T —t,0_;,) ||2 dr

< Ce(r(r—t—L—S*P) <|| Yo ”%VZ,VO(R") +2 ‘/]Rn ?(x, d)) dx)
=T
+c/ ”’”‘||gx,r+r” dr
-t
-7
+ cez/ e"(’”_‘)(l + || Az(0,w) ||2 + HVz(G,a))H2
—t

+ |z@@)|5n + |26,0)]%) dr. (4.16)

Combination of Lemma 3.1 and (3.7) implies that

cezf ol (1 + | Az(6,w) || + || 2(6,) || + | V(6,0 ” + || 2(6,) |p+1) dr
—t

-7
a(r+r —t)

+i |gtx, r+r)|| dr
t

o—96

-7
5062/ et ‘(1+ ||Az(9a) || + ||z(9 a))” + ||Vz€a))|| + ||z0a))|p+l)

00

-7
+c/ ‘””‘||gx,r+r“ dr
—00

< +00. (4.17)

Equation (3.6) yields

/ F(@x)dx < c(1+ 111G, ). (4.18)

Page 8 of 27
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We can deduce that

t—>+00

lim cea(r“””)<||Y0||2CV2’VO(R”) +2 /R ) T-“(x,¢)dx> =0,
which together with (3.3), (4.16), and (4.17) yields (4.1). a
Let p be a smooth function on R* such that 0 < p(s) <1 for all s € R*, and
1
o(s)=0 for|s| < 5; and p(s)=1 for|s|>1.
For every k € N, let
pr 2 pi(x) = p(x/k), x€R"

We also assume that for all x € R” and k € N, |Vp| < %64, |Apk] < %05, |AV pr| < %c@
|A%pi| < %07, where c4, c5, ¢g, and ¢; are positive constants independent of k.
Given k > 1, denote Hy = {x € R" : |x| < k} and R” \ Hj the complement of H.

Lemma 4.2 Suppose (3.1)—(3.5), (3.7), (3.8), (3.14), and (3.16) hold. Then, for VT € R, s €
[=p,0], w € 2, there exist R = E(t,a),e) >1land T =T(r,w,D,¢) >0, such that for Vk > E,
t>T,

<e. (4.19)

|| Y(T +57T— t: 9—1:0)7 YO) H12’-12(R”\Hk)><L2(R”\Hk) =

Proof Multiplying (3.11), with px(x)v, we have

1d
—— pk|v|2dx+(a—8)f pklvlzdxz—(k+62—5a)f Ok - u-vdx
zdt Rn Rn n

-(1-9) ,ok'Au~vdx—/ (pkAv)vdx+e(1—a+8)/ (pkz(eta)))vdx
R” R” R"

_G/Rn ok - Az(0,0) - vdx + [Rn (g, t))vdx—/ (oK F (1, %))v dx

Rn

+ / (pkf(u(t - p,x),x))vdx. (4.20)
]R}'l

For the terms on the right-hand side of (4.20), using Young’s inequality and the interpola-
tion inequality

Vvl = slivl + CollAvl, Ve >0,

we have

d
/ Pr-u-vdx = / ,oku<—u +8u — ez(@tw)) dx
R R” dt

1d
=f pk(EEu2+8u2—ez(9tw)u>dx
]R}’l

1d ) 38
> —— ul“dx + — ul®dx
=55 [ o 4fRnpk| |

2

_E Ok ’z(@tw) ’2 dx, (4.21)
28 Jgn
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—f Ok - Au - vdx
Rn
d
= —/ (A% pr) - <_u +8u— ez(@tw)) dx
]RVI dt
d
= —f Au - A(,ok<—u +6u—ez(9,w))> dx
R'l dt
du
= —/ Au - (Apk v+ 2V - Vv + p - A<$ +5u—ez(9tw))) dx

(IIAMII2 +[IvII?) + (IIAuII2 +26%vII* + 2C2 [ AvIP)

»lm

1d ) €2
“di ) prlAul*dx - 2 /R prlAul*dx + /R prlAz(O;0) Pdx,  (4.22)
—/ pk~Av-vdx:—/ A2v~pk-vdx:—/ Av- Apg - v))dx
R” R# R
=—/ Av-(Apr - v+2Vpr - Vv+ pr - Av)dx
c c
< j’((llvll2 +[Av]?) + f(IIAVII2 +2C2| Av|* + 257 |v|1%)
- / orl Av|? dx, (4.23)
R'l
—e/ or - Az(B;w) - vdx
Rﬂ
=—¢ / A*z(Bw) - py - vdx
Rn
= —6/ Az(O;w) - Alpy - v) dx
RVI
= —e/ Az(O;w) - (Api - v +2V o - Vv + pr - Av)dx
RVI
C5€
|Az(9tw) v| dx+ — |Az(9ta)) Vv| dx
+e/ pk|Az(0ta))| -|Av|dx
25—(” AZ(QM)H + vl ) + — || AZ(QM)H (5‘||V|| +C ||AV||)
+e/ ox|Az(0,)| - | AV] dx
ci€
25—(||v|| + || az60)|*) + 47(|| Az(6:0)|)* +2C2| Av|? + 2% |v]?)
+/ okl Av|? dx + E—/ pk‘Az(Gtw)‘zdx, (4.24)
Rﬂ 4‘ Rﬂ

3(a - 8)

e(l—a+8)/ pkz(Qtw)vdxfce2/ pk|z(9tw)|2dx+ / olvitdx, (4.25)
Rﬂ Rﬂ RVI

-8
/ org(x, tyvdx < c / pilg, )| dx + z / poxlvI? dx. (4.26)
Rﬂ RVI ]RVI
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d
/ piF(u,x)vdx = / p;J-"(u,x)(—u +8u — 62(9;&))) dx
RVI RVI dt

i ok E(u, %) dax + 8/ orF (u,x)u dx

T dt Jan .
—€ / oiF (1, x)z(0;w) dx. (4.27)
By (3.1)—(3.3), we have
8 / ok F(u, x)udx > ¢35 / ok E(u, x) dx + 8 / o2 (x) dx, (4.28)
R” R” R”

€ / PkF (1, %)2(6,0) dx < € / pr(crlul? +m (%)) |2(6,0) | dx
R~ R

n

1 2
<5 [ odmPas+ S [ ol d
R” R”

+ 662/ /ok|z(9ta))|p+l dx
R'l

+ ? y Ok (I?(u,x) + ng(x)) dx. (4.29)

From (3.5) we deduce that

/R pic-f (e = p,x),2) - vdx < szR pilutt — p)| - Ivl dx

41 )
<—L | pulute - p)|*ax
-6 R”

_s
+ 2 / oI dx. (4.30)
1 Rn

Then, it follows from (4.20)—(4.30) and (3.16) that

d ~
yr / pk((82 +A- 805)|u|2 + 2+ (1 -8)|Au? + 2F(u,x)) dx
RVI

+o/ pk((82+k—8a)|u|2+|v|2+(1—8)|Au|2+2?(u,x))dx
Rﬂ

< §(||v||2 1AV + | Aull? + | AzO0)|)
2

8/
+ f5/ pk|u(t—p)|2dx—
—8 Jgn

o

8(: + 8% - 8a)
2

/pklulzdmc/ px|g(x, 0| dx
R” R”

+ 062/ pr(1+ |Az(0ta))|2 + |2(6,0) |p+1) dx. (4.31)
Rn

Multiplying (4.31) by €°* and integrating between t — ¢ and 7 + s, then substituting w by
0_:w and rearranging, we obtain

/ pk(|v(t +5T— t,0_ra),xﬂ)|2 + (62 + A —Sa)‘u(r +5,T —t,9_,a),¢)|2
Rn

+(1-8)|Au(r +s,7 - ¢, 9_,a),q§)|2 + ZIN:(M(‘C +5,7—1,0_;0,0)),x) dx

Page 11 of 27
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e [ (P s (5 8a) 9P + (1= D)IAGF + 2w )
- / (| Av(r, T — 1,000 9)| + [T = £,0v 00|
cJaute 0o p)ars £ [ ° 09| A2(6,) | dr
+c[; e /lxlzg}g(x,r+ r)‘zdxdr+ce2 /ZO e’ /lxlz’z‘(l + ‘Az(erw)}z
+ |V2(6,0)|" + |2(6,0)|” + |2(0,0)[P*") dxdr. (4.32)

Since (¢, ¥)" € D(t - t,6_;0) € D together with (3.6) we know that there exists T =
fl(t, &,w,D) > 0, such that for V¢ > T

e 79 f pr(IW 1 + (h+82 = 8a) 191 + (1 - 8)|Ad|* + 2F(x, ¢)) dx < e. (4.33)
Rn

From Lemma 4.1, there are 1~"2 = TZ(T,S,CL),D) >0 and I?l = Ia(s,w,D) > 1, such that for
Vit > fz, k> 131,

T+S
Cc

E Tt
+ || AV(r, T —t,0_w,V) ||2 + || Au(r,7 —t,0_w,¢) ||2) dr

T (|| vlr, T - 1,600, ) ||2

<e. (4.34)

By Lemma 3.1, there are 1~"3 = fg(s, w) >0, 1?2 = I?z(s,a)) > 1, such that for V¢ > fg, k > Iévz,

0
ce2/ e”("s)/ ) (1+ |Az(6’,w)|2 + |Vz(t9,a))|2 + \z(@ra))|2 + \z(@ra))|P+l) dxdr
- |x|27

(o ¢]

0
+ % / e H Az(@,w)” dr<e. (4.35)
-t
By (3.8), there exists R = Ry(z, ) > 1, such that for Vk > R,
c/ e / . |g(x, r+ t)|2dxdr <e. (4.36)
—00 [x[>5

Letting R= max{ﬁl,]?z,lg}, T = max{ﬁ, T, fg}, together with (4.32)—(4.36), for Vt > T,

k> TQ, we obtain

/ pk(x)(|v(r +8,T — t,G_Ta),w)|2 + (62 +A —6oz)|u(r +8T— t,9_,a),¢)|2
RVI

+(1-8)|Au(r +s,7 - ¢, Q,Tw,qb)|2 + 2?(x, u(T +5,7 - 4,0_0,9)))dx

< g, (4.37)

which together with (3.3) implies (4.19). O
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For Vx € R” and k > 1, denote

ut, 7, w, a) = pru(t, T, 0, P),

. (4.38)
W, T, 0,0) = prv(t, T, 0, %),

where fx = 1 - pr. Then, for k > 1,x € R\ Hy, we have 7i(t, 7, w, ¢) = 9(t, T, w, %) = 0. In ad-
dition, there is some constant ¢ > 0 independent of k > 1, such that ||| y2gny < clluel g2y,
[Vl 2@ny < cllvl|z2@gn). Accordingly, together with (3.11) and (4.38), we obtain

L 5U =V + €prz(0;w),
Dy (=80 + (82 + A —8a)ii+ (1 — 8)ATL + AV
=e(l-oa+8)prz(8;w)

— €k AZ(0;0) + prg(x, t) — PrF (u, %) + pif (u(t — p, ), %)
+4(1 = 8)AVAVu +6(1 - 8) A Au (4.39)
+4(1 = 8)Vor AVu + (1 - 8)uApy
+4AV Vv + 6Apr AV + 4V pr AVY + vApy,

U (s,%) = pr(x)P(s,%),  Vels,x) = k)P (s,%), xR s€[-p,0],

Ve (s,x) =0, U (s,2) =0, xeR"\Hy,se[-p,0].

Considering the eigenvalue problem

o~

AMi=Au inH;, with g—: =u=0 on dH, (4.40)
it is easy to see that eigenfunctions {e;};cy and eigenvalues {A;};cn of (4.40) satisfy:
MSA< A<, A—>+00 (i— +00).
For given n, assume X, = span{ey, ..., e,}, P, : L2(Hy) — X,,.

Lemma 4.3 Suppose (3.1)—(3.5), (3.7), (3.14), and (3.16) hold. Then, forNw e Q,7 € R,s €
[-p,0], D ={D(t,w) : T € R,w € Q} € D, there existsﬁ:f?\(r,w, g)>1, T-= f"(t,a),D,s) >
0, N =N(t,w,¢) >0, such that for Vt > T", n ZN,kzﬁ,

| -P)Y (T +5,7 4,60, <e. (4.41)

2
) || HZ(Hk)XLZ(Hk)

Proof Denote %, = (I — P,)u, U1 = Pyih, Vo = (I — P,)V, V1 = P,v. Multiplying (4.39);
with I — P,,, we obtain

di, _
Vua = 2 4 6L, — (1 - PG (0)2(60,0). (4.42)

Multiplying (4.39), with I — P, then taking the inner product with ¥, in L2(Hy), we
have

ld . -
5t V2l® + (o = 8)[Wall®

= _(82 +A- (Sa)(’ﬁn,ZrT/\n,Z) - (1 - 8)(A”Zn,2¢’{/\n,2) - (AT}\VI,Z:{/\}'IQ)
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+€(8 —a + 1) (0r2(01), Vi 2) — € (PhAZ(6:0),V2) + (P&, 1), Vn2)
— (PkF (14, %), Vn2) + (Okf (u(t = p,%),%),V2) + (4(1 - ) AV Vs
+6(1—8)ApkAu+4(1 - 8)Vpr AVu + (1 — 8)uApr, V)

+ (AAV VY + 6 ApR AV + 4V 0 ANV + VA Pk, Vi 2). (4.43)

For the right-hand side of (4.43), by simple calculation, we obtain the following esti-

mates
~ o~ ld 2 2 2 ~ 2
@12, 902) 2 5 — (2| +—||un2|| - ce*| (I - P mrz(0r0) |, (4.44)
~ o~ 1d 2 ~ 2 2 ~ 2
= (A2, V2) = =5 — 1 AT —§||Aun,z|| +ce® (I - P)A(Brz(b:w)) " (4.45)
From (3.1), choosing 6 = ;,we obtain

(BWFE0.5.) <o [

n

Bl P+ /R AW @|ma1 dx

< cllully 1 [Waallper + Il P2l
2 AT 101 10
< cllully 1AV 7 Va2l + )\nfl I 1 A2l

6-1
< aih, 2wl | AVl +?»n+1||n1IIIIAvn2II

'3
n+1IIAVn2||(01?»,f+1IIuIIH2 +[lml)

1 3 _ 9 2
< gIIAvn,zll2 + 2kn+1(61?»,3+1llu||1,';2 +llmll)”. (4.46)

It follows from the Cauchy inequality and Young’s inequality that

2 (4.47)

. - 3e? R
—€(PrAz(0,0),Vn2) < c || AV + - |7 = P ox Az(6,0)

€(1— o + ) (FR0), Tna) = 22 [Fuall? + €2 - P (448)
(g ,72) < 222 Bl + | (- P AR (4.49)
(1-8)4AVpy - Vu+6Ap - Au+4Vpp - AVu + uApr,v,0)
< 2 bt o + E0 D au oa
A kw1 + T )
< e BlAul? + Z1A%a1? + TS ol + (1l + 8u?), (4.50)

(AAVDr - VV+6AD; - Av+4AV i - AVV + VADK, V)

4cg
=% n+1||AV|| IanII+—IIAV|I V2l
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L2 / ,,+1||AV|| IIAvn2II+—||VII [Vl

<Ckn+21||AV|| +—|IAvn2II + 2

”An2” + - (IIVII +llAav)?), (4.51)

(ﬁkf(u(t - P:x)xx), Vn,Z) =< lf“ (1 _Pn)u(t - ,O,X) || : ||Vn,2||
2

_ 4]
= S Pl + —Ls [nae - .9 (4.52)

— 16

Therefore, by (3.16), (4.43)—(4.52), and the fact n; € L%(R"), A, — oo, there are N, =
]/\71(8) >0,R; = 7?\1(8) > 0 such that for Vi > Ny, k > Ry,

d
L
<=0 (IPn2ll® + (A + 8% = 8a) [Tll” + (1 = 8) | AThn2 1)

P2l + (& + 82 = 8a) [T 1 + (1 - 8) | ATty |1%)

812 S
+ _fs [Tt = 0,0 - 5 (487 = 8t) 2

+ce ([ (1 = P)oez(0w)|* + | = P A(Grz(0) |* + (1 = P BrAz(0:0) )
v (= Pzgl 0] + Sk (1AVIE + 1 Aul?)
+ 2 (Il + Al + v+ 1 AVI?)

+ 3)‘n+1-1(61)"2+1 llull?5 + lm ||)

<=0 (IVaal® + (A + 8> = 8at) [ |1* + (1 = 8) | Ah2]|?)

ZJ% ~ 2 4 2 ~ 2
B =p,2)" - S0+ 8 = sa) |

+
o
+c||(I - Py)org(x t ” +— (||AV||2+||AM||)

/—(IIMII2 + 1 Aull® + vIP> + [ AvIP)

ve(L+ ul®, + |y60)]). (4.53)

Using a similar calculation with (4.14) and (4.15), and combining with (3.16) we have
that

||’17,,,2(r +8,T—1,0_,0,%) ||2 + (A +8% - &x) ||’12,,’2(r +5,7—1,0_,0,0) ||2
+(1=8)| ATlua(t +5,7 - 1,60, o) ”2)

= ([0 BRI
+ (8% 42— 8a) [ - PG @SN + (1= 8)|( - P)BL(x) AGI1?)

ve / I - P ARl )| dr

—-t
T+s

ce I (| Aavlr, T - 1,60, ) H2+

"
+ | Aulr, T - t,0_.0,¢) ||2) dr

Page 15 of 27
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T+S
+ % / e”(’_r_s)(”u(r, T —t0_ w,¢p) ||2 + || Au(r,T —t,0_;w,9) ||2
Tt
+ || v(r T - t,0_c 0, w)”2 +| Av(r, T - t,0_; 0, w)”z) dr

+ 8/ e"(”f_s)(l + |y(9r_,w)|2 + ||u(r, T -t Q_Ia),qb)Hifz) dr. (4.54)

—t

Since (¢, @)T € D(t —t,0_;w) € D, then there are T, = ?1(t,8,D, w) >0, R = ﬁl(r,s,w) > 1,
such that for ¢ > Tl, k> 72\1

eI (|- Pa@)F |

+ (82 + 2= 8a)|U = P) x> + (1 - 8)| (I - P)or(x) AgI?) < e. (4.55)

From (3.7), there exists N-= ]/\\[(r, &,w) > 0, such that for Vn > N

S+T
c / I (1= P rgle )| dr <e. (4.56)

-t

From Lemma 4.1, there are Tz = ?Z(T,S,D, w) >0, ﬁz(r,s,w) > 1, such that for Vt > ?2,
k >§2,

ce [*F 2 2
< e"(””s)(n Au(r, T —t,0_c0,¢) || + || Av(r, T —t,0_ 0, V) || ) dr
Tt

+ % / e"(r_t_s)(”u(r, T -t 6‘_Iw,¢)“2 + ||V(r, T—560_w,) ||2
Tt

+ ||Au(r,1’ -1, e—rw)¢) ||2

+ | Avr, T~ t,0_c0,9) Hz) dr<e. (4.57)

By Lemma 4.1, there is Tg = T’g(f, g,D,w) >0, for Vt > 7"3

S+T
T I(1 + +]y(6,_r ) 4 u(r,t —t,0_,w,¢) 2 dr < 00, (4.58)
y ¢ H?2
-1
which together with (4.54)—(4.57) gives the desired result (4.41). O

5 Existence of random attractors
In this section, we establish the existence and uniqueness of random attractors for problem

(3.11). We can easily obtain the existence of random absorbing sets of ® from Lemma 4.1.

Lemma 5.1 Suppose (3.1)—(3.5), (3.7), (3.14), and (3.16) hold. Then, for Ve € (0,1], w € Q,
7 € R, the cocycle ® has a random absorbing set K. = {K.(t,w):t e R,w € Q} € D as

Ko(r,0) = {Y € Cvyomn : 1Y I, @ < Re(T @)},
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withY = (u,v)" and

0
R (1, w) =M+M/ e | glx, 7+ r)”zdr

2 0 or 2 2
+ Me / e (1+ | Azb0)| + |260)]

+ | V2(6,0)| + |2(6,0) |1 ) dr. (5.1)

Next, we establish the asymptotic compactness of the cocycle ® in Cy, v, (R").

Lemma 5.2 Suppose (3.1)—(3.5), (3.7), (3.8), (3.14), and (3.16) hold. Then, the cocycle ® is
D-pullback asymptotically compact in Cy, v, (R").

Proof For VTt e R, w € Q and D = {D(r,0) : T € R,w € Q} € D, we will prove that the
sequence {Y; (-, T — t,,0_;, Yy ,,)} has a convergent subsequence in Cy, v, (R") whenever
t, — oo and Yy, € D(t — ¢,,0_, w).

From Lemma 4.1, {Y7 (-, T — ,,0_;, Yo,4)} is bounded in Cy,,y,, (R"); which means that
forVt e R, w € Q, there is f\?l = Nl(t,w,D) >0 for Vn > ]/\\[1,

[ Y = e, You) g, | any < Re(T, ). (5.2)

In addition, from Lemma 4.2 we know that there are k; = ki (7, &, w) > 0, ﬁz = ﬁz(r,D, &,
) >0, for Vi > Nz and fixed s € [-p, 0],

2
” Y(T + S, T-— tn) 9_-[6(), YO,n) ||H2(R”\Hk1)><L2(R"\Hk1) S g (5'3)

From Lemma 4.3, there exist N = N(1,&,w) > 0, ky = ky(7, &, ) > kl,]/\\{g = J/\\fg(t,D,s,w) >0,
for Vn > ]/\\[3 and fixed s € [-p, 0],

” I- PN)?(‘L' +58,T — by, 0_ro, 170,,1 (5.4)

2
Wit 2150, =

By (4.38) and (5.2), we see that (PNY (T + 8T =ty 0_r0, ?0,,,)} is bounded in Py H?(Ha,) x
L*(Hiy,), together with (5.4) we find (Y(T 48,7 —ty,0_rw, Yo,)} is precompact in H?(Hy,) x
L*(Hg,).

Note that pz, = 1 for |x| < %2 By (4.38), we obtain {Y(t +5,7 — £,,0_;w, Yp,)} is precom-
pact in H?*(Hy,) x L*(Hy,), which together with (5.3) shows the precompactness of this
sequence in Cy, v, (R") for fixed s € [-p,0]. (]

As an immediate consequence of Proposition 2.1, Lemma 5.1, and Lemma 5.2, we have
Theorem 5.1 Assume that (3.1)—(3.5), (3.7), (3.8), (3.14), and (3.16) hold. Then, for every

€ €(0,1], the continuous cocycle ® associated with (3.11) has a unique D-pullback attrac-
tor Ac = {Ac(t,0): 1 e R,w € Q} € D in Cy,,y, (R").
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6 Upper semicontinuity of attractorsase — 0
In this section, we establish the upper semicontinuity of random attractors of the plate
Eq. (3.11) with delay driven by additive noise when ¢ — 0. We write the solution and the
corresponding cocycle of (3.11) as u¢, v¢ and P, respectively.

In Sect. 5, we obtained that @, has a D-pullback attractor Ac € D in Cy, y,(R") and
random absorbing set K, = {K.(7,0) : T € R,w € Q} with K. (r,w) € K(r,w) for all € €
(0,1], where for every t € R, w € €,

K(t,0) ={Y € Cypy, (R") : | Y||2CV2'VO(RK) <R(r,0)}

and

0
R(t,w) =M+M/ e”||g(x,7+ f)szV

0
+M/ e (1+ || Az(@,w)”2 + ||z(9,a)) ||2 + ||Vz(t9,co)”2 + ||z(0,a))| ‘Z;l) dr,
—00

where Y = (u,v) 7.

From Lemma 5.1 we know for VT e R, w € €2,

U Az,0) € | Kelw) SK(z, ). (6.1)

O<e<1 0O<e<1

As € =0, the problem (3.11) reduces to a deterministic one:

% +éu=v,
% =(0-A-a)v+[6(A-8+a)—A—Au— F(u(t,x),x)

(6.2)
+f(u(t-p,x),x) +glx,t), x€R", ¢>1,

u:(x,8) = p(x,8), v(xs)=0:p(x,5)+3p(x,s):= 1’/;(x,s).

Accordingly, by Theorem 5.1 the cocycle @, generated by (6.2) has a unique random
attractor 4y = {Ay(7) : T € R} € Dy in Cy,,y,(R") and a random absorbing set Ky = {Ko(7) :
t € R}, where

Do = [D = [D(r) C Cuyy, (R”) :TeR, tEI}looe‘Vt”D(r —f) ”Cvz,vo(R”) =0,Vy > O]}

and
Ko(t) = {Y € Cv 1, (R") : 1Y IIg, ey < Ro(D)}, (6.3)
where
0 2
Ro(t) =M + M/ e || gl r + )| dr. (6.4)
—00

Note that Ry(t) corresponds to the number R, (7, ®) given by (5.1) with € = 0. From Lemma
5.1 and (6.3) and (6.4) we have that for VT e R, w € Q,

limsup R (t,w) = Ro(r), and limsup”Ke(t,w) || = ”Ko(r)”. (6.5)
e—0

e—0
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Now, we will establish the convergence of the solutions of (3.11) as € — 0 to obtain the
upper semicontinuity of the D-pullback attractor A,.

Lemma 6.1 Let Y€ = (uf,v¢) and Y = (u,v) be the solutions of (3.11) and (6.2) with initial
values Y§ = (¢, ¥°) and Y, = (¢, 1//;), respectively. Assume that (3.1)—(3.5) and (3.14) hold.
Iflim,_o(¢%, ¥¢) = (¢, V) € Cy, 1, (R?), for VT e R, 0 € Q, T >0, t € 7,7 + T,

1Ys (70, Y5) = Yaler T, Yo) ”Cvz,vo(JR") —0 ase—0. (6.6)

Proof Let (u(t, 7, w, 9°), v (¢, 7,0, ¥)) be the solution of (3.11) and % = u — u, V= v —v.
Then, by (3.11) and (6.2) we have

% + 8 = v+ ez(6,w),
90 _ (5 —A—a)p+[6(=8 + A +a) — A — Alit — (F(uf, x) - F(u, %)) (6.7)

+ (fWe(t—p,x),x) — f(ult - p,x),x)) + €[l — (@ + A - §)]z(6,w),
i (s,%) = ¢ (s, %) — (s, %), Ve (s,%) = Y(s,%) — ¥ (s,%).

Taking the inner product of (6.7), with ¥, we obtain

d, . - ~
%(IIVII2 + (A +8% = Sa) |l + (1 - 8)l| Al

N

3 - 3 . 3 ~
< =800+ 8> = 80) | = 801 - 8) | A = (e = )P

- (F(ue,x) —F(u,x),f/) + (f(uf(t - ,o,x),x) —f(u(t - p,x),x), 17)
+c(1+ ||2(6,0) | + | Az(6:0) ). (6.8)

By (3.4), we obtain
|(F(u€,x)—F(u,x),f/)| <cllal® + [ (6.9)
From (3.5), we have

|(f(”€(t_ p,x),x) _f(u(t_ ,o,x),x), ]7)| = lf”’jt(t_ /O,X) || : ”‘7”

<clatt - p, 0|+l

which together with (6.7)—(6.9) gives

d
E(Ilill2 + (A +68% = 8a)li])* + (1 - 8) | Azl®)
<c(I91? + (A + 8% = 8a) [|il|* + (1 = 8) | Adell*) + ¢ aale - ,o,x)u2

+ce(1+ Hz(@ta))”2 + | Az(6,w) ||2) (6.10)
Integrating (6.10) between t and ¢ we obtain

[7@)|° + (. + 8% = 8a) |ae)|* + (1 - &) || Az®) |

< [P@)|)* + (1 + 8% = s) | @) |* + (1 - 9| Aa(r) |
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+c/ ([P + (- + 82 = 8a) |a(r) |* + A = 8) | Ai(r) | *) dr
+ c/t“it(r— p,x)||2dr +ce? ft(l + || Az(6,w) ||2 + ”z(@,w) ||2) dr. (6.11)
Note that

¢ t—p T t—p
/ ||£t(r—,0,x)||2dr:/ ||12(r,x)||2dr=/ ||12(r,x)||2dr+/ it )| dr
v p p .
t
<rl¢ -¢’||CV2(W)+ / |atr, )| dr. (6.12)

Thus, for V¢ € [t,T + T, from (6.11), (6.12), and (3.9) we have that

e [ e B T
vt [ (Lt |Az0.0)| + |(6:0)|?) dr.
Accordingly, for V¢ € [z, 7 + T, we obtain
” Y(t,7,0,10) ||2CV2,V0 (®")
< Y5 - Yoll¢,, ) €€ / 1+ |az0.0)]* + |00 ) dr. (6.13)

Hence, if lime_.o(¢¢, ¥¢) = (¢, V) € Cy, 1, (R"), then

|vs - Yo ||2CV2]V0 =0 ase—0 (6.14)

and hence by (6.13), for Vt € [t,7 + T1,

5 S 2
Y(t » LW, Y mn > 0 —> 0, 6.15
sup [V rsmoXolc, =0 ase (6.15)
which implies (6.6). 0

Now, we establish the uniform compactness of A in Cy,,y, (R").

Lemma 6.2 Suppose (3.1)—(3.5), (3.7), (3.8), (3.14), and (3.16) hold. Then, forVt e R, w €
2, Upee<1 Ae(t, 0) is precompact in Cy, v, (R").

Proof Given € € (0,1]. First, from (6.4), Lemma 4.2, and the invariance of A.(t,w), we
know that for Ve > 0,7 € R, w € @, there is ry = ro(w, €) > 1 such that

/ (||u(x) ||2 + HAu(x) ||2 + ||v(x) ||2) dx <eg, forall (u,v)e U AT, w).  (6.16)
lx|>ko

O<e<1

Secondly, from (6.1), Lemma 5.2, Lemma 4.3, and the invariance of A (7, ®), we know that
there exists k; = ky(w, &) > ko such that for Vk > kq, the set U0<€51 Ac(t,w) is precompact
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in Cy,,v, (Hy), which together with (6.16) implies that (.., Ac(7,®) is precompact in
Cvy, v, (R™). O

Now, we are ready to prove the upper semicontinuity of the A, as € — 0. In fact, it is an
immediate consequence of Theorem 3.2 in [25] based on (6.5) and Lemmas 6.1 and 6.2.

Theorem 6.1 Assume that (3.1)—(3.5),(3.7), (3.8), (3.14), and (3.16) hold. Then, forVt € R,
w e Q,

lim dcy, v, (Ac(7,0), A(D) = 0.
7 Upper semicontinuity of attractorsas p — 0

In this section, we establish the upper semicontinuity of random attractors of the plate
Eq. (3.11) when the delay p approaches zero for a fixed € € (0,1]. We write the solution
and the corresponding cocycle of (3.11) as u”, v* and @7, respectively.

For given 7 € R, w € ©, denote
KP(t,0) = {Y € Cyy 1, (R") 1 | Y||2CV2,VO(RH) <R°(r,m)}, (7.1)

where R°(7, w) is equal to the right-hand side of (5.1). From (7.1) and Lemma 5.1 we know
that, for all p € (0,1], K” = {K”(7,w) : T € R,w € Q} is a D-pullback absorbing set of ®*
in Cy,,1,(R"). In addition, for V7 € R, w € Q, ®” has a D-pullback attractor A” € D in
Cvy v, (R,

A’ (t,0) CK (1,w). (7.2)

As p =0, the stochastic delay system (3.11) becomes a stochastic system without delay
given by

2+ Su=v+ez(bw),
% =(0-A-a)v+[0(-6+A+a)—A—-Alu+e€[l—(x-38+A)]z(0,w) 7.3)
— Fulx, ), %) + f(ulx, ), %) + g(x, 2), '

Ur (x: S) = ¢(x: S)r 12 (x: 5) = at¢(~x7 S) + 6¢(x’ S) - Ez(etw) = 1/f(x, S)~
Accordingly, by Theorem 5.1 the cocycle ®° generated by (7.3) is readily verified to ad-

mit a unique D°-pullback attractor A° = {A%(r,w) : T € R,w € Q} € D in H2(R") x L*(R")
and a DP-pullback absorbing set K° = {K°(7,w) : T € R, w € Q}, where

D’ = (D= {Dlr,0) S H(R") x I*(R"), lim e[ Dl = £,6-10)] 1

t—>+00

RM)x L2(R") = 0}1

and

Ko(z,0) = {YIIIY [}, R(r,0)}, (7.4)

]R”)XLZ(]R”) S

with R%(t, w) given by the right-hand side of (5.1).
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From (7.1) and (7.4), we see that for VT € R, w € €,
. 0
hrf_ngHKp(f’a’)HCVZ,VO(RH) = [K(r,0) “HZ(R”)XLZ(R”)' (7.5)

Lemma 7.1 Suppose Y° = (u”,v*)" and Y = (u,v)" are the solutions of (3.11) and (7.3)
with initial values Y = (¢°,¥°)T and Yy = (¢, )T, respectively. Assume that (3.1)—(3.5)
and (3.14) hold. If lim,_.osup_,_ o 1Yy (s) = Yol p2wn)xr2(my = 0, then for ¥Vt € R, w € L,
T>0,te[t,t+T],

sup ||Yp(t+S,T,w,Y60)—Y(t,T,CO;YO)HHz(

-p=<s<0

R 2R 0 asp—0. (7.6)

Proof For Vs € [-p,0], t > 7, let V=v°(¢ +s) — v(¢t) and & = u”(t + s) — u(t), where v* =
0,u” + Suf — ez(0;w) and v = 0;u + Su — €z(0;w) with YP(s) = 3,¢°(s) + §¢” (s) — €z(6,w) and
Y (s) = 0:p(s) + 39 (s) — ez(6,w).

By (3.11) and (7.3) we see that for £ > T —s and s € [-p, 0],

Z—j:(S—A—a)’ﬁ+ [8(-8+a+A)-A-7Ju

+ 6[1 —(x-§6 +A)] [z(@tﬂa)) - z(@tw)]
- (F(u”(t + s,x),x) - F(u(t,x),x)) + (f(up(t +5— ,o,x),x) —f(u(t,x),x))
+g(x, t+s)—gxt). (7.7)

Taking the inner product of (7.7) with ¥, then

| &

(I71% + (1 + 8> = sa) l[a]® + (1 - 8) | A%|1?)

N =
K8

t

<2 DIFI 251+ 5 — ) @17 - 2501~ 8) AT
— (F(x), u” (¢ + 5,%), F (u(t, %), %),7) + (f (u” (¢ + s — p,x),%) —f (u(t, %), %),7)
+ % gt +5) —g(x,t) H2 +ce? (1 + | A(2(0r450) - 2(6,0)) ||2

+ [2(00s@) ~ 260 [). (7.8)
From (3.4), we obtain
|(F(u”(t +5,%), %) = F(ul(t, ), %),9)| < cl[all® + c|[V]> (7.9)
By (3.5), we obtain

|(f (u” (& + s = p,x), %) —f (u(t, %), %),7)|
<l|u(t+s-p,x) - ut,x)| - VI

<c|u(t +s- p,x) - ult,x) ||2 +c|[V?,
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which along with (7.7)—(7.9) implies

d, . _ -
E(nvn%(l—a)nmnh (A + 8% = 8ar) |[72]|)
<c(IP1? + (1= O AT + (A + 8% = 8a) [@%) + c|u’ (¢ + 5 — p,) — u(t, )|
+ ||g(x,t +5) —glx, t)||2 + 062(1 + Hz(emw) —z(6,w) ||2

+ | A(20150) - 2(6:0)) ). (7.10)
Integrating (7.10) over (t —s,t) with ¢ € [t, 7 + T], we obtain that

[7@)] + (1= 8)| az@®)|* + (A + 8> - 80) [ 0) |

<P =9)|* + 1 =8| ATz - )| + (n + 8% - 5a) [z —5) |
t t
+ c/ ||u"(r— 0 +5,%x) —u(r,x) ||2dr + f Hg(x,r+s) —g(x,7) ||2dr
t
+ ce2/ (1 + ” A(z(9,+sw) - z(G,w)) H2 + Hz(ema)) —z(0,w) “2) dr. (7.11)
Note that
t 2
/ ||up(r— 0 +5,x)— u(r,x)“ dr
T—$
T=$+p ) t 9
=f ”u”(r—p+s,x)—u(r,x)|| dr+/ ”u”(r—p+s,x)—u(r,x)|| dr

—s T-S+p

T+p—s
<2 swp [¢0)-l"+2 [ Jutin) -0 dr
—p=s= T—S
‘ 2 ¢ 2
+ 2/ ||72(r) H dr + 2/ ||u(r+ 0,%) — u(r,x)” dr. (7.12)
Thus, for V¢ € [t,t + T] with £ > t —s, from (7.11), (7.12), and (3.9) we have that
”?(t) |‘12'-12(R”)><L2(R”)
t
= ” Y(r-9) ||12—12(R”)><L2(R”) + C/T_S “ Y(r) ||12'—[2(]R”)><L2(R”) dr
t+T
+ / |g@x,r+s) —g(x,r)”zdr +cp sup0H¢p(s) —¢”2
T —p=s=
T+2p 9 w+T 2
+cf ||u(r,x)—¢|| dr+c/ Hu(r+p,x)—u(r,x)” dr
T T
t
+ ce2/ (1 + || A(z(Gma)) - z(Qra))) H2 + ||z(9,+sw) —z(0,w) ||2) dr. (7.13)

From Lemma 3.1, given 1 > 0, there is p; € (0,1] for Vp < p;,s € [-p,0], re [z, 7 + T,

||Z(9r+sw) - Z(erw) ” =n. (714')

Page 23 of 27
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By lim,,_,¢ f,HZp llu(r, %) — ¢||*> dr = 0, we see for Vp < p,, there is py < p; such that

T+2p 2
/ ||u(r,x) - ¢|| dr <n. (7.15)

Note that u is uniformly continuous from [z, 7 + 1+ T] to H?(R"), and we obtain that there

is p3 < po such that for Vp < p3, re[t,t + T],
||u(r + p,%) — u(r,x) || <n. (7.16)

Since g € L2 (R,L?(R")) one obtains that

loc

+T
lin(l) ||g(x, r+s)—glx,r) || > dr = 0, (7.17)

which implies that there is ps < p3 such that for Vp < p4, s € [-p, 0],
t+T 9
/ |g@,r+5) - glx,r)| " dr <n. (7.18)
It follows from (7.13)—(7.18) that

t
Y@ ”i[z(RV')xLZ(R”) = C_/T_s” Y(r) ”?ﬂwnﬂ(ﬂv) dr+ |Y(z _S)”f—lz(R")xLz(R”)

+cp sup ||¢”(s) - q‘)”2 +cn. (7.19)
-p=<s=<0
Accordingly, we have
[Y®) ”iIZ(R”)xLZ(R") <c[Y(-9 ||12L12(R”)><L2(R”) +cp sup 0||¢p(5) —¢|*+en. (7.20)
—p<s<
In addition,

17 =) q@nyerzm = Y2 @) = Y@ =9 [ p2en
= v (x) = vlx = 9) | + (82 + A = 8a) |’ (2) - ulz —5)|”
+(1=8)| A (x) - u(x -3)) |
<2vir-s) -y "+ 2@ -v|’
+2(8% + 2 - 8a)(|lu”(x) - | + |ulz —5) - 8°)

+20-8)(|a@ @ -8+ |Autr -9 -8) ),
which together with (7.16) shows that there is p5 < p4 such that for Vp < ps, s € [-p, 0],

|Y(-s) ”i{Z(R”)xLZ(R”) <c sup |[Y{(9)-Yo HHZ(W)XH(W) +en. (7.21)
-p=<s<0
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It follows from (7.20) and (7.21) that for Vp < ps, t € [t,7 + T| with ¢ > t —sand s € [-p, 0],

|| Y’ (t +S,T,w, Y(f) - Y(t; 7,w, YO) ”HZ(R”)XLZ(]R”)

<c sup [[Y5(s) - Yo

-p=<s<0

2@y 2@ TN (7.22)
Fort e [r,7 —s],wesetr=¢t— 7. Thus,wehavet — p <t+s<r7,t=r+7.0One can easily
obtain that there is pg < p5 such that for Vp < pg, t € [T, T — 5],

|Y°(¢+s7,0,Y)) =Yt 1,0, Yo)”Hz(

R7)x L2 (R")

<c sup Y5 (s) - Yo

-p=<s<0

HZ(]R”)XLZ(]R") +cn. (7.23)

Hence, by (7.22) and (7.23) we obtain that

|| Yp (t +Ss,7,w, Yop) bl Y(L 7,w, YO) ||H2(]R”)><L2(]R”)

<c sup || Yy (s) - YOH

-p=s=<0

H2®mx2®n) D

which gives (7.6). O

Lemma 7.2 Suppose (3.1)-(3.5), (3.7), (3.8), (3.14), and (3.16) hold. If p, — 0, Y, €
APn(t,w), then there exists a subsequence {Y,,} of {Y,} and Y € H*(R") x L*(R") such
that

Jim - sup [[Y,() = Y| oy cp2any = 0 (7.24)

—Pryy <s<0
where Y = (u,v)7.

Proof Denote {t,}%, as a sequence and ¢, — 00, n — 00. By the invariance of A%, there
isY, e AP (T - t,,0_,0) such that

Yy = Oty T — by g, 0, Yy (7.25)
By (7.2), we have ?n € K*n(t —t,,0_4,w). By the uniform estimates obtained in Sect. 5, one
can verify:
n

(i) @P7(ty, T — tn, 0_y, @, Y,)(0) is precompact in H*(R") x L*(R").
(ii) For given Vn > 0, there is N1 > 1 such that for Vun > Ni, s € [-p,, 0],

[ 7 (6, T = 11, 64,0, Y,)(8) = D (b, T = 11, 01,9, V) O) | ey e 25y < 1
From (i) we see that there is Y € H*(R") x L*(R") such that
DO (t, T = by, 0,0, Y,)(0) — Y in H*(R") x L*(R").
Thus, there is N, > Nj such that for Vi > N,,

| 7 (8T = 11,60, 0, ,)(0) = Y | o (7.26)

Ry 12(R) = T
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together with (ii), for Vu > N; and s € [-p,, 0], we have

| @7 (b, T = £, 64,0, V1) (5) Y

R)x L2(R")
E || chn (tny T - tn; e—t,,w’ i\/}’l)(‘s) - (Dpn (tn! T— tn; e—lnw! i\/}’l)(o) ||H2(R")><L2(R”)
+ || chn (tm T- tn; Q—t,,a)¢ ?n)(o) - Y”HZ(R")XLz(]R”) = 2771 (727)
which along with (7.25) implies (7.24). O

Finally, we will prove the upper semicontinuity of A” as p — 0.

Theorem 7.1 Assume that (3.1)—(3.5),(3.7), (3.8), (3.14), and (3.16) hold. Then, forVt € R,
w € 2,

llIl’}) dHZ(R”)xLZ(R”) (Ap(‘L', a)), AO(‘L')) =0, (728)
p—
where dypgnyy 2wy is defined for VE C Cy, v, (R"), S € H*(R") x L*(R") as

dpp2gny 12 (E, S) = Z‘;Ig}cgf_;zionfﬂ(s) —x”HZ(JR")xLZ(JR")‘
Proof Let Yi" € Cy,y,(R") and Yy € H*R") x L*(R") with sup_, _.o[lYg"(s) —
Yol p2gnyx 2@y — 0 as n — 00, p, — 0. We have from Lemma 7.1 that for V7 e R, w € Q,

t>1,

sup [ @7 (£, 7,00, Y§") () - 006, 7,0, Yo) | 1

—pn=<s=0

Ry 2R7) 0 asun— . (7.29)

By (7.4), (7.5), (7.29), and Lemma 7.2 we obtain (7.28) from Theorem 2.1 in [29] immedi-
ately. O
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