
Rostamian DelavarJournal of Inequalities and Applications        (2023) 2023:42 
https://doi.org/10.1186/s13660-023-02949-7

R E S E A R C H Open Access

On Fejér•s inequality: generalizations and
applications
Mohsen Rostamian Delavar1*

*Correspondence:
m.rostamian@ub.ac.ir
1Department of Mathematics,
Faculty of Basic Sciences, University
of Bojnord, Bojnord, Iran

Abstract

This paper deals with generalizations and re“nements of Fejér•s inequality with some
new applications. We introduce a real mappingM �

f (t) and obtain some its functional
properties. We present several inequalities in connection with fractional integrals and
their re“nements by monotone functions. We also give some inequalities related to
Euler•s gamma and beta functions. Furthermore, we obtain some upper and lower
bounds for generalized logarithmic mean and the expected value of random
variables by using the arithmetic mean.
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1 Introduction and preliminaries
Lipót Fejér (1880…1959) in 1906 [18], while studying trigonometric polynomials, discov-
ered the following integral inequalities, which later became known as Fejér•s inequalities
(in some references, they are called the left and right inequalities):

F
�

a + b
2

� � b

a
G(x)dx �

� b

a
F (x)G(x)dx �

F (a) + F (b)
2

� b

a
G(x)dx, (1)

whereF is a convex function ([37]) in the interval (a,b), andG is a positive function in
the same interval such that

G(a + t) = G(b …t), 0� t �
a + b

2
,

i.e.,y = G(x) is a symmetric curve with respect to the straight line containing the point
( a+b

2 , 0) and is normal to thex-axis.
For more results about the Fejér•s inequalities, see [7, 17, 24, 29, 38, 40, 41, 45, 50, 55]

and references therein. In fact, Fejér•s inequality (1) is the weighted version of celebrated
Hermite…Hadamard•s inequality for convex functionf : [a,b] � R:

F
�

a + b
2

�
�

1
b …a

� b

a
F (x)dx �

F (a) + F (b)
2

. (2)
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Note that inequality (2) was published by Charles Hermite (1822…1901) inMathesis(3)
([23], 1883, p. 82) but nowhere mentioned in the mathematical literature at that time. Ten
years later, Jacques Hadamard in 1893 [21] proved (2) and apparently was not aware of Her-
mite•s result. In honor of these two mathematicians, inequality (2) is known as Hermite…
Hadamard•s inequality. For more historical details, results, and applications about (2), see
[9, 10, 14, 26, 30, 32, 34, 39, 43, 59] and references therein.

Definition 1.1 We say that a nonnegative functionf : I � R � R is h-convex or f �
SX(h,I ) if for a nonnegative functionh : (0, 1)� J � R � R (h �� 0) and for all x,y � I
and � � (0, 1), we have

F
�
� x + (1 …� )y

�
� h(� )F (x) + h(1 …� )F (y).

A function f is said to beh-concave orf � SV(h,I ) if the above inequality is reversed.

The class ofh-convex functions includes the classes of Godunova…Levin functions [19]
known asQ(I ) (see [15, 31]), s-convex functions in the second sense [5] known asK2

s ,
and p-convex functions [15] known asP(I ) (see [13, 33]). Note that if h(� ) = � , then all
nonnegative convex functions belong toSX(h,I ), and all nonnegative concave functions
belong toSV(h,I ). Also, if h(� ) = 1

� , h(� ) = 1, andh(� ) = � s, wheres� (0, 1), thenQ(I ) =
SX(h,I ), P(I ) � SX(h,I ), andK2

s � SX(h,I ), respectively. Note in this paper, the functionh
is assumed to be integrable on [0,1].

The mapping M �
f (t) For two real numbersa < b, consider integrable functionsf :

[a,b] � R and � : [a,b] � R+ � { 0}. De“ne the mappingM �
f (t) : [0, 1]� R as

M �
f (t) =

� mt (L,R)

a
f (x)� (x)dx +

� b

Mt (L,R)
f (x)� (x)dx,

where

mt(L ,R) = min
�
L (t),R(t)

�
, Mt (L ,R) = max

�
L (t),R(t)

�
,

whereL (t) : [0, 1]� [a,b] and R(t) : [0, 1]� [a,b] are de“ned as

L (t) = tb + (1 …t)a, R(t) = ta + (1 …t)b

for t � [0, 1]. Note that

M 1
f (t) =

� mt (L,R)

a
f (x)dx +

� b

Mt (L,R)
f (x)dx,

where by 1 we mean� � 1.
We will frequently use the following lemma.

Lemma 1.1 Consider two functions f: [a,b] � R and � : [a,b] � R+ � { 0}. Also, for any
s� [0, 1],de“ne the bifunction As : [a,b] × [a,b] � [a,b] as As(x,y) = sx+ (1 …s)y for x,y �
[a,b]. Then for all t � [0, 1],
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(i) mt(L ,R) + Mt(L ,R) = L (t) + R(t) = a + b;
(ii) Mt(L ,R) …mt(L ,R) = |L (t) …R(t)| = |1 … 2t|(b …a);

(iii) f (mt (L ,R)) + f (Mt (L ,R)) = [f 	 L ](t) + [f 	 R ](t);
(iv) As(mt(L ,R),Mt (L ,R)) + As(Mt (L ,R),mt (L ,R)) = a + b.

If � is symmetric on[a,b] with respect toa+b
2 , then:

(v) It is symmetric on the interval [mt (L ,R),Mt (L ,R)] with respect to a+b
2 ;

(vi) We have the following identities:

[� 	 As]
�
mt (L ,R),Mt (L ,R)

�
= [� 	 As]

�
Mt (L ,R),mt (L ,R)

�

= [� 	 As]
�
L (t),R(t)

�
= [� 	 As]

�
R (t),L (t)

�
;

(vii) We have the following integral equalities:

� mt (L,R)

a
� (x)dx =

� b

Mt (L,R)
� (x)dx,

� a+b
2

mt (L,R)
� (x)dx =

� Mt (L,R)

a+b
2

� (x)dx.

Proof The proof of (i), (iii), and (iv) is obvious, and for (ii), we can use the identities

min{x,y} =
x + y …|y …x|

2
,

and

max{x,y} =
x + y + |y …x|

2
.

For (v), supposea � mt (L ,R) � a+b
2 � Mt (L ,R) � b, and so forx � [mt (L ,R),Mt (L ,R)],

from (i) we have

�
�
mt (L ,R) + Mt(L ,R) …x

�
= � (a + b …x) = � (x),

since� is symmetric with respect toa+b
2 . For (vi), we just need to consider the following

equalities:

[� 	 As]
�
R (t),L (t)

�
= �

�
s
�
tb + (1 …t)a

�
+ (1 …s)

�
ta + (1 …t)b

��

= �
�
t
�
sb+ (1 …s)a

�
+ (1 …t)

�
sa+ (1 …s)b

��

= �
�
(1 …t)

�
sb+ (1 …s)a

�
+ t

�
sa+ (1 …s)b

��

= �
�
s
�
ta + (1 …t)b

�
+ (1 …s)

�
tb + (1 …t)a

��

= [� 	 As]
�
L (t),R(t)

�
.

Finally, for (vii), it su�ces to use the change of variableu = a + b …x and (i). �

By Lemma1.1we obtain the following basic properties for the mappingM �
f (t).

Proposition 1 Consider two functions f: [a,b] � R and � : [a,b] � R+ � { 0}. Then:
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(i) For all t � [0, 1],

M �
f (t) = M �

f (1 …t),

which shows that M �
f (t) is symmetric on [a,b] with respect to 1

2 .
(ii) For symmetric � on [a,b] with respect to a+b

2 and p,q 
 1 with 1
p + 1

q = 1, we have

	
	M �

f (t)
	
	 � � f � p� � � q.

Also, if mt(L ,R) = L (t), then

	
	M �

f (t)
	
	 �

�
1
2

� 1
q 


t(b …a)
� 1

p � � � q� f � � ,

and if mt(L ,R) = R(t), then

	
	M �

f (t)
	
	 �

�
1
2

� 1
q 


(1 …t)(b …a)
� 1

p � � � q� f � � .

(iii) Suppose that the function (f � )(x) = f (x)� (x) is convex on [a,b]. If mt(L ,R) = R(t)

for some t � [0, 1), then the function
M�

f (t)

1…t is convex. Also, if mt(L ,R) = L (t) for

some t � (0, 1], then the function
M�

f (t)

t is convex.
(iv) Suppose that f and � are two continuous functions on [a,b]. If f is nonnegative

(nonpositive) on [a,b], then the function M �
f (t) is increasing (decreasing) on [0, 1

2)
and is decreasing (increasing) on ( 1

2, 1]. Also, M �
f (t) has a relative extreme point at

t = 1
2 . If � �� 0, then corresponding to any x � [a,b] \ { a+b

2 } satisfying

f (x) + f (a + b …x) = 0,

there exists a critical point for M �
f (t).

Proof (i) This is a consequence of the factsL (1 …t) = R(t) andR(1 …t) = L (t).
(ii) Sincemt(L ,R) � a+b

2 � Mt (L ,R), using Hölder•s inequality [37] and statements (iii)
and (vii) in Lemma1.1, we obtain the following inequalities:

	
	M �

f (t)
	
	

�
� � mt (L,R)

a

	
	f (x)

	
	p

dx
� 1

p
� � mt (L,R)

a

	
	� (x)

	
	q

dx
� 1

q

+
� � b

Mt (L,R)

	
	f (x)

	
	p

dx
� 1

p
� � b

Mt (L,R)

	
	 � (x)

	
	q

dx
� 1

q

=
� � mt (L,R)

a

	
	� (x)

	
	q

dx
� 1

q
�� � mt (L,R)

a

	
	f (x)

	
	p

dx
� 1

p

+
� � b

Mt (L,R)

	
	f (x)

	
	p

dx
� 1

p



�
1
2

� � mt (L,R)

a

	
	� (x)

	
	q

dx
� 1

q
�� � mt (L,R)

a

	
	f (x)

	
	p

dx
� 1

p

+
� � b

Mt (L,R)

	
	f (x)

	
	p

dx
� 1

p


.

This proves (ii).
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(iii) We just prove the “rst part. Considering the changes of variablex = ta + (1 …t)u and

x = tb + (1 …t)u in two integrals ofH(t) =
M�

f (t)

1…t , we obtain that

H(t) =
� b

a
(f � )

�
ta + (1 …t)x

�
dx +

� b

a
(f � )

�
tb + (1 …t)x

�
dx.

Now for t1,t2 � [0, 1) and nonnegative� , � with � + � = 1, we have

H(� t1 + � t2) =
� b

a
(f � )

�
(� t1 + � t2)a +

�
1 … (� t1 + � t2)

�
x
�
dx

+
� b

a
(f � )

�
(� t1 + � t2)b +

�
1 … (� t1 + � t2)

�
x
�
dx

=
� b

a
(f � )

�
�

�
t1a + (1 …t1)x

��
dx +

� b

a
(fw)

�
�

�
t2a + (1 …t2)x

��
dx

+
� b

a
(f � )

�
�

�
t1b + (1 …t1)x

��
dx +

� b

a
(fw)

�
�

�
t2b + (1 …t2)x

��
dx

� �
� � b

a
(f � )

�
t1a + (1 …t1)x

�
dx +

� b

a
(f � )

�
t1b + (1 …t1)x

�
dx




+ �
� � b

a
(f � )

�
t2a + (1 …t2)x

�
dx +

� b

a
(f � )

�
t2b + (1 …t2)x

�
dx




= � H (t1) + � H (t2).

(iv) It su�ces to apply the following result, which is obtained by using Leibniz integral

rule [35] along with the fact that� is symmetric on [a,b] with respect to a+b
2 :

1
b …a

dM �
f

dt
(t) =

�
�

�
[� 	 L ](t){[f 	 L ](t) + [f 	 R ](t)}, t � [0, 1

2),

…[� 	 R ](t){[f 	 L ](t) + [f 	 R ](t)}, t � ( 1
2, 1). �

2 Generalization and re“nement of Fejér•s inequality
The following result presents a new and generalized type of the celebrated Fejér•s inequal-

ity in connection with h-convex functions.

Theorem 2.1 Consider two integrable functions f: [a,b] � R and w : [a,b] � R+ � { 0}

such that f is h-convex and� is symmetric with respect toa+b
2 . For all t � [0, 1], we have

the following inequality:

1

2h(1
2)

f
�

a + b
2

� � Mt (L,R)

mt (L,R)
� (x)dx (3)

�
� b

a
f (x)� (x)dx …M �

f (t)

�
|R (t) …L(t)|[f 	 L ](t) + [f 	 R ](t)

(L (t) …R(t))

� L(t)

R(t)
h
�

x …R(t)
L (t) …R(t)

�
� (x)dx

=
|R(t) …L(t)|([f 	 L ](t) + [f 	 R ](t)])

(R(t) …L(t))

� R(t)

L(t)
h
�

x …L(t)
R(t) …L(t)

�
� (x)dx.
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Proof According Lemma1.1, we know that for anyt � [0, 1], the function� is symmetric

on the interval [mt (L ,R),Mt (L ,R)] with respect to

mt(L ,R) + Mt(L ,R)
2

=
a + b

2
.

Sincef is anh-convex function on [a,b], this property is induced to [mt(L ,R),Mt (L ,R)]

for any t � [0, 1]. So if we consider Theorems 3 and 5 in [4] in the case thatf is h-convex

on [mt(L ,R),Mt (L ,R)] and � is symmetric on interval [mt (L ,R),Mt (L ,R)] with respect

to a+b
2 , then we have

1

2h(1
2)

f
�

mt (L ,R) + Mt(L ,R)
2

� � Mt (L,R)

mt (L,R)
� (x)dx

�
� Mt (L,R)

mt (L,R)
f (x)� (x)dx

�


Mt (L ,R) …mt(L ,R)

�

f
�
mt (L ,R)

�
+ f

�
Mt (L ,R)

��

×
� 1

0
h(s)[� 	 As]

�
mt (L ,R),Mt (L ,R)

�
ds.

Now statements (ii), (iii), and (v) in Lemma1.1imply that

1

2h(1
2)

f
�

a + b
2

� � Mt (L,R)

mt (L,R)
� (x)dx (4)

�
� Mt (L,R)

mt (L,R)
f (x)� (x)dx

�
	
	R (t) …L(t)

	
	� [f 	 L ](t) + [f 	 R ](t)

� � 1

0
h(s)[� 	 As]

�
L (t),R(t)

�
ds

=
	
	R(t) …L(t)

	
	� [f 	 L ](t) + [f 	 R ](t)

� � 1

0
h(s)[� 	 As]

�
R (t),L (t)

�
ds.

By the de“nition of mappingM �
f it is not hard to see that the following identity holds:

� b

a
f (x)� (x)dx …

� Mt (L,R)

mt (L,R)
f (x)� (x)dx = M �

f (t) (5)

for all t � [0, 1]. On the other hand, apply the changes of variableu = As(L (t),R(t)) or

u = As(R(t),L (t)) in two last integrals in (4) and consider that

1
L (t) …R(t)

� L(t)

R(t)
h
�

x …R(t)
L (t) …R(t)

�
� (x)dx (6)

=
1

R(t) …L(t)

� R(t)

L(t)
h
�

x …L(t)
R(t) …L(t)

�
� (x)dx.

Finally, by the above explanations and using (5) and (6) in (4), we get the desired result.�
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Corollaries and remarks
Multiplying the inequalities (a consequence of theh-convexity of f and some statements

in Lemma1.1)

f
�

a + b
2

�
= f

�
As(mt(L ,R),Mt (L ,R)) + As(Mt(L ,R),mt (L ,R))

2

�

� h
�

1
2

�


f 	 As

�
mt (L ,R),Mt (L ,R)

�
+ f 	 As

�
Mt (L ,R),mt (L ,R)

��

� h
�

1
2

�
H(s)



f
�
mt (L ,R)

�
+ f

�
Mt (L ,R)

��

= h
�

1
2

�
H(s)

�
[f 	 L ](t) + [f 	 R ](t)

�
,

by [� 	 As](mt (L ,R),Mt (L ,R)) (s,t � [0, 1]) and then integrating with respect to variable

s� [0, 1], we obtain the following presentation of generalized Fejér•s inequality:

1

2h(1
2)

f
�

a + b
2

� � Mt (L,R)

mt (L,R)
� (x)dx (7)

�
� b

a
f (x)� (x)dx …M �

f (t)

�
[f 	 L ](t) + [f 	 R ](t)

2

� Mt (L,R)

mt (L,R)
H

�
Mt (L ,R) …x

Mt(L ,R) …mt(L ,R)

�
� (x)dx

=
[f 	 L ](t) + [f 	 R ](t)

2

� Mt (L,R)

mt (L,R)
H

�
x …mt(L ,R)

Mt(L ,R) …mt(L ,R)

�
� (x)dx,

whereH(s) = h(s) + h(1 …s), s� [0, 1]. Since

� Mt (L,R)

mt (L,R)
H

�
Mt (L ,R) …x

Mt(L ,R) …mt(L ,R)

�
� (x)dx

= 2
� Mt (L,R)

mt (L,R)
h
�

Mt (L ,R) …x
Mt(L ,R) …mt(L ,R)

�
� (x)dx,

we conclude that (3) and (7) are equivalent, and the di�erence is in presentation and con-

sequences.

Inequalities (3) and (7) generalize many Fejér-type inequalities obtained forh-convex

functions in the literature. In these inequalities, takingh(s) = s� (� � (0, 1]), h(s) = 1
s

(s� (0, 1)),h(s) = 1, andh(s) = s, we obtain generalized Fejér-type inequalities fors-convex

functions in the second sense, Godunova…Levin functions,P-functions, and convex func-

tions, respectively. However, settingh(s) = sin (3) and (7), we get the following inequalities,

respectively:

f
�

a + b
2

� � Mt (L,R)

mt (L,R)
� (x)dx (8)

�
� b

a
f (x)� (x)dx …M �

f (t)
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�
[f 	 L ](t) + [f 	 R ](t)

|R (t) …L(t)|

� R(t)

L(t)

�
x …L(t)

�
� (x)dx

=
[f 	 L ](t) + [f 	 R ](t)

|L (t) …R(t)|

� L(t)

R(t)

�
x …R(t)

�
� (x)dx,

and

f
�

a + b
2

� � Mt (L,R)

mt (L,R)
� (x)dx �

� b

a
f (x)� (x)dx …M �

f (t) (9)

�
[f 	 L ](t) + [f 	 R ](t)

2

� Mt (L,R)

mt (L,R)
� (x)dx.

Inequality (8) is a new generalized Fejér-type inequality, and inequality (9) is a straight
generalization of the classic Fejér•s inequality related to the convex functions.

Inequalities (3) and (7) coincide for the case� � 1. However, this gives a new generalized
form of the Hermite…Hadamard inequality related to the class ofh-convex functions and
its subclasses as well (see also [27, 33, 46, 47]):

1

2h(1
2)

f
�

a + b
2

�
�

1
(b …a)|1 … 2t|

� Mt (L,R)

mt (L,R)
f (x)dx (10)

�
�
[f 	 L ](t) + [f 	 R ](t)

� � 1

0
h(s)ds

=
�

[f 	 L ](t) + [f 	 R ](t)
2

� � 1

0
H(s)ds.

If we sett = 0,1 in (3) (M �
f (0) = M �

f (1) = 0), then we recapture the following Fejér-type
inequality related to theh-convex functions obtained in [4]:

1

2h(1
2)

f
�

a + b
2

� � b

a
� (x)dx �

� b

a
f (x)� (x)dx (11)

� (b …a)


f (a) + f (b)

� � 1

0
h(s)�

�
sa+ (1 …s)b

�
ds,

and also with this assumption in (7), we obtain a newh-convex version of Fejér•s inequality:

1

2h(1
2)

f
�

a + b
2

� � b

a
� (x)dx �

� b

a
f (x)� (x)dx (12)

�
f (a) + f (b)

2

� b

a
H

�
b …x
b …a

�
� (x)dx

=
f (a) + f (b)

2

� b

a
H

�
x …a
b …a

�
� (x)dx.

Taking � � 1 in (11) and (12), we recapture the following result obtained in [46]:

1

2h(1
2)

f
�

a + b
2

�
�

1
b …a

� b

a
f (x)dx �



f (a) + f (b)

� � 1

0
h(s)ds,

which is the Hermite…Hadamard inequality related toh-convex functions.
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Now for n � N, n 
 3, consider the following relations:

a =
a + (n … 1)a

n
�

b + (n … 1)a
n

=
a + (n … 1)b

n
+

n … 2
n

(a …b) �
a + (n … 1)b

n
� b,

and

�
�

a + (n … 1)a
n

+
b + (n … 1)a

n
…x

�
= � (a + b …x) = � (x),

showing that� is symmetric on [b+(n…1)a
n + a+(n…1)b

n ] with respect to a+b
2 . So if we sett = 1

n

in (3), then we have

1

2h(1
2)

f
�

a + b
2

� � a+(n…1)b
n

b+(n…1)a
n

� (x)dx (13)

�
� a+(n…1)b

n

b+(n…1)a
n

f (x)� (x)dx

�
n … 2

n
(b …a)

�
f
�

b + (n … 1)a
n

�
+ f

�
a + (n … 1)b

n

�


×
� 1

0
h(s)[� 	 As]

�
b + (n … 1)a

n
,
a + (n … 1)b

n

�
ds,

and also in (7), we have

1

2h(1
2)

f
�

a + b
2

� � a+(n…1)b
n

b+(n…1)a
n

� (x)dx (14)

�
� a+(n…1)b

n

b+(n…1)a
n

f (x)� (x)dx

�
f ( b+(n…1)a

n ) + f ( a+(n…1)b
n )

2

� a+(n…1)b
n

b+(n…1)a
n

H
��

n
n … 2

��
b …x
b …a

…
1
n

��
� (x)dx.

Inequalities (13) and (14) cover many Hermite…Hadamard-type and Fejér-type inequali-
ties of this kind for all n 
 3. For example, considern = 3,4 andh(s) = sin (13) and (14) to
obtain the following Fejér-type inequalities:

f
�

a + b
2

� � a+2b
3

b+2a
3

� (x)dx �
� a+2b

3

b+2a
3

f (x)� (x)dx

�
�
f
�

b + 2a
3

�
+ f

�
a + 2b

3

�
 � a+2b
3

b+2a
3

� (x)dx,

and

f
�

a + b
2

� � a+3b
4

b+3a
4

� (x)dx �
� a+3b

4

b+3a
4

f (x)� (x)dx

�
f ( b+3a

4 ) + f ( a+3b
4 )

2

� a+3b
4

b+3a
4

� (x)dx.
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Inequalities of this kind of can be found in [12, 53, 54] and references therein. For dif-

ferent types ofh(s), � , andn > 4, we may obtain many inequalities of Hermite…Hadamard

and Fejér types.

In a more particular case, if we consider� � 1 andh(s) = ssimultaneously in (3) and (7),

then we have the following result:

f
�

a + b
2

�
�

1
(b …a)|1 … 2t|

� mt (L,R)

mt (L,R)
f (x)dx �

1
2

�
[f 	 L ](t) + [f 	 R ](t)

�
(15)

for t � [0, 1] \ 1
2, which is a new presentation for Hermite…Hadamard•s inequality depen-

dent on variablet. In particular, for t = 0,1, we recapture the classical Hermite…Hadamard

inequality. Also, for anyn � N \ { 1,2}, we obtain that

f
�

a + b
2

�
�

n
(b …a)(n … 2)

� a+(n…1)b
n

b+(n…1)a
n

f (x)dx

�
1
2

�
f
�

b + (n … 1)a
n

�
+ f

�
a + (n … 1)b

n

�

,

which gives a Hermite…Hadamard-type inequality depending onn.

We continue that for “xed t � [0, 1] andx � [a,b], the function

� (x) =
�
Mt (L ,R) …x

��
x …mt(L ,R)

�

is symmetric on [mt(L ,R),Mt (L ,R)] with respect to a+b
2 . Also by Lemma1.1, we obtain

that (the details are omitted)

� Mt (L,R)

mt (L,R)

�
Mt (L ,R) …x

��
x …mt(L ,R)

�
dx =

|1 … 2t|3(b …a)3

6

and

� 1

0
h(s)[� 	 As]

�
L (t),R(t)

�
ds= |1 … 2t|2(b …a)2

� 1

0
h(s)s(1 …s)ds.

So if f is anh-convex function on [a,b], then according to Theorem2.1, we have the fol-

lowing Hermite…Hadamard-type inequality forh-convex functions:

1

12h(1
2)

f
�

a + b
2

�
�

1
|1 … 2t|3(b …a)3

� Mt (L,R)

mt (L,R)
f (x)

�
Mt (L ,R) …x

��
x …mt(L ,R)

�
dx

�
�
[f 	 L ](t) + [f 	 R ](t)

� � 1

0
h(s)s(1 …s)ds.

In the particular case ofh(s) = sand t = 0,1, we have

f
�

a + b
2

�
�

6
(b …a)3

� b

a
f (x)(b …x)(x …a)dx �

f (a) + f (b)
2

,

which was obtained in [11] for convex function f de“ned on [a,b].
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Finally, for a convex functionf : [a,b] � R, by the de“nition of M 1
f (t), applying some

suitable changes of variable in integrals and using Lemma (1.1), we obtain the following

inequality:

f
�

a + b
2

�
…

	
	
	
	t …

1
2

	
	
	
	
�
f (a) + f (b)

�

�
� b

a
f (x)dx …

	
	
	
	t …

1
2

	
	
	
	
�
[f 	 L ](t) + [f 	 R ](t)

�

�
1

b …a
M 1

f (t) � t(1 …t)


f (a) + f (b)

�
+ 2max

�
t2, (1 …t)2� � b

a
f (x)dx,

which gives another re“nement for the classical Hermite…Hadamard inequality. We en-

courage the interested reader to work on other particular cases of inequalities obtained in

this section and compare the results with previous ones in the literature.

3 Fractional integrals
In this section, we introduce a new class of fractional integrals. Investigating its proper-

ties is the subject of our next works. Here we just consider some particular cases, which

are known types of fractional integrals in the literature (see [20, 25, 28, 42, 44]) and “nd

some Hermite…Hadamard-type inequalities for them by using generalized Fejér inequality

obtained in the previous section.

For t � [0, 1] \ { 1
2}, consider a bifunction G : [mt (L ,R),Mt (L ,R)] × [mt (L ,R),

Mt (L ,R)] � R+ � { 0} and de“ne the following class of fractional integrals:

Fmt (L,R)+ [f ](x) =
� x

mt (L,R)
G(x,u)f (u)du, x > mt(L ,R),

and

FMt (L,R)…[f ](x) =
� Mt (L,R)

x
G(x,u)f (u)du, x < Mt(L ,R),

if the above integrals exist.

Now we discuss three special cases ofFmt (L,R)+ [f ](x) and FMt (L,R)…[f ](x) and obtain

some results in connection with Theorem2.1.

(1) For � > 0, considering

G(x,u) =
1
�

exp

�
…

1 …�
�

|x …u|
�

, x,u �


mt (L ,R),Mt (L ,R)

�
,

in Fmt (L,R)+ [f ](x) andFMt (L,R)…[f ](x), we obtain the following class of fractional integrals:

I �
mt (L,R)+ [f ](x) =

1
�

� x

mt (L,R)
exp

�
…

1 …�
�

(x …u)
�

f (u)du, x > mt(L ,R),

and

I �
Mt (L,R)…[f ](x) =

1
�

� Mt (L,R)

x
exp

�
…

1 …�
�

(u …x)
�

f (u)du, x < Mt(L ,R),
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which generalizeI �
a+ [f ](x) and I �

b…[f ](x), presented and discussed in [2] (considert = 0,1

and � � (0, 1) in the above integrals).

To obtain Hermite…Hadamard•s inequality related to the classesI �
mt (L,R)+ [f ](x) and

I �
Mt (L,R)…[f ](x), in Theorem2.1, consider

� (x) =
1
�

�
exp

�
…

1 …�
�

�
Mt (L ,R) …x

�
�

+ exp

�
…

1 …�
�

�
x …mt(L ,R)

�
�


for x � [mt (L ,R),Mt (L ,R)] and also

� (t) = …
(1 …� )|1 … 2t|(b …a)

�
, t � [0, 1)

�
�

1
2

�
.

Obviously, � is a nonnegative function, and using Lemma1.1, it is not hard to see that

Mt (L ,R) …x = a + b …x …mt(L ,R) andx …mt(L ,R) = Mt(L ,R) … (a + b …x). So

� (x) =
1
�

�
exp

�
…

1 …�
�

�
Mt (L ,R) …x

�
�

+ exp

�
…

1 …�
�

�
x …mt(L ,R)

�
�


=
1
�

�
exp

�
…

1 …�
�

�
a + b …x …mt(L ,R)

�
�

+ exp

�
…

1 …�
�

�
Mt (L ,R) … (a + b …x)

�
�


= � (a + b …x) = w
�
mt(L ,R) + Mt(L ,R) …x

�
,

which implies that � is symmetric on [mt(L ,R),Mt (L ,R)] with respect to a+b
2 . It follows

that

� Mt (L,R)

mt (L,R)
� (x)dx =

2
1 …�

�
1 …exp

�
…

1 …�
�

�
Mt (L ,R) …mt(L ,R)

�
�


(16)

=
2

1 …�

�
1 …exp

�
…

1 …�
�

�
|1 … 2t|(b …a)

�
�


=
2

1 …�



1 … [exp 	 � ](t)

�
.

Also,

� b

a
f (x)� (x)dx …M �

f (t) = I �
mt (L,R)+ [f ]

�
Mt (L ,R)

�
+ I �

Mt (L,R)…[f ]
�
mt (L ,R)

�
, (17)

and again by Lemma1.1

� 1

0
h(s)[� 	 As]

�
mt (L ,R),Mt (L ,R)

�
ds (18)

=
1
�

� 1

0
H(s)exp

�
…

(1 …� )s
�

(b …a)|1 … 2t|
�

ds

=
1
�

� 1

0
H(s)



exp 	 (s� )

�
(t) ds.



Rostamian DelavarJournal of Inequalities and Applications        (2023) 2023:42 Page 13 of 28

Finally, from (16)…(18) we have

1 … [exp 	 � ](t)

h(1
2)(1 …� )

f
�

a + b
2

�
(19)

� I �
mt (L,R)+ [f ]

�
Mt (L ,R)

�
+ I �

Mt (L,R)…[f ]
�
mt (L ,R)

�

�
|1 … 2t|(b …a)[f 	 L (t) + f 	 R(t)]

�

� 1

0
H(s)



exp 	 (s� )

�
(t) ds

for t � [0, 1] \ { 1
2}, which is theh-convex type of Hermite…Hadamard•s inequality in con-

nection with this class of fractional integrals. In particular, if we seth(s) = s in (19), then

from the fact that

� 1

0



exp 	 (s� )

�
(t) ds=

�
(1 …� )|1 … 2t|(b …a)

�
1 … [exp 	 � ](t)

�

we obtain

f
�

a + b
2

�
(20)

�
(1 …� )[I �

mt (L,R)+ [f ](Mt (L ,R)) + I �
Mt (L,R)…[f ](mt (L ,R))]

2(1 … [exp 	 � ](t))

�
f 	 L (t) + f 	 R(t)

2

for t � [0, 1] \ { 1
2}, which gives a convex type of Hermite…Hadamard•s inequality in con-

nection with I �
mt (L,R)+ [f ](Mt (L ,R)) andI �

Mt (L,R)…[f ](mt (L ,R)). In a more particular case

for t = 0,1 in (20), we obtain

f
�

a + b
2

�
�

(1 …� )[I �
a+ f (b) + I �

b…f (a)]

2(1 …exp(…(1…� )(b…a)
� ))

�
f (a) + f (b)

2
,

which was obtained in [2] (Theorem 1). Finally, letting� � 1…in (20), we recapture (15),

since

lim
� � 1…

1 …�
2(1 …exp 	 (� )](t))

=
1

2(b …a)|1 … 2t|
,

for all t � [0, 1] \ { 1
2}.

(2) In Fmt (L,R)+ [f ](x) andFMt (L,R)…[f ](x) for � > 0, consider

G(x,u) =
1

� (� )
|x …u|� …1, x,u �



mt (L ,R),Mt (L ,R)

�
.

So we obtain the following generalized Riemann…Liouville fractional integrals:

J �
mt (L,R)+ f (x) =

1
� (� )

� x

mt (L,R)
(x …u)� …1f (u)du, x > mt(L ,R),
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and

J �
Mt (L,R)…f (x) =

1
� (� )

� Mt (L,R)

x
(u …x)� …1f (u)dt, Mt (L ,R) < x.

The fractional integralsJ �
mt (L,R)+ f (x) andJ �

Mt (L,R)…f (x) in the particular casest = 0,1 re-

duce toJ�
a+ f (x) andJ�

b…f (x), respectively, which are known as the Riemann…Liouville frac-

tional integrals in the literature. Now in Theorem2.1consider

� (x) =
(Mt(L ,R) …x)� …1+ (x …mt(L ,R))� …1

� (� )
, x �



mt (L ,R),Mt (L ,R)

�
.

By using Lemma1.1it is not hard to see thatw is symmetric on [mt(L ,R),Mt (L ,R)] with

respect toa+b
2 and also is nonnegative. Also, the following results hold:

� Mt (L,R)

mt (L,R)
� (x)dx =

2(Mt(L ,R) …mt(L ,R))�

� (� + 1)
=

2(b …a)� |1 … 2t|�

� (� + 1)
,

� b

a
f (x)� (x)dx …M �

f (t) = J �
mt (L,R)+ [f ]

�
Mt (L ,R)

�
+ J �

Mt (L,R)…[f ]
�
mt (L ,R)

�
,

and

� 1

0
h(s)[� 	 As]

�
mt (L ,R),Mt (L ,R)

�
ds=

�
Mt (L ,R) …mt(L ,R)

� � …1
� 1

0
H(s)s� …1ds.

The above results altogether imply that

1

h(1
2)

f
�

a + b
2

�
(21)

�
� (� + 1)

(b …a)� |1 … 2t|�


J �

mt (L,R)+ [f ]
�
Mt (L ,R)

�
+ J �

Mt (L,R)…[f ]
�
mt (L ,R)

��

� �


f 	 L (t) + f 	 R(t)

� � 1

0
H(s)s� …1ds

for t � [0, 1] \ { 1
2}. In the caseh(s) = s, from (21) we get the following inequality, which is a

generalization of inequality (2.1) obtained in [48]:

f
�

a + b
2

�
�

� (� + 1)
2(b …a)� |1 … 2t|�



J �

mt (L,R)+ [f ]
�
Mt (L ,R)

�
+ J �

Mt (L,R)…[f ]
�
mt (L ,R)

��

�
f 	 L (t) + f 	 R(t)

2
.

Also, for � = 1, we obtain a generalization of inequality (2.1) presented in [46]:

1

2h(1
2)

f
�

a + b
2

�
�

1
(b …a)|1 … 2t|

� Mt (L,R)

mt (L,R)
f (x)dx �



f 	 L (t) + f 	 R(t)

� � 1

0
h(s)ds.

Furthermore, fort = 0,1 in (21), we have the following Hermite…Hadamard-type inequal-

ity via Riemann…Liouville fractional integrals, which is comparable with inequality (6) in
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[56]:

1

h(1
2)

f
�

a + b
2

�
�

� (� + 1)
(b …a)�



J �

a+ [f ](a) + J �
b…[f ](b)

�
� �



f (a) + f (b)

� � 1

0
H(s)s� …1ds.

Also, for

� (u) = G
�

a + b
2

,u
�

=
|u …a+b

2 |� …1

� (� )
, u � [a,b],

in F �
mt (L,R)+ [f ](x) andF �

Mt (L,R)…[f ](x), by Theorem2.1we have another inequality related

to the classical Riemann…Liouville fractional integrals with respect to the midpoint of the

interval [a,b]:

1

2� h(1
2)

f
�

a + b
2

�
�

� (� + 1)
(b …a)�

�
J �

a+ [f ]
�

a + b
2

�
+ J �

a+ [f ]
�

a + b
2

�


� �


f (a) + f (b)

� � 1

0
h(s)

	
	
	
	
1
2

…s

	
	
	
	

� …1

ds.

Now for the particular caseh(s) = s, we get

f
�

a + b
2

�
�

2� …1� (� + 1)
(b …a)�

�
J �

a+ [f ]
�

a + b
2

�
+ J �

a+ [f ]
�

a + b
2

�

�

f (a) + f (b)
2

,

which is equivalent to inequality (2.1) (obtained for positive functions) in [49].

(3) If we consider

G(x,u) =
1

� (� )
|x …u|� …1ln�

�
�

|x …u|

�
, x,u �



mt (L ,R),Mt (L ,R)

�
,

in Fmt (L,R)+ [f ](x) andFMt (L,R)…[f ](x) for � > 0, � > Mt(L ,R) …mt(L ,R), and� 
 0, then

we obtain the following class of fractional integrals, which in the particular caset = 0,1

have been presented and discussed in [44] as operators with power-logarithmic kernels:

K � ,�
mt (L,R)+ [f ](x) =

1
� (� )

� x

mt (L,R)
(x …u)� …1ln�

�
�

x …u

�
f (u)du, x > mt(L ,R),

and

K� ,�
Mt (L,R)…[f ](x) =

1
� (� )

� Mt (L,R)

x
(u …x)� …1ln�

�
�

u …x

�
f (u)du, x < Mt(L ,R).

Here we obtain a Hermite…Hadamard-type inequality for fractional integralsK � ,1
a+ [f ](x)

andK� ,1
a+ [f ](x) as a particular case of the above fractional integrals. For anyx � [mt (L ,R),

Mt (L ,R)], de“ne

� (x) =
(Mt(L ,R) …x)� …1ln( �

Mt (L,R)…x) + (x …mt(L ,R))� …1ln( �
x…mt (L,R) )

� (� )
.
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The function w is nonnegative on [mt(L ,R),Mt (L ,R)] and symmetric with respect toa+b
2 .

Also, we have the following results:

� Mt (L,R)

mt (L,R)
� (x)dx =

2(Mt(L ,R) …mt(L ,R))�

� (� + 1)

�
ln

�
�

Mt (L ,R) …mt(L ,R)

�
+

1
�



,

� b

a
f (x)� (x)dx …M �

f (t) = K � ,1
mt (L,R)+ [f ]

�
Mt (L ,R)

�
+ K� ,1

Mt (L,R)…[f ]
�
mt (L ,R)

�
,

and

� 1

0
h(s)[� 	 As]

�
R (t),L (t)

�
ds

=
(Mt(L ,R) …Mt(L ,R))� …1

� (� )

� 1

0
H(s)s� …1ln

�
�

s(Mt (L ,R) …mt(L ,R))

�
ds.

So from Theorem2.1we have

1

h(1
2)

f
�

a + b
2

��
ln

�
�

Mt (L ,R) …mt(L ,R)

�
+

1
�




�
� (� + 1)

(Mt(L ,R) …mt(L ,R))�



K � ,1

mt (L,R)+ [f ]
�
Mt (L ,R)

�
+ K� ,1

Mt (L,R)…[f ]
�
mt (L ,R)

��

� �


f 	 L (t) + f 	 R(t)

� � 1

0
H(s)s� …1ln

�
�

s(Mt (L ,R) …mt(L ,R))

�
ds

for t � [0, 1] \ { 1
2}. Now if we seth(s) = sin the above inequality, then we get

f
�

a + b
2

�
�

� (� + 1)
2(b …a)� |1 … 2t|� R



K � ,1

mt (L,R)+ [f ]
�
Mt (L ,R)

�
+ K� ,1

Mt (L,R)…[f ]
�
mt (L ,R)

��

�
[f 	 L (t) + f 	 R(t)]

2
,

whereR = ln( �
(b…a)|1…2t| ) + 1

� . In the particular case oft = 0,1,

f
�

a + b
2

�
�

� (� + 1)
2(b …a)� R



K � ,1

a+ [f ](b) + K� ,1
b…[f ](a)

�
�

f (a) + f (b)
2

.

Finally, we recommend the interested readers to study [20, 25, 28, 44] and references
therein to get more inequalities and results.

4 Re“nements for Hermite…Hadamard•s inequality by monotone functions
In this section, we obtain some re“nements of Hermite…Hadamard•s inequality by using
fractional integrals discussed in the previous section, provided that the considered func-
tions are nonnegative and monotone. We focus on the Riemann…Liouville fractional in-
tegrals, but results can be extended to many classes of fractional integrals. We need the
following result, which is a consequence of Theorem 1 in [1] (see also [6, 22]).

Theorem 4.1 If f1 and f2 are nonnegative increasing functions on[0,1], then

� 1

0
f1(x)dx

� 1

0
f2(x)dx �

� 1

0
f1(x)f2(x)dx.
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Here we give some re“nements for Hermite…Hadamard•s inequality by using fractional

integrals forh-convex functions.

Theorem 4.2 Suppose that f: [a,b] � R is an integrable h-convex function and t� [0, 1]\

{ 1
2}. Then:

(i) For � 
 1, we have the following inequality for nonnegative and increasing f :

1

2h(1
2)

f
�

a + b
2

�
(22)

�
1

|1 … 2t|(b …a)

� Mt (L,R)

mt (L,R)
f (u)du

�
� (� + 1)

2|1 … 2t|� (b …a)�



J �

mt (L,R)+ [f ]
�
Mt (L ,R)

�
+ J �

Mt (L,R)…[f ]
�
mt (L ,R)

��

� �
�

f 	 L (t) + f 	 R(t)
2


 � 1

0
H(s)s� …1ds.

(ii) For any � > 0, we have

1

2h(1
2)

f
�

a + b
2

�
(23)

�
� (� + 1)

2|1 … 2t|� (b …a)�



J �

mt (L,R)+ [f ]
�
Mt (L ,R)

�
+ J �

Mt (L,R)…[f ]
�
mt (L ,R)

��

�
�

|1 … 2t|(b …a)

� Mt (L,R)

mt (L,R)
f (u)du.

Proof It is clear thata � mt (L ,R) � Mt (L ,R) � b for all t � [0, 1]. So

f
�
smt (L ,R) + (1 …s)Mt(L ,R)

�
� h(s)f

�
mt (L ,R)

�
+ h(1 …s)f

�
Mt (L ,R)

�
,

and

f
�
sMt (L ,R) + (1 …s)mt(L ,R)

�
� h(s)f

�
Mt (L ,R)

�
+ h(1 …s)f

�
mt (L ,R)

�
.

From these inequalities we have

f
�
smt (L ,R) + (1 …s)Mt(L ,R)

�
+ f

�
sMt(L ,R) + (1 …s)mt(L ,R)

�
(24)

� H(s)


f
�
mt (L ,R)

�
+ f

�
Mt (L ,R)

��
.

Multiplying both sides of (24) by s� …1, integrating the resulting inequality with respect to

variablesover [0, 1], and using Theorem4.1, imply the following result:

� 1

0
s� …1ds·

� 1

0
f
�
smt (L ,R) + (1 …s)Mt(L ,R)

�
ds

+
� 1

0
s� …1ds·

� 1

0
f
�
sMt(L ,R) + (1 …s)mt(L ,R)

�
ds
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�
� 1

0
s� …1f

�
smt(L ,R) + (1 …s)Mt(L ,R)

�
ds

+
� 1

0
s� …1f

�
sMt (L ,R) + (1 …s)mt(L ,R)

�
ds

�


f
�
mt (L ,R)

�
+ f

�
Mt (L ,R)

�� � 1

0
s� …1H(s)ds.

Using the changes of variableu = smt(L ,R) + (1 …s)Mt(L ,R) and u = sMt(L ,R) + (1 …
s)mt(L ,R), respectively, in the above integrals, we obtain that

2
Mt(L ,R) …mt(L ,R)

� Mt (L,R)

mt (L,R)
f (u)du

�
�

(Mt (L ,R) …mt(L ,R))�

×
� � Mt (L,R)

mt (L,R)

�
Mt (L ,R) …u

� � …1
f (u)du +

� Mt (L,R)

mt (L,R)

�
u …mt(L ,R)

� � …1
f (u)du




� �


f
�
mt (L ,R)

�
+ f

�
Mt (L ,R)

�� � 1

0
H(s)s� …1ds.

Now sincef is h-convex on [mt(L ,R),Mt (L ,R)], by the left part of (10), Lemma1.1, and
the de“nition of J �

mt (L,R)+ [f ](Mt (L ,R)) andJ �
Mt (L,R)…[f ](mt (L ,R)) we have

1

2h(1
2)

f
�

a + b
2

�

�
1

Mt(L ,R) …mt(L ,R)

� Mt (L,R)

mt (L,R)
f (u)du

�
� (� + 1)

2(Mt (L ,R) …mt(L ,R))�



J �

mt (L,R)+ [f ]
�
Mt (L ,R)

�
+ J �

Mt (L,R)…[f ]
�
mt (L ,R)

��

� �
�

f 	 L (t) + f 	 R(t)
2


 � 1

0
H(s)s� …1ds,

which is equivalent to inequality (22). It follows that

f
�

a + b
2

�
= f

�
mt (L ,R) + Mt(L ,R)

2

�

= f
�

As(mt(L ,R),Mt (L ,R)) + As(Mt(L ,R),mt (L ,R))
2

�

� h
�

1
2

�


f
�
As

�
mt (L ,R),Mt (L ,R)

��
+ f

�
As

�
Mt (L ,R),mt (L ,R)

���
.

Multiplying the above inequalities bys� …1and then integrating with respect to variable
sover [0, 1] lead to

� 1

0
f
�

a + b
2

�
s� …1ds� h

�
1
2

�� � 1

0
f 	 As

�
Mt (L ,R),mt (L ,R)

�
s� …1ds

+
� 1

0
f 	 As

�
mt (L ,R),Mt (L ,R)

�
s� …1ds
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� h
�

1
2

�� � 1

0
f 	 As

�
Mt (L ,R),mt (L ,R)

�
ds

+
� 1

0
f 	 As

�
mt (L ,R),Mt (L ,R)

�
ds



.

This implies that

1

� h(1
2)

f
�

a + b
2

�

�
� (� )

(Mt (L ,R) …mt(L ,R))�



J �

mt (L,R)+ [f ]
�
Mt (L ,R)

�
+ J �

Mt (L,R)…[f ]
�
mt (L ,R)

��

�
2

Mt (L ,R) …mt(L ,R)

� Mt (L,R)

mt (L,R)
f (u)du,

which is equivalent to inequality (23). �

From Theorem4.2we have the following re“nement forh-convex version of Hermite…
Hadamard•s inequality.

Corollary 4.1 Suppose that f: [a,b] � R is a nonnegative increasing h-convex function
and integrable on[a,b]. Consider t� [0, 1] \ { 1

2} and � 
 1.Then

1

2h(1
2)

f
�

a + b
2

�
(25)

�
1

|1 … 2t|(b …a)

� Mt (L,R)

mt (L,R)
f (u)du

�
� (� + 1)

2|1 … 2t|� (b …a)�



J �

mt (L,R)+ [f ]
�
Mt (L ,R)

�
+ J �

Mt (L,R)…[f ]
�
mt (L ,R)

��

�
�

|1 … 2t|(b …a)

� Mt (L,R)

mt (L,R)
f (u)du � �



f 	 L (t) + f 	 R(t)

� � 1

0
h(s)ds.

Remark1 (i) If h1 andh2 are two nonnegative decreasing functions de“ned on [0,1] with
upper boundsB1 andB2, respectively, then the functionsB1 …h1 andB2 …h2 are nonneg-
ative increasing functions de“ned on [0,1]. So we have that

� 1

0

�
B1 …h1(x)

�
dx

� 1

0

�
B2 …h2(x)

�
dx �

� 1

0

�
B…h1(x)

��
B…h2(x)

�
dx,

which with some calculations gives

� 1

0
h1(x)dx

� 1

0
h2(x)dx �

� 1

0
h1(x)h2(x)dx.

This implies that inequality (25) can be obtained iff : [a,b] � R is a nonnegative upper
bounded decreasingh-convex function, 0 <� � 1, andt � [0, 1] \ { 1

2}.
(ii) Multiplying both sides of (24) by the nonnegative increasing function

g(s) = exp

�
…

1 …�
�

s
�
Mt (L ,R) …mt(L ,R)

�
�
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for “xed t � [0, 1] \ { 1
2}, integrating the resulting inequality with respect to variablesover

[0, 1], and using Theorem4.1, we obtain the following re“nement of (19):

1

2h(1
2)

f
�

a + b
2

�

�
1

|1 … 2t|(b …a)

� Mt (L,R)

mt (L,R)
f (u)du

�
1 …�

2(1 … [exp 	 � ](t))



I �

mt (L,R)+ [f ]
�
Mt (L ,R)

�
+ I �

Mt (L,R)…[f ]
�
mt (L ,R)

��

�
� (t)

[exp 	 � ](t) … 1

�
f 	 L (t) + f 	 R(t)

2


 � 1

0
H(s)



exp 	 (s� )

�
(t) ds.

In the caseh(s) = s, we have the following re“nement of Hermite…Hadamard•s inequality

by using another kind of fractional integrals:

f
�

a + b
2

�
�

1
|1 … 2t|(b …a)

� Mt (L,R)

mt (L,R)
f (u)du

�
1 …�

2(1 … [exp 	 � ](t))



I �

mt (L,R)+ [f ]
�
Mt (L ,R)

�
+ I �

Mt (L,R)…[f ]
�
mt (L ,R)

��

�
f 	 L (t) + f 	 R(t)

2
.

If we let � � 1…, then we recapture (15).

5 Gamma and beta functions
In this section, we present some inequalities and results related to gamma and beta func-

tions. Especially, considering appropriate functions in Theorem2.1along with some cal-

culations, we give a simple proof of the well-known Stirling formula as well.

The Euler integral of the second kind, i.e., gamma function [8], is de“ned as

� (x) =
� �

0
tx…1e…t dt, Re(x) > 0.

Consider the functionf (x) = ln � (x), x � (0,+� ), which is convex (� (x) is log-convex). To

see this (see also [3]), we have

(ln � )

(x) =
� 

(x)� (x) … (� 
(x))2

(� (x))2
> 0,

which follows by using the Cauchy…Schwarz inequality [52] for

� f ,g� =
� �

0
f (t)g(t)tx…1e…t dt

�
f (t) = ln(t),g � 1

�

and the fact that

� (n)(x) =
� �

0
tx…1e…t 
 ln(t)

� n
dt (nth derivative).
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Now in Theorem 2.1, considerh(s) = s, t = 0,1,b = a + 1 for a � (0,+� ), and a symmet-

ric function � : [a,a + 1] � (0,+� ) with respect toa + 1
2. Then we obtain the following

inequality:

�
�

a +
1
2

�
� exp

�
1
K

� a+1

a
� (x) ln � (x)dx

�
�

�
� (a)� (a + 1), (26)

whereK =
� a+1

a � (x)dx. In the particular case� � 1, by the Raabe formula [36]

� a+1

a
ln � (x)dx = ln

�
2� + a ln(a) …a

and inequality (26) we have

�
�

a +
1
2

�
�

�
2�

�
a
e

� a

�
�

� (a)� (a + 1) (27)

for all a � (0,+� ). By applying Wendel•s inequality ([58])

�
a

a + s

� 1…s

�
� (a + s)
as� (a)

� 1

in (27) for s= 1
2, we get

�
a

a + 1
2

�
� (a + 1

2)

a
1
2 � (a)

�

�
2� a(a

e)r

� (a + 1)
� 1. (28)

So we can extract two results from inequality (28) by using the squeeze theorem [51]. The

“rst one is

lim
a��

� (a + 1
2)

a
1
2 � (a)

= 1,

and the second is a generalization of Stirling•s formula [16]

� (a + 1) �
�

2� a
�

a
e

� a

asa � � .

For the casea � N, we recapture the classic Stirling formula:

a! �
�

2� a
�

a
e

� a

asa � � .

The Euler integral of the “rst kind is known as the beta function [3]:

� (x,y) =
� 1

0
tx…1(1 …t)y…1dt, Re(x) > 0,Re(y) > 0.
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To obtain some results in connection with beta function by Fejér•s inequality, consider

�
���

���

f (x) = (x …mt(L ,R))r , 0 <mt(L ,R) � x � Mt (L ,R),r � [1,� ),

� (x) = (Mt (L,R)…x)P…1(x…mt (L,R))P…1

(Mt (L,R)…mt (L,R))p , 0 <mt(L ,R) � x � Mt (L ,R),

h(s) = sk, 0� k � 1,s> 0,

where 0 <a < b, p > 0, andt � [0, 1] \ { 1
2}. From Example 7 in [57] we deduce thatf is an

h-convex function on [mt(L ,R),Mt (L ,R)]. Also, it is not hard to see that� is symmetric

on [mt(L ,R),Mt (L ,R)] with respect to a+b
2 . The following results hold:

� Mt (L,R)

mt (L,R)
� (x)dx =

�
Mt(L ,R) …mt(L ,R)

� p…1
� 1

0
xp…1(1 …x)p…1dx

=
�
Mt(L ,R) …mt(L ,R)

� p…1
� (p,p),

� b

a
f (x)� (x)dx …M �

f (t) =
� Mt (L,R)

mt (L,R)
f (x)� (x)dx

=
(Mt(L ,R) …mt(L ,R))2p+r…1

(Mt (L ,R) …mt(L ,R))p

� 1

0
xp…1(1 …x)p+r…1dx

=
�
Mt(L ,R) …mt(L ,R)

� p+r…1
� (p,p + r).

Also,

f
�

a + b
2

�
=

�
a + b

2
…mt(L ,R)

� r

=
�

Mt (L ,R) + mt(L ,R)
2

…mt(L ,R)
� r

=
(Mt(L ,R) …mt(L ,R))r

2r
.

Note that by Lemma1.1we have

[f 	 L ](t) + [f 	 R ](t) =
�
Mt (L ,R) …mt(L ,R)

� r
.

It follows by some calculations that

[� 	 As]
�
L (t),R(t)

�
ds

= �
�
sL (t) + (1 …s)R(t)

�

=
(Mt(L ,R) … (sL (t) + (1 …s)R(t)))p…1(sL (t) + (1 …s)R(t) …mt(L ,R))p…1

(Mt(L ,R) …mt(L ,R))p

=
�
Mt (L ,R) …mt(L ,R)

� p…2
sp…1(1 …s)p…1,

and so

� 1

0
h(s)[� 	 As]

�
L (t),R(t)

�
ds=

�
Mt (L ,R) …mt(L ,R)

� p…2
� 1

0
sk+p…1(1 …s)p…1ds

=
�
Mt (L ,R) …mt(L ,R)

� p…2
� (k + p,p).
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Finally, by the above results and Theorem2.1we obtain that

1

2(1
2)k

.
(Mt (L ,R) …mt(L ,R))r

2r

�
Mt (L ,R) …mt(L ,R)

� p…1
� (p,p)

�
�
Mt (L ,R) …mt(L ,R)

� p+r…1
� (p,p + r)

�
�
Mt (L ,R) …mt(L ,R)

� r+1�
Mt (L ,R) …mt(L ,R)

� p…2
� (k + p,p),

which implies the following inequalities related to the beta function:

2k…r…1� (p,p) � t � (p,p + r) + (1 …t)2k…r…1� (p,p) � � (p,p + r) � � (k + p,p) (29)

for t � [0, 1] \ { 1
2}, 0 � k � 1, andr � [1,� ).

Remark2 For the case thatf (x) = (Mt (L ,R) …x)r , with the same argument as above, we
recapture (29) because� (p,p + r) = � (p + r,p).

In particular, if we setk = 1 andt = 0,1, then we get

1
2r

� (p,p) � � (p + r,p) � � (1 +p,p) =
1
2

� (p,p) (30)

for p > 0 andr � [1,� ). From (30) and the characterizationB(x,y) = � (x)� (y)
� (x+y) we obtain that

1
2r

�
� (2p)� (p + r)
� (p)� (2p + r)

�
1
2

for p > 0 andr � [1,� ). In a more particular case, for anyp > 0, we have the following
result:

1
2

� (p)� (2p + 1) = � (2p)� (p + 1).

6 Special means and random variables
In this section, we discuss a generalization of the well-known inequality including the
arithmetic and logarithmic means by using our results in Sect.2. Also, we give some upper
and lower bounds for the expected value of random variables.

6.1 Bounds for generalized logarithmic mean
For a,b > 0 anda �= b, there are two well-known means:

A(a,b) =
a + b

2
, arithmetic mean,

Lr (a,b) =
�

br+1 …ar+1

(b …a)(r + 1)


 1
r

, r � R \ { …1,0}, generalized logarithmic mean.

Considerx � [a,b] and de“ne

�
���

���

f (x) = xn, n � (…� ,…1)� (…1,0]� [1,� ),

h(t) = tp, p � 1,

� (x) = (x …a+b
2 )2k, k � N � { 0}.
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According to Example 7 in [57], f is h-convex, and also, obviously,� is symmetric with

respect toa+b
2 . According to Theorem2.1, we get to the following inequalities:

2p…1
�

a + b
2

� n � Mt (L,R)

mt (L,R)

�
x …

a + b
2

� 2k

dx (31)

�
� b

a
xn

�
x …

a + b
2

� 2k

dx …M �
f (t)

�
	
	L (t) …R(t)

	
	
� L (t)

� n
+

�
R(t)

� n� � 1

0
sp

�
As

�
L (t),R(t)

�
…

a + b
2

� 2k

ds.

We consider two cases for Fork � N � { 0}.

(i) In the casek = 0 in (31), we obtain that

2p…1
�

a + b
2

� n

�
Mt (L ,R)n+1 …mt(L ,R)n+1

(n + 1)|1 … 2t|(b …a)
�

(L (t))n + (R(t))n

p + 1
,

which implies that

2p…1An(a,b) � Ln
n

�
mt (L ,R),Mt (L ,R)

�
�

2A((L (t))n, (R(t))n)
p + 1

. (32)

Inequality (32) includes some new bounds for the generalized logarithmic mean by the

arithmetic mean. In particular, forp = 1, we have

An(a,b) � Ln
n

�
mt (L ,R),Mt (L ,R)

�
� A

��
L (t)

� n
,
�
R (t)

� n�
. (33)

Furthermor,e for t = 0,1, we have the following result, which is known in the literature

(see also [14]):

An(a,b) � Ln
n(a,b) � A

�
an,bn�

. (34)

(ii) For the casek > 0, by some calculations (the details are omitted) it follows that

� Mt (L,R)

mt (L,R)

�
x …

a + b
2

� 2k

dx =
2…2k|L (t) …R(t)|2k+1

2k + 1
,

� b

a
xn

�
x …

a + b
2

� 2k

dx …M �
f (t)

=
� Mt (L,R)

mt (L,R)
xn

�
x …

a + b
2

� 2k

dx

=
2k…1�

i=0

(…1)i
� i…1

j=0(2k …j)[Mt (L ,R)n+1+i …mt(L ,R)n+1+i ]

22k…i
� i+1

l=1(n + l)

�
Mt (L ,R) …mt(L ,R)

� 2k…i

+
2k!

� 2k+1
l=1 (n + l)
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and

� 1

0
sp[� 	 As]

�
L (t),R(t)

�
ds

= |L …R|2k
� 1

0
sp

�
s…

1
2

� 2k

=
	
	L (t) …R(t)

	
	2k

�
2k…1�

i=0

(…1)i ( 1
2)2k…i � i…1

j=0(2k …j)
� i+1

l=1(p + l)
+

2k!
� 2k+1

l=1 (p + l)

�

,

where in the casei = 0, we use the equality
� …1

j=0(2k …j) = 1. So we obtain the following

discrete-type inequality, which gives a re“nement and generalization of inequality (34):

2p…2k+1

2k + 1

�
a + b

2

� n

�
2k…1�

i=0

(…1)i
� i…1

j=0(2k …j)[Mt (L ,R)n+1+i …mt(L ,R)n+1+i ]

22k…i |L (t) …R(t)|i+1
� i+1

l=1(n + l)

+
2k!

|L (t) …R(t)|2k+1
� 2k+1

l=1 (n + l)

�

�

L (t)
� n

+
�
R(t)

� n�
�

2k…1�

i=0

(…1)i ( 1
2)2k…i � i…1

j=0(2k …j)
� i+1

l=1(p + l)
+

2k!
� 2k+1

l=1 (p + l)

�

.

6.2 Bounds for the expected value of random variables

For 0 <a < b, let � : [a,b] � [0,+� ) be a continuous probability density function related

to a continuous random variableX symmetric with respect to a+b
2 . Also, for r � R and

t � [0, 1], de“ne the generalized expected value of random variableX as

Et
r (X) =

� Mt (L,R)

mt (L,R)
xr � (x)dx,

where the integral is assumed to be “nite.

If we considerf (x) = xr for r 
 1 andx � [a,b], then from remarks and corollaries after

Theorem2.1we have

1

2h(1
2)

�
a + b

2

� r � Mt (L,R)

mt (L,R)
� (x)dx

� Et
r (X)

�

�

mt (L ,R)
� r

+
�
Mt (L ,R)

� r �
� Mt (L,R)

mt (L,R)
h
�

x …mt(L ,R)
Mt(L ,R) …mt(L ,R)

�
� (x)dx

=

�

mt (L ,R)
� r

+
�
Mt (L ,R)

� r �
� Mt (L,R)

mt (L,R)
h
�

Mt (L ,R) …x
Mt(L ,R) …mt(L ,R)

�
� (x)dx,
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which generally gives bounds for the generalized expected value of random variableX.

Now in the particular caseh(s) = s, we get

Ar(a,b)
� Mt (L,R)

mt (L,R)
� (x)dx (35)

� Et
r (X) �

(mt (L ,R))r + (Mt(L ,R))r

Mt (L ,R) …mt(L ,R)

� Mt (L,R)

mt (L,R)

�
x …mt(L ,R)

�
� (x)dx

=
(mt(L ,R))r + (Mt (L ,R))r

Mt (L ,R) …mt(L ,R)

� Mt (L,R)

mt (L,R)

�
Mt (L ,R) …x

�
� (x)dx

=
(mt(L ,R))r + (Mt (L ,R))r

Mt (L ,R) …mt(L ,R)

�
Et

1(X) …
� Mt (L,R)

mt (L,R)
mt (L ,R)� (x)dx




=
(mt(L ,R))r + (Mt (L ,R))r

Mt (L ,R) …mt(L ,R)

� � Mt (L,R)

mt (L,R)
Mt (L ,R)� (x)dx …Et

1(X)


.

Since

Et
1(X) =

a + b
2

� Mt (L,R)

mt (L,R)
� (x)dx =

mt(L ,R) + Mt(L ,R)
2

� Mt (L,R)

mt (L,R)
� (x)dx,

from (35) we obtain the following interesting result:

Ar (a,b)
� Mt (L,R)

mt (L,R)
� (x)dx

� Et
r (X) � A

��
mt (L ,R)

� r
,
�
Mt (L ,R)

� r �
� Mt (L,R)

mt (L,R)
� (x)dx.

By taking� � 1 we recapture inequality (33).
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12. Dragomir, S.S., Milo•ević, D.M., Sándor, J.: On some re“nement of Hadamard•s inequalities and applications. Univ.

Beograd Publ. Elektroteh. Fak. Ser. Mat.4, 3…10 (1993)
13. Dragomir, S.S., Pearce, C.E.M.: Quasi-convex functions and Hadamard•s inequality. Bull. Aust. Math. Soc.57(3), 377…385

(1998)
14. Dragomir, S.S., Pearce, C.E.M.: Selected topics on Hermite…Hadamard inequalities and applications. RGMIA

Monographs, Victoria University (2000).http://ajmaa.org/RGMIA/monographs.php/
15. Dragomir, S.S., Pe�caríc, J., Persson, L.E.: Some inequalities of Hadamard type. Soochow J. Math.21, 335…341 (1995)
16. Dutka, J.: The early history of the factorial function. Arch. Hist. Exact Sci.43(3), 225…249 (1991)
17. Farid, G., Rehman, A.U.: Generalization of the Fejér…Hadamard•s inequality for convex function on coordinates.

Commun. Korean Math. Soc.31(1), 53…64 (2016)
18. Fejér, L.: Über die fourierreihen, II. Math. Naturwise. Anz Ungar. Akad. Wiss.24, 369…390 (1906)
19. Godunova, E.K., Levin, V.I.: Neravenstva dlja funkcii •irokogo klassa, soderža•�cego vypuklye, monotonnye i nekotorye

drugie vidy funkcii. In: Vy�cislitel. Mat. I. Mat. Fiz. Mežvuzov. Sb. Nau�c. Trudov, pp. 138…142. MGPI, Moskva (1985)
20. Goren”o, R., Mainardi, F.: Fractional Calculus, Integral and Di�erential Equations of Fractional Order, pp. 223…276.

Springer, New York (1997)
21. Hadamard, J.: Étude sur les propriètés des fonctions entiéres et en particulier d•une fontion considérée par Riemann.

J. Math. Pures Appl.58, 171…215 (1893)
22. Hardy, G.H., Littlewood, J.E., Pólya, G.: Inequalities. Cambridge University Press, Cambridge (1959)
23. Hermite, C.: Sur deux limites d•une intégrale dé“nie. Mathesis3, 82…83 (1883)
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Babeş…Bolyai, Math.60(3), 355…366 (2015)
25. Kilbas, A.A., Srivastava, H.M., Trujillo, J.J.: Theory and Applications of Fractional Di�erential Equations. Elsevier,

Amsterdam (2006)
26. Kirmaci, U.S.: Inequalities for di�erentiable mappings and applications to special means of real numbers and to

midpoint formula. Appl. Math. Comput.147(1), 137…146 (2004)
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