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1 Introduction and preliminaries

Lipot Fejér (1880...1959) in 1904§], while studying trigonometric polynomials, discov-
ered the following integral inequalities, which later became known as Fejéres inequalities
(in some references, they are called the left and right inequalities):

a+b P b
F — G(x) dx F (x)G(x) dx
2 a a 2

F@+F®) bG(x) dx, 1)

whereF is a convex function (B7]) in the interval (a,b), and G is a positive function in
the same interval such that

Ga+t)=Gb..1), 0 t %b

i.e.,y = G(x) is a symmetric curve with respect to the straight line containing the point
(&2,0) and is normal to thex-axis.

For more results about the Fejérss inequalities, s&e 17, 24, 29, 38, 40, 41, 45, 50, 55]
and references therein. In fact, Fejérss inequalit) (s the weighted version of celebrated
Hermite...Hadamardss inequality for convex functidn [a,b] R:

1 b
o T
a

F(a)+F(b)
2 b..a '

2
5 (2)
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Note that inequality 2) was published by Charles Hermite (1822...1901Mathesis(3)
([23], 1883, p. 82) but nowhere mentioned in the mathematical literature at that time. Ten
years later, Jacques Hadamard in 1823] proved (2) and apparently was not aware of Her-
mitess result. In honor of these two mathematicians, inequalitg)(is known as Hermite...
Hadamardes inequality. For more historical details, results, and applications ab@)it¢ee
[9, 10, 14, 26, 30, 32, 34, 39, 43, 59] and references therein.

Definition 1.1 We say that a nonnegative functiod :1 R R is h-convex orf
SX(h,I) if for a nonnegative functionh:(0,1) J R R (h 0)and forallx,y I
and (0,1), we have

F x+@...)y h()FX)+h@...)F ().
A function f is said to beh-concave orf  SV(h,l) if the above inequality is reversed.

The class oh-convex functions includes the classes of Godunova...Levin functidr® [
known asQ(l) (see [L5, 31]), sconvex functions in the second sensé][ known asK?2,
and p-convex functions [L5] known asP(l) (see [L3, 33]). Note that if h( )= , then all
nonnegative convex functions belong t8X(h,1), and all nonnegative concave functions
belong toSV(h,1). Also, ifh( )=1,h( )=1,andh( )= S wheres (0,1), thenQ(l) =
SX(h,1),P(I)  SX(h,1),andK2  SX(h,1), respectively. Note in this paper, the functioh
is assumed to be integrable on [0, 1].

The mappingM ; (t) For two real numbersa < b, consider integrable functionsf :
[a,b] Rand :[ab] R* {0} De“nethe mappingM ; (t):[0,1] Ras

mi(£,R) b
M, ()= f(x) (x)dx+ f(x) (x)dx,
a Mt(£,R)
where
my(L,R)=min L(t),R() , M¢(L,R)=max L(t),R(t) ,

whereL(t):[0,1] [a,bJandR(t):[0,1] [a,b]are de“ned as
Lt)=tb+(1..1)a, R@)=ta+(1..1)b

fort [0,1]. Note that

mi(£,R) b
M ) = f(x)dx+ f(x)dx,
a Mt(£,R)
where by 1 we mean 1.
We will frequently use the following lemma.

Lemma 1.1 Consider two functionsf[a,b] Rand :[a,b] R* { 0}.Also, forany
s [0,1],de"ne the bifunction A: [a,b] x [a,b] [a,b] as A(x,y) =sx+ (1..9)y for x,y
[a,b]. Thenforallt [O,1],
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(i) m(L,R)+M((L,R)=L{t)+R((t)=a+b;
(i) M¢(L,R).m(L,R)=|L(t)..R@®)|=]1...8(b..a);
(iii) f(m(L,R)+F(M(L,R))=[f LI +[f RI(t);
(iv) As(mi(L,R),M¢(L,R)) +As(M¢(L,R),mi(L,R))=a+b.
If is symmetric oria,b] with respect to%b, then:
(v) It is symmetric on the interval [m¢(L,R),M¢(L,R)] with respect to %b;
(vi) We have the following identities:

[ AS] mt(LrR)th(L!R) :[ AS] Mt(LvR)imt(LlR)

=[ AJLOREM) =[  AJ R(®),LO) ;

(vil) We have the following integral equalities:

mi(£,R) b asb Mt(L,R)
(x)dx= (x) dx, (x)dx= (x) dx.
a Mi(L£,R) my(L,R) ab

Proof The proof of (i), (iii), and (iv) is obvious, and for (ii), we can use the identities

min{X, y} = X*ty.dy.- x| 2|y | ,
and
maX{X,y} = %lyxl

For (v), supposa m(L,R) %b M¢(L,R) b,andsoforx [m¢(L,R),M((L,R)],
from (i) we have

mi(L,R)+M¢(L,R)..x = (@a+b..x)= (x),

since is symmetric with respect toizb. For (vi), we just need to consider the following
equalities:

[ A R().L()

stb+(1..t1)a +(1..9 ta+(1..t1)b
= tsbh+t(l..9a +(1..t) sa+(1..9b
= (1..t)sb+(1..9a +t sa+(1..9b

= sta+(1..t)b +(1..9 tb+(1..1)a

[ A L(1).R() .
Finally, for (vii), it su ces to use the change of variablee=a+b ..x and (i). O
By Lemmal.1we obtain the following basic properties for the mappiniy ; (t).

Proposition 1 Consider two functionsf[a,b] Rand :[a,b] R* { 0}.Then:
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(i) Forallt [0,1],
M,(t)=M;(1..1),

which shows that M ; (t) is symmetric on [a,b] with respect to %
(ii) For symmetric  on [a,b] with respect to %b and p,q  1with % + é =1, we have

Also, if mi(L,R) =L(t), then

1

M (1) tb.a) o f

NI -

and ifmy(L,R) = R(t), then

1

M (t) TAonb.a) b ot

NI =

(iii) Suppose that the function (f )(X) =f(X) (X) is convex on [a,b]. Ifmi(L,R) =R (t)
for somet [0,1), then the function f © is convex. Also, if mi(L,R) = L (t) for

11
M)
somet (0,1] then the function { is convex.

(iv) Suppose thatt and  are two continuous functions on [a,b). Iff is nonnegative

(nonpositive) on [a,b], then the function M  (t) is increasing (decreasing) on [0, %)
and is decreasing (increasing) on (% 1]. Also, M  (t) has a relative extreme point at
t= % If 0, then corresponding to any X  [a,b] \{ %b} satisfying

f(x)+f(a+b..x)=0,
there exists a critical point for M ; (t).

Proof (i) This is a consequence of the facts(1 ..t) =R (t) and R (1 ..t) = L (t).

(i) Sincem¢(L,R) %b M;(L,R), using Holderss inequalityd7] and statements (iii)

and (vii) in Lemmal.1, we obtain the following inequalities:

M (t)
mi(L.R) I mR) 3
f(x) P dx (x) dx
a a
b 3 b 3
+ f(x) P dx (x) Ydx
Mt(L,R) Mt(L,R)
m(LR) 3 m(LR) 3 b 3
= (x) Ydx fx) Pdx  + f(x) Pdx
a a Mt(£,R)
1 mMELR) 3 m(L,R) 3 b 3
= (x) Ydx fx) Pdx  + f(x) P dx
2 a Mt(£,R)

This proves (ii).
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(iii) We just prove the “rst part. Considering the changes of variabbe=ta + (1 ..t)u and

M

x =th+(1..t)uin two integrals ofH (t) = +t(t) we obtain that
b b

Hity= (f )ta+(L.Ox dx+ (f )tb+(1..0)x dx.

a a
Now for t;,t;  [0,1) and nonnegative , with + =1, we have

b
H( t1+ tp)= (f)(t1+ ta+ 1..(t1+ ty) x dx
a
b
+ (f ) (ti+ to)b+ 1..(t1+ ty) x dx
a
b b
= (f) tia+@.t)x dx+ (fw) tra+(1..1p)x dx
a a
b b
+ (f) tib+@.t)x dx+ (fw) tb+(1..t)x dx
a a
b b
(f )tia+ (@ ..t)x dx+ (f ) tb+(1..t1)x dx
a a
b b
+ (f )ta+ (1. to)x dx+ (f ) tob+(1..15)x dx

a a

= H(t)+ H(t).

(iv) It su ces to apply the following result, which is obtained by using Leibniz integral

rule [35] along with the fact that is symmetric on fa, b] with respect to &52:

1 dMy [ LIW{f LIo+If RIM)  t [0,3),
b.a dt LDORIOHE LIO+If RIOL t (4,2). 0

2 Generalization and re“nement of Fejéres inequality
The following result presents a new and generalized type of the celebrated Fejérss inequal-
ity in connection with h-convex functions.

Theorem 2.1 Consider two integrable functionsfla,b] Randw:[a,b] R* {0}
such that f is h-convex and is symmetric with respect tég—b. Forallt [O,1], we have
the following inequality

1 a+h MER
2

mt(L,R)

() dx @)

b
f(x) ()dx..M;(t)

[R(@)..LOI[f LIt)+[f RI1) ﬁﬁ)h x..R(t)
(L(t)..R() re  LEO)..R()
_IR®-LOIIF LIO+F RIM®D R“)h X..L(t)
(R(t)..L(1) cy RO ..LE)

(x)dx

(x) dx.
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Proof According Lemmal.1, we know that for anyt [0, 1], the function is symmetric
on the interval [my(L,R),M¢(L,R)] with respect to

mt(L!R)+Mt(L1R) — a+b
2 2

Sincef is anh-convex function on [a,b], this property is induced to (L ,R),M(L,R)]
foranyt [0, 1]. Soif we consider Theorems 3 and 5 id] in the case thatf is h-convex
on[my(L,R),M{(L,R)]and is symmetric oninterval pn:(L,R),M(L,R)] with respect
to 22, then we have

1 . mL,R)+My(L,R) ME&R)
2h(3) 2 mi(L,R)

M(L,R)
f(x) (x)dx

(x)dx

m¢(L,R)

M¢(L,R)..m(L,R) f m(L,R) +f M(L,R)

X lh(s)[ Ag mi(L,R),M¢(L,R) ds
0

Now statements (ii), (iii), and (v) in Lemmal.limply that

1 +b Mt (L, R)
o 222 () dx @
2h(§) 2 mt(£,R)
M¢(L,R)
f(x) (x)dx
mt(,C,R)

R()..L@®) [f LIO+[f RIY) lh(S)[ A L(1),R(t) ds
0

= R@M)..LA) [f LI+ RI®) lh(s)[ Ad R(),L(t) ds
0

By the de*nition of mapping M ; itis not hard to see that the following identity holds:

b Mt(L,R)
f(x) (x)dx... f(x) (X)dx=M (t) (5)
a mi(L,R)

forallt [O,1]. On the other hand, apply the changes of variable= A¢(L (t),R (t)) or
u=AgR(t),L (1)) intwo last integrals in @) and consider that

1 L0 x . .R(t)
- BRI Y d
LO-RO =o' LO.RO O ©
1 RO x..L(t) () dx.

“RO.LO o | RO.LO

Finally, by the above explanations and using)@nd (6) in (4), we get the desired resulf]
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Corollaries and remarks
Multiplying the inequalities (a consequence of the-convexity off and some statements

in Lemmal.l)
f ib :f As(mt(L!R)th(L!R))+AS(Mt(L1R)1mt(L1R))
2 2
h% f Asm(L,R),M(L,R) +f A¢M((L,R),m(L,R)
h % H(® f m(L,R) +f M((L,R)
=h 2 HE T L0+ RIO,

by[ Ag(mi(L,R),M((L,R)) (st [0,1]) and then integrating with respect to variable
s [0, 1], we obtain the following presentation of generalized Fejérss inequality:

1 a+b Mi(L,R)
2h(§)f 2 mem (x) dx .
b
f(x) (x)dx..M ¢ (t)
[f L) +[f RJ(t) MER) MUL.R) ..x
2 mi(£,R) Mt(L’R)mt(L,R) (X)dX
CIF LI+ RY(t)  MueR) X .m(L.R)
= 2 mi(L,R) M(L,R)..m(L,R) (x) dx,

whereH(s)=h(s) +h(1..s),s [0,1]. Since

M{(L,R) Mi(L,R)..x (x) dx
mi(£,R) Mi(L,R)..mi(L,R)

Mt (L, R)
P MULR)-X g gy,

mi(£,R) Mt(L,R)mt(L,R)

we conclude that 8) and (7) are equivalent, and the di erence is in presentation and con-
sequences.

Inequalities @) and (7) generalize many Fejér-type inequalities obtained fbrconvex
functions in the literature. In these inequalities, takindi(s) = s ( (0,1]), h(s) = %
(s (0,1)),h(s) =1, andh(s) = s, we obtain generalized Fejér-type inequalities feiconvex
functions in the second sense, Godunova...Levin functiddgunctions, and convex func-
tions, respectively. However, setting(s) = sin (3) and (7), we get the following inequalities,

respectively:

+b  MELR)
f aT (x) dx )

m¢(L,R)

bf(x) ) dx ..M (t)

Page 7 of 28



Page 8 of 28

Rostamian Delavajournal of Inequalities and Applications  (2023) 2023:42

[f LIO+[f RIt) 7O
[R(t)..L(t)| 0 x..L@E) ()dx

_[f LI +[f RIE) L0
~ LM R RO X R()  (x)dx,

and
a+b MER) b
f a2 ®dx  fx) ®dx..M (1) 9)
2 meR a
[f LIt+[f RI) MR (x) dx.
2 m(LR)

Inequality (8) is a new generalized Fejér-type inequality, and inequali§y) s a straight

generalization of the classic Fejérss inequality related to the convex functions.
Inequalities 8) and (7) coincide forthecase 1. However, this gives anew generalized

form of the Hermite...Hadamard inequality related to the classkefconvex functions and

its subclasses as well (see al&7][33, 46, 47)):

1 +b 1 Mi(£.R)
a f (x) dx (10)

2h(%) 2 (b..a)]1...¢ me(L,R)

[f LIt +[f RIt) 1h(s)ols
0

[ LOT RIO 'y o
2 0

Ifwe sett=0,1in @) (M (0) =M ; (1) = 0), then we recapture the following Fejér-type
inequality related to theh-convex functions obtained in 4]:
b b

1 +b
2h(%)f aT S () (90X

(11)

(b..a) f(a)+f(b) lh(s) sat+(1..9b ds
0

and also with this assumption inT), we obtain a nevh-convex version of Fejéres inequality:

1 atb P b
T(%)f > ) (x) dx . f(x) (x)dx (12)
f@+f(b) °  b.x
2 aH b..a () dx
:f(a);f(b) abH L2

Taking 1in (11) and (12), we recapture the following result obtained in46):

1 a+b 1 b 1
2h(%)f 5 ™ af(x)dx f(a) +f(b) Oh(s)ds,

which is the Hermite...Hadamard inequality related teconvex functions.
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Now forn N,n 3, consider the following relations:

a:a+(n...1z)1 b+(n...1a:a+(n...]l)+n...%a“b) at+(n...1

b,
n n n n

n
and

a+(n...1a+ b+(n...1a

n n

X = (@a+b.x)= (X,

showing that  is symmetric on [ + 8017 \yjth respect to 2. So if we set = 2
in (3), then we have

f — d 13
FG 2 ses O (13)
a+(2{.1b
o2 f(x) (x)dx
n"'%b..a)f b+(n...1a ot at(n...1H
n n n

y olh(s)[ Ad b+(nn...1z),a+(n...]l)

ds
n
and also in {7), we have
1 + a+r:]
g 2rb () dx (14)
2h(3) 2 b(n...13
a+(r|11---11)
. f(x) (x)dx
f b+(n...1a +f a+(n...1H éiﬂ%;!@ .
)+ 1) ho_n bex 1ok
2 br(n...1p n..2 b.a n

Inequalities (L3) and (14) cover many Hermite...Hadamard-type and Fejér-type inequali-

ties of this kind for alln 3. For example, considen = 3,4 andh(s) = sin (13) and (14) to
obtain the following Fejér-type inequalities:

at2b at2b
a+b

; =3 ==
T b+2a (X) dX b+2a f (X) (X) dX
3 =3
at2b
b+2a ot a+2b 3 (x)dx
3 3 b+2a !
=3
and
a+3b a+3b
a+b 4 N
f > - (x)dx - f(x) (x)dx
= ==

e +1E)

b+3a
2 bisa

(x)dx.
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Inequalities of this kind of can be found in12, 53, 54] and references therein. For dif-
ferent types ofh(s), , andn >4, we may obtain many inequalities of Hermite...Hadamard
and Fejér types.

In a more particular case, if we consider 1 andh(s) = ssimultaneously in 8) and (7),
then we have the following result:

a+b 1 mt(£,R) 1
L 0 AL men O I HO R (15)

fort [0,1]\ 1, which is a new presentation for Hermite...Hadamardss inequality depen-
denton variablet. In particular, fort = 0, 1, we recapture the classical Hermite...Hadamard
inequality. Also, foranyn  N\{ 1, 2}, we obtain that

¢ arh A e 0dx
2 (b..a)n...2) .2
}f b+(n...1a of a+(n...1p |
2 n n

which gives a Hermite...Hadamard-type inequality dependingn
We continue that for “xed t [0, 1] andx [a,b], the function

)= M(L,R)..x x..m(L,R)

is symmetric on jn¢(L,R),M(L,R)] with respect to %b Also by Lemmal.1, we obtain
that (the details are omitted)

MER) 1..93b..a)°
M¢(L,R)..x x..m(L,R) dxzw
mt(£,R) 6

and
1 1
h(9[ Ag L(t),R(t) ds=|1...9%(b..a> h(91..9ds
0 0

So iff is anh-convex function on [a,b], then according to Theorem2.1, we have the fol-
lowing Hermite...Hadamard-type inequality fdi-convex functions:

1 a+b 1 M(£R)
12n¢i) 2 11...23b..8)3 mcr)

f(x) M¢(L,R)..x x..m¢(L,R) dx

1

[f LIO+[f RI() hgl..9ds
0

In the particular case oh(s) =sandt =0, 1, we have

a+b 6 b f(a)+f(b)
f = o, fX)(b..x)(x ..a) dx —

which was obtained in 1L1] for convex functionf de“ned on [a, b].
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Finally, for a convex functionf : [a,b] R, by the de“nition of M }(t), applying some
suitable changes of variable in integrals and using Lemnialj, we obtain the following

inequality:
1
f %b s H@ )

bf(x)dx...t...% [f LI +[f R]®)

a

1 b
nM M) t(2..1) f(@)+f(b) +2max t? (1..t)° f(x) dx,

. a
which gives another re“nement for the classical Hermite...Hadamard inequality. We en-
courage the interested reader to work on other particular cases of inequalities obtained in
this section and compare the results with previous ones in the literature.

3 Fractional integrals
In this section, we introduce a new class of fractional integrals. Investigating its proper-
ties is the subject of our next works. Here we just consider some particular cases, which
are known types of fractional integrals in the literature (se@0, 25, 28, 42, 44]) and “nd
some Hermite...Hadamard-type inequalities for them by using generalized Fejér inequality
obtained in the previous section.

For t [0,1]\ { %}, consider a bifunction G : [mi(L,R),M{(L,R)] x [m(L,R),
M¢(L,R)] R* { 0} and de“ne the following class of fractional integrals:

X

Fmyery [F1(X) = G, wf (u)du, x>m¢(L,R),
m[(,C,R)

and

Mt (L, R)
Fwmee,r)-[F1(x) = G(x,u)f (u)du, x<M(L,R),

X
if the above integrals exist.
Now we discuss three special cases B, (c,z)*[f1(X) and Fu, . r)-[f](x) and obtain
some results in connection with Theoren2.1
(1) For >0, considering

1 1...
G(x,u)=—exp ..——|x..u] , x,u m(L,R),M{(L,R),

in Fmyz,m)+ [F1(X) and F v 2,7)-[F1(X), we obtain the following class of fractional integrals:

1 X 1..
I mee.ry [F100) = — exp ..——(X..u) f(u)ydu, x>m(L,R),
mt(£,R)

and

MH(£R) 1..
Iveemy- 100 = — exp .——(U..x) f(u)ydu, x<M(L,R),

X



Rostamian Delavajournal of Inequalities and Applications  (2023) 2023:42 Page 12 of 28

which generalizel _.[f](x) and |, [f](x), presented and discussed ir2] (considert =0, 1
and (0,1) in the above integrals).

To obtain Hermite...Hadamardes inequality related to the classl%(ﬁﬁy[f](x) and
I vy »y-[F1(X), in Theorem2.1, consider

1 1.. 1..
X)=— exp ..— M((L,R)..x +exp ..— x..m(L,R)

forx [mi(L,R),M(L,R)]and also

(1...)I1 ... %(b..3) 1

®=.. t oy 3.

Obviously, is a nonnegative function, and using Lemma.], it is not hard to see that
M(L,R)..x=a+b.x..m(L,R)andx..m(L,R)=M¢(L,R)...4+b..X). So

1 1.. 1..
X)=— exp ..—— M{(L,R)..x +exp ..—— x..m¢(L,R)
1 1..
=— exp ..—— a+b.x..m(L,R)
1..
+exp ..—— M((L,R)...&+b..Xx)

= (a+b..x)=w mi(L,R)+M(L,R)..x,

which implies that is symmetric on (L ,R),M(L,R)] with respect to %b It follows

that
My(£.R) 2 1.
()dx=—"— 1.exp ..~ My(L,R)..m(L,R) (16)
:% 1..exp 1— 1...8(b..a)
2
=T 1...¢xp ](t)
Also,
b
f) Qdx..M ¢ (t) =1 cr)[fl Mi(L,R) +1y g [f] m(L,R),  (17)
and again by Lemmd..1
1h(S)[ A mi(L,R),M¢(L,R) ds (18)
0
P LD PR
0
1 1

H(s) exp (s ) (t)ds
0
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Finally, from (16)...18) we have

1...¢xp ](t)f a+b
h(%)(l en) 2
Imt(ll,R)*[f] Mi(L,R) +I Mt(ﬁ,R)--[f] m(L,R)

[1...980..a)[f Lt)+f R@E)] *
. H(s) exp (s ) (t)ds

(19)

fort [0, 1]\{ %}, which is theh-convex type of Hermite...Hadamardes inequality in con-
nection with this class of fractional integrals. In particular, if we séti(s) = sin (19), then
from the fact that

' exp (s) (t)ds=
0

@i ab.a ¥ 10

we obtain

f %b (20)

(Lo e IIMUL L R + 1y oy IFI(M(L L RY)]
21 ...¢xp (1)
f LA+ R()
2

fort [0,1]\{ %}, which gives a convex type of Hermite...Hadamardss inequality in con-
nection with | m (LR [f1(M{(L,R)) andl Mt(L,R)--[f](mt(L ,R)). In amore particular case
fort =0, 1 in (20), we obtain

atb  (1..)[f(0)+1,f@)] f(@)+f(b)
2 2(1 ..exp(.. L2002y 2

which was obtained in 2] (Theorem 1). Finally, letting 1-in (20), we recapture 15),
since

. 1.. _ 1
121 .exp ()IM) 20..a)1..9’

forallt [0,1]\{1}.
(2) In Fmt(L,R)’f[f](X) and FMt(ﬁ,R)---[f](X) for >0, consider

G(x,u):%|x..u| =~ xu  m(L,R),M{(L,R) .

So we obtain the following generalized Riemann...Liouville fractional integrals:

(x..u) ~¥fu)du, x>m(L,R),
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and

M¢(L,R)
JMt(ﬁvR)“f(X):ﬂ (U .X) *(U)dt, Mt(L,R)<X.
X
The fractional integrals] mt(£,R)+f (x) andJ M[(E’R)_,,f (x) in the particular cases =0, 1 re-
duce toJ.f(x) and J, f (x), respectively, which are known as the Riemann...Liouville frac-
tional integrals in the literature. Now in Theorem2.1consider

— (M{(L,R) ..x) -1y (x..my(L,R)) 1

) ® ,

mt(L,R),Mt(L,R) .

By using Lemmal.1it is not hard to see thatw is symmetric on jn;(L,R),M(L,R)] with
respect to%b and also is nonnegative. Also, the following results hold:

Mt(£.R) _2(My(L,R)..m¢(L,R)) _2(..a)|1..%
mery O (+D  (+D
b
f) dx..M¢ (1) =J i cry[fl Mi(L.R) + Iy cr)-Ifl m(L.R),

a

and
1 1 1
h(9[ Ag mi(L,R),M(L,R) ds= M(L,R)..m(L,R) ™ H(9s ~ds
0 0
The above results altogether imply that
a+b
—f — 21
D) 2 (21)
(+1)
m Jmt(ﬁ,R)+[f] Mt(L,R) +JM1(£,R)“[f] mt(L,R)

f LE)+f R(t) lH(s)s---lds
0

fort [0,1]\{ %}. In the caseh(s) = s, from (21) we get the following inequality, which is a
generalization of inequality (2.1) obtained ir4g]:

athb ( +1)

2 2b..a) |1...¢
f L@A)+f R()
—

f

I mery [F1 ML R) + 3y 25y [F] m(L,R)

Also, for =1, we obtain a generalization of inequality (2.1) presented |:

1 g oab ! P iax f Lo+ RO hEd
X) dx L(t) + R(t s)ds
) 2 0L 8 mer 6

Furthermore, fort =0, 1 in (21), we have the following Hermite...Hadamard-type inequal-
ity via Riemann...Liouville fractional integrals, which is comparable with inequality (6) in
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[56]:
1 . a+b ( +1) '
@ > b2 J o+ [f1(2) + 3, [f](b) f(a) +f(b) . H(9s 'ds
Also, for
_ _a+b _u.&p| -l
=G 5 u = O u [ab],

inF m (LR [f1(x) andF MI(LR)“[f](x), by Theorem2.1we have another inequality related
to the classical Riemann...Liouville fractional integrals with respect to the midpoint of the
interval [a,b]:

1 a+b ( +1) a+b a+b
2hl) 2 (b..a) Jolll == +Jalll ==

1 1 1
f(a)+f(b) . h(s) 5"5 ds

Now for the particular caseh(s) = s, we get

a+b 21 ( +1) a+b a+b  f(a)+f(b)

f = oo x5 el 5 o

which is equivalent to inequality (2.1) (obtained for positive functions) irf].
(3) If we consider

G(x, u)—ﬂ|x .ul - T

y X,u mt(LvR)aMt(LvR) ’

iN Fmyery [F1(X) and Fyz.z)-[f1(X) for >0, >M(L,R)..m(L,R), and 0, then
we obtain the following class of fractional integrals, which in the particular case 0, 1
have been presented and discussed #] as operators with power-logarithmic kernels:

1 X

Km’t(L’Rr[f](x):ﬂ mI(m)(x..u) Y VT f(u)ydu, x>m(L,R),
and
1 Mt(L,R)
KM’t(t:,R)-lf](X):ﬂ ) (u..x) ln — f(uydu, x<M(L,R).

Here we obtain a Hermite...Hadamard-type inequality for fractional integra‘lgil[f](x)
and Kail[f](x) as a particular case of the above fractional integrals. For any [m(L,R),
M¢(L,R)], de“ne

(Mi(L,R)..x) -

) = R) %) In(rzmyx) * - mi(L,R)) -+ in(

()

X..mt (L, R))
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The function wis nonnegative onin;(L ,R),M(L,R)] and symmetric with respect to%b.
Also, we have the following results:

Mt(£,R) _ 2(My(L,R) ..my(L,R)) 1
I (+1) " MR .mL.R)
b

f(x) (X)dx..M f(t):Km‘tl(L’R)J,[f] M(L,R) +KM'tl(L,R)..[f] mi(L,R) ,

a

and

lh(s)[ A R(t),L(t) ds
0

_(M{(L,R) ..M{(L,R)) =% 1
- ®) o MO R o mLR) %
So from Theorem2.1we have
1, atb | 1
hd) 2 " MdL,R).m(L,R)

(+1)
(Mi(L,R) ..m(L,R))

Kn;}ww[f] M(L,R) +K,\,;11(L’R),_[f] my(L,R)

1
f LE)+f R() . H(9)s ~in sM¢(L,R) ..m¢(L,R)) as

fort [0,1]\{ %}. Now if we seth(s) = sin the above inequality, then we get

a+b ( +1)
2 20.a) [1..7 R
[f L@®)+f R@)]
5 :

f

Kn{tl([:,Ry[f] M¢(L,R) +K|v|'tl(z:,7a)---[f] mi(L,R)

whereR = In(gzmrg) * 1 In the particular case ot =0, 1,

a+b ( +1)

f
2 2b..a) R

f(a) +f(b)

K, f1(b) + K, f1(a) 5

Finally, we recommend the interested readers to studg(, 25, 28, 44] and references
therein to get more inequalities and results.

4 Re"nements for Hermite...Hadamardes inequality by monotone functions

In this section, we obtain some re“nements of Hermite...Hadamardes inequality by using
fractional integrals discussed in the previous section, provided that the considered func-
tions are nonnegative and monotone. We focus on the Riemann...Liouville fractional in-
tegrals, but results can be extended to many classes of fractional integrals. We need the
following result, which is a consequence of Theorem 1 itt][(see also§, 22]).

Theorem 4.1 If f; and f, are nonnegative increasing functions ¢® 1], then

1 1 1
fi(x)dx  fr(x)dx f1(X)f2(x) dx.
0 0 0
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Here we give some re“nements for Hermite...Hadamardes inequality by using fractional
integrals forh-convex functions.

Theorem 4.2 Supposethatf [a,b] Risanintegrable h-convexfunctionandt [0, 1]\

{3}. Then
(i) For 1, we have the following inequality for nonnegative and increasing f:
1 +
g 2rh 22)
2h(3) 2
1 Mt (L, R)
_— f(u)du
|1ﬂ(b.a) me(£,/R) ( )
( +1)
A8 (0.3 Jmer)y [fl Mi(L,R) + 3y 2y If] mi(L,R)
f L@)+f Rt) *
0

(i) Forany >0, we have

1 a+b
T(%)f —5 (23)
¢J [f] M{(L,R) +J [f] m(L,R)
2.9 (b..a) ~ MR Mi(£R)-LL TR
Mt (L, R)
_ f(u) du.
1808 men W
Proof Itis clearthata m¢(L,R) M(L,R) bforallt [0,1].So
f sm(L,R)+(1..9M(L,R) h(9f m(L,R) +h(1..9f M(L,R) ,
and
f sMi(L,R)+(..9m(L,R) h(9f M((L,R) +h(1..9f m(L,R) .
From these inequalities we have
f sm(L,R)+(1..9M((L,R) +f sM(L,R)+(1..9m(L,R) (24)

H(9 f m(L,R) +f M(L,R) .

Multiplying both sides of (24) by s -1 integrating the resulting inequality with respect to
variablesover [0, 1], and using Theorend.1, imply the following result:

1 1
sMds.  f sm(L,R)+(1..9M(L,R) ds
0 0
1 1
+ s-Mds-  f sM(L,R)+(1..9m(L,R) ds
0 0
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ls ¥ sm(L,R)+(1..9M((L,R) ds
0

1
+ sF sM(L,R)+(1..9m(L,R) ds
0

1
f m(L,R) +f M{(L,R) s ~H(9)ds
0
Using the changes of variabla = sm(L,R) + (1 ..9M¢(L,R) andu =sM;(L,R) + (1 ...
s9m(L,R), respectively, in the above integrals, we obtain that

2 Mt(L.R)

M{(L,R)..m(L,R) mycr)

f(u)du

(Mi(L,R)..mi(L,R))

Mt(L,R) Mt (L, R)
x M((L,R)..u “F(u)du+ u..my(L,R) “F(u)du
mt (L, R) mt (L, R)

f m(L,R) +f M((L,R) lH(s)s ~Ids
0

Now sincef is h-convex on m¢(L,R),M¢(L,R)], by the left part of (10), Lemmal.1, and
the de“nition of J,, - )+ [fI(Mt(L,R)) andJ - »).IfI(Mi(L,R)) we have

1 a+b
1f -
2h(d) 2
1 Mt (L, R)
f(u)du
ML R) ILR) micry
(+1)

Z(MI(L,R)mt(L,R)) ‘]mt(ﬁ,R)"'[f] Mt(LaR) +'JM((£,R)---[f] mt(LvR)

f L{t)+f R(t) !

5 . H(9s ~ds

which is equivalent to inequality 22). It follows that

f a+b —f mt(L,R)+Mt(L,R)
2 2
:f As(mt(L!R)th(LiR))+AS(MI(L1R)1mt(L1R))
2
h % f As m(L,R),M((L,R) +f As M{(L,R),m(L,R)

Multiplying the above inequalities bys ~*and then integrating with respect to variable
sover [0,1] lead to

1 1 1
£ A0 s h Y E ACMULLR).M(LLR) s ~ds
0 2 2 9
1

+ f Asmy(L,R),M{(L,R) s 'ds
0
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1

h f As Mi(L,R),m(L,R) ds

1
2 9
1
+ f AS mt(L,R),Mt(L,R) ds .
0

This implies that

(Mt(L,R).(.J‘T)1t(L,R)) Imery I MULRY * Iy LT mdL,R)

5 M{(£,R)
M¢(L,R).m(L,R) mcr)

f(u)du,

which is equivalent to inequality 23). O

From Theorem4.2we have the following re“nement forh-convex version of Hermite...
Hadamardes inequality.

Corollary 4.1 Suppose that f. [a,b] R is a nonnegative increasing h-convex function
and integrable orfa,b]. Considert [0, 1]\{ %} and 1.Then

1 a+b
2h(%)f 2 (25)
1 Mt (L, R)
S f(u)d
1. 802 mer (u)du
( +1)
m ‘]mt(L,R)*[f] Mt(L,R) +'JMt(L',,'R)“'[f] mt(L,R)

Mt(£L,R) 1
L8308 men W0 LO RO hgds

Remarkl (i) If h; and h; are two nonnegative decreasing functions de“ned on [0, 1] with
upper boundsB; and By, respectively, then the function®; .. h; andB; .. h, are nonneg-
ative increasing functions de“ned on [0, 1]. So we have that

1 1 1
B; ..hi(x) dx B, ..hy(x) dx B..hi(x) B..hy(X) dx,
0 0 0
which with some calculations gives
1 1 1

hi(x)dx  hy(x)dx hy(X)ha(x) dx.
0 0 0

This implies that inequality 5) can be obtained iff : [a,b] R is a honnegative upper
bounded decreasingp-convex function,0<  1,andt [0, 1]\{ %}.
(if) Multiplying both sides of (24) by the nonnegative increasing function

g(S) =exp 1—S Mt(L,R) m[(L,R)
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for“xed t [0, 1]\{ %}, integrating the resulting inequality with respect to variablsover
[0, 1], and using Theoren#.1, we obtain the following re“nement of (L9):

1 a+b
~f —
2h(3) 2
1 Mt (L, R)

S S d
1. 808 men f(u)du

m I mt(ﬁuR)+[f] Mt(LvR) +1 Mt(ﬁvR)"-[f] mt(L,R)
f f 1
[exp (;()t) 1 L(t); RO . H(s) exp (s) (t)ds

In the caseh(s) = s, we have the following re“nement of Hermite...Hadamardes inequality
by using another kind of fractional integrals:

1 Mt (L, R)
f ath f(u) du
2 |1ﬂ(bﬂ) mi(£,R)
1.

m Imt(ﬁ,R)+[f] Mt(L,R) +| Mt(ﬁvR)“'[f] mt(L,R)

fLO+f R()
—

If we let 1+, then we recapture 15).

5 Gamma and beta functions
In this section, we present some inequalities and results related to gamma and beta func-
tions. Especially, considering appropriate functions in Theorethlalong with some cal-
culations, we give a simple proof of the well-known Stirling formula as well.

The Euler integral of the second kind, i.e., gamma functio8][ is de“ned as

)= t“ktdt, Re(x)>0.
0

Consider the functionf(xX)=1In (x),x (0,+ ), which is convex ( (x) is log-convex). To
see this (see als@®]), we have

() ) CON?

( 2 0

(In ) ¥)=
which follows by using the Cauchy...Schwarz inequali2] for
f,g = . f(gMt*etdt f(t)=In(t),g 1
and the fact that

Mxy=  t®tint) "dt  (nth derivative).
0
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Now in Theorem 2.1, considerh(s)=s,t=0,1,b=a+1fora (0,+ ), anda symmet-
ric function :[a,a+1] (0,+ ) withrespecttoa+ % Then we obtain the following
inequality:

1 1 —_—
a+ 2 eXp ()In (x)dx (@ (a+1), (26)

a

a+l

whereK = 7

(x)dx. In the particular case 1, by the Raabe formula3g]

a+l -
In (X)dx=In 2 +aln(a)..a
a

and inequality £6) we have
__ g ¢ -

a+ - 2 o (@ (a+1) (27)
foralla (0,+ ). By applying Wendelss inequality %8])

a+s as (a)

in (27) for s= £, we get

Ta  (a+3) 2 a@y

at; az (@  (@+1

(28)

So we can extract two results from inequality2@) by using the squeeze theorendll]. The
“rstoneis

(@+y) _,
a a2 @

and the second is a generalization of Stirlinges formulbg

a

(@a+1l) 2 a asa

ol

For the casea N, we recapture the classic Stirling formula:

a

al asa

N
)
oo

The Euler integral of the “rst kind is known as the beta functiong]:

(x,y) = ltX---’(l LI 4dt,  Re(x)>0,Re(y) > 0.
0
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To obtain some results in connection with beta function by Fejérss inequality, consider

f(x)=(x..m(L,R)), O<my(L,R) x M(L,R),r [1, ),
P... P...1
(x) = MLERIZIMELI 0<me(L,R) X Mi(L,R),

h(s) =&, 0 k 1,5>0,

where 0<a<b,p>0, andt [0,1]\{ %}. From Example 7 in $7] we deduce thaff is an
h-convex function on [m;(L,R),M(L,R)]. Also, itis not hard to see that is symmetric
on [my(L,R),M¢(L,R)] with respect to %b The following results hold:

Mt(L,R) 1
)dx= M((L,R)..m(L,R)”* xP-{1..x)PYdx
mt(L,R) 0
= M((L,R)..mi(L,R) ** (p,p),
b Mt (£, R)
f(X) (Qdx..M;(t)= f(x) (x)dx
a mt(L,R)
_ (M(L,R) ..my(L, Ry B
ST MMLR) LR o XX
= M(L,R)..m(L,R) """ (p,p+r).
Also,
f %b - %b..mt(L,R) - M‘(L’R);m‘(L’R)..mt(L,R)

_ M(L,R) ..my(L,R))
= > _

Note that by Lemmal.1we have
[f LIO+If RI®= M(L,R)..me(L,R)".
It follows by some calculations that

[ A L(t),R() ds
= SL(@t)+@..9R(t)

_(M(LLR) () + (1 9RM)PHSL () + (L 9R (D) .. my(L,R))P-2
(M¢(L,R) ..m¢(L,R))P

= Me(L,R)..me(L,R) P &A1 ..9°)

and so

lh(s)[ AJd L@),R(t) ds= M(L,R)..m(L,R) "? 1s,k+P---J(1..s)P---lcls
0 0

= M(L,R)..m(L,R) "% (k+p,p).
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Finally, by the above results and Theorei1we obtain that

1 (Mt(L,R)mt(L,R))’
2(3)< z

Mi(L,R) ..me(L,R) P (p,p)

M¢(L,R) ..m(L,R) " (p,p+T)

r+l

M¢(L,R)..m(L,R) "™ My(L,R)..m(L,R) ** (k+p,p),

which implies the following inequalities related to the beta function:

21 pp) t (pp+n)+@.0D2(pp)  (pp+r)  (K+pp) (29)
fort [0,1\{3},0 k 1,andr [1, ).

Remark2 For the case thaf (x) = (M{(L,R) ..x)", with the same argument as above, we
recapture @9) because (p,p+r)= (p+r,p).

In particular, if we setk =1 andt =0, 1, then we get

> e G A+pp=, Op) (30

forp>0andr [1, ).From (30)and the characterizatiorB(x,y) = ~%-8) we obtain that

1 @p) (p+r) 1

2 (P) (p+r) 2

forp>0andr [1, ).In a more particular case, for anp > 0, we have the following
result:

2B @D= @) e+

6 Special means and random variables

In this section, we discuss a generalization of the well-known inequality including the
arithmetic and logarithmic means by using our results in Se&. Also, we give some upper
and lower bounds for the expected value of random variables.

6.1 Bounds for generalized logarithmic mean
For a,b> 0 anda=Db, there are two well-known means:

a+b . .
A(a,b)= — arithmetic mean,

br+1 ar+1 %
L (a,b) = m , r R\{...1,p generalized logarithmic mean.

Considerx [a,b] and de“ne
f(x)=x", n (..,...1) (...1,0] [1, ),

h(t) =tP, p 1
)=(x..22% k N {0}
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According to Example 7 in 7], f is h-convex, and also, obviously, is symmetric with
respect to%b. According to Theorem?2.1, we get to the following inequalities:

a+b " MER)  g4p X
op1 870 x. 222 gy (31)
2 mu(L.R) 2
b 2%
a+b
X" —— dx.M(t)

a
2k

L) ..R® L®"+ R " Olso As L)LR (1) %b ds

We consider two cases for Fak N { 0}.
(i) In the casek =0 in (31), we obtain that

op..1 8FD "ML R)™ L me(LL R)™E (L)) + (RO
2 (n+1))1...8(b..a) p+1

which implies that

AL ), RO (32)

2P--1AN(a, b) Ly me(L,R),M¢(L,R) D+l

Inequality (32) includes some new bounds for the generalized logarithmic mean by the
arithmetic mean. In particular, forp = 1, we have

A'@,b) L" m(L,R),M(L,R) A L@®)", R(t)". (33)

Furthermor,e fort = 0, 1, we have the following result, which is known in the literature
(see also14)):

A'(a,b) Lj(a,b) A a"b". (34)
(i) For the casek > 0, by some calculations (the details are omitted) it follows that

Mt(L,R) a+b 2k dx = 22|L(t) ..R(t)|2k+1

X... = ,
my(£,R) 2 2k +1
b 2
a+b
X" Xo——  dx..M(t)
a 2
Mi(£.R) atb *
= X" X..——  dx
mu(LR) 2

1) ok DML, R L my (L, R)™]

- i i+l
=0 22kL 121 n+ I)

2k..1

Mt(L,R) mt(L,R)

2k!

+
K+l
21 (n+1)
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and

1sp[ AJ L(t),R(t) ds

0
1 2k

— 2k
=|L ..R| §’ S.. >

2.1 qiylyk.i i .
- L.Re* X J‘OJ(ZK"‘)+ 2

I+1 2k+1
i=0 2P+ T +1)

where in the casd = 0, we use the equality J-":'01(2k ..J) = 1. So we obtain the following
discrete-type inequality, which gives a re“nement and generalization of inequaliBAJ:

2p...R+1 a+b n

2k+1 2
2k1(1|) }':'dJ(Zk..j)[Mt(L,R)m“i m(L R)n+1+i]
2<HL(t) . R@)[* H(n+1)

i=0
. 2k!
IL@© RO X+
) I O ) € s ¢ ) 2k!
L) "+ R(t) ~ '+1(p+|) 2k+1(p+|)

6.2 Bounds for the expected value of random variables

ForO<a<hb,let :[a,b] [0,+ ) be acontinuous probability density function related
to a continuous random variableX symmetric with respect to %2 a+b . Also, forr R and
t [0, 1], de“ne the generalized expected value of random varlaMeas

M¢(L,R)

E{(X) = X (x)dx,

m¢(L£,R)

where the integral is assumed to be “nite.
If we considerf(x) =x" forr 1 andx [a,b], then from remarks and corollaries after

Theorem2.1we have

1 a+b ' MR

—_ == d
2@ 2 mew O
E(X)
. p MUER) x..my(L,R)
m¢(L,R) + M¢(L,R) . M{L.R).m(L.R) (x)dx
= m(L,R) "+ M{(L,R)" men ML R) .. X (x) dx,

mt(L£,R) MI(L!R)mt(LvR)
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which generally gives bounds for the generalized expected value of random varible
Now in the particular caseh(s) = s, we get

Mt(L,R)
A'(a,b) (x) dx a5
mt(L£,R)
(ML, R)) + (M(L,R)) MER)
Mi(L,R)..m(L,R)  mrw)
_ (ML, R)) + (M(L,R))y MiER)
 M(L,R).m(L,R)  mw)

_ (m(L,R)) + (M(L,R)) Mt(£,R)

MR mLR) B0 mLR) (o

(ML, R)) + (My(L,R)yr  MER)
© M(L,R).m(L,R)  mr)

EL(X) x..m(L,R) (X)dx

M¢(L,R)..x (X)dx

M(L,R) (x)dx..EL(X) .

Since

Et(x)_a+b Mt(L,R) (x)dx—mt(L’R)JrM‘(L’R) Mt(£,R)
1 2 mR) 2 MLR)

(x)dx,

from (35) we obtain the following interesting result:

Mt(L,R)
A'(a,b) (x) dx
mi(L£,R)
Mt (L, R)
E(X) A m(L,R)", M{(L,R) ' (x)dx.
mi(L,R)

By taking 1 we recapture inequality 3).
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