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1 Introduction

The famous Banach contraction in metric spaces (MS) has paved the way for a new dawn
in metric fixed point theory, which is proven to have many applications in inequalities,
approximation theory, optimization, and so on. Researchers in this area have introduced
several new concepts in MS and obtained a wealth of fixed point (FP) results for linear and
nonlinear contractions. Recently, Noorwali and Yesilkaya [15] introduced a new notion
of hybrid contraction, which combined and unified some existing linear and nonlinear
contractions in MS.

On the other hand, Mustafa [11] introduced an extension of MS by the name, generalized
MS (or more specifically, G-metric space (G-MS)) and proved some FP results for Banach-
type contraction mappings. This new generalization was brought to limelight by Mustafa
and Sims [14]. Subsequently, Mustafa et al. [12] and several other authors (see, e.g., [1,
5, 6, 10, 13, 17, 18]) obtained some remarkable FP results satisfying certain contractive
conditions on G-MS. However, Jleli and Samet [7] as well as Samet et al. [19] published
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observations that most of the FP results in G-MS are direct consequences of existence
results in MS. In fact, Jleli and Samet [7] noted that if a G-metric can be reduced to a
quasi-metric, then the related FP results become the known FP results in the context of
quasi-MS. Motivated by the latter observation, many investigators (see, e.g., [4, 8]) have
developed techniques for establishing FP results in G-MS that cannot be followed from
their analogue ones in ordinary or quasi-MS.

Following the existing literature, we realize that hybrid FP results in G-MS have not
been sufficiently investigated. Hence, motivated by the ideas in [4, 8, 15], we introduce a
new concept of Jaggi—Suzuki-type hybrid (G-a-¢)-contraction in G-MS and prove some
related FP theorems. An example is given to demonstrate the validity of our result and
to show that the main ideas obtained herein do not reduce to any existence result in MS.
Some corollaries are presented to show that the concept proposed in this paper is an exten-
sion and generalization of some well-known FP theorems in G-MS. Additionally, Ulam-
type stability and well-posedness of this type of hybrid contraction are established and
analyzed. Furthermore, one of our obtained corollaries is applied to establish novel exis-
tence conditions for the solution of a class of integral equations. For further research and
extension of our results, an open problem is highlighted concerning discretized popula-
tion balance model, whose solution may be analyzed using our established techniques.

2 Preliminaries
In this section, we present some fundamental notations and results that will be deployed
subsequently.

All through, every set @ is considered nonempty, N is the set of natural numbers, R
represents the set of real numbers, and R, the set of nonnegative real numbers.

Definition 1 ([14]) Let ® be a nonempty setandlet G: ® x & x & — R, be a function
satisfying:

(Gy) G(r,s,t)=0ifr=s=¢

(G3) 0<G(r,r,s) forall r,s € ® with r #s;

(G3) G(r,r,s) <G(r,s,t) forallr,s,t € ® with ¢ #s;

(Ga) G(r,s,t)=G(r,t,s) = G(s,r,t) = - - (symmetry in all three variables);

(Gs) G(r,s,t) <G(r,a,a) + G(a,s,t) for all r,s,t,a € P (rectangle inequality).
Then the function G is called a generalized metric or, more specifically, a G-metric on P,
and the pair (¥, G) is called a G-MS.

Example 1 ([12]) Let (®,d) be a usual MS. Then (®, G,) and (®, G,,) are G-MS, where

Gp(r,s,t) =d(r,s) +d(s,t) +d(r,t) Vr,s,te®, (1)
Gu(r,s,t) = max{d(r,s),d(s, t),d(r, t)} vr,s,t € . 2)
Definition 2 ([12]) Let (®,G) be a G-MS and let {r,},cn be a sequence of points of ®. We
say that {ry}ren is G-convergent to 7 if limy,,—, 00 G(7, 74, 1) = 0; that is, for any € > 0, there

exists x9 € N such that G(r,r,, 1) < €, Vx, m > x. We refer to r as the limit of the sequence

{rx}xeNo

Proposition 1 ([12]) Let (®,G) be a G-MS. Then the following are equivalent:
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(i) {rx}xen is G-convergent to r.
(ii) G(r,rg,rm) — O asx,m— o0.
(iii) G(ry,r,7r) — 0 asx — 00.

(iv) G(ry,ry,r) — 0asx — oo.

Definition 3 ([12]) Let (®,G) be a G-MS. A sequence {ry} N is called G-Cauchy if, given
€ > 0, there exists xg € N such that G(ry, 1., 77) < €, Yx, m, 1 > x¢, that is, G(ry, 1y, 71)) — 0
as x, m, | — o0.

Proposition 2 ([12]) In a G-MS (®, G), the following are equivalent:
(i) The sequence {ry}sen is G-Cauchy.
(i) Forevery € > 0, there exists xo € N such that G(ry, 'y, 1) < €, VX, m > xg.

Definition 4 ([12]) Let (®,G) and (®’,G’) be two G-MS and let f : (¥, G) — (¥',G’) be
a function. Then f is said to be G-continuous at a point 2 € @ if and only if, given € > 0,

there exists § > 0 such that r,s € ® and G(a,r,s) < § = G (f(a),f(r),f(s)) < €. A function f
is G-continuous on @ if and only if it is G-continuous at all a € ®.

Proposition 3 ([12]) Let (®, G) and (', G') be two G-MS. Then a function f : (O, G) —
(¥', @) is said to be G-continuous at a point r € ® if and only if it is G-sequentially con-
tinuous at r, that is, whenever {ry},cn is G-convergent to r, {fr,} is G-convergent to fr.

Definition 5 ([12]) A G-MS (P, G) is called symmetric G-MS if
G(r,r,s) = G(s,r,r) Vr,se ®.

Proposition4 ([12]) Let (P, G) bea G-MS. Then the function G(r, s, t) is jointly continuous
in all three of its variables.

Proposition 5 ([12]) Every G-MS (®, G) will define an MS (®,dg) by

dg(r,s) = G(r,s,8) + G(s,r,r) Vr,se . (3)
Note that if (®, G) is a symmetric G-MS, then

(®,dg) = 2G(r,s,s) Vr,se€ ®. (4)
However, if (9, G) is not symmetric, then it holds by the G-metric properties that

3

EG(;’, s,8) <dg(r,s) <3G(r,s,s) Vr,se®, (5)
and that in general, these inequalities are sharp.

Definition 6 ([12]) A G-MS (®,G) is said to be G-complete (or complete G-metric) if
every G-Cauchy sequence in (®, G) is G-convergent in (®, G).

Proposition 6 ([12]) A G-MS (P, G) is G-complete if and only if (O, d¢) is a complete MS.
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Mustafa [11] proved the following result in the framework of G-MS.

Theorem 1 ([11]) Let (P, G) be a complete G-MS, and let T : & — O be a self-mapping
satisfying the following condition:

G('r,T's,I't) < kG(r,s,t) (6)

forall r,s,t € ®, where 0 < k < 1. Then I has a unique FP (say u, i.e, Tu =u), and T is
G-continuous at u.

Definition 7 ([2]) Let W be the set of all functions ¢ : R, — R, satisfying:
(i) ¢ is monotone increasing, that is, p1 < p» = ¢(p1) < ¢(p2);
(ii) The series Y .2, ¢*(p) is convergent for all p > 0.
Then ¢ is called a (¢)-comparison function.
Remark 1 If ¢ € ¥, then ¢(p) < p for any p > 0, ¢(0) = 0 and ¢ is continuous at O.

Popescu [16] gave the following definitions in the setting of MS.

Definition 8 ([16]) Let o : ® x & — R, be a function. A self-mapping I' : & — & is
called «-orbital admissible if for all » € ®,

a(r,Try>1 = oz(Fr, Fzr) > 1.

Definition 9 ([16]) Let o : ® x & — R, be a function. A self-mapping I' : & — & is
called triangular «-orbital admissible if for all » € @, I is a-orbital admissible and

a(r,s)>1 and «a(s,I's)>1 = «a(r,'s)>1.
We modify the above definitions in the framework of G-MS as follows.

Definition 10 Let o : & x & x & — R, be a function. A self-mapping I' : & — P is
called (G-a)-orbital admissible if for all 7 € @,

a(r, Ir, Fzr) >1 = a(Fr, Fzr,F3r) >1.
Definition 11 Let o : & x & x & — R, be a function. A self-mapping I' : & — & is
called triangular (G-«)-orbital admissible if for all » € ®, T is (G-«)-orbital admissible
and

a(r,s,Ts)>1 and «afs, FS,FZS) >1 = «afn Fs,l"2s) > 1.

Lemmal LetT : ® — ® bea triangular(G-a)-orbital admissible mapping. If there exists
ro € ® such that o(rg, Tro, T%ry) > 1, then

a(Fyy ) > 1 Vx,m,l €N, (7)

where {ry}xen is a sequence defined by 11 = T'ry, x € N.



Jiddah et al. Journal of Inequalities and Applications (2023) 2023:46 Page 5 of 19

Proof Since T is (G-a)-orbital admissible mapping and «(rg, I'ro, %rg) > 1, then we
deduce that «(ry,7;,73) = a(I'rg, I'ry,'rp) > 1. Continuing in this manner, we obtain
0(Fyy Tyi1s Tn) > 1 for all x > 1. Assume that a(ry, 7y, 7me1) = 1, where m > x. Since T’
is triangular (G-o)-orbital admissible mapping and &(ry,, 741, "ms2) = 1, then, clearly,
&Py Ts1, Tmsz) = 1 for all m, x € N. This validates our assumption that a(ry, 7, Fme1) > 1.
Letting [ = m + 1 completes the proof. O

Definition 12 ([3]) Let @ : ® x & x & — R, be a mapping. The set ® is called regular
with respect to « if and only if for every sequence {r,} ey in @ such that a(ry, 71, res2) > 1,
forallx and r, — r € ® as x — 00, we have a(r,,r,r) > 1 for all x.

Noorwali and Yesilkaya [15] gave the following definition of Jaggi-type hybrid contrac-
tion in MS.

Definition 13 ([15]) Let (®,d) be an MS. A self-mapping I' : ® — ® is called a Jaggi—
Suzuki-type hybrid contraction if there exist € ¥ and o : & x & — R, such that

1
Sdn T =d(rs) = alr,s)d(TrTs) < $(M(,9)) 8)
for all ,s € ®, where

A (AeLDd6ls) yg |50 g (r, 5)1 @ forg>0,r#s;
M(rs) = M (F2) + Aad (1, 5)7] q 7 ©)
d(r,Tr)*1 - d(s,T's)*? for g =0,r,s € ®\Fix(I),

Asdy > 0with iy + 43 =1, A1 <3 and Fix(I) = {re ®:Tr=r}.
3 Main results
We begin this section by defining the notion of Jaggi—Suzuki-type hybrid (G-a-¢)-

contraction in G-MS.

Definition 14 Let ($, G) bea G-MS. A self-mapping I' : & — & is called a Jaggi—Suzuki-
type hybrid (G-o-¢)-contraction if there exist ¢ € ¥ and o : & x ® x & — R, such that

1
iG(r, I'r,I%r) <G(rsTs) = a(rsTs)G(I'r,Ts,T%) < ¢(M(r,s,T's)) (10)
for all r,s € ®\Fix(I'), where

2 2 1

[y (CELrL2NGEIST2) g |5 Gy, 5, Ts)a]7 for g > O;

M(r,s,T's) = G(r,sT's) .
G(r,Ir, T - G(s,T's, T%s)™ forg =0,

AbAy > 0withA+ Ay =1land Fix(T) = {re ®:I'r=r}.
The following is our main result.

Theorem 2 Let (®,G) be a complete G-MS and let T : & — & be a Jaggi—Suzuki-type
hybrid (G-o-¢)-contraction. Assume further that
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(i) T istriangular (G-a)-orbital admissible;
(ii) There exists ry € ® such that a(rg, Tro, T%ry) > 1;
(iii) Either T is continuous or
(iv) T3 is continuous and a(r,Ur,T'2r) > 1 for each r € Fix(I'3).
Then T has an FP in ®.

Proof Let rg € ® be an arbitrary point and define a sequence {r,}cn in ® by r, = ['*rg for
all x € N. Assume that there exists some m € N such that I'r,, = r,,,41 = 1, then, clearly, r,,
isan FP of I'. So, we presume that r, # r,_; for any x € N. Since T" is a Jaggi—Suzuki-type
hybrid (G-a-¢)-contraction, then from (10) we have

1 1
EG(rx—I’ Frx—l: Fzrx—l) = EG(rx—l; £ Frx) S G(rx—l: T'x» Frx)
= (11,7 Frx)G(rrx—l’ [ry, F2rx)

= ¢(M(rx—lrrx: Frx))~ (12)

Owing to the fact that I" is triangular (G-« )-orbital admissible together with (7) and (12),

we have

G(}”x, Vxtls Frx+1) = G(rx: Vx+1s rx+2)
S a(rx—b Tx» Frx)G(Frx—I) Frx) Fzrx)

§¢(M(rx71rrxrrrx))~ (13)

We now consider the given cases of (10).
Case 1: For g > 0, we obtain

G(rye1,Tre1,T2r 1) G(ry, Try, T2r,) \? q
(re-1,T're1 Tx-1)G(ry, 1y rx)) +)»2G(Vx_1,rxyrrx)q]

G(Vx—lyrxy Frx)

M(rx—l’rx’ Frx) = I:)\'l(
1

q q
) + A G(re1, 7, rx+1)q]

I:)L (G(rx—lr Txs rx+1)G(rx: Tx+1) rx+2)
1
G(Fy—1s 7w Txe1)

S

= [XIG(rxr Tx+1> rx+2)q + )"ZG(rx—ly Vx» rx+1)q]
Since ¢ is nondecreasing, if we assume that
G(rx—b £ rx+1) =< G(rx7rx+1) rx+2)¢

then (13) becomes

QU

)
)

G(res T'xe1,7x42) < @ [)LIG(rx, Tails Taes2) T+ Ao G (e, T, rx+1)q]

Q=

( rx: Vx+l:rx+2) +)"2G(rx;rx+lyrx+2)q]

(6
( )"l + )VZ)qG rxrrx+1rrx+2))
¢(G(rx: Tx+1) Vx+2))
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< G(Iy, Fxe1s Tx42)s
which is a contradiction. Therefore, for every x € N, we have
G(ry, Pyst1s Txa2) < G(Fyo1, 7y Pys1),

so that (13) becomes

1
G(ry, Txs1, Txv2) < ¢([ (rx:rx+l:rx+2)q+)L2G(rx—lrrx:rx+l)q]q)
<¢(( + )»2)‘1 G(re-1,Tx Ta11))
¢(G(rx l’rx;rx+1))

Continuing inductively, we have

G(re o1, Tes2) < ¢*(Glro, 71, 12)). (14)
Now, since

G T Tae1) < G(ras Far1s i) < % (G(ro, 71, 72))

for all x € N with 1,1 # x40, then for any x, m € N with x < m and by the rectangle inequal-

ity, we have

G(Vx) Iy, rm) = G(rx’ I'x, rx+1) + G(rx+lr Tx+1, rx+2) L G(rm—ljrm—ly rm)

= (¢x + ¢x+1 + ¢x+2 +eee ¢m_1)(G(r01r1’ 72))

m-1 oo
= Z¢i(G(ro,r1,r2)) = Z¢i(G(VO:rlrr2))~

Since ¢ is a (c)-comparison function, then the series Y - ¢ (G(ro,71,72)) is convergent,
and so denoting by S, = Y ¢'(G(ro, 71, 72)), we have

G(er Txy rm) =< Sm—l - Sx—1~
Hence, as x, m — 00, we see that
G(ry, Ty ') — 0.

Thus {r,}sen is a G-Cauchy sequence in (®, G), and so by the completeness of (®, G), there
exists £ € ® such that {r,},cy is G-convergent to ¢, that is,

lim G(ry, 1y, t) = 0.
xX—> 00
We will now show that ¢ is an FP of I". By the assumption that I" is continuous, we have

lim G(t,t,T¢t) = 11m G(Tys1,7xs1,L't) = lim G(Try, I'ry, TE)

X—> 00 X— 00

Page 7 of 19
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= lim G(I'r,, ry, Try) = 0,

X—>00

so we get 't = ¢, that is, ¢ isan FP of T".
Alternatively, by the assumption that (iv) holds, we have I'*¢ = lim I"3r, = ¢. To see that
I't = ¢, assume contrary that I't # t. Then, by (10) and Proposition 1, we obtain

%G(t,rt, I’t) <G(: Tt T%)

=  o(t,Tt,T%)G(Tt, T, T%) < ¢(M(t,Tt,T¢)).
Now,

G(t,Tt,T%t) = G(It, T't,I%t) < a(t,T't, T2t) G(I't, [, T¢)

<¢(M(t,Tt,T?t)) < M(t,T't,T"%¢),

where

1

G(t,Tt,T%) - G(I't, T2, T32)\? a
( )G )) +)\2G(t,Ft,F2t)"]

G(t,Tt, T%¢t)

M(t,Tt,T?t) = [)\1

Q-

= [MG(6 T T%) " + 1,G(, T, Tt) "]

Q=

=[(n +22)G(6, T8, T%) ]
= (1 +A2)1G (£, TE, %)

=G(t,Tt,Tt),

which is a contradiction. Hence, T't = t.
Case 2: For g = 0, we have

M(ry_1,75,'1y) = G(rx_l, 71, I‘er_l)Al . G(rx, I'ry, I’Zr,c)A2
= Gre—1, 7w Tee1)™ - (1w a1 Fean) 2.
Now, if G(Fy_1, 7% Fxe1) < G(rxs Fxs1, xs2), then (13) becomes
G(ry, Ter1, Tas2) < G(Fwy a1, Ti2)s
which is a contradiction. Therefore,
G (1 xs1s Txr2) < G-t Ty o)

Hence, by (13), we have

G(er Tx+1> rx+2) < d)(G(rx—lx rx’rx+1)) < ¢2 (G(rx—lr rx’rx+l))

P ERERS ¢"(G(r0,r1,rz))~
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By similar argument as the case of g > 0, we can show that there exist a G-Cauchy sequence
{ry}xen in (@, G) and a point £ in @ such that lim,_, o, 7, = £. Similarly, under the assumption
that I is continuous and by the uniqueness of limit, we have that I't = ¢, that is, ¢ is an FP
of I. O

In the result that follows, we examine the uniqueness of FP of I' under certain supple-
mentary assumptions.

Theorem 3 Ifin Theorem 2, in the event of q > 0, we assume further that (9, G) is regular
with respect to o and o(r,s,T's) > 1 for any r,s € Fix(I"), then the FP of T is unique.

Proof Letv,t € Fix(I') be such that v # £. By replacing this in (10) and noting the additional
hypotheses, we have

%G(t,rt, I'’t) <G(t,v,Tv)

= G(t,v,T'v) < a(t,v,Tv)G(I't, ['v,Iv)

< ¢(M(,v,Tv)) < M(£,v,Tv)

q

|:A (G(t, I't, %G, Ty, T%y)
1

q
Lo G(t, v, Tv)?
G(t,v,T'v) ) +haGlly V):|

= |:A1 (—G(t’ LOG,v,v) )q + A G(t, v, Fv)q:| !

G(t,v,T'v)

1
=1y G(t,v,Tv)

< G(t,v,Tv),
which is a contradiction. Hence, v = ¢, and so the FP of I is unique. O

Example 2 Let ® =[-1,1] and let I : ® —> & be a self-mapping on ® defined by

ifre{-1,1}
ifre(-1,1)

I'r=

[SAES

forallr € ®.Define G: & x & x & — R, by
G(r,s,T's)=|r—s|+|r=Ts|+|s=Ts| Vr,se®.

Then (¥, G) is a complete G-MS. Define ¢ : R, — R, by ¢(p) = § forall p > 0 and o :
dxdxPdP— R, by

1 ifr,se{-1}UJ0,1];
a(r,s,T's) = (15)
0 otherwise.

Then, obviously, ¢ € W, I is triangular(G-«)-orbital admissible, I" is continuous for all
r € ®, and I'? is continuous for any r € Fix(I'3). Also, there exists ry = % € @ such that

(x(%, F(%), FZ(%)) = a(%, %, é) > 1. Hence, conditions (i)-(iv) of Theorem 2 are satisfied.
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To see that I is a Jaggi—Suzuki-type hybrid(G-«-¢)-contraction, notice that a(r,s, I's) =
Oforallr,s € (-1,0) and G(I'r, I's, I'%s) = O for all r, s € (-1, 1). Hence, inequality (10) holds
forall r,s € (-1,1).

Now, for r,s € {-1,1},if r =s =1, then G(I'7,T's,'2s) =0 for all g > 0. If r =5 = —1, then
letting A = %, Ay = %, and g = 1, we obtain

lG(r,rr,rzr) = —G(—l, =y 1)
2 5’5

QN o =
| o

<

(_1’—1; %) = G(r,s,Ts)

= Ot(r,s,l"s)G(Fr,Fs,Fzs):a( ) < 1 -1 1)
< 1( )

=< —=—| —

5 5 2\5
s((-113))
=—|\M|-1,-1,—

2 5

= ¢(M(r,s, Fs)).

Q

Also, for g = 0, we have

al(r,s, Fs)G(l"r, Ts, Fzs) = g < %(%) = (;’)(M(r,s, Is)).

If r #s, then for r = 1, s = -1, we have

1 sy 1 11\ 4 -1
~G(r,Tr,I’r)==G(1,=,= | == <4=G(1,-1,— | =G(r,s,Ts),
2 2 55) 5 5

while for r = -1, s = 1, we obtain

1 ) 11\ 6 L1
—G(r,Fr,F r) = G <4=@G — ) = G(r,s,Ts).
2 '5'5) 75

U‘l

These imply that for all r,s € {-1,1} with r #s, letting A, = é, Ay = % and g = 3, we obtain

a(r,s,T')G(I'r,I's,Is) =« 1, __1,1
"5 5 55

-1 11

b 5'5'5
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Also, for g =0, we take A; = A5 = % Then

=

-1 1 -11
a(r,s, Fs)G(Fr, Is, Fzs) = a(l,—l, ?)G(—, —, —)

1 -111
_1117_ G IS R R
5 5 55

4 24 1 48)
= —< = —

= ¢(M(r,s,Ts)).

Hence, inequality (10) is satisfied for all 7, s € ®. Therefore, I' is a Jaggi—Suzuki-type hybrid

(G--¢)-contraction that satisfies all the hypotheses of Theorem 2 and r = é is the FP of
r.

We now demonstrate that our result is independent of the result of Noorwali and
Yesilkaya [15]. Let o : & x & —> R, be as given by Definition (13), ro € ® be such that
a(ro, Tro) > 1, ¢(p) = % forallp>0,and d: ® x & — R, be defined by

d(r,s)=|r—s| Vr,se ®.

Consider r,s € {1, 1} and take, for Case 2, r #s, A1 = %, and A, = % Then from inequality
(10) we see that

1 2y 1 11\ 4 -1
~G(r,Tr,I’r)==G(1,=,= | == <4=G(1,-1,— ) =G(r,s,Ts)
2 2 55) 5 5

9 -1 1 -11
=  a(rsTs)G(IrTs,T%) =al 1,-1, = G -
4 24 19/192
== — = — | —
5 25 40\ 9
19 -1
=—(M|1,-1,—
w((r15))
= ¢(M(r,s,Ts))

forr=1,s=-1and

1 1 -11\ 6 1
~G(r,Ir,T?r)==G(-1,—,= ) == <4=G(-L1,- | =G(r,s,T's)
2 2 5'5) 5 5

) 1\ (-111
= «ans, Fs)G(Fr, Ts, T s) =a|-1,1, = G 55’3
4 89 19,178
=—<—=— —
5 100 40\ 95
19 1
=—(M|-1,1,-
40 5

= q)(M(r,s, I's))
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for r = -1, s = 1. However, inequality (8) due to Noorwali and Yesilkaya [15] yields

1 1 1 1 -1 2
id(r, Fr) = id(l, g) = Ed(—l, ?> = g <2= d(l,—l) = d(—l, 1) = d(r,s),

1 -1 -11
but Q(V,S)d(rr, FS) Za(l,—l)d(g, ?> = ot(—l, 1)61(?, g)

2 19 19/76
==>— = —\| —

5 50 40\95

19 19

= E(M(1,—1)) = E(M(—1,1))

= (M(r, s))

forall r,s € {-1,1}.
Also, Noorwali and Yesilkaya [15] declared in Case 1 of Definition (13) that r and s are
distinct since M(r, s) is undefined if r = s. However, our result is valid for all r, s € ®\Fix(I").

The above comparison is illustrated graphically for all ,s € {—1, 1} using Figs. 1 and 2.

/ RHS of (10)

1 '_F,,.-—"“""\
08 LHS of (10)

0.6

04

0
1 2 3 4

Figure 1 Illustration of contractive inequality (10) forall r,s € {-1,1}

0.45

04 —
RHS of (8)

0.35

03

0.25

0.05

0 LHS of (8)
1 2 3 4

Figure 2 Illustration of contractive inequality (8) forall r,s € {-1,1}
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Therefore, Jaggi—Suzuki-type hybrid (G-«a-¢)-contraction is not the Jaggi—Suzuki-type
hybrid contraction defined by Noorwali and Yesilkaya [15], and so Theorem 8 due to
Noorwali and Yesilkaya [15] is not applicable to this example.

Remark 2 Suppose in Definition 14 that %G(r, r,T%r) < G(r,s,T's) forall r,s € ®.
Then we obtain the following consequences of our main result.

Definition 15 ([2]) LetI': ® — ®anda: ® x & x & — R, be two mappings. Then I
is said to be «-admissible if for all r, s, € ®,

a(r,s,t)>1 = «alr,Ts,Tt)>1.

Definition 16 ([2]) Let (®,G)bea G-MSandletI" : ® — & be a self-mapping of ®. Then
I"is said to be a (G- -¢)-contraction of type I if there exist two functionsa : & X & x & —>
R, and ¢ € ¥ such that for all r,s,t € D,

a(r,s,t)G(I'r, s, Tt) < ¢(G(r, s, t)).

Corollary 1 (see [[2], Theorem 29]) Let (®, G) be a complete G-MS. Assume thatT" : & —
® is a(G-a-¢)-contraction of type I such that the following conditions are satisfied:
(i) T is a-admissible;
(ii) There exists ro € ® such that a(rg,I'rg, T'rg) > 1;
(iii) T is G-continuous.
Then there exists u € ® such that Tu = u.

Proof Consider Definition (14) and let I's = ¢, @ : ® x ® x & — R, be a-admissible

mapping, g >0, A; =0,and A = 1. Then I is a (G-« -¢)-contractive mapping of type I, and

so inequality (10) becomes
o(r,s, t)G(I'r,Ts, T't) < ¢(G(r, s, t))

for all r,s,£ € ® and ¢ € V. Hence, the proof follows from Theorem 29 of Alghamdi and
Karapinar [2]. O

Corollary 2 (see [[20], Theorem 3.1]) Let (O, G) be a complete G-MS. Suppose that the
self-mapping T' : & — P satisfies

G(Tr, s, Tt) < d)(G(r, s, t))
forallr,s,t € ®. Then " has a unique FP (say u) and I is G-continuous at u.

Proof Consider Definition (14) and let «(r,s,I's) =1 forall r,s € ®,I's=t,4>0, 11 =0,
and A, = 1. Then inequality (10) becomes

G(I'r,Ts,T't) < ¢(G(r,s,1))
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for all r,s,t € ® and ¢ € W. This coincides with Theorem 3.1 due to Shatanawi [20], and
so the proof follows in a similar manner. O

Corollary 3 (see [Theorem 1]) Let (O, G) be a complete G-MS and let T : & — ® bea
self-mapping satisfying

G(r,T's,Tt) < kG(r,s,t)

forallr,s,t € ® where0 <k < 1. ThenT has a unique FP (say u) and I" is G-continuous at
u.

Proof Consider Definition (14) and let «(r,s,'s) =1 forallr,s € ®,'s=¢,¢4>0, 11 =0,
Az =1, and ¢(p) = kp for all p > 0, k € [0,1). Then (10) coincides with (6) of Theorem 1.
Therefore, it is easy to see that we can find a unique point & in ® such that 'y =y and I’
is G-continuous at u. O

Remark 3 1f, in addition to the assumptions of Remark 2, we specialize the parameters
Ai (i=1,2) and ¢, as well as let «(r,s,I's) = 1 for all r,s € ® and ¢(p) = kp for all £ > 0,
k € (0,1), then the following result is also a direct consequence of Theorem 2.

Corollary 4 Let (P, G) be a complete G-MS. If there exists k € (0, 1) such that, for all r,s €
D, the mapping I : ® — O satisfies

G(Fr, s, Fzs) < kG(r,s,Ts), (16)
then T has an FP in ®.

4 Ulam-type stability

Ulam stability was introduced by Ulam and seen to be a category of data dependence. This

idea was further developed by Hyers and other researchers (see [9]). Karapinar and Fulga

[9] investigated the general Ulam-type (U/;) stability in the sense of an FP problem in MS.

Here, we consider the general U, stability as an FP problem in the framework of G-MS.
Suppose that I' : & — & is a self-mapping on a G-MS (P, G). Then we say that the FP

problem

I'r=r (17)
has the general U, stability if and only if there exists a nondecreasing function u : R, —
R, continuous at 0, £(0) = 0 in a manner that for every € > 0 and for any s’ € ® satisfying
the inequality

G(s,Ts,T%) <¢, (18)

there exists a solution ¢ € ® of (17) such that

G(t,s,T's') < ule). (19)
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For a positive number C, we take u(p) = Cp for all p > 0. Then the FP of (17) is said to be

U, stable.
Let (®, G) be a G-MS. Then the FP problem (17) is said to be well posed on (®, G) if the

following assumptions are satisfied:

(i) T hasaunique FP t € ®;
(i) G(ry 2,t) =0 for any sequence {ry} ey in @ such that limy_, o0 G(ry, I'ry, ['#r,) =0

Theorem 4 Let (O, G) be a complete G-MS. Ifin addition to the assumptions of Theorem 3

and Remark 2 we have X, € [0, 1), then the following hold:
(i) FP equation (17) is Ulam—Hyers stable if a(u,v,I'v) > 1 for each u, v satisfying (18)

i .
(i) FP equation (17) is well posed if a(t, 1y, T'ry) > 1 for any {ry}sen in @ such that
lim,_, o G(ry, Ty, T2r,) = 0 and Fix(T) = {¢}.
Proof (i) In Theorem 3, we have shown that there exists unique ¢ € ® such that I't = ¢. Let

s’ € @ such that, for any € > 0, we have

G(S’, rs/, Fzs/) <e
Then, obviously, ¢ satisfies (18), and so we have «(t,s,I's’) > 1. Hence, by the rectangle

inequality,
G(t,8,Ts) <G(t,T's,T%) + G(I'’s,5,T's)
(M, I, I?s) + G(s',I's’, I'%s)
a(t,s FS) (Ft, FS’,Fzs/) + G(S’, rs, F2s/)
( (t s,Ts )) + G(s/, rs, Fzs’)
M(t s, Fs/) +G(s,Ts, Fzs/)
2 2
[ G(t,Tt,T%) - G(s,I's, I's )) + 3G (5, rs’)‘f]

IA

1

G(t,s,Ts)
+G(s’, ' T2 /)
1
G(t, t,t)- G(s',I's/,T'2s) AT o
[/\1( G(t,s,Ts) ) AZ’G('er»FS)] +G(s,Ts,T%))

1
=y G(t,5, Fs’) +G(s,Ts, Fzs/),

from which we obtain

1
(1- A;’)G(t, s,Ts) <G(s,Ts, Fzs/)

implying that

T )G(s/, rs, Fzs’) < Ce,
1-af

G(t, s, I‘s’) < <

r for any g > 0 and A, € [0, 1).

where C =
q
1-2S
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(ii) Noting the supplementary condition and since Fix(I") = ¢, we have

Gt 14, Tr) < G(t, T, T2r) + G(Mry, 12, T
= G(Tt,Tr, T°ry) + G(ry, Tr, 1)
<alt,r, Tr)G(TE, Tr, T2ry) + G(re, Tra, 1)
< G(M(t, 74, Try)) + G(re, Try, T

<M(t, 1, Try) + G(rx, Iry, Fzrx)

1

G, Tt,T2t) - G(ry, Ty, 21y
_ ( ) (I"x £ . ) +)\‘2G(t,l"x, Frx)q
G(t, 14, Try)

+ G(r Try, 2ry)

1

G(t,t,t) - G(ry, Try, T 7
_ ( ) rx Vx rx)) )»zG(t, rx,rrx)qi|

G(t, 74, T'ry)

+ G(rx, Ir,, T rx)
= )Lg G(t, 1y, Try) + G(rx, Cry, Fzrx),
from which we obtain
1
(1-17)G(t, 1y, T'ry) < G(ry, Try, T2r)

implying that

1
G(t,ry, Try) < < T )G(rx, Cry, Fzrx).
1-2g

Letting x — oo and keeping in mind Proposition (1) and lim,_, o G(ry, 'ry, ['2r,) = 0, we
obtain

lim G(ry, t,t) = lim G(t, 7, I'ry) < lim G(rx, T'ry, F2rx) =0.
X—> 00 X—> 00 X—> 00

That is, FP equation (17) is well posed.
5 Application to solution of an integral equation
In this section, Corollary 4 is applied to examine the existence criteria for a solution for a
class of integral equations. Ideas in this section are motivated by [21].
Consider the integral equation

b
u(t) = h(t) + f L(t, s)f(s, u(s)) ds, tela,b], (20)

where /1 : [a,b] x R — R, L:[a,b] x [a,b] — R,, and f : [a,b] x R — R are given
continuous functions and « is unknown.

Let ® = C([a, b],R) be the set of all continuous real-valued functions defined on [a, b].
We equip ® with the mapping

G(u,v,w) = ;1<1ta<xh(|u(t) - V(t)| + |u(t) - w(t)| + |v(t) - w(t)|). (21)
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Then, obviously, (®, G) is a complete G-MS. Consider the self-mapping I' : & — © de-
fined by

b
Tu(t) = h(t) + / E(t,s)f(s, u(s)) ds, tela,b]. (22)

One can see that u* is an FP of I' if and only if #* is a solution to (20).
Now, we study the existence conditions of integral equation (20) under the following

hypotheses.

Theorem 5 Assume that the following conditions are satisfied:
(CL) If(s,u) =fsW+If(su) —fsw)| + [f(s,v)—fls,w)| <|u—v|+|u—w|+|v-—w]| for
all s € [a,b], u,v,w € ®;
(C2) maxscigp) fab |L(t,s)|ds=1n<1.
Then integral equation (20) has a solution in .

Proof Taking (21) into account, we obtain
G(Fu, v, sz) = max |Fu(t) - Fv(t)| + max |Fu(t) - sz(t)| + max |Fv(t) - F2v(t)|
tela,b] tela,b] telab]

= max
tela,b]

b
/ L(t,s) (f(s, u(s)) —f(s, v(s))) ds

+ max
tela,b]

b
/ L(t,s) (f(s, u(s)) —f(s, Fv(s))) ds

+ max
tela,b]

b
/ ,C(t,s)(f(s, V(s)) —f(s, Fv(s))) ds

te(a,b]

b
< max / |£(t,s)|[[f(s, u(s)) —f(s, V(s))| + [f(s,u(s)) —f(s, Fv(s))|
+ [f(s, v(s)) —f(s, Fv(s)) ‘] ds

T telab]

b
< (trer%%] /a |£(t,s)|ds>

b
(max f [|u(s) - v(s)| + |u(s) - Fv(s)| + ‘V(S) - FV(S)’]dS)

telabl J,

b
< max / ‘E(t,s)mu(s) —v(s)’ + ’u(s) - Fv(s)! + |V(s) - Fv(s)!]ds

=nG(u,v,Tv).

Hence, all the conditions of Corollary 4 are satisfied. It follows that I" has an FP u* in ®,
which corresponds to a solution of integral equation (20).

Conversely, if u* is a solution of (20), then u* is also a solution of (22) so that I'u* = u*,
thatis, u* isan FP of T. O

6 Open problem
For further research, an open problem is highlighted as follows:
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A discretized population balance for continuous systems at steady state can be modeled
by the nonlinear integral equation

g(t) = Z(%ZM) /O gt—nrgr)dr+e’, neR. (23)

So far, it is still open as to whether or not the existence conditions for solution of (23) can
be obtained using any of the results established in this paper.

Remark 4
(i) We can deduce many other corollaries by replacing I'r with s or I'%s with ¢ and by
particularizing some of the parameters in Definition (14).
(ii) None of the results presented in this work can be expressed in the form G(r, s, s) or
G(r,r,s). Hence, they cannot be obtained from their equivalent versions in MS.

7 Conclusion

An extension of MS, called G-MS, was introduced by Mustafa and Sims [14], and sev-
eral FP results were studied in that space. However, Jleli and Samet [7] as well as Samet
et al. [19] noted that most FP theorems obtained in G-MS are direct consequences of
their analogs in MS. With a different opinion to the latter observation, a new general class
of contractions, under the name Jaggi—Suzuki-type hybrid (G-a-¢)-contraction, is intro-
duced in this manuscript, and some FP theorems that cannot be deduced from their cor-
responding ones in MS are proved. The prevalence of this family of contractions is the fact
that its contractive inequality can be specialized in several ways depending on the given
parameters. Consequently, a handful of corollaries, including some recently announced
results in the literature, are highlighted and analyzed. Nontrivial comparative examples are
constructed to validate the assumptions of our obtained theorems. Furthermore, we ex-
amined Ulam-type stability and well-posedness for the new contraction proposed herein.
In addition, one of our obtained corollaries is applied to setup novel existence conditions
for the solution of a class of integral equations. For some future aspects of our results,
an open problem concerning discretized population balance model is highlighted, and its
solution may be analyzed using the techniques established in this work.
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