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Abstract

One of the most fundamental probabilities is the probability at a particular point. The
local limit theorem is the well-known theorem that estimates this probability. In this
paper, we estimate this probability by the density function of normal distribution in
the case of lattice integer-valued random variables. Our technique is the characteristic
function method. We complete to relax the third moment condition of Siripraparat
and Neammanee (J. Inequal. Appl. 2021:57, 2021) and the references therein and also
obtain explicit constants of the error bound.
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1 Introduction and main results
Let X be an integer-valued random variable. One of the most fundamental probabilities is
the probability at a particular point, i.e., P(X = k) for some k € Z. The local limit theorem

is one of the theorems that estimate this probability and describe how P(X = k) approaches
(k=p1)?
ity —L_p 252 2 : .
the normal density, — 7=e 2 where i and o are mean and variance of X, respectively.

There are two well-known techniques for deriving this theorem: the method of charac-
teristic function and the Bernoulli part extraction method. The characteristic function
method is to estimate the bound for the characteristic function of a random variable. This
method has been used in a number of studies such as in the case of bounded random
variables (see [3—6], and [7] for examples) and in the case of lattice random variables (see
[7-9], and [10] for examples).

Let X1,X5,...,X, be independent integer-valued random variables with mean y; and

variance 01-2 forallj=1,2,...,n. Thenlet

n n
S,,:ZX', ,u:z,uj, 02:20]2.
j=1 J=1

Jj=1

If P(X; = 1) = pj = 1 = P(X; = 0), then X; is called a Bernoulli random variable with pa-

rameter p; and S, is said to be a Poisson binomial random variable. In addition, when
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we provide p; = pp = -+ = p, = p, we call S, a binomial random variable with parameters
n and p and use the notation S, ~ B(n, p). The first local limit theorem was proved by
De Moivre and Laplace ([11], 1754) for a binomial random variable. We call X a lattice
random variable with parameter (a,d) if its values belong to L(a,d) = {a + md : m € Z},
where a and d > 0 are integers. In addition, d is said to be maximal if there are no other
numbers a’ and d' > d for which P(X € L(da/,d’)) = 1, and we call X a maximal lattice ran-
dom variable with parameter (a, d). Observe that the Bernoulli random variable is a max-
imal lattice random variable with parameter (0, 1). In the case that X;s are common lattice

L(a,d) and identically distributed, Ibragimov and Linnik [12] gave the rate of convergence

O(——),where 0 < o < % in 1971. For further information, they showed that if d is maximal
}’lj +o

and

1
/ sz(dx)=O<T> as u — 00,
Il >u u

where F the distribution function of X1, then

d _ (na+kd—nu1)2
2V1(712

P(S, = na + kd) —
nP(S, = na )Jz_nole

sup
kel

1 1
:O<—>, O<a<-—. (1.1)
n“ 2

A few years later, Petrov [13] proved that if E|X; |3 < 0o, then (1.1) holds with o = % More-
over, for the case that X;s are nonidentically distributed lattice random variables with
parameter (0, 1) that satisfy the third moment condition and some properties, Petrov [13]

gave the following result:

1 _lew? C
sup|P(S, = k) — e 27 <
keZ o2 o

The previous studies had not given explicit constants of the error bound until Korolev
and Zhukov ([14], 2000). In 2017, Giuliano and Weber [15] used the Bernoulli part ex-
traction method to give an error bound with explicit constants in the case of noniden-
tically distributed square integrable random variables taking values in a common lattice
L(a,d). By assuming finite third moment, Siripraparat and Neammanee [1] used the char-
acteristic function technique to illustrate the rate of convergence to O(G%) in 2021. For a
special case, one can see [2] and [16] in the case of Poisson binomial and binomial, respec-
tively.

In this paper, we relax the third moment condition to find the local limit theorems
for sums of independent lattice integer-valued random variables and also give explicit
constants of the error bound. Our technique is the characteristic function method in-
spired by Petrov [13] and Siripraparat and Neammanee [1]. Throughout this paper, let
X1,X5,...,X, beindependent common lattice random variables with parameter (a, d) such
that E|X;|>*® < oo, where 0 < < 1,forj=1,2,...,n,and let S, = 27:1)(1' with mean pu and

variance o2, The following are our main results.
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Theorem 1.1 Let 8 = 27:1 Bj» where Bj =23 """ DimPjm+1) and pj, = P(X; = a + md). If

B>0ando?>d?, then

d  _(arkd-p?
sup|P(S,, = na + kd) — e
keZ o271
o?-a+ o
0.00204 =4 4.6171-3vd“F (L1, E|X; - a>) 7"
fE +a +
(X, EIX; - alre) 5" ot
0.3184 .22 15708 _%
+ e 2 + e 7.[2’
o2t 8
d

where T = — —
3 (0L, ElXj-al2) 2va
Furthermore, if X1, X, ..., X, are identically distributed and B > 0, then

_ (na+kd-npq)*

d 2 C
sup|P(S, = na + kd) - ———e 2nof < ==
keZ o1/ 2nm an
where
+o)(1+a a2—a+ —Q
0.00204 %Y 46171 - 35 d“F2(E|X, - a|?*®)
= +
(EIX; — af2)5* of

0.6368 - 35 d(E|X; — a|**®)%a 155032 - 3& (E| X, — a|>**) 2%
+ + FIye .
1

1
0

We note that 8; > 0 if X; is a maximal lattice random variable. So, we can apply this result

when d is maximal.

Theorem 1.2 Let v := minj<j<, vj, where v; = 23 > DimPjomsp- If v; > 0 for all j =

1,2,...,nand c? > d?, then

d

oA 21

_ (m”kd—u)z
202

sup|P(S,, = na + kd) —
keZ

e

o?—a+2

2+a)(1+a) 5

)
2

1 " o 322
0.0020d 4.6171-3«d Qo EIXj —al>*) ™

— +a +
(X7 EX; — af) 5

0.3184 _,2:2
+ e 2
o2t

1 - 1 -
3 (0L, ElXj-al2) 2va
Furthermore, if X1,X5,...,X, are identically distributed and v; >0 for all j = 1,2,...

2+a

where T =

1 Dhay e
27-3% (E|X1-a|**%) 2+a

then for n > ( L ) Tra
d (na+kd—nu1)2 C
T ol 2 _m
sup|P(S, =na + kd) - ———e i <G +ef,
keZ o1/ 2nm nz
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where

000204 Z 52 4617135 4ZF2 (E)X, — ate) 5
4

= 1+a +
(ElXy —al*) 2 o1

0.6368 - 3& d(E|X; — a[>**)Ta
+ .

1
0

We organize this paper as follows: First, we give auxiliary results in Sect. 2 that will be
used to prove the main theorems in Sect. 3. Finally, we give some examples in Sect. 4.

2 Auxiliary results
In the following lemmas, we use an idea from [17] to give bounds of a characteristic func-
tion to prove Theorem 1.1.

Lemma 2.1 Let X be any integer-valued random variable with mean |vx, variance o, and

characteristic function yx. If E IX [ < co for some 0 < « < 1, then there exists a function

gx such that, for all |t| < (5559
@) |yx(®)] = 5 and

(ii) Yx(t) = explipxt — 2ot + gX(s y ds) and |gx | ds < 9E|X |2+ ¢+,
p X 0y 0 (s)

3E|X\‘¥ )7

Proof (i) Using the fact that for x € R, ¢* = 1 + 2!"*|x|*® for some complex function ©
such that |©] <1 ([17], p. 359), we get that

Ee™ = E(1+©:2"7%|tX|%) = 1+ 2'7E(©1]X]*)|¢|%, (2.1)

where © is a complex random variable such that |®;| < 1. From this fact and the inequal-
ity |z1 + 23| > |z1] — |z2| for complex numbers z; and z;, we can see that
|Ee™| = |1+ 2" E(©11X]%)|£]*|
> 1-27E(|04 |1X[%)|£]

>1 -2 EIX|“|¢|*

> 1 - 2E|X||£]°
Then, for all |¢| < (lea) , we have [{x(t)| = |Ee™*| > 1.
(if) Let t € R be such that |£| < (ﬁ)é . Since Yx(t) = Ee'™™, we obtain ¥ (¢) = iE(Xe'™),

which implies that

VL) - ((lﬂx o2t) + w((t)))lﬂx()

where
@x(t) = —(ipx — o2t)E¢™ + iE(Xe'™).

Hence

vx(®) . gx(?)
Yx(2) Yx(2)

=1lx _Ux
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and then

t / 1 ;
Inyx(2) = vxls) ds=ipuxt— —oxt® + / &) ds,
0

o ¥x(s) 2 Yx(s)
that is,
t
Yx(t) = exp{i,uxt— %o)z(tz + /0 i))((((ss)) ds}.

From the fact that for x € R, e* = 1 + ix + 211% |x|1**® for some complex function ® such
that |®| <1 ([17], p. 359), we have that

l-a

. 2
Ee™ =1+ itEX + . E(©a]X|"+) ¢ (2.2)
+a

l-a

4 2
and iE(Xe™) = ipy — tEX* + " aE(i®2|X|2+°‘)|t|“°‘, (2.3)

where ®; is a complex random variable such that |®;| < 1. From (2.1)—(2.3), we have

gx(t) = —ipxEe™ + ogtEe™ +iE(Xe™")

1-a

T aMXE(i®2|X|1+a)|t|1+a + 21—0[0_)%E(®1|X|0l)|t|1+0l

l-a

T aE(i®2|X|2*“)|t|““. (2.4)

According to Lyapunov’s inequality: (E|X|’)% < (E|X|s)%, where 0 < r < s, we have that
EIX| < (E}X|***) %% and E|X|** < (E|X|?*%) %%, which imply that

nxE|X| < EIX|E|X|" < E|X[**.
We can use the same technique to show that
0ZE|X|* < EX?E|X|* < E|X|**.

From these facts and (2.4), we have

21—0{

l+a
l-a

INGIE pxE(li®a] [ X1) [£] + 210 ZE (101 ]1X|%) |+

+ E(1i® X2+ot t1+ot
= E(10] X )i

1-o

2
< N +aMXE(|X|1+a)|t|1+a + 21_a0)%E(|X|a)|t|l+a

1-a

2+a l+a
aE(IXI )l

1-o

l+a

1-a

=

E(|X|2+a)|t|l+a + 21—aE(|X|2+ot)|t|1+ot

2+a l+a
T E(IXP) e

Page 5 of 16
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22—0(
- (zl—a + )E|X|2+a|t|1+a
l+a
< G6E|X|* |t . (2.5)

Hence we can conclude from (i) and (2.5) that for all [£] < (ﬁ)é we have

t
gX( ) ‘ < 18E|X|2+a|t|l+a,
Vx(£)
which implies that
4 18
/ gX(S) ds < E|X|2+a|t|2+a§9E|X|2+a|t|2+a. 0
o [¥x(s) 2+a
Lemma 2.2 Let 1 = %(W)ﬁ. Then
3o 2-1E14l

n
Wf(t) _ eitll—%a2t2} < 12.5606 ZE|)(j|2+a |t|2+ae—%g2t2
j=1

forall |t| <.

Proof From Lyapunov’s inequality, we have

R

(EIXI%)7 < (EX, )7,

which implies that

1 1 1
1 2+a - 1 2+a - 1 o
> EIXj|2e — \EIX|> T \EIX¢

forall/=1,2,...,n. This provides that

1 1

1 2+a 1 a
T 2 =\ GEx
3% Y, EIXj[2e !

forall/=1,2,...,n. From this fact and Lemma 2.1, we have for all |¢| < T,

o1 -
¥(t) = exp{mt - Eoztz + FZI G;i(t) }, (2.6)
where
t gy (s)
Gi(t) 859 45 and |G(8)] < 9EIX; 12 |¢)*.

) 0 w‘X/‘(S)

From (2.6) and the inequality |¢* — 1| < |z|e/*! for a complex number z, we get that for all

It <7,

W(f) _ eiut—%GZﬂ} _ ’emt—%azmzﬁlej(t) _ eiun%azﬂ{
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_ |eiut—%02t2 i |eZ}’:1 Gj(t) _ 1|

< Xn: G;(t)|e”

j=1

<Z|G (t)]e 2

1
502f2+| 2;1:1 G;j(®)l

a 2 +Z/ 116G

n n

1

< 9 E E|)(j|2+a|t|2+(x X exp _EO.ZtZ +9 E El)(j|2+0(|t|2+a}
j=1 j=1

n
1 9
<9 EIX;[**|e** x exp —Eoztz e }
j=1

n
9
<9 EIX;t** x exp——0?t + §}
j=1

n
< 12.5606 ZE|XI,|2+a |t|2*"‘e*%02t2‘
j=1

3 Proof of the main results
3.1 Proof of Theorem 1.1

Proof First, we will prove the theorem in the case of a =0 and d = 1. Let Y3, Y5,...,Y, be

independent common lattice random variables with parameter (0, 1), and let
Wy=Y1+Ys+---+Y,

with E(W,,) = ww, Var(W,) = O'W and the characteristic function ¥y . Suppose that By, =

2y > P(Y;=mP(Y;=m+1)>0forallj=1,2,...,n and let T = (= Emzﬂx)%.
3o
Since P(W,, = k) = 5= [™ e ™ vy (¢) dt ([18], p. 511), we have
1 7(k—u¥w2
P(Wy k)= ——e >
‘ ( ) ow 2

kepy)?

1 " _ 1 )
=|l— | eMYyw)di- ——=e W
‘271 /_ﬂ vw ow2m

1 . .
< - / e—lktww(t) dt—/ elt(MW—k)—%U‘%ﬂz dt‘
27 [tl<T [t|<T
A keuy)?
i’/‘ eit(/l_\x/—k)—%(7‘2x/t2 de — 27[6 2”\2X/ ‘
|t|<T ow
+— / e My (t) dt‘
27 | Je<it<n

=|A| +|B| + |C|. (3.1)

Page 7 of 16
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From Lemma 2.2, we have

~2r
B 1
27 |t|<T

|A| < i/ |€_iktH1/fW(t) _eituw—%a‘%(/t2|dt
|t|<T

|Yrw () — w2757 | de

12.5606 «— 4 | 2
< I E Y; 2+o¢/ t 2+ae—7owt dt.
== ElY 1

j=1

1 .2 .2 ~ 2+a
To bound [ [¢>**e 2°W" dt, welet T =1 3 and note that

7 T
/ t2+ae—%a‘%¢t2 dt < / t2+a dt
0 0

(2+a)(3+a)
T 2

3+«
1

247046

<
3 2 (Z;=1E|Yj|2+a)3+7a
0.0005
S 3+a
(X Y2

and
/T t2+ae—%0%¢t2 dr = /T ie“%“\%ﬂz dr
7 7 tl-o
1 T
Sm/ tge_%q‘%(/tz dt
T 2 JT
1 oo
< g [ Pt
T~ 2 JO
@re)(1-0) [~ 7 2
=3 2« (ZE'}/AZH)() (U_4>
j=1 w
1.1548 - 3% [ & E2
< 74 (ZE|Y1|2+Q> .
UW =)
Hence,
n 7 .
Al = MZEM“(/ et ars [ et dt)
i j=1 0 3
3-a
0.0020 4.6171-3% [ & 22\ 2
< =t D EY : (3.1)
(Z,}?=1E|Yj|2+°‘)T Ow =)
By the fact that

. 1 . 1 : 1
/ elt(/LW—k)—za%Vtz de = / elt(/LW—k)—icra,/tZ dt—/ elt(H«W*k)*QU‘%ﬂz de
[t|<T R

[tI=t
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1 it(uyy —k) _ ﬁ 1 it(pyy —k) 7&
:—/e ow 2 df-— e w 2dt
ow JR ow Jit|>owt
(k=) . )
2 - 1 iluyy k) 2
=——e S — e w 2 dt,
ow ow Jit|zowt
we have
1 1 keny)?
B eit(uw—k)—%o%«tz dt — e 20‘?‘,/

- 2 lt|<T UW\/ZJT

1 it([LW—k)_ﬁ
=— e w 2t
2row Jigzowe

and hence,

|B| <

1 2
/ e T dt
27TUW |t|=owT
<

1 o 2
< 5 / te” 2 dt
TowT Joye

0.3184 -of >
= e 2 .
okt

1
Using the fact that |y (¢)| < e_ﬁﬁwtz, where By = Z]’il By;» for t € [0,7) ([1], p. 5), we

have
1 )
Cl=|o [ et
T Jo<|t|<w
1
<~ (o) de

T2 Joczn

1 T
=;£|WMﬂMt

1 [F 14 2
—/enQﬂwtdt
T T

*© —-L gye?
— te =2 dt
Tt J;

A

IA

_Phw
1 (n%e A2
Tt 2Bw

1.5708 _fw
< 2,

e T
Bw

From (3.1)—(3.3), we have

1 7(k*u¥y)2
P(W,=k)— ———e ¥w
! ) ow 2
3—a
1 n 2
0.0020 4.6171 - 3« 9
< — + . (ZE|Y1'| +a)
(21}11 E|Yj|2w)T Ow j=1

(3.2)

(3.3)

Page 9 of 16



Kammoo et al. Journal of Inequalities and Applications (2023) 2023:21
0.3184 —of* 1.5708 _fw
+t—s—e z + e =2 . (3.4)
oyt Bw

In general, let X3, X5, ..., X, be independent lattice random variables with parameter (a, d).
Forj=1,2,...,nletY; = )% and W, =Y + Y5 +--- + Y,. Observe that Y7,Y>,...,Y, are

independent common lattice random variables with parameter (0, 1) and

2
W —na o
Hw = d ’ G\%Zﬁr P(Y}'ZI’I’I)ZP()(]'Zﬂ+dVV[), (35)
E|X; —al*™ d
E|Yj|2“" - % (3.6)

» T= .
a2+ Sé(Z;IzlElXi _a|2+a)ﬁ

From (3.4)—(3.6), we have

1 keuw)?
P(W, = k) - e
" owA 2
+a)(1+a 1 o? a2 o 3-a
3 0.00204 2“5 | 461713443 (X EIX; —al>) 2
_ l+a
(L EIX—al>) o
0.3184 .22 1.5708 _r*
+ e 2 +——e 72,
ot 174]
From this fact and the fact that
d _ (na+kd—/l,)2 1 — W
P(S, =na + kd) - e 22 ‘:‘P(W =k)- ———e Pw |,
" o2 g owA 2T

we have the conclusion of the theorem.
Furthermore, if X, X5, ..., X, are identically distributed, then

n
W =njy, o =o1/n, ZEIX;—MZ*“ =nE|X: - al**®*, and B=np,
j=1

which imply that
_ (navkd-nyp)®
Sup|P(S, = na + kd) - — 9o et
keZ " o1 /2nT
a2 AL o2+ o
000204 4 46171354 F2 (X, - al*) T
N & — * +a
(EIX, —al>) 2 n's S
0.3184 - 3% d(E|X; — a|>**) 7= ( oPnt )
i Tia ex _ ;
ofnra 2-3a (E|X; — a|**®) 7

1.5708 - 3 (E|X; — a|***)7ia —d*pinTa
+ — pl = — | (3.7)
dpinre 3@ w2(E|X] — a|**®) 2

Page 10 of 16
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1420 > l+a

—X
S > 5 ande

Since

2023:21

< % for a real number x > 0, we obtain that

0.3184 - 3% d(E|X, — a|*")7a (
(9,4

2 Lo
o N2

—()’12;/[2+ot )
34 (E|X, — )7

_ 0318437 d(E|X; —al***) 7 (2~3%<E|x1 —a|2+“>zfa>
- 0127151_5 olnra
3 3
0.6368 - 32 d(E|X; — a|***) 7w
< ME — ) (3.8)
ofnz
and
1.5708 - 3% (E|X, — a|***) ( —d2Bn%a )
l+a ex p 2 2
dpin¥ 3¢ 2(EIXy — al**) 2
_ 15708 - 3% (E|X; - a**®) %< 38 w2 (E|X, - |2+a)%>
- dﬁly[éig dZIB1W2+Ot
155032 - 3& (E| X, — a[>*) 2%
< ( | llw | ) . (39)
d*Binz
From (3.7)—(3.9), we have
2
d _ (na+kd—njiy) C
sup|P(S, = na +kd)— — e i |< S
keZ 2nw nz
where
(2+a 1+a) —a+2 2ray 322
~0.0020d 46171 - 33 d“ T2 (E|X; — a>*) 3
+a +
T EIX —aP)F ot
0.6368 - 3% d(E|X; — a|**®)%a 155032 - 3& (E|X; — a|>**) %
+
of & -

3.2 Proof of Theorem 1.2

Proof By the same reason of Theorem 1.1, it suffices to prove the theorem in case 2 = 0 and
d=1.Let Yl,Yz,...,

(0, 1) with the characteristic functions vy, and let

Y, be independent common lattice random variables with parameter

Wn=Y1+Y2+"-+Yn

with E(W,,)
23 oo PX

=y, Var(W,) = a‘%, and the characteristic function vy . Suppose that vy, =
Y;=m)P(Y;j=m+j)>0forallj=1,2...,n From (3.1)—(3.2) in Theorem 1.1,

Page 11 0of 16
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we have
1 k-uy)?
P(W, =k) - e i
g ow 2

3-a
0.0020 4 6171 3 2
1+Ct (ZE|Y|2HX)

Z} 1E|Y|2+a)
0.3184 -of,

F e T +[Cl.
O‘W‘L'

Siripraparat and Neammanee ([1], p. 6) showed that

In(|yy (8)]) < - Z ZPY,—m =l)sin2<(m—l)%).

m=—00 [=—00

From this fact and the fact that

2
nt
Zsm ( >> —mm(l (—) )
21
for |t| < w and n > 2 ([19], p. 399), we have

12201 =l—[|1/f1/,«(t)|

j=1

n 00 . jt
< -2 P(Y; = m)P(Y; = 2=
_R[exp( m;m (Y; = m)P(Y; = m + j) sin <2>)
< 3 (2
<exp —Zvyjsm 5

j=1
<eXp<—U Xn:siHQ(j—t>>
= w : 5
j=1
nv nt 2
fexp<——W min(l,(—) >>,
4 21

where vy = min;<j<, Vy;- Hence,

1
m<7/ o (0)] e
T<|t|<m

1 T
=;£|wmaﬁr

(3.11)
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2
Sexp(—MTW min(l,(;—fr[) )) (3.10)

From (3.11) and (3.10),

2

1 ST
P(W,=k)- ———e ¥
‘ g O'W\/QJT
3-a
1 n 2 2 .2
0.0020 4.6171 - 3« 0.3184 -oyr
< " oo T 7 (ZE|Y],|2W> + e 5
QoL ElYPe) 2 ow =1 owT

nw s nty\2
+e & min(L,(57) )‘

Furthermore, if X, X5, ..., X,, are identically distributed and v; > O forallj = 1,2,..., 1, then

d _ (mde—gu 1?2
sup|P(S, =na + kd) - ———e i
keg ! o1/ 2nm
@2+a)(1+0) 1 o%-a+2 3-a
0.00204 "2 4.6171 - 35d“ 3 (E|X, — al**) 3
— ‘o +a * o
(X, —al?*)'F 0t otn'?
0.3184 - 37 d(E|X; — a|>*®) 7 ( —on¥a )
+ 1+ 28 2 2
ofnta 234 (E|X; —al>*)za

l+a

nv o, ned 2
+ exp —me 1, T = .
21 - 3 (E|X; — a|?>*¥) 7

1 2+a % +o
From (3.8) and n > (M)%W , we obtain that

d _ (mz+kd—n/11)2 CZ -
sup|P(S, = na + kd) - ———e  ¥™i < +e 4,
kE}Z ’ o1/ 2nm n
where
+ao)(1+a @2 ay o
0.0020d “ 5 46171 354" 52 (E|X; — a[*") """
)= — +
(EIX; — a|2+) 5" ol
0.6368 - 3& d(E|X; — a|>**)Ta
+ - . .

0

4 Examples
In our work, we relax the condition third moment to almost the second moment. The
following example shows that there is an integer-valued random variable where the third

moment does not exist but the aim moment exists.

Example 4.1 Forj=1,2,...,n,let

5.6
P(X;=0)=P(X;=2)=045 and P(X;=2%)= o for integer k>2,
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Table 1 Explicit constants for Example 4.1

o A1 Az Ag A4 A5

0.1 815,329.3725 30,707.0472 78702 - 107" 510,995.2818 47281-107"2
0.2 3830.6039 131.7570 427481070 2192.5659 2.5681- 1077
03 709.0199 22.0903 15207 -107* 367.6043 9.1360- 107
04 332.9755 9.2986 8.5826-107* 154.7385 51561107
05 2305188 56875 229411073 94.6455 13782-107*
06 198.0421 42260 4.1553-1073 703248 24963-107*
0.7 199.3648 3.5533 5.8776-1073 59.1302 35310107
08 2374348 3.3064 6.7879-1073 55.0225 40779107
0.9 3843726 3.5196 5.9908 - 1073 58.5688 3.5990-107*

and assume that X3, X, ..., X}, are independent. Note that X7, X5, ..., X,, are maximal lattice
random variables with parameter (0,2) and u; = 1.3667, ajz =2.7322, B; = 0.2025,

oo oo
EXjP=36+) 2%P(X=2") =36+ Zsz(;) = 00,
k=2 k=2

and for a € (0, 1),

oo
E|)(j|2+a =045 - 22+Ot + Zz@ﬂl)kp(X — 2/<)

k=2

5.6
_ 2+
=045 .2 4 722(1_(” —ia < 00

forallj=1,2,...,n. Let
2 (2k=1.3667n)2
A, =sup|P(S, =2k) - —————¢ sdoHmn
S 1.6529+/2n7

By Theorem 1.1, we have

Ay

l+a

A Ay .
< T2t g exp(—Azn2 ) +
n 2 7 2+a " 2+a

A, < exp(—Asnﬁ)

and Table 1.
Observe that we cannot apply Theorem 1.2 with Example 4.1 since v; = 0 for some j > 3.

Example 4.2 Let X1,X>,...,X, be independent random variables defined by

7 1 L1 . N
sTmroap  PWEYep ad PG=0)) =)

P(X;=0) = =3

for integer k > 2. We see that X3, X5,...,X,, are common lattice random variables with
parameter (0,2) and

J 1 2 1 2
=L 4 s =" 4 -5,
W= epr—ap O T2 T ap gy
2'2+a 1
e = &) and  E|X;[? = 0.

8 + (2]‘)2—201 _ (2]’)1—0(
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Table 2 Explicit constants for Example 4.2

o By B> B3 By Bs
0.1 0.0120 56822 - 108 351,302.9406 1.9714-107" 2568310712
02 0.0147 26676 - 10° 1525.1266 1.0460 - 1076 13627107
03 0.0181 49135.10° 2574494 36709107 47821.107°
04 0.0225 2.2850-10° 108.5686 20641107 26891107
0.5 0.0282 1.5570-10° 66.1785 55555107 7.2372-107
06 0.0355 1.3065 - 10° 487213 1.0249-1073 13353.107%
0.7 0.0451 12714-10° 403174 149681073 19500 107*
0.8 0.0576 14431.10° 36.6187 181441073 23638-107
0.9 0.0741 21802 - 10° 37.6321 1.7180-1073 2.2382-107*
This implies that
3
n
— <o’ <n’,
48
3 2+0 1+2a
n 2 2
- S E|)(j|2+01 E e n3+a.
6 8  48(21-*—1)

Moreover, we have that

_1(7 1 3
v=mn —|--———F—-—=|=—.
155 a\8  (2)°-(2)?) 14

Let
_ Gk-w?
A, =sup|P(S, = 2k) - e 207
keZ o+ 21
By Theorem 1.1, we have
B B B « «
A, < TIM + —22 + —:exp(—me) +exp(-Bsnzw)
n it e on
and Table 2.

Observe that we cannot apply Theorem 1.1 with Example 4.2 since g; = 0 for j > 2.
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