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1 Introduction
The Hermite—Hadamard inequality is a classical inequality stated as: If f : [¢,b] — R isa

convex function, then

a+b 61)+f(b)
f<2>_b a/f 2 (L.1)

The double inequality (1.1) was introduced by Hermite [1] in 1883 and was investigated
by Hadamard [2] in 1893.

Definition 1.1 ([3]) A function f: A — R is said to be coordinated convex, if the partial

mappings
filodlsvefxv)eR and f):[a,b]l>u— f(u,y) eR
are convex for all x € (a,b) and y € (¢, d).

A formal definition for coordinated convex functions may be stated as follows:
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Definition 1.2 A function f : A — R is said to be coordinated convex, if

f(tx +(1-Dz,ay+ (1 - )»)w) <tAf(x,y) + t(1 = A)f (x,w) + (1 — O)Af (2, )
+(1 -1 -2)f(z,w) (1.2)

holds for all £, A € [0,1] and (x,y), (z,w) € A.

Dragomir [3] presented the Hermite—Hadamard-type inequalities for coordinated con-
vex functions in 2001 as follows:

Theorem 1.1 Iff: A — R is a coordinated convex function, then we have
a+b c+d
f( 272 )

1[ 1 b c+d 1 d (a+b

. ) d ) d
fz[b—a/af(x 2 ) ’”d—c/cf< 2 y) y}

1 b rd

<— ,y) dya
<omaa ] | fendas

b
=< %[(bia) /a flx,¢) +f(x,d)dx

1 d
b / Flay) +£(b) dy}

—C

=<

[f(a,c) +f(b,¢) +f(a,d) +f(b,d)]. (1.3)

N

In 2012, Sarikaya and Set [4] proved some inequalities that give estimations between the
middle and the rightmost terms in (1.3).

Theorem 1.2 Letf: A — R be a partially differentiable function on (a, b) x (a, b). If | %l
is coordinated convex on A, then the following inequality holds:

fla, o) +f(a,d) +f(b,c) +f(b,d) ) Yo
’ * +(b—a)(d_c)/; /Cf(x,y)dsdt_A‘
< (b—a)(d—c)[l%ﬂa,c)l 1 f(a,b)] + | f (b,c)| + |%§f(b,d)|} »
B 16 . | |

where

i1 1
A=§|:m/af(x,c)+f(x,d)dx+d_C/Ef(ﬂ,y)+f(b:)’)dx]-

On the other hand, the concept of quantum calculus (sometimes called g-calculus) is
known as the study of calculus with no limits. Note that g-calculus can be reduced to or-
dinary calculus if we take lim,_,;. In 1910, Jackson [5] introduced the definite g-integral
known as the g-Jackson integral. Quantum calculus has many applications in several
mathematical areas such as combinatorics, number theory, orthogonal polynomials, ba-
sic hypergeometric functions, mechanics, quantum theory, and the theory of relativity, see
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for instance [6—11] and the references therein. The book by Kac and Cheung [12] covers
the fundamental knowledge and also the basic theoretical concepts of quantum calculus.

2 Preliminaries
Throughout this paper, we let A :=[a,b] x [¢,d] CR,0<g<1land0<gq;<1fori=1,2.
Also, here and below, we use the following notation:

Y lvgqe+q" 2+ g, ifneR,
(g =
0’ ifl’l=0-

In 2013, Tariboon and Ntouyas [13] defined the ,q-derivative and ,g-integral of a func-
tion on finite intervals and proved some of its properties.

Definition 2.1 ([13]) Letf: [a,b] — R be a continuous function. Then, the ,g-derivative
of f at x € (a, b] is defined by

_f@) —flgx+ A -9)a)

S = )

The ,q-integral is defined by
/ FOadgt = (1 - -0 S af (% + (1 - ")a).
a n=0

In [14], Alp et al. proved the following quantum Hermite—Hadamard inequality for con-
vex functions using the quantum integrals:

Theorem 2.1 Iff:[a,b] — R is a convex function, then we have

qa+b O af (a) +f(b)
f( o ) < m/ 1) e < LT, (2.1)

In 2020, Bermudo et al. [15] defined the g-derivative and g-integral of a function on
finite intervals that are called g-calculus

Definition 2.2 ([15]) Let f: [a,b] — R be a continuous function. Then, the ?q-derivative
of f at x € [a, b) is defined by

gx + (1 - q)b) — f(x)
A-qpb-x

bDyf(3) _S
The bg-integral is defined by
b [o¢]
f fO dt=0-q)b-% q'f(q'x+(1-q")b).
x n=0

Bermudo et al. also proved the corresponding Hermite—Hadamard inequality for ?q-
integrals, as follows:
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Theorem 2.2 [ff: [a,b] — R is a convex function, then we have

a+qb f(a +qf(
f(1+q)_b_ /f( < s (2.2)

n [16] and [17], the authors provide g-integrations by parts as follows:
Lemma 2.1 For continuous functions h,f : [a,b] — R, the following equality holds:

/ h0) uDyf (2 + (1 = D) odt
0

_h@)f (e + (1 - ta) |
- b-a

/ (b + (1 - 0)a) oDyh(t) odyt. (2.3)
Lemma 2.2 For continuous functions h,f : [a,b] — R, the following equality holds:

/ C h(t)"Dyf (ta + (1 - )b) odyt
0

h@)f (ta+ (1 -1t)b)|°
b-a 0

= /0 Cf (ta + (1= 1)b) oDgh(t) odgt — (2.4)

Several papers were devoted to generalizations and estimations of the left and right sides
of the inequalities (2.1) and (2.2). In [18], Noor et al. proved some bounds for the right-
hand side of the inequality (2.1), whereas Alp et al. proved some bounds for the left-hand
side of the inequality (2.1) in [14]. In [19], by using convex functions, Budak proved some
bounds for the left- and right-hand sides of the inequality (2.2).

In [20], Ali et al. proved the following new version of the quantum Hermite—Hadamard
inequality involving the ,g-integral and ?g-integral. They also proved some inequalities

for estimations of the left- and right-hand sides of this inequality.

Theorem 2.3 Iff: [a,b] — R is a convex function, then we have

f(#)_b a[/mfx) de F@'d, ] J@+0)

Recently, Sitthiwirattham et al. [21] proved some new quantum Hermite—Hadamard

inequalities for convex functions by using their new techniques.

Theorem 2.4 Iff:[a,b] — R is a convex function, then we have

f(d;b) < = a[/ )% dqx+/ f) a+hdqx:| ACLION (2.5)

2

On the other hand, in [22] Latif et al. and in [23] Budak et al. introduced the quantum

integrals for functions of two variables

Page 4 of 25
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Definition 2.3 ([22]) Suppose that f : A — R is a function of two variables. Then, the

definite integral is given by

x pry
/ / F(6,5) ey addy = (1= q1)(1 - @) — )y — )

oo o0

x )Y i (dix+ (1-df)a.asy + (1-a5)e).

n=0 m=0

Definition 2.4 ([23]) Suppose that f : A — R is a function of two variables. Then, the

definite integrals are given by
x pd
[ [ 69 nsidnt =1 -a0 - g -aa -
a Jy

x ) ) diarf(gix+ (1-di)adsy + (1-g5')d),

n=0 m=0

b ry
/ / Ft8) edyys "yt = (1 - 01)(1 - ga)(b - )y — <)

oo 00

<Y Y didyf(dix+ (1- )b gy + (1-3')c)

n=0 m=0

and
b d
/ / F(t,5)4dys Pyt = (1 1) (1= g2)(b—x)(d — )
x Jy

o0 o0
x ) > dia5f (dix+ (1-a))b.as'y + (1 - 4')d).

n=0 m=0

In the papers [22] and [23], by using these integrals, the authors also proved the
Hermite—Hadamard inequalities for coordinated convex functions. By using the concepts
given in Definition 2.3 and Definition 2.4, many authors proved several important inequal-
ities [24—28].

In [22] Latif et al. and in [29] Budak et al. introduced the following ¢, g»-derivatives for

functions of two variables

Definition 2.5 ([22]) Letf: A € R? — R bea continuous function of two variables. Then,

the partial ,q-, .q-, and ,.g-derivatives at (x,y) € A can be given as follows:

ﬂaqlf(x’y) _f(qlx +(1 _6]1)’1’}’) —f(x,y)

I s g TP R
0, f (%, %) S gy + (1 - o)) —f(x,9) y4c

caqz_y (1 —qz)()’— C) ’ ’
a,ca;b%f(x’y) 3 1

a0g % c0g,y - x-a)y-c)1-q1)1-q2)

x [f(qx+ (1= q1)a, goy + (1 - go)c)
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—f(qx+ A= q1)a,y) —f (%, g2y + (1 = g2)c) + f(%,9)]
xFa,y#c.

Definition 2.6 ([29]) Letf: A € R? — R bea continuous function of two variables. Then,
the partial g, “q, q, q, and ??gq-derivatives at (x,y) € A can be given as follows:

P00 f(x,y)  flqix + (1—q1)b,y) - f(x,)

o Q-ae-» TP
Y/ (57) _ [0+ A= a)d) =flsy)

b0,y (1-g2)(d-y) ’ ’
407 0o (9) 1

0290y (@—a)d-y)(1-q)(1 - q)
x [f(qx+ (1 - q1)a, g2y + (1 - q2)d)
~flax+ (1= qi)ay) —f (v g2y + (1 - @2)d) + f(x,9)],
x7ay#d,

00l ) _ 1
0,40,y (b-x)(y—c)(1-q1)(1-q2)

x [f(q1x + (1= q1)b, qoy + (1 - q2)c)
—f(q1x+ A= q)b,y) —f (% g2y + (1 — q2)c) +f(%,9)]
x#byH#c,

bgh f5) 1

0%,y (b—x)d-y)(1-q)(1 - q2)
x [f(qx + (1 = q1)b, g2y + (1 - q2)d)
~f(qx+ (L=q1)b,y) —f (%, qay + (1 = q2)d) + £ (x,9)],
x#by#d.

Recently, in [30], new versions of g-Hermite—Hadamard-type inequalities for coordi-

nated convex functions have been established.

Theorem 2.5 Let f: A — R be a coordinated convex function. Then, we have

(d+b c+d)
o5 c+d b b c+d
sall, / ( ) e [ (=57 ]
a+b crd d a+b
2(d |: < >2dQ2y+‘/;+df< 2 ,}/) Cg‘idﬂy]
b

a+b c+d

m[/azl Sx) quzy d

I A
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o I A
o[ gy L [ [ 700 F iy
a 2 -2 c

b d
[ S iy x|
2 2

- 4(191_ a) [ / 7 fwo - S, d) T dyyx+ be(x, +f(x, d) a_gbdqlxi|

A

c+d d
gaal S s Ly [ san o e

<f a,c) +fla,d) +f(b,c) +f(b,d)
= 2 .

In this paper, we study some estimations between the middle and the rightmost terms
of the above inequalities.

3 Main results

In this section, we prove several new inequalities for g-differentiable coordinated convex
functions that are related to the right side of Hermite—Hadamard inequalities for coor-
dinated convex functions. We may start with some lemmas, which are useful in further

considerations.

Lemma 3.1 Letf : [a,b] — R. Then, we have

1
/qtaqu<tb+ —t)—)odt
0

2 4 b
B — 2 [t
(b—a)* Jag

fx) #dqx. (3.1)

Proof By (2.3) and the definition of a g-integral, we have

1
f qtﬂqu(tb r(1-02 ; b) odyt
0

_2af b+ (1= 2 /1f<qtb+(1 qt) +b>odqt

b-a O_b—a

_ 24]((17) _ _( _q anf( nily (1 qn+1)d+b>

2

- 2@:(1’)) _ _(1 q anﬂf( nly o (1 qn+1)d;b)

=2QJi(b)_—(1 q anf( nb+(1 q )ﬂ+b)

24f (b 2 b
=—Z]:(a)—E(I—Q)<Zq"f<61"b+(l—q”)a; )—f(b)}

n=0

4 b
- B fa;bf(x) it

a

which completes the proof. d
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Lemma 3.2 Letf: [a,b] — R. Then, we have

1
f qt”DJ(ta +(1- t)a—;b) odyt
0

a+b
-- bfaf(a)+ G _4“)2 / f) F dya. (3.2)

Proof By (2.4) and the definition of a g-integral, we have

1
/(; qtthf<m +(1- t)—a ; b) odqt

2q 1 a+b 2qtf(tﬂ+(1—t)%)
= L 1-gt d,t—
b—a/0f<qd+( 4) ) >0q b—u

1

0

a+b> ~ 24f (a)

_ 26] _ - n n+l1 _ ntl
=50 q);qf(q a+(1-¢"") = >

2 () 2 - n+ N+ 1+ b

2 () 2 = n n n b
-5 +m““’)n§qf(“+(1‘q)a; )

2 () 2 - n n n b
— +E(1—q)i;qf(qa+(1—q)%) —f(a)}

2 4 S

The proof is completed. O

For convenience, we will use the following notations:

82 t,s daZ ts
a(t,) = w09 g g 2 aafG35)
a0, tc0g,$ a0, £904,8
by2 bd g2
d ts 0 t,s
W(ts) ‘=UM¢ and  Q(t,s) ;=#ﬂ)
g, tc0g,S 04,8904,

Lemma 3.3 Let f : A — R be a g-partially differential function on A°. If O(t,s), O(t,s),
W (¢,s), and Qt, s) are g-integrable on A, then the following identity holds:

fla,c)+f(a,d)+f(b,c)+f(b,d)
4

a+b

1 5 crd ath
* (b-a)d-c) / / Flo) = dpy = doyx

a+b crd

2 d a+b b 2 c+d
+/ f f(xry) quzy 2 dqlx +/ / f(x’y) 2 dqzy ﬂ_*fbdqlx
a %{ 2 aTM ¢ 2

Page 8 of 25
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b
/ df(x, exd dyg,y ash dqlx]
a5t Jesd

a+b
2(b 2) [_/ fle) +flx,d) T dq1x+/ fx,0) +f(x,d) u+bdqlx]

c+d
sl Fen 19 F dors [[ a6 ]

(b a)(d c)// qlt)(qzs)[ ( —ta+1-2+tb,1;sc+1;-sd>

2
1- 1 1
—@(Ttﬂ Ltb +S )

<1+t 1-¢ s 1+s

1+¢ 1- 1+s 1-s
+Q< 5 a+ 5 b, 5 c+ 5 d)i|odq2sodqlt.

Proof We use Lemma 3.1 for variables s and ¢, and we obtain
Lopel 1-t 1+t , 1-s 1+s
I = A (q18)(q25)P 5 a+ 5 b, 5 c+ 5 d ) odg,s odg,t
Lol a+b
- (qlt)<qzs>d>(tb+(1—t)
o Jo
1 1 b d
:/ qlt[/ q2s¢<tb+(1—t) ,sd+(1—s)CJr )odq2s]odqlt
0 0 2 2
1 2 40g a+b
= th+(1-t)—,d
/0 [d— I tf< +l=0= )

4 (7 40 b
_—ﬁ qlf(tb+(1— )ﬂ+ ,y) c+ddq2y]0d "

d
,sd+(1-s)” >0dq2s0dqlt

(d_C)Z {ﬂaaqlt
2 ! ﬂaql a‘l'b
_d——C/o qltgaqltf(tb+(1_t)_2 ’d>0dq1t
4 a ! aaql a+b
RUEGE /zd Uo qltaaqltf<tb+ (1 _t)T’y) °dqlt] gt da)
2 2 4 b
:d_c[b_af(b,d)—m/a;bf(x,d)ﬁzbdqlx]
4 ar 2 4 b
_ a0 /%1 [b_ﬂf(b,y) - m fa_gbf(x,y) aTafbdqlxi| %ldqzy
) $/bf( &) ssd
Th-ad-o YT b-apd—c) Jap T 0T

m / f b _)/) c+d dqz_)/
16

W/ / J@9) eyt dapy agp gy .
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Using Lemma 3.2 and Lemma 3.1 for variables s and ¢, respectively, we obtain

t 1+t 1 1-
12 _/ / (qlt) qZS)®<_ﬂ+ %b, ;Cﬁ' Tsd) OquS Odqlt

a+b c+d
='/0‘ /O(qlt)(qzs)®<tb+(1—t) 5 ,s¢+ (1 —35) 5 )odqzsodqlt

1 1 b d
:/ qlt[/ qzs®(tb+(1—t)ﬂ;r ,sc+(1—s)CJr >0dq2s]odqlt
0 0

! 2 aaql +b
= t - th + (1
./0 n |: d_caaql f( ( )
c+d

2 (1.9 b
:_—/ q1t qltf<tb+(1—t)%’c)0dqlt

d—C 0 aaql

4 /”—d /1 tﬂaqlf th (1 t)d+b d t c+dd
+ p—
Td-cp o T 2 4

2 2

4 b
= —d_c[mf(b,c) “ooae /ﬂ;bf(x,c) agbdqlx}

ct+d

4 T 4 b
a0 g LS | €

4
z_mf(b ) (bT/ fx; a+bdq1x
8 ﬂ 3
el TR

c)2 ﬁm/ fx»)/) dg,y a+b

Similarly, using Lemma 3.1 and Lemma 3.2 for variables s and ¢, respectively, we ob-

tain

1,1
1+t 1-¢t 1-s 1l+s
I ::/ /(qlt)(qzs)\ll a+ b, c+ d ) odg,s odgt
o Jo 2 2 2 2

> a+b
=—mf(a d)+ )/ fx:d)Td,hx
8 d
e RS

" boap / ffx,y)c+dd2y7dqlx
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Using Lemma 3.2 for variables s and ¢, we obtain

1 pl
1+t¢ 1-t 1+s 1-s
14::/ /(qlt)(qzs)Q ——a+——b,——c+——d ) ody,Sodyt
o Jo 2 2 2 2

a+b
4 8 e arb
"o ad—o " board o /a f,0)2 dygx

8 5 cid
ot | e

atb  c+d

16 2 2 crd ath
+ m/ / S09) 2 dg,y 2 dg .

Multiplying (I; — I — I3 + 1) by %, the proof is completed. O

Theorem 3.1 Under the assumptions of Lemma 3.3. If |®(¢,s)|, |O(¢,5)], |V(¢, )|, and
|2, 5)| are coordinated convex on A, then the following inequality holds:

fla,c) +fla,d) +f(b,c) +f(b,d)
4

a+b
(b a)(d c) [/ / f(x, ¥ Ay dqlx

a+b c+d
/ f Sxy) c+ddq2y ki dq1x+/ / flxy) % dg,y mdqlx

‘ L [y sy ]

Z(b 2) |:/ f(x,¢) +f(x,d) dq1x+/ fx,¢) +f(x,d) mdqlx]
Z(d |:/ fla,y)+f(b,y) 3t q2y+/ fay)+f(by)c+ddq2y]’
(b-a)d-c)

6412, 2], 31, Bl

x [Ga3(|®(a,0)] + |O(a,d)| + |W(b,)| + |2b,d)))

+ 43242 + 205 + 33) (| (@ )| + |O(a, 0)| + |W (b, )| + (b, 0)|)

+ @20 + 202 + ) (|05, 0| + |0, )| + |W(a,0)| + |a d))

+ (201 + 247 + 47) (22 + 23 + 53) (|26, )| +[©(b, )| + V(@ )| + |2 c)]) ]
(3.3)

Proof From Lemma 3.3, we have

fla,c) +fla,d) +f(b,c) +f(b,d)
4

atb c+d

1 2 2 crd ash
* m [/a /c fxy) dqzy dqlx

Page 11 of 25
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o I A
o[ gy L [ [ 700 F iy
a 2 -2 c

b d
+ /@ /@f (%, 9) csa gy a;bdqlx]
2 2

T ob- a)[/ f0) +fx,d) T dq1x+/ f(x,c)+f(x,d)a+hdqlx]

1 T c+
- 3@=9 UC f@y) +f(b,y) ¥ q2y+/#f(a,y) +f(b,y)”2,,,dqzy]’

b-a)d-c) '[! 1-¢ 1+t 1-s 1+s
ST/O A(qlt)(qzs)[¢< 5 a+ 5 b, 5 c+ 5 d)

1-t 1+t 1 1-
+|® a+ * b, +Sc+ Sd
2 2 2 2
1+¢ 1-t 1
+ ¥ * a+ b S +Sd
2 2
1+t 1-¢t, 1+
+ Q( 7 4t b, % d)]odqzsodqlt.

By the coordinated convexity of |®(z,s), |©(¢,s)|, |¥(Z,5)| and |2(¢, s)|, we obtain

1-t 1+t 1- 1
o) a+ - b, Sc+ +Sd
2 2 2 2

591&;2@@@p9;ﬂ5ﬁ@mm|
n 4
+W|©(b,c)| 1+ +
1 4
‘®(£a+£b,£c+gd)‘
2 2 72 2
<0009 6, )4 L2009 1 g
P09 6 1, 0029 0 )
. 4
ez
2 2 72 2
Sww(mhwww
. 4
+W|W’6)' &py(b a)|
and
()
2 2 72 2
< 0009160, LA g0, )
4 4
+W|9(M|+L‘fl—s)|g(b,d)y

(3:4)

(3.5)

(3.7)

(3.8)
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Replacing (3.5)—(3.8) in (3.4), we obtain

fla,c)+f(a,d)+f(b,c)+f(b,d)
4

L (,9) ¥ dgyy T d
+ (b—ﬂ)(d—c) /a ‘/c fx’y qu qlx

u+h u+d
a+b
/ / f x,y) c+d dqz_)/ 2 dqlx + / / f X%y 2 qzy a+bd 1x

/ df(x; ) c;d dqzy %dqlx]
T T

a+h b
2(b a) [/ fo)+flxd dq1x+fwf(x,6) +f(x,d)#dqlx]

u+d
2(d |:/ fla,y)+f(b,y) 3 q2y+/ fay)+f(by)c+ddq2y]’

bh— _
(“6740 /0 /0 (@)(@9)

x [1 -1 -9)(|P@c)| + |O@d)| + |¥(b,c)| + |Qb,d)]|)

IA

+(1-1)(1 +s)(|CI>(zz,d)| + |(~)(zz,c)| + |\I!(b,d){ + }Q(b,c)|)
+(1+1)(1 —s)(’cb(b,c)| + |®(b,d)‘ + ‘\I/(a,c)‘ + ‘Q(u,d)‘)
+(1+5)(1 +s)(|<I>(b,d)| + |®(b,c)| + |\I/(a,d)| + |Q(a,c)|)]0dq2s o0y, t. (3.9)

Evaluating each integral in (3.9), we obtain (3.3). The proof is completed. O
Remark 3.1 1f we take the limit ¢g1,g, — 1, then (3.3) reduces to (1.4).

Theorem 3.2 Under the assumptions of Lemma 3.3. If |®(¢,s)|", |O(¢,5)]", |V(t,s)|", and
|Q(t,s)|" are coordinated convex on A and p,r > 1, 1% + % =1, then the following inequality
holds:

fla,c) +fla,d) +f(b,c) +f(b,d)
4

1 a+b
thoad-c [/ / e

a+b c+d
/ / Sxy) c+ddq2y & dq1x+/ / flxy) % dg,y mdqlx

‘ L [y gty ]

/ flx,¢) +f(x,d) dq1x+/ fx,¢) +f(x,d) a+hdq1x:|

Z(b a) [

Z(d |:/ fla,y)+f(b,y) 5 d2y+/ fay)+f(by)c+ddq2y:|’
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(b-a)d-
16

C) [ qglaqzza ]l/p[ 1 ]l/r
[p+1lg[p+1lg 4[2]4,[2]4,

x[(014:| 2@ )| + 312+ 02)| (@, )| + 22 + g) | (b, 0|
2+ q)2+ )| oB.a))"”

+ (712 +92)|0@, 0| + 192|O(@, d)|" + (2 + q1)(2 + q2)|O (b, ¢)|

+ 2+ q)|00,d)|)"
+(222+q)|¥(@,0)| + 2+ q)2 + )| ¥ (@ d)| +q1q:|¥(b,c)|
12+ )| Wb, D))"

+(2+q)2+ @)|Q@ 0| + 22+ q1) |Qa, d)|" + 412+ g2)| b, o)

+quga|Qb,a))"): (3.10)
Proof From Lemma 3.3, we have
fla,c) +f(a,d)+f(b,c)+f(b,d)
4
a+b
_ ,y) 2 d _d
t - u)(d c)[/ / f(x 7 Fdyys
a+b c+d
cd

/ / fx,y) c+ddq2y7dlx+/ / flxy quzy#dqlx

+LiLﬂWMMM@%4
2 2
a+h
Z(b 2 |:/ f(x,c)+f(x,d) 5 dq1x+ Thf(x,c)+f(x,a,’)a+hdqlx]
c+d

Z(a’ |:/ fla,y)+f(b,y) qu2y+/ fay)+f(by)c+ddq2y]’

(b zz)(d—c)//‘ a0 25)|: ( —t 1+tb,1_sc+1+sd)‘
2 2 2
1-t¢ 1+¢, 1+s 1-s
+ @( a+ , c+ d>
2 2 2 2
. IIJ<1+tzz+ l_tb,l_sc+ 1+Sd)
2 2 2 2
1 1 1 1-

+ Q( ;ta+ 2tb, ;Sc+ st)]odqzsodqlt. (3.11)

Now, using the g-Holder inequality for double integrals, since |®(t, s)|" is coordinated con-

vex, we obtain

Alﬁnmm

q2)

1+t

1-

N

(l—t
0] a+
2

2

’

2

1,1 p
< [/ / (187 (q28) 0dg,S 0dg, f]
o Jo

c+

1
+s>
2

()quS Odq1 t
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SIS

qj{lqj; 1/p
:[M+umm+u }

1+¢ 1-s 1+s \/
b, c+ d
2 2 2

1/r
odqzs odql t:I

dENAR G

<[ qzlaqg ]1/p
T L+ 1y lp+ 1

[ et

1+t 1- 1
b, Sc+ +sd
2 2 2

r 1/r
()dq23 Odq1 t]

1- 1+s)

(a,c)|r+ |<1>( d)|

1+8)1+5s) ur
—|d>(b d)| odqzsodqlt] .

(1 +1)(1
— D
NS
Similarly, we have
ot 1-t
| [ @oras @( at
o Jo 2

<|: qﬁaquz :|l/p
T Llp+1lylp+ 1],

()dqzs Odql t

1+t 1 1-
b, +Sc+ Sd
2 2 2

Lrta-n+s) o (1=0)(1-5) v
x|:/0 /0 ?\(9(“)] +f’®(a,d)’

(L+2)(1+s) » 1+8)(1-s) , 1r
+T|®(b,c)| +f|®(b,d)| odqzsodqlt:| ,
Lot 1+t 1-t 1-s 1l+s
/0 /0(611t)(612$)‘11< St b ——ct — d) 0dg,S odg, t

<|: q{zqg :|1/p
B [P‘l' l]fh[p+ l]qz

1 +2)(1+5s)

L rl1+)1-5) r r
T A e e
1/r
00y =00 0, 0 0,

and

1-

fo 1 /0 (@)@

<[ qzlaqg i|1/p
T Llp+1lgp+1]g,

L rl(1+6)1+5) , —s)
><|:/0 /0 — |Q(a,c)| +74

1-85)1+5s)
+7
4

1+t¢
Q( - a+
2

|Qb,¢)| +

t 1+s 1-s
5 b, 5 c+ 5 d) 0,8 0dg L

1+ |Q(a,d)|r

1-8)(1-s . r
%()m(b,dﬂ odqzsodqlt] )

(3.12)

(3.13)

(3.14)

(3.15)
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Replacing (3.12)—(3.15) in (3.11) and calculating each integral, we obtain

‘f (@) +f(a,d) +f(b,c) +f(b,d)
4

a+b

1 5 crd ath
* (b-a)d-c) [/ / J9) % dyyy = dyx

a+b ct+d

R ash b5 ed
+/ /;+df(xry) %dqzy 2 dqlx + L+b / f(x,y) 2 o~ #dmx
a 5 ash ¢

b pd
+/M /Mf(x,y) HTddqzy L%bdqlx]
2 2

a+b

= a+ b
- ﬁ [./a fx0) +f(x, d)_deqlx * /%f(x, ) +f(xd) %dqlx]

ct+d

E s ¢
[ ran o0 Py [ o) ]|

" 2(d-o)

IA

(b—a)(d—c) qzlﬂqg 1/p 1 1/r
[ [

16 p+ 1,2+ 1, o210
x [(@12:] 2@ O + 12+ 4)| @@, )| + 4a(2 + 01)| @b, )|
+ 2+ )2+ q@)|ob,d))"”
+ (012 + 32)|O@,0)|" + q142|O(a, d)| + 2+ @1)(2 + 32)|Ob, )|
2+ q)|ew.a))"”
+ (022 +q) | ¥ (@] + 2+ q)2 + )| ¥(a,d)| + q1qa| W (b, 0)|
@2+ q)|Vba)|)"
+(2+q)2+q2)|Qa, )| + 322+ 1) |Qa, D) + 12+ 32)| 2B, O

+ | @, [N
The proof is completed. O

Theorem 3.3 Under the assumptions of Lemma 3.3. If |®(¢,s)|", |O(t,5)|", |¥(t,s)|", and

|Q(t,s)|" are coordinated convex on A and r > 1, then the following inequality holds:

fla,c) +fla,d) +f(b,c) +f(b,d)
4

a+b c+d

1 2 (2 crd atb
*(b—a)(d—c)[/a / Jooy) = deyy = diyx

a+b ct+d

% rd asb b ey ced
+/ /df(x,y) %’d‘ﬂy : dq1x+/ b/ Sy) 2 dg,y #dthx
a I ab Je

b d
+ /ﬂ /Mf(x,y)#dqzy az;bdqlx]
2 2
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atb

2 . b
- 2(b1—a) [/ﬂ fx,0) +f(x,d)%dqlx+ /Mf(x,c) +f(x,d) ﬂ;hdqlx]

Z(d |:/ fla,y) +f(b,y) E q2y+/ fay)+f(by)c+ddq2y]’

- (b—u)(d—c)[ 0142 :|11/r|: 1 :|1/r
B 16 (214, [2]4 412]4,[214, (314, [3lg,

< (i3] (@, 0)|" + 43 (202 + 245 + 43) | P(a, d) |

+ @320 +243 + @) 06,0+ (201 + 243 + 4}) (202 + 23 + 43) | @ (b, )| )
+ (43 (292 + 295 + 33)|©(a. )| + 4iq3|©(a,d)|

+ (21 +247 + ) 202 + 243 + 33) |0, 0| + 43 (241 + 242 + 4)|©(b, d)[") "
+(6q + 24 + 43) Y (@ 9] + (241 + 247 + 47) (292 + 245 + 3) [V (a, )|

+ Q| (b0 + G (200 + 243+ G3) [V (b))

+ ((26]1 +2g7 + qi’)(2q2 +2g5 + q§)|§2(a, c)|r +q (2q1 + 2q7 + qi’)|§2(a, d)‘r

+ @ 2q + 242 + @) |Qb, )| + 2B |b,a)|) . (3.16)

Proof From Lemma 3.3, we have

4

1 o crd ath
T o-ad-o U / J) 2 dgyy 2 dgyx
a c
u+b c+d
a+b
/ / fx) c+ddq2_)/ s dq1x+/ / flx,) .2 dg,y a+bd nx

b
/ df(x; ) c;d dqzy %dqlx]
T T

|f(a,c) +f(a,d)+f(b,c)+f(b,d)

a+h b
2(b a) |:/ fwo +f@wad)™ dq1x+/%_bf(x,6) +f(x,d)%+_bdq1x]

c+d
2(d [/ fla,y) +f(b,y) E q2y+/ fay)+f(by)c+ddq2y]’

_(b a)( //(qlt)qzs)[ ( ;t lgtb’lgsw_l;sd)‘

1-t 1+t 1
+|O® a+ * b, +S d
2 2
1+t 1-t¢ - 1
+ | * a+ b, S +sd
2 2
1+t 1-¢t 1
¥ sz( ; a+ b, e 24 ]odqzsodqlt. (3.17)
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Now, using the g-power mean inequality for double integrals, since |®(¢, s)|” is coordinated
convex, we obtain

1 1 1_ 1 1_ 1
/Ofo(qltxqzsm( SPTRLTR ;w)
1 r1 1-1/r
< [ /o /0 (@10)(@5) oy odly t]
1 1 1_ ) - ) .
x|:/0 /O(qlt)(qQS)d)( Zta+ ;tb, 2Sc+ ;—sd>
=|: 019> :|1—1/r
21,121,
1 1
x [ /0 /o (@10)(29)
<|:%:|11/r
21, [2]

[// qlt)(qzs){ E00 g, 0+ L2 g,

Odqzs Odqlt

1/r
0dg,$ 0dg, ’{|

r

1/r
odqzs odql t:|

1-t¢ 1+t 1- 1
) a+ Bl b, sc+ +Sd
2 2 2 2

+(1+t)(1—s) (1+t(1+s)

4

1-1/r 1/r
e e
(214 [2]g, 4214, 214,314, [B14,

x [iq5|®(a,0)|" + 43 (2q2 + 243 + 43) | @(a,d)|"

1/r
|®(b,0)|" + |®(b,d)|" }Odqzsodqlt]

+q3(2q1 + 24 + @) | D (b, )|

+ 2q1 + 242 + @) 2 + 2% + E) | 0B, )| ] (3.18)

Similarly, we have

fo 1 /0 (@0@s)

- |: 14> ]1—1/r|: 1 ]I/r
~ L[21g 214 4214, (214,814, [Bl,

x (43242 + 245 + 43)|©(a, 0)|" + 4143|Oa, d)|
+ (201 + 247 + 43) (292 + 245 + 43) | © (b, )|

+ 320+ 24 + &) |ow,a)| '], (3.19)

1+t 1-¢t 1- 1
/ /(qﬂ)(qu)‘If( ; a+ b, e+ Hd) 0
0 0

- |: 19> ]1—1/r|: 1 ]I/r
~ L2Ig [2]g 4[2]4, (214, (314, [314,

X [q§(2q1 + Zq% + q?) |\IJ(a, c)|r + (2q1 + Zq% + qf) (2q2 + 2q§ + qg) |\Il(a, d)|r

+ q1q2|\lf(b c | +q (22 + 243 + qg) }\IJ(b, d)|r]1/r (3.20)

2 2 2 OquS 0dq1 t

1-¢ 1+¢ 1 1-
@( 5 a+ * b, +Sc+ Sd)

Page 18 of 25
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and

1 1
1+t 1—-¢t 1+s 1-s
/0 /0(qlt)(qzs)§2( At b et — d) 0dg,S ody, t

- [ 019> }ll/r[ 1 :Il/r
~ L12Ig 2]y, 4[2]4, (214,314, 134,

X [(2q1 +2q° + q%) (2q2 +2g3 + qg) |Q(a, c)‘r +q (2q1 +297 + q%) |Q(a,d)|r

+ @3 (22 + 243 + &) |Qb, 0| + £ |, a)| T (3.21)

Replacing (3.18)—(3.21) in (3.17), we obtain

fla,c)+f(a,d)+f(b,c) +f(b,d)
4

S (,9) ¥ dyyy T d
2 2
+ (b—ﬂ)(d—c) /a ‘/c fx’y qZ-y qlx

u+b c+d
c+d
/ / fx,y)addqzy d x+/ / flxy) 2 qzy#dqlx

/ df(x; ) c;d dqzy %dqlx]
T T

ol

c+d
/ fla,y) +f(b,y) E q2y+/ fla,y) +f(b,y) c+ddq2y]’

+h b
fx,0) +flx,d) T dq1x+ /:th(x,c) +f (o, d) #dqlx]
2

2(d ) |:

- (b_a)(d_c)l: > i|1—1/r|: 1 ]l/r
B 16 (2], [2]4 4[2]4,[214, (314, [3]g,

x [(B3g3| @@ o) + 43 (292 + 245 + q3) | P(a, d)|
+ @ Cq + 242+ 4) |0, 0)| + 2q1 + 242 + @) 2 + 2% + £) | 0B, d)|')
+ (23202 + 25 + 33)|©(a, 0)| + 4343 |O(a, )|
+(2q1 + 247 + 43) (292 + 245 + 43) |© (b, )| + @3 (2q1 + 247 + 43)|© (b, )| )”’
+ (43 (2q1 + 297 + 43) | W (@, 0)|" + (2q1 + 245 + 43) (292 + 295 + 43) | ¥ (a, d) |

+ @B V0,0 + 4 (20 + 24 + 43) Wb, D))

+((2q1 + 24 + @) (2q2 + 205 + 43) |Qa, ©)|" + 45 (201 + 24} + 43) |Qa, d)|

+ qf (2q2 + 2q§ + qg) |S2(b, c)| + q1q2|§2(b d)| )m].
The proof is completed. O

4 Examples

Now, we give some examples of our main results to demonstrate our theorems.
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Example 4.1 Letf :[0,1] x [0,1] — R be a function defined by f(x, y) = x*y*. Then, f is g-
partially differentiable. Moreover, |®(t,s)|, |©(z,5)|, |¥ (£, 5)|, and |2(Z,5)| are g-integrable
coordinated convex on [0, 1] x [0, 1]. By applying Theorem 3.1 with ¢; = and qs = %, we

have

£(0,0)+£(0,1) +f(1 0)+/(1,1) _1
4

AL LIS ) 0-()) ())
2SS ) A () (- ()
(3)( (2)) (+(3)

85 11,339 1765 235,451 53
= + + + =
116,032 1,740,480 116,032 1,740,480 336

and

1 o5t o
_0)[/0 Sx,0)+f(x,1) d(;lx+ o f(x, 0) +f(x, )OT ix]

2

2(1 0[/ f(Oy)+f(1y)2dsy+/ f(Oy)+f1y)0+1dsy:|

1 2 1 1 3 1 1
=—[/ x27d;x+/ x21d;x+/ y27d§y+] y21d§yi|
21Jo i 1 21 0 1 17 2 2

RO B0

+
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118 3V \? 1 1S 3\"\?
SaX(E)50-6)) 556506 ]
n=0 n=0
1 68 +1412+ 300 +2668 1241
" 2]3360 3360 8288 8288 | 3108

Thus, the left-hand side of (3.3) is

1 53 1241 5

4336 3108| 592

Next, we consider

d(¢,s) = va - +t%s
16-16 16 16

Ooazléfzsz_ 4-4 [9t2s2 s> 9t%s? 22i|
Qa%toags 3-1-ts

4.4 £(Bs+1)?* 2% £2(Bs+1)?
:3-1-1:(1—)[ 6-16 16 16 ”S}
_ —5t(7s+1)
B 16
(1)3 131522
m

4.4 9t +3)%s>  (t+3)%s> 9>
:3~1-(1—t)s|: 16-16 16 16 ”S]
-7(5t + 3)s

16

’

W(t,s) =

and

L192 | 54252
_ 1%
Q(s) = 19119ss
4 4
4.4 (E+3)2(3s+1)%  (£+3)%s> t*(3s+1)? 28
= - - +1°s
3-1-(1-8)(1-ys) 16-16 16 16

_ (5t +3)(7s+1)
- 16

Hence, the right-hand side of (3.3) is

(1-00- 0)
641+ 1A+ )1+ 1+ )1 +3+ %

( ) ( ) (|®(0,0)| +|©(0, 1)| + |W(1,0)| + |2(1,1)|)
1
4

><¥+% 27)(|q>(01)| +]©(0,0)] + [¥(1,1)| +|2(1,0)|)

dl
!
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3 2 2- 1
. —_—t — + — d>10 01,1 v (0,0 (0,1
(3) (B2 ) iew.0) e n] + jvo.0] +[20.0)
1 2-3 29

2:1 21 7
+<T+f+64>(7+1— —)(|q>(1,1)|+|®(1,0)|

+|w(0,1)| + \9(0,0)])].

= + + +
64-5-7-21-37| 6464 64 - 64 64 - 64 64 - 64

3

T 140°

4-4-16-16 |:1~27~4 1-195-4 27-41-4 41-195-4i|

It is clear that

which demonstrates the result described in Theorem 3.1.

Example 4.2 Letf :[0,1] x [0,1] — R be a function defined by f(x,y) = x%y* and p = r = 2.
Then, f is g-partially differentiable. Moreover, |®(t,s)|, |O(t,s)|2, |¥(t,5)|?, and |Q(¢,s)|?
are g-integrable coordinated convex on [0, 1] x [0, 1].

By applying Theorem 3.2 with ¢; = 7 and 2= 3 the left-hand side of (3.10) is similar to

the left-hand side of (3.3), which is @

Since
35t —5t(7s+1
d(t,s) = _S O(t,s) = M,
16 16
-7(5t+3 5t+3)(7s + 1
U(t,s) = u, and Q(,s) = w,

16 16

the right-hand side of (3.10) is

(1_0)(1_0)[ 1.9 ]1/2[ 1 :|1/2
16 16-16(1+1+ 1)1 +2+2) 41+ H1+32)

Page 22 of 25
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99 \? 43475\ [/78,155\* [38,435\'?
X || —= + + +
4096 4096 4096 4096
=0.02466. ...
It is clear that

5
— <0.02466...,
592

which demonstrates the result described in Theorem 3.2.

Example 4.3 Let f : [0,1] x [0,1] — R be a function defined by f(x,y) = x*y* and r = 2.
Then, f is g-partially differentiable. Moreover, |®(t,s)|?, |O(t,s)|?, |¥(t,5)|?, and |Q(t,s)|?
are g-integrable coordinated convex on [0, 1] x [0, 1].

By applying Theorem 3.3 with ¢; = i and g, = %, the left-hand side of (3.16) is similar to

the left-hand side of (3.3), which is 5%2.

Since
35t —5t(7s +1
(t,s) = _S, Olt,s) = &}
16 16
-7(5t+3 5t+3)(7s+1
Wies= OB 4 s < ST D
16 16

the right-hand side of (3.16) is

u—oxl—m[ 1-3 T”
16 4-4-(1+H+2

1 1/2
X
|:4(1+i)(1+%)(1+i+%)(1+§+% :|
2:1 2-1 1\/2-3 2-9 27 21
X —t—t+t = —+t—+= |<I>(1,1)|
4 16 64 4 16 64
1 <2 3 2.9

—+—+ §>‘®(1,0)’2
4 16 64

3\’ (2-1 21 1 12
+ —) <—+—+— ’@(1,1)’2]
4
2.1 21 1 3 2.9 27 2
= [ ==t =—+ = ]|V(0,])
4 16 64)\ 4 16 64
1\*/2.3 2.9 27 12
+ —) < t—+— |\IJ(1,1)|2)
4
3
4

6
<2~3 2-9 27
— | —+
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9,793,875\ 2 11,971,075\ % [/4,137,315\'? 832,659 \ /2
X || ——— | ———= | |\ —
1,048,576 1,048,576 1,048,576 1,048,576
=0.02593....
It is clear that
5
— <0.02593...,
592

which demonstrates the result described in Theorem 3.3.

5 Conclusion

We established several new inequalities for g-differentiable coordinated convex functions
that are related to the right side of Hermite—Hadamard inequalities for coordinated con-
vex functions. We also showed that the inequalities proved in this paper generalize the
results given in earlier works. Moreover, we gave some examples in order to demonstrate
our main results.
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