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1 Introduction
Delays in differential systems are used for mathematical modeling in many applications
to describe the dynamics influenced by events from the past. It is known that differential
equations with delay appears in physics, biology, and other disciplines, and the time delay
is considered in the model of the systems [7, 12]. In particular, these equations are applied
to mathematical modeling in many applications to describe the dynamics influenced by
events from the past, see [15, 16, 18]. Most noteworthy is that the attractors of determin-
istic differential equations with a time delay have been studied in [11], while the stochastic
case has been studied in [6, 29].

This paper is concerned with the following plate equations with time delay blurred by
additive noise in R

n:
⎧
⎪⎪⎨

⎪⎪⎩

∂ttu + α∂tu + ∂xxxx(∂tu) + ∂xxxxu + λu + F(u(x, t), x)

= f (u(t – ρ, x), x) + g(x, t) + εh(x) dW
dt , t > τ ,

uτ (x, s) := u(x, τ + s) = φ(x, s), ∂tuτ (x, s) = ∂tφ(x, s),

(1.1)

where τ ∈R, x ∈R
n, s ∈ [–ρ, 0], ε ∈ (0, 1], α, λ are positive constants, the time delay ρ > 0 is

a constant, the conditions F , f are satisfied (see Sect. 3), g(x, ·) ∈ L2
loc(R, L2(Rn)), h ∈ H2(Rn)

and φ ∈ C([τ – ρ, τ ], H2(Rn)), W is a two-side real-value Wiener process on a complete
probability space that will be specified later.

For the deterministic case, many authors obtained the existence of global attractors in
[2, 8–10, 30–33, 40]. For the stochastic case, Ma and Shen investigated the existence of
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random attractors for plate equations in bounded domains in [14, 19, 20]. Moreover, in
the entire space, Yao obtained the existence of random attractors for plate equations in
[34–39]. Wang investigated the global existence as well as long-term dynamics for a wide
class of lattice plate equations on the entire integer set with nonlinear damping driven by
infinite-dimensional nonlinear noise in [27].

For the case ρ ≡ 0 in (1.1), we derived the existence of results in [35]. However, as far as
we know, there is little literature dealing with stochastic time-delay plate equations. Also,
in [28], Wang and Ma studied the existence of pullback attractors for the nonautonomous
suspension-bridge equation with time delay.

Motivated by the literature above, we study the dynamics of the delay plate equations.
The main features of the work are summarized as follows: (i) We prove that (1.1) generates
random dynamical systems; (ii) We show the existence of random attractors for (1.1); (iii)
We obtain the convergence of random attractors for (1.1) as ρ → 0 or ε → 0. A major
difficulty in the proof process is to prove the existence random attractors for (1.1), the
reason for this is that Sobolev embeddings are no longer compact. To overcome this, we
use the uniform estimates and the splitting technique ([26]).

This paper is organized as follows. In the next section, we recall some basic concepts on
the theory of random dynamical systems. We then prove an abstract result for the upper
semicontinuity of random attractors for stochastic delay equations. In Sect. 3, we establish
the continuous random dynamical system for (1.1). Some necessary estimates are given in
Sect. 4. We then prove the existence of pullback attractors for (1.1) in Sect. 5. In Sects. 6
and 7, we further prove the upper semicontinuity of attractors when ε → 0 and ρ → 0.

2 Mathematical setting and notation
Now, we recall some notations and propositions on the theory of random dynamical sys-
tems, the reader is referred to [1, 3, 4, 13, 17, 21–24].

Denote (	,F ,P) as the probability space and for t ∈ R, ω ∈ 	,

θtω(·) = ω(t + ·) – ω(t).

Let (X,‖ · ‖X) be a separable Hilbert space, and let (	,F ,P, {θt}t∈R) be an ergodic metric
dynamical system

Proposition 2.1 ([24]) LetD be an inclusion closed collection of some families of nonempty
subsets of X, and � be a continuous cocycle on X over (	,F ,P, {θt}t∈R). Then, � has a
unique D-pullback random attractor A in D if � is D-pullback asymptotically compact
in X and � has a closed measurable D-pullback absorbing set K in D.

We denote by CX the space C([–ρ, 0], X) with the sup-norm

‖u‖CX = sup
s∈[ρ,0]

‖u‖X , u ∈ C
(
[–ρ, 0], X

)
.

Denote by (Y ,‖ · ‖) a Banach space that satisfies that the injection X ⊂ Y is continuous,
we also denote by CX,Y the Banach space CX ∩ C1([–ρ, 0], Y ) with the norm ‖ · ‖CX,Y

‖y‖2
CX,Y

= ‖v‖2
CY

+ ‖u‖2
CX

, y = (u, v)�, u ∈ CX , v ∈ CY . (2.1)
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Denote –
 the Laplace operator, A = 
2 and the Hilbert spaces Vr = D(A r
4 ) endowed

with inner product and norm

(u, v)r =
(
A

r
4 u, A

r
4 v

)
, ‖ · ‖r =

∥
∥A

r
4 ·∥∥.

In particular, V0 = L2(Rn), V2 = H2(Rn).

3 Random dynamical system
In this section, we discuss the assumptions on F , f , and g and define a continuous cocycle
in CV2,V0 (Rn) for (1.1). Assume F(x, ·) ∈ C2(R), f , g satisfy the following conditions:

Let F̃(r, x) =
∫ r

0 F(s, x) ds for x ∈ R
n and s ∈R,

∣
∣F(s, x)

∣
∣ ≤ c1|s|p + η1(x), η1 ∈ L2(

R
n), (3.1)

F(s, x)s – c2F̃(s, x) ≥ η2(x), η2 ∈ L1(
R

n), (3.2)

F̃(s, x) ≥ c3|s|p+1 – η3(x), η3 ∈ L1(
R

n), (3.3)
∣
∣
∣
∣
∂F
∂s

(s, x)
∣
∣
∣
∣ ≤ � , (3.4)

f (0, x) = 0, and |f (s1, x) – f (s2, x) ≤ lf |s1 – s2|, (3.5)

where � , lf > 0, 1 ≤ p ≤ n+4
n–4 and ci > 0. It follows from (3.1) and (3.2) that

F̃(s, x) ≤ c
(|s|2 + |s|p+1 + η2

1 + η2
)
. (3.6)

Assume g satisfies

∫ 0

–∞
eσ s∥∥g(·, s + τ )

∥
∥2 ds < ∞, ∀τ ∈R, (3.7)

which implies that

lim
r→∞

∫ τ

–∞

∫

|x|≥r
eσ s∣∣g(·, s)

∣
∣2 dx ds = 0, ∀τ ∈ R, (3.8)

where σ is a positive constant.
For Y = (u, v)� ∈ CV2,V0 (Rn), set

‖Y‖CV2,V0 (Rn) =
(‖u‖2

CV2
+ ‖v‖2

CV0

) 1
2

=
((

λ + δ2 – δα
)‖u‖2 + ‖v‖2 + (1 – δ)‖
u‖2) 1

2 . (3.9)

In addition, we see that ‖ · ‖CV2,V0
(Rn) is equivalent to ‖ · ‖CV2,V0 (Rn) in (2.1).

Let ξ = ∂tu + δu, for x ∈ R
n, s ∈ [–ρ, 0], hence problem (1.1) is equivalent to

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

du
dt + δu = ξ ,
dξ

dt + (α + A – δ)ξ + λu + F(x, u(t, x))

= [δ(α + A – δ) – A]u + f (u(t – ρ, x), x) + g(x, t) + εh(x) dW
dt ,

uτ (x, s) := u(x, τ + s) = φ(x, s), ξτ (x, s) = ∂tφ(x, s) + δφ(x, s).

(3.10)
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Let z(θtω) = hy(θtω), where y satisfies

y(ω) = –
∫ 0

–∞
es(ω)(s) ds.

From [5], we know that for every ω ∈ 	, y(θtω) is continuous.
Let z(θtω) = hy(θtω). We have the following lemma on z(θtω):

Lemma 3.1 ([32]) For ∀ε > 0, there exists a random variable χ : 	 → R
+, such that for

∀t ∈R, ω ∈ 	,

∥
∥z(θtω)

∥
∥ ≤ eε|t|χ (ω)‖h‖,

∥
∥∇z(θtω)

∥
∥ ≤ eε|t|χ (ω)‖∇h‖,

∥
∥
z(θtω)

∥
∥ ≤ eε|t|χ (ω)‖
h‖,

where

e–ε|t|χ (ω) ≤ χ (θtω) ≤ eε|t|χ (ω).

Denote v(t) = ξ (t) – εz(θtω), then (3.10) is equivalent to

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

du
dt + δu = v + εz(θtω),
dv
dt – (δ – α – A)v – [δ(–δ + α + A) – λ – A]u – ε[1 – (α + A – δ)]z(θtω)

+ F(u(t, x), x) = f (u(t – ρ, x), x) + g(x, t),

uτ (x, s) := u(x, τ + s) = φ(x, s),

vτ (x, s) = ∂tφ(x, s) + δφ(x, s) – εz(θtω) := ψ(x, s).

(3.11)

For given τ ∈R, ω ∈ 	, and φ ∈ CV2 (Rn), ψ ∈ CV0 (Rn), a solution of (3.11) will be written
as (u(·, τ ,ω,φ), v(·, τ ,ω,ψ)). As usual, the segments of u(·, τ ,ω,φ) and v(·, τ ,ω,ψ) on [t –
ρ, t] are written as ut(·, τ ,ω,φ) and vt(·, τ ,ω,ψ), respectively; that is,

ut(s, τ ,ω,φ) = u(t + s, τ ,ω,φ), for all s ∈ [–ρ, 0];

vt(s, τ ,ω,ψ) = v(t + s, τ ,ω,ψ), for all s ∈ [–ρ, 0].

Under conditions (3.1)–(3.5), for τ ∈R, ω ∈ 	, and φ ∈ CV2 (Rn), ψ ∈ CV0 (Rn), problem
(3.11) has a unique continuous solution (u(·, τ ,ω,φ), v(·, τ ,ω,ψ)) : [τ –ρ,∞] → CV2,V0 (Rn),
and the segment ut(·, τ ,ω,φ) of u is (F , B(CV2 (Rn)))-measurable in ω ∈ 	 and continuous
with respect to φ in CV2 (Rn); the segment vt(·, τ ,ω,ψ) of v is (F , B(CV0 (Rn)))-measurable
in ω ∈ 	 and continuous with respect to ψ in CV0 (Rn).

Define � : R+ ×R× 	 × CV2,V0 (Rn) → CV2,V0 (Rn) by

�
(
t, τ ,ω, (φ,ψ)

)
(·) =

(
ut+τ (·, τ , θ–τω,φ), vt+τ (·, τ , θ–τω,ψ)

)
, (3.12)

where (t, τ ,ω, (φ,ψ)) ∈ R
+ ×R×	× CV2,V0 (Rn), ut+τ (s, τ , θ–τω,φ) = u(t + τ + s, τ , θ–τω,φ)

for s ∈ [–ρ, 0]; vt+τ (s, τ , θ–τω,ψ) = v(t + τ + s, τ , θ–τω,ψ) for s ∈ [–ρ, 0]. Then, � is a con-
tinuous cocycle on CV2,V0 (Rn) over (	,F ,P, {θt}t∈R).
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Let D = {D(τ ,ω) ⊆ CV2,V0 (Rn) : τ ∈ R,ω ∈ 	} be a family of bounded nonempty subsets
of CV2,V0 (Rn) satisfying

lim
t→+∞ e–γ t∥∥D(τ – t, θ–tω)

∥
∥

CV2,V0 (Rn) = 0, ∀γ > 0, (3.13)

where ‖D(τ – t, θ–tω)‖CV2,V0 (Rn) = sup(u,v)∈D(τ–t,θ–tω) ‖(u, v)‖CV2,V0 (Rn). Let D be the set of all
families D = {D(τ ,ω) ⊆ CV2,V0(Rn) : τ ∈R,ω ∈ 	} that satisfies (3.13).

For later purposes, we assume δ ∈ (0, 1) satisfies

1 – δ > 0, α – δ > 0, λ + δ2 – δα > 0. (3.14)

In addition,

λ >
16l2

f + δ(α – δ)2

δ(α – δ)
. (3.15)

Under (3.15), assume σ satisfies

σ = min

{

δ,α – δ,
c2δ

2
,

1
ρ

ln
δ(λ + δ2 – δα)(α – δ)

16l2
f

}

. (3.16)

4 Uniform estimates
We will obtain some necessary estimates of solutions for (3.11) in this section.

Lemma 4.1 Assume that (3.1)–(3.5), (3.7), (3.14), and (3.16) hold. Then, for ∀ς , τ ∈ R,
ω ∈ 	, and D = {D(τ ,ω) : τ ∈R,ω ∈ 	} ∈D, there exists T = T(τ ,ω, D,ς ) > 0 such that for
∀t ≥ T ,

∥
∥Y (ι + s, τ – t, θ–τω, Y0)

∥
∥2

CV2,V0 (Rn) +
∫ ι+s

τ–t
eσ (r–ι–s)∥∥v(r, τ – t, θ–τω,ψ)

∥
∥2 dr

×
∫ ι+s

τ–t
eσ (r–ι–s)∥∥
u(r, τ – t, θ–τω,φ)

∥
∥2 dr

+
∫ ι+s

τ–t
eσ (r–ι–s)∥∥
v(r, τ – t, θ–τω,ψ)

∥
∥2 dr

≤ M + M
∫ ι–τ

–∞
eσ (r+τ–ι)∥∥g(x, r + τ )

∥
∥2 dr

+ Mε2
∫ ι–τ

–∞
eσ (r+τ–ι)(1 +

∥
∥
z(θrω)

∥
∥2 +

∥
∥z(θrω)

∥
∥2

+
∥
∥∇z(θrω)

∥
∥2 +

∥
∥z(θrω)

∥
∥p+1

H2
)

dr, (4.1)

where Y0 = (φ,ψ)� ∈ D(τ – t, θ–tω) and M is a positive constant independent of τ , ω, D,
and ε, but dependent on λ, σ , α, and δ.
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Proof Taking the inner product with (3.11)2 by v in L2(Rn), we obtain

1
2

d
dt

‖v‖2 = –(1 – δ)(Au, v) – (Av, v) – (α – δ)(v, v) –
(
λ + δ2 – δα

)
(u, v)

– ε
(
Az(θtω), v

)
+ ε(1 – α + δ)

(
z(θtω), v

)
+

(
g(x, t), v

)

–
(
F
(
u(t, x), x

)
, v

)
+

(
f
(
u(t – ρ, x), x

)
, v

)
. (4.2)

By simple calculation, we can obtain the following estimates for the right-hand side of
(4.2):

(u, v) ≥ 1
2

d
dt

‖u‖2 +
3δ

4
‖u‖2 –

ε2

3δ

∥
∥z(θtω)

∥
∥2, (4.3)

– (Au, v) ≤ –
1
2

d
dt

‖
u‖2 –
3δ

4
‖
u‖2 +

ε2

3δ

∥
∥
z(θtω)

∥
∥2, (4.4)

ε(1 – α + δ)
(
z(θtω), v

) ≤ c
∥
∥z(θtω)

∥
∥2 +

α – δ

8
‖v‖2, (4.5)

– ε
(
Az(θtω), v

)
= –ε

(

z(θtω),
v

) ≤ ε2

2
∥
∥
z(θtω)

∥
∥2 +

1
2
‖
v‖2, (4.6)

(
g(x, t), v

) ≤ c
∥
∥g(x, t)

∥
∥2 +

α – δ

16
‖v‖2, (4.7)

(
F
(
u(t, x), x

)
, v

)
=

(

F
(
u(t, x), x

)
,

du
dt

+ δu – εz(θtω)
)

=
d
dt

∫

Rn
F̃(x, u) dx + δ

(
F
(
u(t, x), x

)
, u

)

– ε
(
F
(
u(t, x), x

)
, z(θtω)

)
. (4.8)

By (3.2) we obtain

(
F
(
u(t, x), x

)
, u

) ≥ c2

∫

Rn
F̃(u, x) dx +

∫

Rn
η2(x) dx. (4.9)

From (3.1) and (3.3), we obtain

ε
(
F
(
u(t, x), x

)
, z(θtω)

)

≤ ε
∥
∥η1(x)

∥
∥
∥
∥z(θtω)

∥
∥ + c1ε

(∫

Rn
|u|p+1 dx

) p
p+1 ∥

∥z(θtω)
∥
∥

p+1

≤ ε
∥
∥η1(x)

∥
∥
∥
∥z(θtω)

∥
∥ + c1ε

(∫

Rn

(
F̃(x, u) + η3(x)

)
dx

) p
p+1 ∥

∥z(θtω)
∥
∥

p+1

≤ 1
2
∥
∥η1(x)

∥
∥2 +

ε2

2
∥
∥z(θtω)

∥
∥2 +

δc2

2

∫

Rn
F̃(x, u) dx

+
δc2

2

∫

Rn
η3(x) dx + cε2∥∥z(θtω)

∥
∥p+1

H2 . (4.10)

From (3.5), we have

(
f
(
u(t – ρ, x), x

)
, v

) ≤ lf
∥
∥u(t – ρ)

∥
∥‖v‖ ≤ α – δ

16
‖v‖2 +

4l2
f

α – δ

∥
∥u(t – ρ)

∥
∥2. (4.11)
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Equations (4.3)–(4.11), together with (4.2), imply

1
2

d
dt

(
(
δ2 + λ – δα

)‖u‖2 + ‖v‖2 + (1 – δ)‖
u‖2 + 2
∫

Rn
F̃(u, x) dx

)

≤ –
3
4

(α – δ)‖v‖2 –
3
4
δ
(
δ2 + λ – δα

)‖u‖2 –
3
4
δ(1 – δ)‖
u‖2

–
δc2

2

∫

Rn
F̃(u, x) dx –

1
2
‖
v‖2 +

4l2
f

α – δ

∥
∥u(t – ρ)

∥
∥2 + cε2(1 +

∥
∥
z(θtω)

∥
∥2

+
∥
∥∇z(θtω)

∥
∥2 +

∥
∥z(θtω)

∥
∥p+1

H2 +
∥
∥z(θtω)

∥
∥2) + c

∥
∥g(x, t)

∥
∥2, (4.12)

and together with (3.16) we obtain

d
dt

(

‖Y‖2
CV2,V0 (Rn) + 2

∫

Rn
F̃(u, x) dx

)

+ σ

(

‖Y‖2
CV2,V0

+ 2
∫

Rn
F̃(u, x) dx

)

+
1
2
δ
(
δ2 + λ – δα

)‖u‖2 + ‖
v‖2 +
1
2

(α – δ)‖v‖2 +
1
2
δ(1 – δ)‖
u‖2

≤ cε2(1 +
∥
∥∇z(θtω)

∥
∥2 +

∥
∥
z(θtω)

∥
∥2 +

∥
∥z(θtω)

∥
∥2 +

∥
∥z(θtω)

∥
∥p+1

H2
)

+
8l2

f

α – δ

∥
∥u(t – ρ)

∥
∥2 + c

∥
∥g(x, t)

∥
∥2. (4.13)

Substituting τ by τ – t, and integrating (4.13) between [τ – t, ι + s], we obtain

eσ (ι+s)
(

∥
∥Y (ι + s, τ – t, θ–τω,ϕ0)

∥
∥2

CV2,V0 (Rn) + 2
∫

Rn
F̃
(
u(ι + s, τ – t, θ–τω,φ), x

)
dx

)

+
1
2

(α – δ)
∫ ι+s

τ–t
eσ r∥∥v(r, τ – t, θ–τω,ψ)

∥
∥2 dr

+
1
2
δ
(
δ2 + λ – δα

)
∫ ι+s

τ–t
eσ r∥∥u(r, τ – t, θ–τω,φ)

∥
∥2 dr

+
1
2
δ(1 – δ)

∫ ι+s

τ–t
eσ r∥∥
u(r, τ – t, θ–τω,φ)

∥
∥2 dr

+
∫ ι+s

τ–t
eσ r∥∥
v(r, τ – t, θ–τω,ψ)

∥
∥2 dr

≤ eσ (τ–t)
(

‖Y0‖2
CV2,V0 (Rn) + 2

∫

Rn
F̃(x,φ) dx

)

+ cε2
∫ ι+s

τ–t
eσ r(1 +

∥
∥
z(θr–τω)

∥
∥2 +

∥
∥z(θr–τω)

∥
∥2

+
∥
∥∇z(θr–τω)

∥
∥2 +

∥
∥z(θr–τω)

∥
∥p+1

H2
)

dr

+
8l2

f

α – δ

∫ ι+s

τ–t
eσ r∥∥u(r – ρ, τ – t, θ–τω,φ)

∥
∥2 dr

+ c
∫ ι+s

τ–t
eσ r∥∥g(x, r)

∥
∥2 dr. (4.14)
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Note that

∫ ι+s

τ–t
eσ r∥∥u(r – ρ, τ – t, θ–τω,φ)

∥
∥2 dr

=
∫ τ–t

τ–t–ρ

eσ (r+ρ)∥∥u(r, τ – t, θ–τω,φ)
∥
∥2 dr

+
∫ ι+s–ρ

τ–t
eσ (r+ρ)∥∥u(r, τ – t, θ–τω,φ)

∥
∥2 dr

≤ 1
σ

eσ (τ–t+ρ)‖φ‖2
CV2 (Rn) + eσρ

∫ ι+s

τ–t
eσ r∥∥u(r, τ – t, θ–τω,φ)

∥
∥2 dr. (4.15)

By (4.14), (4.15), and (3.16) we obtain

∥
∥Y (ι + s, τ – t, θ–τω,ϕ0)

∥
∥2

CV2,V0 (Rn) + 2
∫

Rn
F̃
(
u(ι + s, τ – t, θ–τω,φ), x

)
dx

+
1
2

(α – δ)
∫ ι+s

τ–t
eσ (r–ι–s)∥∥v(r, τ – t, θ–τω,ψ)

∥
∥2 dr

+
1
2
δ(1 – δ)

∫ ι+s

τ–t
eσ (r–ι–s)∥∥
u(r, τ – t, θ–τω,φ)

∥
∥2 dr

+
∫ ι+s

τ–t
eσ (r–ι–s)∥∥
v(r, τ – t, θ–τω,ψ)

∥
∥2 dr

≤ ceσ (τ–t–ι–s+ρ)
(

‖Y0‖2
CV2,V0 (Rn) + 2

∫

Rn
F̃(x,φ) dx

)

+ c
∫ ι–τ

–t
eσ (r+τ–ι)∥∥g(x, r + τ )

∥
∥2 dr

+ cε2
∫ ι–τ

–t
eσ (r+τ–ι)(1 +

∥
∥
z(θrω)

∥
∥2 +

∥
∥∇z(θrω)

∥
∥2

+
∥
∥z(θrω)

∥
∥p+1

H2 +
∥
∥z(θrω)

∥
∥2)dr. (4.16)

Combination of Lemma 3.1 and (3.7) implies that

cε2
∫ ι–τ

–t
eσ (r+τ–ι)(1 +

∥
∥
z(θrω)

∥
∥2 +

∥
∥z(θrω)

∥
∥2 +

∥
∥∇z(θrω)

∥
∥2 +

∥
∥z(θrω)

∥
∥p+1

H2
)

dr

+
8

α – δ

∫ ι–τ

–t
eσ (r+τ–ι)∥∥g(x, r + τ )

∥
∥2 dr

≤ cε2
∫ ι–τ

–∞
eσ (r+τ–ι)(1 +

∥
∥
z(θrω)

∥
∥2 +

∥
∥z(θrω)

∥
∥2 +

∥
∥∇z(θrω)

∥
∥2 +

∥
∥z(θrω)

∥
∥p+1

H2
)

dr

+ c
∫ ι–τ

–∞
eσ (r+τ–ι)∥∥g(x, r + τ )

∥
∥2 dr

< +∞. (4.17)

Equation (3.6) yields

∫

Rn
F̃(φ, x) dx ≤ c

(
1 + ‖φ‖p+1

CV2 (Rn)
)
. (4.18)
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We can deduce that

lim
t→+∞ ceσ (τ–t–ι–s+ρ)

(

‖Y0‖2
CV2,V0 (Rn) + 2

∫

Rn
F̃(x,φ) dx

)

= 0,

which together with (3.3), (4.16), and (4.17) yields (4.1). �

Let ρ be a smooth function on R
+ such that 0 ≤ ρ(s) ≤ 1 for all s ∈R

+, and

ρ(s) = 0 for |s| ≤ 1
2

; and ρ(s) = 1 for |s| ≥ 1.

For every k ∈ N, let

ρk � ρk(x) = ρ(x/k), x ∈ R
n.

We also assume that for all x ∈ R
n and k ∈ N, |∇ρk| ≤ 1

k c4, |
ρk| ≤ 1
k c5, |
∇ρk| ≤ 1

k c6,
|
2ρk| ≤ 1

k c7, where c4, c5, c6, and c7 are positive constants independent of k.
Given k ≥ 1, denote Hk = {x ∈R

n : |x| < k} and R
n \Hk the complement of Hk .

Lemma 4.2 Suppose (3.1)–(3.5), (3.7), (3.8), (3.14), and (3.16) hold. Then, for ∀τ ∈ R, s ∈
[–ρ, 0], ω ∈ 	, there exist R̃ = R̃(τ ,ω, ε) ≥ 1 and T = T(τ ,ω, D, ε) > 0, such that for ∀k ≥ R̃,
t ≥ T ,

∥
∥Y (τ + s, τ – t, θ–τω, Y0)

∥
∥2

H2(Rn\Hk )×L2(Rn\Hk ) ≤ ε. (4.19)

Proof Multiplying (3.11)2 with ρk(x)v, we have

1
2

d
dt

∫

Rn
ρk|v|2 dx + (α – δ)

∫

Rn
ρk|v|2 dx = –

(
λ + δ2 – δα

)
∫

Rn
ρk · u · v dx

– (1 – δ)
∫

Rn
ρk · Au · v dx –

∫

Rn
(ρkAv)v dx + ε(1 – α + δ)

∫

Rn

(
ρkz(θtω)

)
v dx

– ε

∫

Rn
ρk · Az(θtω) · v dx +

∫

Rn

(
ρkg(x, t)

)
v dx –

∫

Rn

(
ρkF(u, x)

)
v dx

+
∫

Rn

(
ρkf

(
u(t – ρ, x), x

))
v dx. (4.20)

For the terms on the right-hand side of (4.20), using Young’s inequality and the interpola-
tion inequality

‖∇v‖ ≤ ς‖v‖ + Cς‖
v‖, ∀ς > 0,

we have
∫

Rn
ρk · u · v dx =

∫

Rn
ρku

(
du
dt

+ δu – εz(θtω)
)

dx

=
∫

Rn
ρk

(
1
2

d
dt

u2 + δu2 – εz(θtω)u
)

dx

≥ 1
2

d
dt

∫

Rn
ρk|u|2 dx +

3δ

4

∫

Rn
ρk|u|2 dx

–
ε2

2δ

∫

Rn
ρk

∣
∣z(θtω)

∣
∣2 dx, (4.21)
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–
∫

Rn
ρk · Au · v dx

= –
∫

Rn

(

2u · ρk

) ·
(

du
dt

+ δu – εz(θtω)
)

dx

= –
∫

Rn

u · 


(

ρk

(
du
dt

+ δu – εz(θtω)
))

dx

= –
∫

Rn

u ·

(


ρk · v + 2∇ρk · ∇v + ρk · 

(

du
dt

+ δu – εz(θtω)
))

dx

≤ c5

k
(‖
u‖2 + ‖v‖2) +

c4

k
(‖
u‖2 + 2ς2‖v‖2 + 2C2

ς‖
v‖2)

–
1
2

d
dt

∫

Rn
ρk|
u|2 dx –

δ

2

∫

Rn
ρk|
u|2 dx +

ε2

2δ

∫

Rn
ρk|
z(θtω))|2 dx, (4.22)

–
∫

Rn
ρk · Av · v dx = –

∫

Rn

2v · ρk · v dx = –

∫

Rn

v · 
(ρk · v)) dx

= –
∫

Rn

v · (
ρk · v + 2∇ρk · ∇v + ρk · 
v) dx

≤ c5

2k
(‖v‖2 + ‖
v‖2) +

c4

k
(‖
v‖2 + 2C2

ς‖
v‖2 + 2ς2‖v‖2)

–
∫

Rn
ρk|
v|2 dx, (4.23)

– ε

∫

Rn
ρk · Az(θtω) · v dx

= –ε

∫

Rn

2z(θtω) · ρk · v dx

= –ε

∫

Rn

z(θtω) · 
(ρk · v) dx

= –ε

∫

Rn

z(θtω) · (
ρk · v + 2∇ρk · ∇v + ρk · 
v) dx

≤ c5ε

k

∫

Rn

∣
∣
z(θtω) · v

∣
∣dx +

2c4ε

k

∫

Rn

∣
∣
z(θtω) · ∇v

∣
∣dx

+ ε

∫

Rn
ρk

∣
∣
z(θtω)

∣
∣ · |
v|dx

≤ c5ε

2k
(∥
∥
z(θtω)

∥
∥2 + ‖v‖2) +

2c4ε

k
∥
∥
z(θtω)

∥
∥
(
ς‖v‖ + Cς‖
v‖)

+ ε

∫

Rn
ρk

∣
∣
z(θtω)

∣
∣ · |
v|dx

≤ c5ε

2k
(‖v‖2 +

∥
∥
z(θtω)

∥
∥2) +

c4ε

k
(∥
∥
z(θtω)

∥
∥2 + 2C2

ς‖
v‖2 + 2ς2‖v‖2)

+
∫

Rn
ρk|
v|2 dx +

ε2

4

∫

Rn
ρk

∣
∣
z(θtω)

∣
∣2 dx, (4.24)

ε(1 – α + δ)
∫

Rn
ρkz(θtω)v dx ≤ cε2

∫

Rn
ρk

∣
∣z(θtω)

∣
∣2 dx +

3(α – δ)
16

∫

Rn
ρk|v|2 dx, (4.25)

∫

Rn
ρkg(x, t)v dx ≤ c

∫

Rn
ρk

∣
∣g(x, t)

∣
∣2 dx +

α – δ

4

∫

Rn
ρk|v|2 dx. (4.26)



Yao Journal of Inequalities and Applications         (2023) 2023:68 Page 11 of 27

∫

Rn
ρkF(u, x)v dx =

∫

Rn
ρkF(u, x)

(
du
dt

+ δu – εz(θtω)
)

dx

=
d
dt

∫

Rn
ρkF̃(u, x) dx + δ

∫

Rn
ρkF(u, x)u dx

– ε

∫

Rn
ρkF(u, x)z(θtω) dx. (4.27)

By (3.1)–(3.3), we have

δ

∫

Rn
ρkF(u, x)u dx ≥ c2δ

∫

Rn
ρkF̃(u, x) dx + δ

∫

Rn
ρkη2(x) dx, (4.28)

ε

∫

Rn
ρkF(u, x)z(θtω) dx ≤ ε

∫

Rn
ρk

(
c1|u|p + η1(x)

)∣
∣z(θtω)

∣
∣dx

≤ 1
2

∫

Rn
ρk

∣
∣η1(x)

∣
∣2 dx +

ε2

2

∫

Rn
ρk

∣
∣z(θtω)

∣
∣2 dx

+ cε2
∫

Rn
ρk

∣
∣z(θtω)

∣
∣p+1 dx

+
c2δ

2

∫

Rn
ρk

(
F̃(u, x) + η3(x)

)
dx. (4.29)

From (3.5) we deduce that

∫

Rn
ρk · f

(
u(t – ρ, x), x

) · v dx ≤ lf

∫

Rn
ρk

∣
∣u(t – ρ)

∣
∣ · |v|dx

≤ 4l2
f

α – δ

∫

Rn
ρk

∣
∣u(t – ρ)

∣
∣2 dx

+
α – δ

16

∫

Rn
ρk|v|2 dx. (4.30)

Then, it follows from (4.20)–(4.30) and (3.16) that

d
dt

∫

Rn
ρk

((
δ2 + λ – δα

)|u|2 + |v|2 + (1 – δ)|
u|2 + 2F̃(u, x)
)

dx

+ σ

∫

Rn
ρk

((
δ2 + λ – δα

)|u|2 + |v|2 + (1 – δ)|
u|2 + 2F̃(u, x)
)

dx

≤ c
k
(‖v‖2 + ‖
v‖2 + ‖
u‖2 +

∥
∥
z(θtω)

∥
∥2)

+
8l2

f

α – δ

∫

Rn
ρk

∣
∣u(t – ρ)

∣
∣2 dx –

δ(λ + δ2 – δα)
2

∫

Rn
ρk|u|2 dx + c

∫

Rn
ρk

∣
∣g(x, t)

∣
∣2 dx

+ cε2
∫

Rn
ρk

(
1 +

∣
∣
z(θtω)

∣
∣2 +

∣
∣z(θtω)

∣
∣p+1)dx. (4.31)

Multiplying (4.31) by eσ t and integrating between τ – t and τ + s, then substituting ω by
θ–τω and rearranging, we obtain

∫

Rn
ρk

(∣
∣v(τ + s, τ – t, θ–τω,ψ)

∣
∣2 +

(
δ2 + λ – δα

)∣
∣u(τ + s, τ – t, θ–τω,φ)

∣
∣2

+ (1 – δ)
∣
∣
u(τ + s, τ – t, θ–τω,φ)

∣
∣2 + 2F̃

(
u(τ + s, τ – t, θ–τω,φ)

)
, x

)
dx
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≤ e–σ (t+s)
∫

Rn
ρk

(|ψ |2 +
(
λ + δ2 – δα

)|φ|2 + (1 – δ)|
φ|2 + 2F̃(x,φ)
)

dx

+
c
k

∫ τ+s

τ–t
eσ (r–τ–s)(∥∥
v(r, τ – t, θ–τω,ψ)

∥
∥2 +

∥
∥v(r, τ – t, θ–τω,ψ)

∥
∥2

+
∥
∥
u(r, τ – t, θ–τω,φ)

∥
∥2)dr +

c
k

∫ 0

–t
eσ (r–s)∥∥
z(θrω)

∥
∥dr

+ c
∫ τ

–∞
eσ (r–s)

∫

|x|≥ k
2

∣
∣g(x, r + τ )

∣
∣2 dx dr + cε2

∫ 0

–∞
eσ (r–s)

∫

|x|≥ k
2

(
1 +

∣
∣
z(θrω)

∣
∣2

+
∣
∣∇z(θrω)

∣
∣2 +

∣
∣z(θrω)

∣
∣2 +

∣
∣z(θrω)

∣
∣p+1)dx dr. (4.32)

Since (φ,ψ)� ∈ D(τ – t, θ–tω) ∈ D together with (3.6) we know that there exists T̃1 =
T̃1(τ , ε,ω, D) > 0, such that for ∀t > T̃1,

e–σ (t+s)
∫

Rn
ρk

(|ψ |2 +
(
λ + δ2 – δα

)|φ|2 + (1 – δ)|
φ|2 + 2F̃(x,φ)
)

dx ≤ ε. (4.33)

From Lemma 4.1, there are T̃2 = T̃2(τ , ε,ω, D) > 0 and R̃1 = R̃1(ε,ω, D) > 1, such that for
∀t > T̃2, k > R̃1,

c
k

∫ τ+s

τ–t
eσ (r–τ–s)(∥∥v(r, τ – t, θ–τω,ψ)

∥
∥2

+
∥
∥
v(r, τ – t, θ–τω,ψ)

∥
∥2 +

∥
∥
u(r, τ – t, θ–τω,φ)

∥
∥2)dr

≤ ε. (4.34)

By Lemma 3.1, there are T̃3 = T̃3(ε,ω) > 0, R̃2 = R̃2(ε,ω) > 1, such that for ∀t > T̃3, k > R̃2,

cε2
∫ 0

–∞
eσ (r–s)

∫

|x|≥ k
2

(
1 +

∣
∣
z(θrω)

∣
∣2 +

∣
∣∇z(θrω)

∣
∣2 +

∣
∣z(θrω)

∣
∣2 +

∣
∣z(θrω)

∣
∣p+1)dx dr

+
c
k

∫ 0

–t
eσ (r–s)∥∥
z(θrω)

∥
∥dr ≤ ε. (4.35)

By (3.8), there exists R̃3 = R̃3(τ , ε) > 1, such that for ∀k > R̃3,

c
∫ τ

–∞
eσ (r–s)

∫

|x|≥ k
2

∣
∣g(x, r + τ )

∣
∣2 dx dr ≤ ε. (4.36)

Letting R̃ = max{R̃1, R̃2, R̃3}, T̃ = max{T̃1, T̃2, T̃3}, together with (4.32)–(4.36), for ∀t > T̃ ,
k > R̃, we obtain

∫

Rn
ρk(x)

(∣
∣v(τ + s, τ – t, θ–τω,ψ)

∣
∣2 +

(
δ2 + λ – δα

)∣
∣u(τ + s, τ – t, θ–τω,φ)

∣
∣2

+ (1 – δ)
∣
∣
u(τ + s, τ – t, θ–τω,φ)

∣
∣2 + 2F̃

(
x, u(τ + s, τ – t, θ–τω,φ)

))
dx

≤ 4ε, (4.37)

which together with (3.3) implies (4.19). �
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For ∀x ∈R
n and k ≥ 1, denote

⎧
⎨

⎩

û(t, τ ,ω, φ̂) = ρ̂ku(t, τ ,ω,φ),

v̂(t, τ ,ω, ψ̂) = ρ̂kv(t, τ ,ω,ψ),
(4.38)

where ρ̂k = 1–ρk . Then, for k ≥ 1, x ∈ R
n \Hk , we have û(t, τ ,ω, φ̂) = v̂(t, τ ,ω, ψ̂) = 0. In ad-

dition, there is some constant c > 0 independent of k ≥ 1, such that ‖̂u‖H2(Rn) ≤ c‖u‖H2(Rn),
‖̂v‖L2(Rn) ≤ c‖v‖L2(Rn). Accordingly, together with (3.11) and (4.38), we obtain

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

dû
dt + δû = v̂ + ερ̂kz(θtω),
d̂v
dt + (α – δ)̂v + (δ2 + λ – δα)̂u + (1 – δ)Aû + Âv

= ε(1 – α + δ)ρ̂kz(θtω)

– ερ̂kAz(θtω) + ρ̂kg(x, t) – ρ̂kF(u, x) + ρ̂kf (u(t – ρ, x), x)

+ 4(1 – δ)
∇ρ̂k∇u + 6(1 – δ)
ρ̂k
u

+ 4(1 – δ)∇ρ̂k
∇u + (1 – δ)uAρ̂k

+ 4
∇ρ̂k∇v + 6
ρ̂k
v + 4∇ρ̂k
∇v + vAρ̂k ,

ũτ (s, x) = ρ̂k(x)φ(s, x), ṽτ (s, x) = ρ̂k(x)ψ(s, x), x ∈R
n, s ∈ [–ρ, 0],

ṽτ (s, x) = 0, ũτ (s, x) = 0, x ∈R
n \Hk , s ∈ [–ρ, 0].

(4.39)

Considering the eigenvalue problem

λ̂u = Aû in Hk , with
∂û
∂n

= û = 0 on ∂Hk , (4.40)

it is easy to see that eigenfunctions {ei}i∈N and eigenvalues {λi}i∈N of (4.40) satisfy:

λ1 ≤ λ2 ≤ · · · ≤ λi ≤ · · · , λi → +∞ (i → +∞).

For given n, assume Xn = span{e1, . . . , en}, Pn : L2(Hk) → Xn.

Lemma 4.3 Suppose (3.1)–(3.5), (3.7), (3.14), and (3.16) hold. Then, for ∀ω ∈ 	, τ ∈R, s ∈
[–ρ, 0], D = {D(τ ,ω) : τ ∈ R,ω ∈ 	} ∈ D, there exists R̂ = R̂(τ ,ω, ε) ≥ 1, T̂ = T̂(τ ,ω, D, ε) >
0, N = N(τ ,ω, ε) > 0, such that for ∀t ≥ T̂ , n ≥ N , k ≥ R̂,

∥
∥(I – Pn)Ŷ (τ + s, τ – t, θ–τω, Ŷ0)

∥
∥2

H2(Hk )×L2(Hk ) ≤ ε. (4.41)

Proof Denote ûn,2 = (I – Pn )̂u, ûn,1 = Pnû, v̂n,2 = (I – Pn )̂v, v̂n,1 = Pn̂v. Multiplying (4.39)1

with I – Pn, we obtain

v̂n,2 =
dûn,2

dt
+ δûn,2 – ε(I – Pn)ρ̂k(x)z(θtω). (4.42)

Multiplying (4.39)2 with I – Pn then taking the inner product with v̂n,2 in L2(Hk), we
have

1
2

d
dt

‖̂vn,2‖2 + (α – δ)‖̂vn,2‖2

= –
(
δ2 + λ – δα

)
(̂un,2, v̂n,2) – (1 – δ)(Aûn,2, v̂n,2) – (Âvn,2, v̂n,2)
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+ ε(δ – α + 1)
(
ρ̂kz(θtω), v̂n,2

)
– ε

(
ρ̂kAz(θtω), v̂n,2

)
+

(
ρ̂kg(x, t), v̂n,2

)

–
(
ρ̂kF(u, x), v̂n,2

)
+

(
ρ̂kf

(
u(t – ρ, x), x

)
, v̂n,2

)
+

(
4(1 – δ)
∇ρ̂k∇u

+ 6(1 – δ)
ρ̂k
u + 4(1 – δ)∇ρ̂k
∇u + (1 – δ)uAρ̂k , v̂n,2
)

+ (4
∇ρ̂k∇v + 6
ρ̂k
v + 4∇ρ̂k
∇v + vAρ̂k , v̂n,2). (4.43)

For the right-hand side of (4.43), by simple calculation, we obtain the following esti-
mates

(̂un,2, v̂n,2) ≥ 1
2

d
dt

‖̂un,2‖2 +
3δ

4
‖̂un,2‖2 – cε2∥∥(I – Pn)ρ̂kz(θtω)

∥
∥2, (4.44)

– (Aûn,2, v̂n,2) ≤ –
1
2

d
dt

‖
ûn,2‖2 –
δ

2
‖
ûn,2‖2 + cε2∥∥(I – Pn)


(
ρ̂kz(θtω)

)∥
∥2. (4.45)

From (3.1), choosing θ = n(p–1)
4(p+1) , we obtain

(
ρ̂k(x)F(x, u), v̂n,2

) ≤ c1

∫

Rn
ρ̂k(x)|u|k |̂vn,2|dx +

∫

Rn
ρ̂k(x)

∣
∣η1(x)

∣
∣|̂vn,2|dx

≤ c1‖u‖p
p+1‖̂vn,2‖p+1 + ‖η1‖‖̂vn,2‖

≤ c1‖u‖p
p+1‖
̂vn,2‖θ ‖̂vn,2‖1–θ + λ

– 1
2

n+1‖η1‖‖
̂vn,2‖

≤ c1λ
θ–1

2
n+1 ‖u‖p

H2‖
̂vn,2‖ + λ
– 1

2
n+1‖η1‖‖
̂vn,2‖

≤ λ
– 1

2
n+1‖
̂vn,2‖

(
c1λ

θ
2
n+1‖u‖p

H2 + ‖η1‖
)

≤ 1
6
‖
̂vn,2‖2 +

3
2
λ–1

n+1
(
c1λ

θ
2
n+1‖u‖p

H2 + ‖η1‖
)2. (4.46)

It follows from the Cauchy inequality and Young’s inequality that

–ε
(
ρ̂kAz(θtω), v̂n,2

) ≤ 1
6
‖
̂vn,2‖2 +

3ε2

2
∥
∥(I – Pn)ρ̂k
z(θtω)

∥
∥2, (4.47)

ε(1 – α + δ)
(
ρ̂kz(θtω), v̂n,2

) ≤ α – δ

8
‖̂vn,2‖2 + cε2∥∥(I – Pn)ρ̂kz(θtω)

∥
∥2, (4.48)

(
ρ̂kg(x, t), v̂n,2

) ≤ α – δ

8
‖̂vn,2‖2 + c

∥
∥(I – Pn)ρ̂kg(x, t)

∥
∥2, (4.49)

(1 – δ)(4
∇ρ̂k · ∇u + 6
ρ̂k · 
u + 4∇ρ̂k · 
∇u + uAρ̂k , v̂n,2)

≤ 4c6(1 – δ)
k

λ
– 1

4
n+1‖
u‖ · ‖̂vn,2‖ +

6c5(1 – δ)
k

‖
u‖ · ‖̂vn,2‖

+
4c4(1 – δ)

k
λ

– 1
4

n+1‖
u‖ · ‖
̂vn,2‖ +
c7(1 – δ)

k
‖u‖ · ‖̂vn,2‖

≤ cλ– 1
2

n+1‖
u‖2 +
1
3
‖
̂vn,2‖2 +

α – δ

8
‖̂vn,2‖2 +

c
k
(‖u‖2 + ‖
u‖2), (4.50)

(4
∇ρ̂k · ∇v + 6
ρ̂k · 
v + 4∇ρ̂k · 
∇v + vAρ̂k , v̂n,2)

≤ 4c6

k
λ

– 1
4

n+1‖
v‖ · ‖̂vn,2‖ +
6c5

k
‖
v‖ · ‖̂vn,2‖
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+
4c4

k
λ

– 1
4

n+1‖
v‖ · ‖
̂vn,2‖ +
c7

k
‖v‖ · ‖̂vn,2‖

≤ cλ– 1
2

n+1‖
v‖2 +
1
3
‖
̂vn,2‖2 +

α – δ

16
‖̂vn,2‖2 +

c
k
(‖v‖2 + ‖
v‖2), (4.51)

(
ρ̂kf

(
u(t – ρ, x), x

)
, v̂n,2

) ≤ lf
∥
∥(I – Pn )̂u(t – ρ, x)

∥
∥ · ‖̂vn,2‖

≤ α – δ

16
‖̂vn,2‖2 +

4l2
f

α – δ

∥
∥̂un,2(t – ρ, x)

∥
∥2. (4.52)

Therefore, by (3.16), (4.43)–(4.52), and the fact η1 ∈ L2(Rn), λn → ∞, there are N̂1 =
N̂1(ε) > 0, R̂1 = R̂1(ε) > 0 such that for ∀n > N̂1, k > R̂1,

d
dt

(‖̂vn,2‖2 +
(
λ + δ2 – δα

)‖̂un,2‖2 + (1 – δ)‖
ûn,2‖2)

≤ –σ
(‖̂vn,2‖2 +

(
λ + δ2 – δα

)‖̂un,2‖2 + (1 – δ)‖
ûn,2‖2)

+
8l2

f

α – δ

∥
∥̂un,2(t – ρ, x)

∥
∥2 –

δ

2
(
λ + δ2 – δα

)‖̂un,2‖2

+ cε2(∥∥(I – Pn)ρ̂kz(θtω)
∥
∥2 +

∥
∥(I – Pn)


(
ρ̂kz(θtω)

)∥
∥2 +

∥
∥(I – Pn)ρ̂k
z(θtω)

∥
∥2)

+ c
∥
∥(I – Pn)ρ̂kg(x, t)

∥
∥2 +

c
k
λ

– 1
2

n+1
(‖
v‖2 + ‖
u‖2)

+
c
k
(‖u‖2 + ‖
u‖2 + ‖v‖2 + ‖
v‖2)

+ 3λ–1
n+1

(
c1λ

θ
2
n+1‖u‖p

H2 + ‖η1‖
)2

≤ –σ
(‖̂vn,2‖2 +

(
λ + δ2 – δα

)‖̂un,2‖2 + (1 – δ)‖
ûn,2‖2)

+
8l2

f

α – δ

∥
∥̂un,2(t – ρ, x)

∥
∥2 –

δ

2
(
λ + δ2 – δα

)‖̂un,2‖2

+ c
∥
∥(I – Pn)ρ̂kg(x, t)

∥
∥2 +

cε
k

(‖
v‖2 + ‖
u‖2)

+
c
k
(‖u‖2 + ‖
u‖2 + ‖v‖2 + ‖
v‖2)

+ ε
(
1 + ‖u‖2p

H2 +
∣
∣y(θtω)

∣
∣2). (4.53)

Using a similar calculation with (4.14) and (4.15), and combining with (3.16) we have
that

∥
∥̂vn,2(τ + s, τ – t, θ–τω, ψ̂)

∥
∥2 +

(
λ + δ2 – δα

)∥
∥̂un,2(τ + s, τ – t, θ–τω, φ̂)

∥
∥2

+ (1 – δ)
∥
∥
ûn,2(τ + s, τ – t, θ–τω, φ̂)

∥
∥2)

≤ e–σ (t+s)(∥∥(I – Pn)ρ̂k(x)ψ̂
∥
∥2

+
(
δ2 + λ – δα

)∣
∣(I – Pn)ρ̂k(x)φ̂‖2 + (1 – δ)

∣
∣(I – Pn)ρ̂k(x)
φ̂‖2)

+ c
∫ τ+s

τ–t
eσ (r–τ–s)∥∥(I – Pn)ρ̂k(x)g(x, t)

∥
∥2 dr

+
cε
k

∫ τ+s

τ–t
eσ (r–τ–s)(∥∥
v(r, τ – t, θ–τω,ψ)

∥
∥2+

+
∥
∥
u(r, τ – t, θ–τω,φ)

∥
∥2)dr
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+
c
k

∫ τ+s

τ–t
eσ (r–τ–s)(∥∥u(r, τ – t, θ–τω,φ)

∥
∥2 +

∥
∥
u(r, τ – t, θ–τω,φ)

∥
∥2

+
∥
∥v(r, τ – t, θ–τω,ψ)

∥
∥2 +

∥
∥
v(r, τ – t, θ–τω,ψ)

∥
∥2)dr

+ ε

∫ τ+s

τ–t
eσ (r–τ–s)(1 +

∣
∣y(θr–τω)

∣
∣2 +

∥
∥u(r, τ – t, θ–τω,φ)

∥
∥2p

H2
)

dr. (4.54)

Since (φ̂, ψ̂)� ∈ D(τ –t, θ–tω) ∈D, then there are T̂1 = T̂1(τ , ε, D,ω) > 0, R̂1 = R̂1(τ , ε,ω) > 1,
such that for t > T̂1, k > R̂1

e–σ (t+s)(∥∥(I – Pn)ρ̂k(x)ψ̂
∥
∥2

+
(
δ2 + λ – δα

)∣
∣(I – Pn)ρ̂k(x)φ̂‖2 + (1 – δ)

∣
∣(I – Pn)ρ̂k(x)
φ̂‖2) ≤ ε. (4.55)

From (3.7), there exists N̂ = N̂(τ , ε,ω) > 0, such that for ∀n > N̂

c
∫ s+τ

τ–t
eσ (r–τ–s)∥∥(I – Pn)ρ̂kg(x, t)

∥
∥2 dr ≤ ε. (4.56)

From Lemma 4.1, there are T̂2 = T̂2(τ , ε, D,ω) > 0, R̂2(τ , ε,ω) > 1, such that for ∀t > T̂2,
k > R̂2,

cε
k

∫ s+τ

τ–t
eσ (r–τ–s)(∥∥
u(r, τ – t, θ–τω,φ)

∥
∥2 +

∥
∥
v(r, τ – t, θ–τω,ψ)

∥
∥2)dr

+
c
k

∫ τ+s

τ–t
eσ (r–τ–s)(∥∥u(r, τ – t, θ–τω,φ)

∥
∥2 +

∥
∥v(r, τ – t, θ–τω,ψ)

∥
∥2

+
∥
∥
u(r, τ – t, θ–τω,φ)

∥
∥2

+
∥
∥
v(r, τ – t, θ–τω,ψ)

∥
∥2)dr ≤ ε. (4.57)

By Lemma 4.1, there is T̂3 = T̂3(τ , ε, D,ω) > 0, for ∀t > T̂3

∫ s+τ

τ–t
eσ (r–τ–s)(1 + +

∣
∣y(θr–τω)

∣
∣2 +

∥
∥u(r, τ – t, θ–τω,φ)

∥
∥2p

H2
)

dr < ∞, (4.58)

which together with (4.54)–(4.57) gives the desired result (4.41). �

5 Existence of random attractors
In this section, we establish the existence and uniqueness of random attractors for problem
(3.11). We can easily obtain the existence of random absorbing sets of � from Lemma 4.1.

Lemma 5.1 Suppose (3.1)–(3.5), (3.7), (3.14), and (3.16) hold. Then, for ∀ε ∈ (0, 1], ω ∈ 	,
τ ∈R, the cocycle � has a random absorbing set Kε = {Kε(τ ,ω) : τ ∈R,ω ∈ 	} ∈D as

Kε(τ ,ω) =
{

Y ∈ CV2,V0(Rn) : ‖Y‖2
CV2,V0 (Rn) ≤ Rε(τ ,ω)

}
,
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with Y = (u, v)� and

Rε(τ ,ω) = M + M
∫ 0

–∞
eσ r∥∥g(x, r + τ )

∥
∥2 dr

+ Mε2
∫ 0

–∞
eσ r(1 +

∥
∥
z(θrω)

∥
∥2 +

∥
∥z(θrω)

∥
∥2

+
∥
∥∇z(θrω)

∥
∥2 +

∥
∥z(θrω)

∥
∥p+1

H2
)

dr. (5.1)

Next, we establish the asymptotic compactness of the cocycle � in CV2,V0 (Rn).

Lemma 5.2 Suppose (3.1)–(3.5), (3.7), (3.8), (3.14), and (3.16) hold. Then, the cocycle � is
D-pullback asymptotically compact in CV2,V0 (Rn).

Proof For ∀τ ∈ R, ω ∈ 	 and D = {D(τ ,ω) : τ ∈ R,ω ∈ 	} ∈ D, we will prove that the
sequence {Yτ (·, τ – tn, θ–τω, Y0,n)} has a convergent subsequence in CV2,V0 (Rn) whenever
tn → ∞ and Y0,n ∈ D(τ – tn, θ–τω).

From Lemma 4.1, {Yτ (·, τ – tn, θ–τω, Y0,n)} is bounded in CV2,V0 (Rn); which means that
for ∀τ ∈R, ω ∈ 	, there is N̂1 = N̂1(τ ,ω, D) > 0 for ∀n > N̂1,

∥
∥Yτ (·, τ – tn, θ–τω, Y0,n)

∥
∥2

CV2,V0 (Rn) ≤ Rε(τ ,ω). (5.2)

In addition, from Lemma 4.2 we know that there are k1 = k1(τ , ε,ω) > 0, N̂2 = N̂2(τ , D, ε,
ω) > 0, for ∀n ≥ N̂2 and fixed s ∈ [–ρ, 0],

∥
∥Y (τ + s, τ – tn, θ–τω, Y0,n)

∥
∥2

H2(Rn\Hk1 )×L2(Rn\Hk1 ) ≤ ε. (5.3)

From Lemma 4.3, there exist N = N(τ , ε,ω) > 0, k2 = k2(τ , ε,ω) ≥ k1, N̂3 = N̂3(τ , D, ε,ω) > 0,
for ∀n ≥ N̂3 and fixed s ∈ [–ρ, 0],

∥
∥(I – PN )Ŷ (τ + s, τ – tn, θ–τω, Ŷ0,n)

∥
∥2

H2(H2k2 )×L2(H2k2 ) ≤ ε. (5.4)

By (4.38) and (5.2), we see that {PN Ŷ (τ + s, τ – tn, θ–τω, Ŷ0,n)} is bounded in PN H2(H2k2 ) ×
L2(H2k2 ), together with (5.4) we find {Ŷ (τ +s, τ –tn, θ–τω, Ŷ0,n)} is precompact in H2(H2k2 )×
L2(H2k2 ).

Note that ρ̂k2 = 1 for |x| ≤ k2
2 . By (4.38), we obtain {Y (τ + s, τ – tn, θ–τω, Y0,n)} is precom-

pact in H2(Hk2 ) × L2(Hk2 ), which together with (5.3) shows the precompactness of this
sequence in CV2,V0 (Rn) for fixed s ∈ [–ρ, 0]. �

As an immediate consequence of Proposition 2.1, Lemma 5.1, and Lemma 5.2, we have

Theorem 5.1 Assume that (3.1)–(3.5), (3.7), (3.8), (3.14), and (3.16) hold. Then, for every
ε ∈ (0, 1], the continuous cocycle � associated with (3.11) has a unique D-pullback attrac-
tor Aε = {Aε(τ ,ω) : τ ∈R,ω ∈ 	} ∈D in CV2,V0 (Rn).
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6 Upper semicontinuity of attractors as ε → 0
In this section, we establish the upper semicontinuity of random attractors of the plate
Eq. (3.11) with delay driven by additive noise when ε → 0. We write the solution and the
corresponding cocycle of (3.11) as uε , vε and �ε , respectively.

In Sect. 5, we obtained that �ε has a D-pullback attractor Aε ∈ D in CV2,V0 (Rn) and
random absorbing set Kε = {Kε(τ ,ω) : τ ∈ R,ω ∈ 	} with Kε(τ ,ω) ⊆ K(τ ,ω) for all ε ∈
(0, 1], where for every τ ∈R, ω ∈ 	,

K(τ ,ω) =
{

Y ∈ CV2,V0

(
R

n) : ‖Y‖2
CV2,V0 (Rn) ≤ R(τ ,ω)

}

and

R(τ ,ω) = M + M
∫ 0

–∞
eσ r∥∥g(x, r + τ )

∥
∥2 dr

+ M
∫ 0

–∞
eσ r(1 +

∥
∥
z(θrω)

∥
∥2 +

∥
∥z(θrω)

∥
∥2 +

∥
∥∇z(θrω)

∥
∥2 +

∥
∥z(θrω)

∥
∥p+1

H2
)

dr,

where Y = (u, v)�.
From Lemma 5.1 we know for ∀τ ∈R, ω ∈ 	,

⋃

0<ε≤1

Aε(τ ,ω) ⊆
⋃

0<ε≤1

Kε(ω) ⊆ K(τ , ω). (6.1)

As ε = 0, the problem (3.11) reduces to a deterministic one:

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

du
dt + δu = v,
dv
dt = (δ – A – α)v + [δ(A – δ + α) – A – λ]u – F(u(t, x), x)

+ f (u(t – ρ, x), x) + g(x, t), x ∈R
n, t > τ ,

uτ (x, s) = φ(x, s), vτ (x, s) = ∂tφ(x, s) + δφ(x, s) := ψ̂(x, s).

(6.2)

Accordingly, by Theorem 5.1 the cocycle �0 generated by (6.2) has a unique random
attractor A0 = {A0(τ ) : τ ∈R} ∈D0 in CV2,V0 (Rn) and a random absorbing set K0 = {K0(τ ) :
τ ∈R}, where

D0 =
{

D =
{

D(τ ) ⊆ CV2,V0

(
R

n) : τ ∈ R, lim
t→+∞ e–γ t∥∥D(τ – t)

∥
∥

CV2,V0 (Rn) = 0,∀γ > 0
}}

and

K0(τ ) =
{

Y ∈ CV2,V0

(
R

n) : ‖Y‖2
CV2,V0 (Rn) ≤ R0(τ )

}
, (6.3)

where

R0(τ ) = M + M
∫ 0

–∞
eσ r∥∥g(x, r + τ )

∥
∥2 dr. (6.4)

Note that R0(τ ) corresponds to the number Rε(τ ,ω) given by (5.1) with ε = 0. From Lemma
5.1 and (6.3) and (6.4) we have that for ∀τ ∈R, ω ∈ 	,

lim sup
ε→0

Rε(τ ,ω) = R0(τ ), and lim sup
ε→0

∥
∥Kε(τ ,ω)

∥
∥ =

∥
∥K0(τ )

∥
∥. (6.5)
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Now, we will establish the convergence of the solutions of (3.11) as ε → 0 to obtain the
upper semicontinuity of the D-pullback attractor Aε .

Lemma 6.1 Let Y ε = (uε , vε) and Y = (u, v) be the solutions of (3.11) and (6.2) with initial
values Y ε

0 = (φε ,ψε) and Y0 = (φ, ψ̂), respectively. Assume that (3.1)–(3.5) and (3.14) hold.
If limε→0(φε ,ψε) = (φ, ψ̂) ∈ CV2,V0 (Rn), for ∀τ ∈R, ω ∈ 	, T > 0, t ∈ [τ , τ + T],

∥
∥Y ε

t
(·, τ ,ω, Y ε

0
)

– Yt(·, τ , Y0)
∥
∥

CV2,V0 (Rn) → 0 as ε → 0. (6.6)

Proof Let (uε(t, τ ,ω,φε), vε(t, τ ,ω,ψε)) be the solution of (3.11) and ũ = uε – u, ṽ = vε – v.
Then, by (3.11) and (6.2) we have

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

dũ
dt + δũ = ṽ + εz(θtω),
dṽ
dt = (δ – A – α)ṽ + [δ(–δ + A + α) – λ – A]ũ – (F(uε , x) – F(u, x))

+ (f (uε(t – ρ, x), x) – f (u(t – ρ, x), x)) + ε[1 – (α + A – δ)]z(θtω),

ũτ (s, x) = φε(s, x) – φ(s, x), ṽτ (s, x) = ψε(s, x) – ψ̃(s, x).

(6.7)

Taking the inner product of (6.7)2 with ṽ, we obtain

1
2

d
dt

(‖ṽ‖2 +
(
λ + δ2 – δα

)‖ũ‖2 + (1 – δ)‖
ũ‖2)

≤ –
3
4
δ
(
λ + δ2 – δα

)‖ũ‖2 –
3
4
δ(1 – δ)‖
ũ‖2 –

3
4

(α – δ)‖ṽ‖2

–
(
F
(
uε , x

)
– F(u, x), ṽ

)
+

(
f
(
uε(t – ρ, x), x

)
– f

(
u(t – ρ, x), x

)
, ṽ

)

+ cε2(1 +
∥
∥z(θtω)

∥
∥2 +

∥
∥
z(θtω)

∥
∥2). (6.8)

By (3.4), we obtain

∣
∣
(
F
(
uε , x

)
– F(u, x), ṽ

)∣
∣ ≤ c‖ũ‖2 + c‖ṽ‖2. (6.9)

From (3.5), we have

∣
∣
(
f
(
uε(t – ρ, x), x

)
– f

(
u(t – ρ, x), x

)
, ṽ

)∣
∣ ≤ lf

∥
∥ũ(t – ρ, x)

∥
∥ · ‖ṽ‖

≤ c
∥
∥ũ(t – ρ, x)

∥
∥2 + c‖ṽ‖2,

which together with (6.7)–(6.9) gives

d
dt

(‖ṽ‖2 +
(
λ + δ2 – δα

)‖ũ‖2 + (1 – δ)‖
ũ‖2)

≤ c
(‖ṽ‖2 +

(
λ + δ2 – δα

)‖ũ‖2 + (1 – δ)‖
ũ‖2) + c
∥
∥ũ(t – ρ, x)

∥
∥2

+ cε2(1 +
∥
∥z(θtω)

∥
∥2 +

∥
∥
z(θtω)

∥
∥2). (6.10)

Integrating (6.10) between τ and t we obtain

∥
∥ṽ(t)

∥
∥2 +

(
λ + δ2 – δα

)∥
∥ũ(t)

∥
∥2 + (1 – δ)

∥
∥
ũ(t)

∥
∥2

≤ ∥
∥ṽ(τ )

∥
∥2 +

(
λ + δ2 – δα

)∥
∥ũ(τ )

∥
∥2 + (1 – δ)

∥
∥
ũ(τ )

∥
∥2
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+ c
∫ t

τ

(∥
∥ṽ(r)

∥
∥2 +

(
λ + δ2 – δα

)∥
∥ũ(r)

∥
∥2 + (1 – δ)

∥
∥
ũ(r)

∥
∥2)dr

+ c
∫ t

τ

∥
∥ũ(r – ρ, x)

∥
∥2 dr + cε2

∫ t

τ

(
1 +

∥
∥
z(θrω)

∥
∥2 +

∥
∥z(θrω)

∥
∥2)dr. (6.11)

Note that

∫ t

τ

∥
∥ũ(r – ρ, x)

∥
∥2 dr =

∫ t–ρ

τ–ρ

∥
∥ũ(r, x)

∥
∥2 dr =

∫ τ

τ–ρ

∥
∥ũ(r, x)

∥
∥2 dr +

∫ t–ρ

τ

∥
∥ũ(r, x)

∥
∥2 dr

≤ ρ
∥
∥φε – φ

∥
∥

CV2 (Rn) +
∫ t

τ

∥
∥ũ(r, x)

∥
∥2 dr. (6.12)

Thus, for ∀t ∈ [τ , τ + T], from (6.11), (6.12), and (3.9) we have that

∥
∥Ỹ (t)

∥
∥2

CV2,V0 (Rn) ≤ c
∥
∥Y ε

0 – Y0
∥
∥2

CV2,V0 (Rn) + c
∫ t

τ

∥
∥Ỹ (r)

∥
∥2 dr

+ cε2
∫ t

τ

(
1 +

∥
∥
z(θrω)

∥
∥2 +

∥
∥z(θrω)

∥
∥2)dr.

Accordingly, for ∀t ∈ [τ , τ + T], we obtain

∥
∥Ỹ (t, τ ,ω, Ỹ0)

∥
∥2

CV2,V0 (Rn)

≤ c
∥
∥Y ε

0 – Y0
∥
∥2

CV2,V0 (Rn) + cε2
∫ t

τ

(
1 +

∥
∥
z(θrω)

∥
∥2 +

∥
∥z(θrω)

∥
∥2)dr. (6.13)

Hence, if limε→0(φε ,ψε) = (φ, ψ̂) ∈ CV2,V0 (Rn), then

∥
∥Y ε

0 – Y0
∥
∥2

CV2,V0 (Rn) → 0 as ε → 0 (6.14)

and hence by (6.13), for ∀t ∈ [τ , τ + T],

sup
–ρ≤s≤0

∥
∥Ỹ (t + s, τ ,ω, Ỹ0)

∥
∥2

CV2,V0 (Rn) → 0 as ε → 0, (6.15)

which implies (6.6). �

Now, we establish the uniform compactness of Aε in CV2,V0 (Rn).

Lemma 6.2 Suppose (3.1)–(3.5), (3.7), (3.8), (3.14), and (3.16) hold. Then, for ∀τ ∈ R, ω ∈
	,

⋃
0<ε≤1 Aε(τ ,ω) is precompact in CV2,V0 (Rn).

Proof Given ε ∈ (0, 1]. First, from (6.4), Lemma 4.2, and the invariance of Aε(τ ,ω), we
know that for ∀ε > 0, τ ∈ R, ω ∈ 	, there is r0 = r0(ω, ε) ≥ 1 such that

∫

|x|≥k0

(∥
∥u(x)

∥
∥2 +

∥
∥
u(x)

∥
∥2 +

∥
∥v(x)

∥
∥2)dx ≤ ε, for all (u, v) ∈

⋃

0<ε≤1

Aε(τ ,ω). (6.16)

Secondly, from (6.1), Lemma 5.2, Lemma 4.3, and the invariance of Aε(τ ,ω), we know that
there exists k1 = k1(ω, ε) ≥ k0 such that for ∀k ≥ k1, the set

⋃
0<ε≤1 Aε(τ ,ω) is precompact
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in CV2,V0 (Hk), which together with (6.16) implies that
⋃

0<ε≤1 Aε(τ ,ω) is precompact in
CV2,V0 (Rn). �

Now, we are ready to prove the upper semicontinuity of the Aε as ε → 0. In fact, it is an
immediate consequence of Theorem 3.2 in [25] based on (6.5) and Lemmas 6.1 and 6.2.

Theorem 6.1 Assume that (3.1)–(3.5), (3.7), (3.8), (3.14), and (3.16) hold. Then, for ∀τ ∈R,
ω ∈ 	,

lim
ε→0

dCV2,V0 (Rn)
(
Aε(τ ,ω),A(τ )

)
= 0.

7 Upper semicontinuity of attractors as ρ → 0
In this section, we establish the upper semicontinuity of random attractors of the plate
Eq. (3.11) when the delay ρ approaches zero for a fixed ε ∈ (0, 1]. We write the solution
and the corresponding cocycle of (3.11) as uρ , vρ and �ρ , respectively.

For given τ ∈R, ω ∈ 	, denote

Kρ(τ ,ω) =
{

Y ∈ CV2,V0

(
R

n) : ‖Y‖2
CV2,V0 (Rn) ≤ Rρ(τ ,ω)

}
, (7.1)

where Rρ(τ ,ω) is equal to the right-hand side of (5.1). From (7.1) and Lemma 5.1 we know
that, for all ρ ∈ (0, 1], Kρ = {Kρ(τ ,ω) : τ ∈ R,ω ∈ 	} is a D-pullback absorbing set of �ρ

in CV2,V0 (Rn). In addition, for ∀τ ∈ R, ω ∈ 	, �ρ has a D-pullback attractor Aρ ∈ D in
CV2,V0 (Rn),

Aρ(τ ,ω) ⊆ Kρ(τ ,ω). (7.2)

As ρ = 0, the stochastic delay system (3.11) becomes a stochastic system without delay
given by

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

du
dt + δu = v + εz(θtω),
dv
dt = (δ – A – α)v + [δ(–δ + A + α) – A – λ]u + ε[1 – (α – δ + A)]z(θtω)

– F(u(x, t), x) + f (u(x, t), x) + g(x, t),

uτ (x, s) = φ(x, s), vτ (x, s) = ∂tφ(x, s) + δφ(x, s) – εz(θtω) := ψ(x, s).

(7.3)

Accordingly, by Theorem 5.1 the cocycle �0 generated by (7.3) is readily verified to ad-
mit a uniqueD0-pullback attractorA0 = {A0(τ ,ω) : τ ∈R,ω ∈ 	} ∈D0 in H2(Rn)×L2(Rn)
and a D0-pullback absorbing set K0 = {K0(τ ,ω) : τ ∈R,ω ∈ 	}, where

D0 = {D =
{

D(τ ,ω) ⊆ H2(
R

n) × L2(
R

n), lim
t→+∞ e–γ t∥∥D(τ – t, θ–tω)

∥
∥

H2(Rn)×L2(Rn) = 0
}

,

and

K0(τ ,ω) =
{

Y |‖Y‖2
H2(Rn)×L2(Rn) ≤ R0(τ ,ω)

}
, (7.4)

with R0(τ ,ω) given by the right-hand side of (5.1).
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From (7.1) and (7.4), we see that for ∀τ ∈R, ω ∈ 	,

lim sup
ρ→0

∥
∥Kρ(τ ,ω)

∥
∥

CV2,V0 (Rn) =
∥
∥K0(τ ,ω)

∥
∥

H2(Rn)×L2(Rn). (7.5)

Lemma 7.1 Suppose Y ρ = (uρ , vρ)� and Y = (u, v)� are the solutions of (3.11) and (7.3)
with initial values Y ρ

0 = (φρ ,ψρ)� and Y0 = (φ,ψ)�, respectively. Assume that (3.1)–(3.5)
and (3.14) hold. If limρ→0 sup–ρ≤s≤0 ‖Y ρ

0 (s) – Y0‖H2(Rn)×L2(Rn) = 0, then for ∀τ ∈ R, ω ∈ 	,
T > 0, t ∈ [τ , τ + T],

sup
–ρ≤s≤0

∥
∥Y ρ

(
t + s, τ ,ω, Y ρ

0
)

– Y (t, τ ,ω, Y0)
∥
∥

H2(Rn)×L2(Rn) → 0 as ρ → 0. (7.6)

Proof For ∀s ∈ [–ρ, 0], t ≥ τ , let v̂ = vρ(t + s) – v(t) and û = uρ(t + s) – u(t), where vρ =
∂tuρ + δuρ – εz(θtω) and v = ∂tu + δu – εz(θtω) with ψρ(s) = ∂tφ

ρ(s) + δφρ(s) – εz(θtω) and
ψ(s) = ∂tφ(s) + δφ(s) – εz(θtω).

By (3.11) and (7.3) we see that for t > τ – s and s ∈ [–ρ, 0],

d̂v
dt

= (δ – A – α)̂v +
[
δ(–δ + α + A) – A – λ

]
û

+ ε
[
1 – (α – δ + A)

][
z(θt+sω) – z(θtω)

]

–
(
F
(
uρ(t + s, x), x

)
– F

(
u(t, x), x

))
+

(
f
(
uρ(t + s – ρ, x), x

)
– f

(
u(t, x), x

))

+ g(x, t + s) – g(x, t). (7.7)

Taking the inner product of (7.7) with v̂, then

1
2

d
dt

(‖̂v‖2 +
(
λ + δ2 – δα

)‖̂u‖2 + (1 – δ)‖
û‖2)

≤ –
3
4

(α – δ)‖̂v‖2 –
3
4
δ
(
λ + δ2 – δα

)‖̂u‖2 –
3
4
δ(1 – δ)‖
û‖2

–
(
F(x), uρ(t + s, x), F

(
u(t, x), x

)
, v̂

)
+

(
f
(
uρ(t + s – ρ, x), x

)
– f

(
u(t, x), x

)
, ṽ

)

+
1
2
∥
∥g(x, t + s) – g(x, t)

∥
∥2 + cε2(1 +

∥
∥


(
z(θt+sω) – z(θtω)

)∥
∥2

+
∥
∥z(θt+sω) – z(θtω)

∥
∥2). (7.8)

From (3.4), we obtain

∣
∣
(
F
(
uρ(t + s, x), x

)
– F

(
u(t, x), x

)
, v̂

)∣
∣ ≤ c‖̂u‖2 + c‖̂v‖2. (7.9)

By (3.5), we obtain

∣
∣
(
f
(
uρ(t + s – ρ, x), x

)
– f

(
u(t, x), x

)
, v̂

)∣
∣

≤ lf
∥
∥uρ(t + s – ρ, x) – u(t, x)

∥
∥ · ‖̂v‖

≤ c
∥
∥uρ(t + s – ρ, x) – u(t, x)

∥
∥2 + c‖̂v‖2,
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which along with (7.7)–(7.9) implies

d
dt

(‖̂v‖2 + (1 – δ)‖
û‖2 +
(
λ + δ2 – δα

)‖̂u‖2)

≤ c
(‖̂v‖2 + (1 – δ)‖
û‖2 +

(
λ + δ2 – δα

)‖̂u‖2) + c
∥
∥uρ(t + s – ρ, x) – u(t, x)

∥
∥2

+
∥
∥g(x, t + s) – g(x, t)

∥
∥2 + cε2(1 +

∥
∥z(θt+sω) – z(θtω)

∥
∥2

+
∥
∥


(
z(θt+sω) – z(θtω)

)∥
∥2). (7.10)

Integrating (7.10) over (τ – s, t) with t ∈ [τ , τ + T], we obtain that

∥
∥̂v(t)

∥
∥2 + (1 – δ)

∥
∥
û(t)

∥
∥2 +

(
λ + δ2 – δα

)∥
∥̂u(t)

∥
∥2

≤ ∥
∥̂v(τ – s)

∥
∥2 + (1 – δ)

∥
∥
û(τ – s)

∥
∥2 +

(
λ + δ2 – δα

)∥
∥̂u(τ – s)

∥
∥2

+ c
∫ t

τ–s

∥
∥uρ(r – ρ + s, x) – u(r, x)

∥
∥2 dr +

∫ t

τ–s

∥
∥g(x, r + s) – g(x, r)

∥
∥2 dr

+ cε2
∫ t

τ–s

(
1 +

∥
∥


(
z(θr+sω) – z(θrω)

)∥
∥2 +

∥
∥z(θr+sω) – z(θrω)

∥
∥2)dr. (7.11)

Note that

∫ t

τ–s

∥
∥uρ(r – ρ + s, x) – u(r, x)

∥
∥2 dr

=
∫ τ–s+ρ

τ–s

∥
∥uρ(r – ρ + s, x) – u(r, x)

∥
∥2 dr +

∫ t

τ–s+ρ

∥
∥uρ(r – ρ + s, x) – u(r, x)

∥
∥2 dr

≤ 2ρ sup
–ρ≤s≤0

∥
∥φρ(s) – φ

∥
∥2 + 2

∫ τ+ρ–s

τ–s

∥
∥u(r, x) – φ

∥
∥2 dr

+ 2
∫ t

τ–s

∥
∥̂u(r)

∥
∥2 dr + 2

∫ t

τ–s

∥
∥u(r + ρ, x) – u(r, x)

∥
∥2 dr. (7.12)

Thus, for ∀t ∈ [τ , τ + T] with t > τ – s, from (7.11), (7.12), and (3.9) we have that

∥
∥Ŷ (t)

∥
∥2

H2(Rn)×L2(Rn)

≤ ∥
∥Ŷ (τ – s)

∥
∥2

H2(Rn)×L2(Rn) + c
∫ t

τ–s

∥
∥Ŷ (r)

∥
∥2

H2(Rn)×L2(Rn) dr

+
∫ τ+T

τ

∥
∥g(x, r + s) – g(x, r)

∥
∥2 dr + cρ sup

–ρ≤s≤0

∥
∥φρ(s) – φ

∥
∥2

+ c
∫ τ+2ρ

τ

∥
∥u(r, x) – φ

∥
∥2 dr + c

∫ τ+T

τ

∥
∥u(r + ρ, x) – u(r, x)

∥
∥2 dr

+ cε2
∫ t

τ–s

(
1 +

∥
∥


(
z(θr+sω) – z(θrω)

)∥
∥2 +

∥
∥z(θr+sω) – z(θrω)

∥
∥2)dr. (7.13)

From Lemma 3.1, given η > 0, there is ρ1 ∈ (0, 1] for ∀ρ ≤ ρ1, s ∈ [–ρ, 0], r ∈ [τ , τ + T],

∥
∥z(θr+sω) – z(θrω)

∥
∥ ≤ η. (7.14)
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By limρ→0
∫ τ+2ρ

τ
‖u(r, x) – φ‖2 dr = 0, we see for ∀ρ ≤ ρ2, there is ρ2 ≤ ρ1 such that

∫ τ+2ρ

τ

∥
∥u(r, x) – φ

∥
∥2 dr ≤ η. (7.15)

Note that u is uniformly continuous from [τ , τ + 1 + T] to H2(Rn), and we obtain that there
is ρ3 ≤ ρ2 such that for ∀ρ ≤ ρ3, r ∈ [τ , τ + T],

∥
∥u(r + ρ, x) – u(r, x)

∥
∥ ≤ η. (7.16)

Since g ∈ L2
loc(R, L2(Rn)) one obtains that

lim
s→0

∫ τ+T

τ

∥
∥g(x, r + s) – g(x, r)

∥
∥2 dr = 0, (7.17)

which implies that there is ρ4 ≤ ρ3 such that for ∀ρ ≤ ρ4, s ∈ [–ρ, 0],

∫ τ+T

τ

∥
∥g(x, r + s) – g(x, r)

∥
∥2 dr ≤ η. (7.18)

It follows from (7.13)–(7.18) that

∥
∥Ŷ (t)

∥
∥2

H2(Rn)×L2(Rn) ≤ c
∫ t

τ–s

∥
∥Ŷ (r)

∥
∥2

H2(Rn)×L2(Rn) dr +
∥
∥Ŷ (τ – s)

∥
∥2

H2(Rn)×L2(Rn)

+ cρ sup
–ρ≤s≤0

∥
∥φρ(s) – φ

∥
∥2 + cη. (7.19)

Accordingly, we have

∥
∥Ŷ (t)

∥
∥2

H2(Rn)×L2(Rn) ≤ c
∥
∥Ŷ (τ – s)

∥
∥2

H2(Rn)×L2(Rn) + cρ sup
–ρ≤s≤0

∥
∥φρ(s) – φ

∥
∥2 + cη. (7.20)

In addition,

∥
∥Ŷ (τ – s)

∥
∥2

H2(Rn)×L2(Rn) =
∥
∥Y ρ(τ ) – Y (τ – s)

∥
∥2

H2(Rn)×L2(Rn)

=
∥
∥vρ(τ ) – v(τ – s)

∥
∥2 +

(
δ2 + λ – δα

)∥
∥uρ(τ ) – u(τ – s)

∥
∥2

+ (1 – δ)
∥
∥


(
uρ(τ ) – u(τ – s)

)∥
∥2

≤ 2
∥
∥v(τ – s) – ψ

∥
∥2 + 2

∥
∥vρ(τ ) – ψ

∥
∥2

+ 2
(
δ2 + λ – δα

)(∥
∥uρ(τ ) – φ

∥
∥2 +

∥
∥u(τ – s) – φ

∥
∥2)

+ 2(1 – δ)
(∥
∥


(
uρ(τ ) – φ

)∥
∥2 +

∥
∥


(
u(τ – s) – φ

)∥
∥2),

which together with (7.16) shows that there is ρ5 ≤ ρ4 such that for ∀ρ ≤ ρ5, s ∈ [–ρ, 0],

∥
∥Ŷ (τ – s)

∥
∥2

H2(Rn)×L2(Rn) ≤ c sup
–ρ≤s≤0

∥
∥Y ρ

0 (s) – Y0
∥
∥

H2(Rn)×L2(Rn) + cη. (7.21)
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It follows from (7.20) and (7.21) that for ∀ρ ≤ ρ5, t ∈ [τ , τ + T] with t > τ – s and s ∈ [–ρ, 0],

∥
∥Y ρ

(
t + s, τ ,ω, Y ρ

0
)

– Y (t, τ ,ω, Y0)
∥
∥

H2(Rn)×L2(Rn)

≤ c sup
–ρ≤s≤0

∥
∥Y ρ

0 (s) – Y0
∥
∥

H2(Rn)×L2(Rn) + cη. (7.22)

For t ∈ [τ , τ – s], we set r = t – τ . Thus, we have τ – ρ ≤ t + s ≤ τ , t = r + τ . One can easily
obtain that there is ρ6 ≤ ρ5 such that for ∀ρ ≤ ρ6, t ∈ [τ , τ – s],

∥
∥Y ρ

(
t + s, τ ,ω, Y ρ

0
)

– Y (t, τ ,ω, Y0)
∥
∥

H2(Rn)×L2(Rn)

≤ c sup
–ρ≤s≤0

∥
∥Y ρ

0 (s) – Y0
∥
∥

H2(Rn)×L2(Rn) + cη. (7.23)

Hence, by (7.22) and (7.23) we obtain that

∥
∥Y ρ

(
t + s, τ ,ω, Y ρ

0
)

– Y (t, τ ,ω, Y0)
∥
∥

H2(Rn)×L2(Rn)

≤ c sup
–ρ≤s≤0

∥
∥Y ρ

0 (s) – Y0
∥
∥

H2(Rn)×L2(Rn) + cη,

which gives (7.6). �

Lemma 7.2 Suppose (3.1)–(3.5), (3.7), (3.8), (3.14), and (3.16) hold. If ρn → 0, Yn ∈
Aρn (τ ,ω), then there exists a subsequence {Ynm} of {Yn} and Y ∈ H2(Rn) × L2(Rn) such
that

lim
m→∞ sup

–ρnm ≤s≤0

∥
∥Ynm (s) – Y

∥
∥

H2(Rn)×L2(Rn) = 0, (7.24)

where Y = (u, v)�.

Proof Denote {tn}∞n=1 as a sequence and tn → ∞, n → ∞. By the invariance of Aρn , there
is Ŷn ∈Aρn (τ – tn, θ–tnω) such that

Yn = �ρn (tn, τ – tn, θ–tnω, Ŷn). (7.25)

By (7.2), we have Ŷn ∈ Kρn (τ – tn, θ–tnω). By the uniform estimates obtained in Sect. 5, one
can verify:

(i) �ρn (tn, τ – tn, θ–tnω, Ŷn)(0) is precompact in H2(Rn) × L2(Rn).
(ii) For given ∀η > 0, there is N1 ≥ 1 such that for ∀n ≥ N1, s ∈ [–ρn, 0],

∥
∥�ρn (tn, τ – tn, θ–tnω, Ŷn)(s) – �ρn (tn, τ – tn, θ–tnω, Ŷn)(0)

∥
∥

H2(Rn)×L2(Rn) ≤ η.

From (i) we see that there is Y ∈ H2(Rn) × L2(Rn) such that

�ρn (tn, τ – tn, θ–tnω, Ŷn)(0) → Y in H2(
R

n) × L2(
R

n).

Thus, there is N2 ≥ N1 such that for ∀n ≥ N2,

∥
∥�ρn (tn, τ – tn, θ–tnω, Ŷn)(0) – Y

∥
∥

H2(Rn)×L2(Rn) ≤ η, (7.26)
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together with (ii), for ∀n ≥ N2 and s ∈ [–ρn, 0], we have

∥
∥�ρn (tn, τ – tn, θ–tnω, Ŷn)(s) – Y

∥
∥

H2(Rn)×L2(Rn)

≤ ∥
∥�ρn (tn, τ – tn, θ–tnω, Ŷn)(s) – �ρn (tn, τ – tn, θ–tnω, Ŷn)(0)

∥
∥

H2(Rn)×L2(Rn)

+
∥
∥�ρn (tn, τ – tn, θ–tnω, Ŷn)(0) – Y

∥
∥

H2(Rn)×L2(Rn) ≤ 2η, (7.27)

which along with (7.25) implies (7.24). �

Finally, we will prove the upper semicontinuity of Aρ as ρ → 0.

Theorem 7.1 Assume that (3.1)–(3.5), (3.7), (3.8), (3.14), and (3.16) hold. Then, for ∀τ ∈R,
ω ∈ 	,

lim
ρ→0

dH2(Rn)×L2(Rn)
(
Aρ(τ ,ω),A0(τ )

)
= 0, (7.28)

where dH2(Rn)×L2(Rn) is defined for ∀E ⊆ CV2,V0 (Rn), S ⊆ H2(Rn) × L2(Rn) as

dH2(Rn)×L2(Rn)(E, S) = sup
ϕ∈E

inf
x∈S

sup
–ρ≤s≤0

∥
∥ϕ(s) – x

∥
∥

H2(Rn)×L2(Rn).

Proof Let Y ρn
0 ∈ CV2,V0 (Rn) and Y0 ∈ H2(Rn) × L2(Rn) with sup–ρn≤s≤0 ‖Y ρn

0 (s) –
Y0‖H2(Rn)×L2(Rn) → 0 as n → ∞, ρn → 0. We have from Lemma 7.1 that for ∀τ ∈ R, ω ∈ 	,
t ≥ τ ,

sup
–ρn≤s≤0

∥
∥�ρn

(
t, τ ,ω, Y ρn

0
)
(s) – �0(t, τ ,ω, Y0)

∥
∥

H2(Rn)×L2(Rn) → 0 as n → ∞. (7.29)

By (7.4), (7.5), (7.29), and Lemma 7.2 we obtain (7.28) from Theorem 2.1 in [29] immedi-
ately. �
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