
Yildiz et al. Journal of Inequalities and Applications         (2023) 2023:11 
https://doi.org/10.1186/s13660-023-02914-4

R E S E A R C H Open Access

On new general inequalities for s-convex
functions and their applications
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1 Introduction
Let ζ : I ⊂R →R be a convex function defined on the interval I (I ⊂R) and μ,ω ∈ I with
μ < ω. The following double inequality

ζ

(
μ + ω

2

)
≤ 1

ω – μ

∫ ω

μ

ζ (χ ) dχ ≤ ζ (μ) + ζ (ω)
2

is known in the literature as the Hermite–Hadamard inequality for convex function.
The Hermite–Hadamard inequality is a significant inequality with many applications for

convex functions. Owing to the great importance of this inequality, in the last decade many
remarkable refinements, extensions, generalizations, and different forms of Hermite–
Hadamard inequality for different classes of convexity, such as m-convex, (α, m)-convex,
s-convex, harmonically convex, exponential convex, and co-ordinated convex functions,
have been considered in the literature. In addition, with the help of the obtained kernels
and identities, many authors have contributed to the development of this field. So, there
have been a great number of studies on this subject; we recommend interested readers to
read the papers [1–6] and some of the references therein.

Definition 1 ζ : I ⊂ R→R is said to be a convex function if

ζ
(
τχ + (1 – τ )γ

) ≤ τζ (χ ) + (1 – τ )ζ (γ )

holds for all χ ,γ ∈ I and τ ∈ [0, 1].
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The convex functions theory plays an important role in all the fields of pure and ap-
plied mathematics. Some noteworthy inequalities have been acquired using the different
types of convexity [7–9]. One of these types of convexity is s-convexity. In [10], Hudzik
and Maligranda investigated the class of s-convex functions in the second sense. In this
study, various properties (e.g., nonnegative on [0,∞) and nondecreasing on (0,∞)) of s-
convex functions are examined and examples are given. Of course, s-convexity means the
convexity only when s = 1. This definition is given as follows.

Definition 2 ζ : [0,∞) → R is said to be s-convex function in the second sense if the
inequality

ζ
(
τχ + (1 – τ )γ

) ≤ τ sζ (χ ) + (1 – τ )sζ (γ )

holds for all χ ,γ ∈ [0,∞), τ ∈ [0, 1], and s ∈ (0, 1]. The class of s-convex functions in the
second sense is usually denoted by K2

s .

In [11], Dragomir and Fitzpatrick established a modification of Hermite–Hadamard in-
equality that holds for the s-convex functions in the second sense.

Theorem 1 Suppose that ζ : [0,∞) → [0,∞) is an s-convex function in the second sense,
where s ∈ (0, 1], and let μ,ω ∈ [0,∞), μ < ω. If ζ ∈ L[μ,ω], then the following inequalities
hold:

2s–1ζ

(
μ + ω

2

)
≤ 1

ω – μ

∫ ω

μ

ζ (χ ) dχ ≤ ζ (μ) + ζ (ω)
s + 1

.

The constant ξ = 1
s+1 is the best possible in the second inequality. The above inequalities are

sharp. For final results and generalizations regarding s-convex functions, see [12–17].

Hölder’s inequality, one of the important inequalities of mathematical analysis named
after Otto Hölder, a German mathematician, is a fundamental inequality between integrals
and an indispensable tool for the study of Lp spaces. Many generalizations and refinements
have been obtained in the theory of convex functions using this inequality. However, İşcan
obtained a new form of the Hölder inequality using a simple method in [18]. Using the
Hölder–Işcan inequality, better upper bounds than those in previous studies are obtained.
This new form is as follows.

Theorem 2 (Hölder–İşcan integral inequality) Let ζ and ϑ be real mappings defined on
[μ,ω]. If |ζ |p and |ϑ |q are integrable on [μ,ω], then

∫ ω

μ

∣∣ζ (χ )ϑ(χ )
∣∣dχ ≤ 1

ω – μ

{(∫ ω

μ

(ω – χ )
∣∣ζ (χ )

∣∣p dχ

) 1
p
(∫ ω

μ

(ω – χ )
∣∣ϑ(χ )

∣∣q dχ

) 1
q

+
(∫ ω

μ

(χ – μ)
∣∣ζ (χ )

∣∣p dχ

) 1
p
(∫ ω

μ

(χ – μ)
∣∣ϑ(χ )

∣∣q dχ

) 1
q
}

,

where p > 1 and 1
p + 1

q = 1.
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The power-mean inequality, which is a different version of the Hölder inequality, is well
known for its elementary role in many branches of mathematical analysis. In [19], Kadakal
et al. showed and proved the improved power-mean inequality, which gives better results
than the power-mean inequality. This new generalized expression is as follows.

Theorem 3 (Improved power-mean integral inequality) Let ζ and ϑ be real mappings
defined on [μ,ω]. If |ζ |, |ζ ||ϑ |q are integrable on [μ,ω], then

∫ ω

μ

∣∣ζ (χ )ϑ(χ )
∣∣dχ

≤ 1
ω – μ

{(∫ ω

μ

(ω – χ )
∣∣ζ (χ )

∣∣dχ

)1– 1
q
(∫ ω

μ

(ω – χ )
∣∣ζ (χ )

∣∣∣∣ϑ(χ )
∣∣q dχ

) 1
q

+
(∫ ω

μ

(χ – μ)
∣∣ζ (χ )

∣∣dχ

)1– 1
q
(∫ ω

μ

(χ – μ)
∣∣ζ (χ )

∣∣∣∣ϑ(χ )
∣∣q dχ

) 1
q
}

,

where q ≥ 1.

In [20], İşcan et al. developed a new lemma and found new generalizations for convex
functions. The point emphasized in this study is that it applied the definition of convex
function twice to the obtained inequalities. For the special values of ϕ, new inequalities
have been obtained and also their relationship with previous studies has been determined.
These new identities obtained are as follows.

Lemma 1 Let ζ : I◦ ⊂ R → R be a differentiable mapping on I◦, where μ,ω ∈ I◦, with
μ < ω. If ζ ′ ∈ L[μ,ω], then the following equality holds:

∣∣Iϕ(ζ ,μ,ω)
∣∣

=
ϕ–1∑
ε=0

1
2ϕ

[
ζ

(
(ϕ – ε)μ + εω

ϕ

)
+ ζ

(
(ϕ – ε – 1)μ + (ε + 1)ω

ϕ

)]
–

1
ω – μ

∫ ω

μ

ζ (χ ) dχ

=
ϕ–1∑
ε=0

ω – μ

2ϕ2

[∫ 1

0
(1 – 2τ )ζ ′

(
τ

(ϕ – ε)μ + εω

ϕ
+ (1 – τ )

(ϕ – ε – 1)μ + (ε + 1)ω
ϕ

)
dτ

]
.

Theorem 4 Let ζ : I ⊂ R → R be a differentiable mapping on I◦, where μ,ω ∈ I◦, with
μ < ω. If |ζ ′|q is convex on [μ,ω] for some fixed q > 1, then the following inequality is satis-
fied:

∣∣Iϕ(ζ ,μ,ω)
∣∣ (1.1)

≤
ϕ–1∑
ε=0

ω – μ

ϕ221+ 1
q

(
1

p + 1

) 1
p
[(

2ϕ – 2ε – 1
ϕ

)∣∣ζ ′(μ)
∣∣q +

(
2ε + 1

ϕ

)∣∣ζ ′(ω)
∣∣q

] 1
q

,

where 1
q + 1

p = 1.



Yildiz et al. Journal of Inequalities and Applications         (2023) 2023:11 Page 4 of 16

Theorem 5 Let ζ : I ⊂ R → R be a differentiable mapping on I◦, where μ,ω ∈ I◦, with
μ < ω. If |ζ ′|q is convex on [μ,ω] for some fixed q ≥ 1, then the following inequality is sat-
isfied:

∣∣Iϕ(ζ ,μ,ω)
∣∣ ≤

ϕ–1∑
ε=0

ω – μ

4ϕ2

[(
2ϕ – 2ε – 1

2ϕ

)∣∣ζ ′(μ)
∣∣q +

(
2ε + 1

2ϕ

)∣∣ζ ′(ω)
∣∣q

] 1
q

. (1.2)

Our main contribution in this study is to use s-convex functions and to obtain new gen-
eralization identities. We also aimed to compare the inequalities obtained by different
methods. The fact that these inequalities were conformable with the literature motivated
us.

2 Main results
Theorem 6 Let ζ : I ⊂ R → R be a differentiable function on I◦, where μ,ω ∈ I◦, with
μ < ω. If |ζ ′|q is s-convex on [μ,ω] for some fixed q > 1, then the following inequality is
satisfied:

∣∣Iϕ(ζ ,μ,ω)
∣∣ (2.1)

≤
ϕ–1∑
ε=0

ω – μ

2ϕ2

(
1

p + 1

) 1
p
(

1
s + 1

) 1
q

×
[∣∣∣∣ζ ′

(
(ϕ – ε)μ + εω

ϕ

)∣∣∣∣
q

+
∣∣∣∣ζ ′

(
(ϕ – ε – 1)μ + (ε + 1)ω

ϕ

)∣∣∣∣
q] 1

q
,

where 1
p + 1

q = 1.

Proof From Lemma 1 and by using the Hölder inequality, we have

∣∣Iϕ(ζ ,μ,ω)
∣∣

≤
ϕ–1∑
ε=0

ω – μ

2ϕ2

[∫ 1

0

∣∣∣∣(1 – 2τ )ζ ′
(

τ
(ϕ – ε)μ + εω

ϕ
+ (1 – τ )

(ϕ – ε – 1)μ + (ε + 1)ω
ϕ

)∣∣∣∣dτ

]

≤
ϕ–1∑
ε=0

ω – μ

2ϕ2

(∫ 1

0
|1 – 2τ |p dτ

) 1
p

×
(∫ 1

0

∣∣∣∣ζ ′
(

τ
(ϕ – ε)μ + εω

ϕ
+ (1 – τ )

(ϕ – ε – 1)μ + (ε + 1)ω
ϕ

)∣∣∣∣
q

dτ

) 1
q

.

By using the s-convexity of |ζ ′|q, we obtain

∣∣Iϕ(ζ ,μ,ω)
∣∣ ≤

ϕ–1∑
ε=0

ω – μ

2ϕ2

(∫ 1

0
|1 – 2τ |p dτ

) 1
p
[∫ 1

0

(
τ s

∣∣∣∣ζ ′
(

(ϕ – ε)μ + εω

ϕ

)∣∣∣∣
q

+ (1 – τ )s
∣∣∣∣ζ ′

(
(ϕ – ε – 1)μ + (ε + 1)ω

ϕ

)∣∣∣∣
q)

dτ

] 1
q
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=
ϕ–1∑
ε=0

ω – μ

2ϕ2

(
1

p + 1

) 1
p
(

1
s + 1

) 1
q

×
[∣∣∣∣ζ ′

(
(ϕ – ε)μ + εω

ϕ

)∣∣∣∣
q

+
∣∣∣∣ζ ′

(
(ϕ – ε – 1)μ + (ε + 1)ω

ϕ

)∣∣∣∣
q] 1

q
.

Thus, the proof is completed. �

Corollary 1 If we choose s = 1 in Theorem 6, then we obtain

∣∣Iϕ(ζ ,μ,ω)
∣∣ ≤

ϕ–1∑
ε=0

ω – μ

ϕ221+ 1
q

(
1

p + 1

) 1
p
[∣∣∣∣ζ ′

(
(ϕ – ε)μ + εω

ϕ

)∣∣∣∣
q

+
∣∣∣∣ζ ′

(
(ϕ – ε – 1)μ + (ε + 1)ω

ϕ

)∣∣∣∣
q] 1

q
.

Corollary 2 If we use the s-convexity of |ζ ′|q once again in Theorem 6, we have

∣∣Iϕ(ζ ,μ,ω)
∣∣ ≤

ϕ–1∑
ε=0

ω – μ

2ϕ2

(
1

p + 1

) 1
p
(

1
s + 1

) 1
q

(2.2)

×
[((

ϕ – ε

ϕ

)s

+
(

ϕ – ε – 1
ϕ

)s)∣∣ζ ′(μ)
∣∣q

+
((

ε

ϕ

)s

+
(

ε + 1
ϕ

)s)∣∣ζ ′(ω)
∣∣q

] 1
q

.

Remark 1 If we choose s = 1 in Corollary 2, then inequality (2.2) reduces to inequality
(1.1).

Corollary 3 If we choose ϕ = 2 in Corollary 2, then we obtain
∣∣∣∣1
2

[
ζ (μ) + ζ (ω)

2
+ ζ

(
μ + ω

2

)]
–

1
ω – μ

∫ ω

μ

ζ (χ ) dχ

∣∣∣∣

≤ ω – μ

8

(
1

p + 1

) 1
p
(

1
s + 1

) 1
q
{([

1 +
1
2s

]∣∣ζ ′(μ)
∣∣q +

1
2s

∣∣ζ ′(ω)
∣∣q

) 1
q

+
(

1
2s

∣∣ζ ′(μ)
∣∣q +

[
1 +

1
2s

]∣∣ζ ′(ω)
∣∣q

) 1
q
}

.

Theorem 7 Let ζ : I ⊂ R → R be a differentiable function on I◦, where μ,ω ∈ I◦, with
μ < ω. If |ζ ′|q is s-convex on [μ,ω] for some fixed q ≥ 1, then the following inequality is
satisfied:

∣∣Iϕ(ζ ,μ,ω)
∣∣ (2.3)

≤
ϕ–1∑
ε=0

ω – μ

ϕ222– 1
q

(
s

(s + 1)(s + 2)
+

1
2s(s + 1)(s + 2)

) 1
q

×
[∣∣∣∣ζ ′

(
(ϕ – ε)μ + εω

ϕ

)∣∣∣∣
q

+
∣∣∣∣ζ ′

(
(ϕ – ε – 1)μ + (ε + 1)ω

ϕ

)∣∣∣∣
q] 1

q
.
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Proof From Lemma 1 and by using the well-known power-mean inequality, we have

∣∣Iϕ(ζ ,μ,ω)
∣∣ ≤

ϕ–1∑
ε=0

ω – μ

2ϕ2

[∫ 1

0

∣∣∣∣(1 – 2τ )ζ ′
(

τ
(ϕ – ε)μ + εω

ϕ

+ (1 – τ )
(ϕ – ε – 1)μ + (ε + 1)ω

ϕ

)∣∣∣∣dτ

]

≤
ϕ–1∑
ε=0

ω – μ

2ϕ2

(∫ 1

0
|1 – 2τ |dτ

)1– 1
q

×
(∫ 1

0
|1 – 2τ |

∣∣∣∣ζ ′
(

τ
(ϕ – ε)μ + εω

ϕ

+ (1 – τ )
(ϕ – ε – 1)μ + (ε + 1)ω

ϕ

)∣∣∣∣
q

dτ

) 1
q

.

Since |ζ ′|q is s-convex [μ,ω], then

∣∣Iϕ(ζ ,μ,ω)
∣∣ ≤

ϕ–1∑
ε=0

ω – μ

2ϕ2

(∫ 1

0
|1 – 2τ |dτ

)1– 1
q
[∫ 1

0
|1 – 2τ |

(
τ s

∣∣∣∣ζ ′
(

(ϕ – ε)μ + εω

ϕ

)∣∣∣∣
q

+ (1 – τ )s
∣∣∣∣ζ ′

(
(ϕ – ε – 1)μ + (ε + 1)ω

ϕ

)∣∣∣∣
q)

dτ

] 1
q

=
ϕ–1∑
ε=0

ω – μ

ϕ222– 1
q

(
s

(s + 1)(s + 2)
+

1
2s(s + 1)(s + 2)

) 1
q

×
[∣∣∣∣ζ ′

(
(ϕ – ε)μ + εω

ϕ

)∣∣∣∣
q

+
∣∣∣∣ζ ′

(
(ϕ – ε – 1)μ + (ε + 1)ω

ϕ

)∣∣∣∣
q] 1

q
,

where we have used the fact that

∫ 1

0
|1 – 2τ |dτ =

1
2

,

∫ 1

0
|1 – 2τ |τ s dτ =

∫ 1

0
|1 – 2τ |(1 – τ )s dτ =

s
(s + 1)(s + 2)

+
1

2s(s + 1)(s + 2)
.

Thus, the proof is completed. �

Corollary 4 If we choose s = 1 in Theorem 7, then we obtain

∣∣Iϕ(ζ ,μ,ω)
∣∣ ≤

ϕ–1∑
ε=0

ω – μ

ϕ222+ 1
q

[∣∣∣∣ζ ′
(

(ϕ – ε)μ + εω

ϕ

)∣∣∣∣
q

+
∣∣∣∣ζ ′

(
(ϕ – ε – 1)μ + (ε + 1)ω

ϕ

)∣∣∣∣
q] 1

q
.
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Corollary 5 If we use the s-convexity of |ζ ′|q once again in Theorem 7, we get

∣∣Iϕ(ζ ,μ,ω)
∣∣ ≤

ϕ–1∑
ε=0

ω – μ

ϕ222– 1
q

(
s

(s + 1)(s + 2)
+

1
2s(s + 1)(s + 2)

) 1
q

(2.4)

×
[((

ϕ – ε

ϕ

)s

+
(

ϕ – ε – 1
ϕ

)s)∣∣ζ ′(μ)
∣∣q

+
((

ε

ϕ

)s

+
(

ε + 1
ϕ

)s)∣∣ζ ′(ω)
∣∣q

] 1
q

.

Remark 2 If we choose s = 1 in Corollary 5, then inequality (2.4) reduces to inequality
(1.2).

Corollary 6 If we choose ϕ = 2 and s = 1 in Theorem 7, then we obtain

∣∣∣∣1
2

[
ζ (μ) + ζ (ω)

2
+ ζ

(
μ + ω

2

)]
–

1
ω – μ

∫ ω

μ

ζ (χ ) dχ

∣∣∣∣

≤ ω – μ

22+ 1
q

[(∣∣ζ ′(μ)
∣∣q +

∣∣∣∣ζ ′
(

μ + ω

2

)∣∣∣∣
q) 1

q
+

(∣∣∣∣ζ ′
(

μ + ω

2

)∣∣∣∣
q

+
∣∣ζ ′(ω)

∣∣q
) 1

q
]

.

Theorem 8 Let ζ : I ⊂ R → R be a differentiable function on I◦, where μ,ω ∈ I◦, with
μ < ω. If |ζ ′|q is s-convex on [μ,ω], then the following inequality is obtained:

∣∣Iϕ(ζ ,μ,ω)
∣∣ (2.5)

≤
ϕ–1∑
ε=0

ω – μ

2ϕ2

(
1

2(p + 1)

) 1
p
(

1
s + 2

) 1
q

×
{[

1
(s + 1)

∣∣∣∣ζ ′
(

(ϕ – ε)μ + εω

ϕ

)∣∣∣∣
q

+
∣∣∣∣ζ ′

(
(ϕ – ε – 1)μ + (ε + 1)ω

ϕ

)∣∣∣∣
q] 1

q

+
[∣∣∣∣ζ ′

(
(ϕ – ε)μ + εω

ϕ

)∣∣∣∣
q

+
1

(s + 1)

∣∣∣∣ζ ′
(

(ϕ – ε – 1)μ + (ε + 1)ω
ϕ

)∣∣∣∣
q] 1

q
}

,

where 1
p + 1

q = 1.

Proof From Lemma 1 and by using the Hölder–İşcan inequality, we have

∣∣Iϕ(ζ ,μ,ω)
∣∣

≤
ϕ–1∑
ε=0

ω – μ

2ϕ2

[∫ 1

0

∣∣∣∣(1 – 2τ )ζ ′
(

τ
(ϕ – ε)μ + εω

ϕ

+ (1 – τ )
(ϕ – ε – 1)μ + (ε + 1)ω

ϕ

)∣∣∣∣dτ

]

≤
ϕ–1∑
ε=0

ω – μ

2ϕ2

{(∫ 1

0
(1 – τ )|1 – 2τ |p dτ

) 1
p

×
(∫ 1

0
(1 – τ )

∣∣∣∣ζ ′
(

τ
(ϕ – ε)μ + εω

ϕ
+ (1 – τ )

(ϕ – ε – 1)μ + (ε + 1)ω
ϕ

)∣∣∣∣
q

dτ

) 1
q
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+
(∫ 1

0
τ |1 – 2τ |p dτ

) 1
p
(∫ 1

0
τ

∣∣∣∣ζ ′
(

τ
(ϕ – ε)μ + εω

ϕ

+ (1 – τ )
(ϕ – ε – 1)μ + (ε + 1)ω

ϕ

)∣∣∣∣
q

dτ

) 1
q
}

=
ϕ–1∑
ε=0

ω – μ

2ϕ2

(
1

2(p + 1)

) 1
p

×
{(∫ 1

0
(1 – τ )

∣∣∣∣ζ ′
(

τ
(ϕ – ε)μ + εω

ϕ
+ (1 – τ )

(ϕ – ε – 1)μ + (ε + 1)ω
ϕ

)∣∣∣∣
q

dτ

) 1
q

+
(∫ 1

0
τ

∣∣∣∣ζ ′
(

τ
(ϕ – ε)μ + εω

ϕ
+ (1 – τ )

(ϕ – ε – 1)μ + (ε + 1)ω
ϕ

)∣∣∣∣
q

dτ

) 1
q
}

.

By using the s-convexity of |ζ ′|q, we have

∣∣Iϕ(ζ ,μ,ω)
∣∣

≤
ϕ–1∑
ε=0

ω – μ

2ϕ2

(
1

2(p + 1)

) 1
p

×
{[∫ 1

0
(1 – τ )

(
τ s

∣∣∣∣ζ ′
(

(ϕ – ε)μ + εω

ϕ

)∣∣∣∣
q

+ (1 – τ )s
∣∣∣∣ζ ′

(
(ϕ – ε – 1)μ + (ε + 1)ω

ϕ

)∣∣∣∣
q)

dτ

] 1
q

+
[∫ 1

0
τ

(
τ s

∣∣∣∣ζ ′
(

(ϕ – ε)μ + εω

ϕ

)∣∣∣∣
q

+ (1 – τ )s
∣∣∣∣ζ ′

(
(ϕ – ε – 1)μ + (ε + 1)ω

ϕ

)∣∣∣∣
q)

dτ

] 1
q
}

=
ϕ–1∑
ε=0

ω – μ

2ϕ2

(
1

2(p + 1)

) 1
p

×
{[

1
(s + 1)(s + 2)

∣∣∣∣ζ
(

(ϕ – ε)μ + εω

ϕ

)∣∣∣∣
q

+
1

s + 2

∣∣∣∣ζ ′
(

(ϕ – ε – 1)μ + (ε + 1)ω
ϕ

)∣∣∣∣
q] 1

q

+
[

1
s + 2

∣∣∣∣ζ ′
(

(ϕ – ε)μ + εω

ϕ

)∣∣∣∣
q

+
1

(s + 1)(s + 2)

∣∣∣∣ζ ′
(

(ϕ – ε – 1)μ + (ε + 1)ω
ϕ

)∣∣∣∣
q] 1

q
}

.

That completes the proof. �

Corollary 7 If we choose s = 1 in Theorem 8, then we obtain

∣∣Iϕ(ζ ,μ,ω)
∣∣ ≤

ϕ–1∑
ε=0

ω – μ

2ϕ2

(
1

2(p + 1)

) 1
p

×
{[

1
6

∣∣∣∣ζ ′
(

(ϕ – ε)μ + εω

ϕ

)∣∣∣∣
q

+
1
3

∣∣∣∣ζ ′
(

(ϕ – ε – 1)μ + (ε + 1)ω
ϕ

)∣∣∣∣
q] 1

q

+
[

1
3

∣∣∣∣ζ ′
(

(ϕ – ε)μ + εω

ϕ

)∣∣∣∣
q

+
1
6

∣∣∣∣ζ ′
(

(ϕ – ε – 1)μ + (ε + 1)ω
ϕ

)∣∣∣∣
q] 1

q
}

.
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Corollary 8 If we use the s-convexity of |ζ ′|q once again in Theorem 8, we have

∣∣Iϕ(ζ ,μ,ω)
∣∣ ≤

ϕ–1∑
ε=0

ω – μ

2ϕ
2+ s

q

(
1

2(p + 1)

) 1
p
(

1
s + 2

) 1
q

×
{[(

(ϕ – ε)s

s + 1
+ (ϕ – ε – 1)s

)∣∣ζ ′(μ)
∣∣q +

(
εs

s + 1
+ (ε + 1)s

)∣∣ζ ′(ω)
∣∣q

] 1
q

+
[(

(ϕ – ε)s +
(ϕ – ε – 1)s

s + 1

)∣∣ζ ′(μ)
∣∣q +

(
εs +

(ε + 1)s

s + 1

)∣∣ζ ′(ω)
∣∣q

] 1
q
}

.

Corollary 9 If we choose s = 1 in Corollary 8, then we obtain

∣∣Iϕ(ζ ,μ,ω)
∣∣ ≤

ϕ–1∑
ε=0

ω – μ

2ϕ2

(
1

2(p + 1)

) 1
p
(

1
3

) 1
q

×
{[(

3ϕ – 3ε – 2
2ϕ

)∣∣ζ ′(μ)
∣∣q +

(
3ε + 2

2ϕ

)∣∣ζ ′(ω)
∣∣q

] 1
q

+
[(

3ϕ – 3ε – 1
2ϕ

)∣∣ζ ′(μ)
∣∣q +

(
3ε + 1

2ϕ

)∣∣ζ ′(ω)
∣∣q

] 1
q
}

.

Corollary 10 If we choose ϕ = 1 in Theorem 8, then we obtain

∣∣∣∣ζ (μ) + ζ (ω)
2

–
1

ω – μ

∫ ω

μ

ζ (χ ) dχ

∣∣∣∣

≤ ω – μ

2

(
1

2(p + 1)

) 1
p
(

1
s + 2

) 1
q

×
{[

1
s + 1

∣∣ζ ′(μ)
∣∣q +

∣∣ζ ′(ω)
∣∣q

] 1
q

+
[∣∣ζ ′(μ)

∣∣q +
1

s + 1
∣∣ζ ′(ω)

∣∣q
] 1

q
}

.

Corollary 11 In Corollary 10, if we choose s = 1, we obtain

∣∣∣∣ζ (μ) + ζ (ω)
2

–
1

ω – μ

∫ ω

μ

ζ (χ ) dχ

∣∣∣∣

≤ ω – μ

2

(
1

2(p + 1)

) 1
p
{[ |ζ ′(μ)|q + 2|ζ ′(ω)|q

6

] 1
q

+
[

2|ζ ′(μ)|q + |ζ ′(ω)|q
6

] 1
q
}

.

Corollary 12 If we choose ϕ = 2 in Theorem 8, then we obtain

∣∣∣∣1
2

[
ζ (μ) + ζ (ω)

2
+ ζ

(
μ + ω

2

)]
–

1
ω – μ

∫ ω

μ

ζ (χ ) dχ

∣∣∣∣

≤ ω – μ

8

(
1

2(p + 1)

) 1
p
(

1
s + 2

) 1
q

×
{[(

1
s + 1

∣∣ζ ′(μ)
∣∣q +

∣∣∣∣ζ ′
(

μ + ω

2

)∣∣∣∣
q) 1

q
+

(
1

s + 1

∣∣∣∣ζ ′
(

μ + ω

2

)∣∣∣∣
q

+
∣∣ζ ′(ω)

∣∣q
) 1

q
]

+
[(∣∣ζ ′(μ)

∣∣q +
1

s + 1

∣∣∣∣ζ ′
(

μ + ω

2

)∣∣∣∣
q) 1

q
+

(∣∣∣∣ζ ′
(

μ + ω

2

)∣∣∣∣
q

+
1

s + 1
∣∣ζ ′(ω)

∣∣q
) 1

q
]}

.
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Corollary 13 In Corollary 12, if we choose s = 1, we have

∣∣∣∣1
2

[
ζ (μ) + ζ (ω)

2
+ ζ

(
μ + ω

2

)]
–

1
ω – μ

∫ ω

μ

ζ (χ ) dχ

∣∣∣∣

≤ ω – μ

8

(
1

2(p + 1)

) 1
p

×
{[( |ζ ′(μ)|q

6
+

1
3

∣∣∣∣ζ ′
(

μ + ω

2

)∣∣∣∣
q) 1

q
+

(
1
6

∣∣∣∣ζ ′
(

μ + ω

2

)∣∣∣∣
q

+
1
3
∣∣ζ ′(ω)

∣∣q
) 1

q
]

+
[(

1
3
∣∣ζ ′(μ)

∣∣q +
1
6

∣∣∣∣ζ ′
(

μ + ω

2

)∣∣∣∣
q) 1

q
+

(
1
3

∣∣∣∣ζ ′
(

μ + ω

2

)∣∣∣∣
q

+
|ζ ′(ω)|q

6

) 1
q
]}

.

Remark 3 Inequality (2.5) is better than inequality (2.1). In fact, since the function ψ :
[0,∞) →R, ψ(χ ) = χρ , ρ ∈ (0, 1] is a concave function, we can write

θρ + δρ

2
=

ψ(θ ) + ψ(δ)
2

≤ ψ

(
θ + δ

2

)
=

(
θ + δ

2

)ρ

(2.6)

for all θ , δ ≥ 0. In inequality (2.6), if we choose

θ =
|ζ ′( (ϕ–ε)μ+εω

ϕ
)|q + (s + 1)|ζ ′( (ϕ–ε–1)μ+(ε+1)ω

ϕ
)|q

s + 2
,

δ =
(s + 1)|ζ ′( (ϕ–ε)μ+εω

ϕ
)|q + |ζ ′( (ϕ–ε–1)μ+(ε+1)ω

ϕ
)|q

s + 2

and ρ = 1
q , we obtain

1
2

[ |ζ ′( (ϕ–ε)μ+εω

ϕ
)|q + (s + 1)|ζ ′( (ϕ–ε–1)μ+(ε+1)ω

ϕ
)|q

s + 2

] 1
q

+
1
2

[ (s + 1)|ζ ′( (ϕ–ε)μ+εω

ϕ
)|q + |ζ ′( (ϕ–ε–1)μ+(ε+1)ω

ϕ
)|q

s + 2

] 1
q

≤
[ |ζ ′( (ϕ–ε)μ+εω

ϕ
)|q + |ζ ′( (ϕ–ε–1)μ+(ε+1)ω

ϕ
)|q

2

] 1
q

.

So, we have the following inequality:

ϕ–1∑
ε=0

ω – μ

2ϕ2

(
1

2(p + 1)

) 1
p
(

1
s + 1

) 1
q

×
{[ |ζ ′( (ϕ–ε)μ+εω

ϕ
)|q + (s + 1)|ζ ′( (ϕ–ε–1)μ+(ε+1)ω

ϕ
)|q

s + 2

] 1
q

+
[ (s + 1)|ζ ′( (ϕ–ε)μ+εω

ϕ
)|q + |ζ ′( (ϕ–ε–1)μ+(ε+1)ω

ϕ
)|q

s + 2

] 1
q
}
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≤
ϕ–1∑
ε=0

ω – μ

2ϕ2

(
1

p + 1

) 1
p
(

1
s + 1

) 1
q

×
[∣∣∣∣ζ ′

(
(ϕ – ε)μ + εω

ϕ

)∣∣∣∣
q

+
∣∣∣∣ζ ′

(
(ϕ – ε – 1)μ + (ε + 1)ω

ϕ

)∣∣∣∣
q] 1

q
.

Theorem 9 Let ζ : I ⊂ R → R be a differentiable function on I◦, where μ,ω ∈ I◦, with
μ < ω. If |ζ ′|q is s-convex on [μ,ω] for some fixed q ≥ 1, then the following inequality is
satisfied:

∣∣Iϕ(ζ ,μ,ω)
∣∣ (2.7)

≤
ϕ–1∑
ε=0

ω – μ

23– 2
q ϕ2

{[( ( 1
2 )s – 1
s + 1

+
3 – 3( 1

2 )s+1

s + 2
+

( 1
2 )s+1 – 2

s + 3

)∣∣∣∣ζ ′
(

(ϕ – ε)μ + εω

ϕ

)∣∣∣∣
q

+
( ( 1

2 )s+1 – 1
s + 2

+
2 – ( 1

2 )s+1

s + 3

)∣∣∣∣ζ ′
(

(ϕ – ε – 1)μ + (ε + 1)ω
ϕ

)∣∣∣∣
q] 1

q

+
[( ( 1

2 )s+1 – 1
s + 2

+
2 – ( 1

2 )s+1

s + 3

)∣∣∣∣ζ ′
(

(ϕ – ε)μ + εω

ϕ

)∣∣∣∣
q

+
( ( 1

2 )s – 1
s + 1

+
3 – 3( 1

2 )s+1

s + 2
+

( 1
2 )s+1 – 2

s + 3

)∣∣∣∣ζ ′
(

(ϕ – ε – 1)μ + (ε + 1)ω
ϕ

)∣∣∣∣
q] 1

q
}

.

Proof From Lemma 1 and by using the improved power-mean inequality, we have

∣∣Iϕ(ζ ,μ,ω)
∣∣

≤
ϕ–1∑
ε=0

ω – μ

2ϕ2

[∫ 1

0

∣∣∣∣(1 – 2τ )ζ ′
(

τ
(ϕ – ε)μ + εω

ϕ

+ (1 – τ )
(ϕ – ε – 1)μ + (ε + 1)ω

ϕ

)∣∣∣∣dτ

]

≤
ϕ–1∑
ε=0

ω – μ

2ϕ2

{(∫ 1

0
(1 – τ )|1 – 2τ |dτ

)1– 1
q

×
(∫ 1

0
(1 – τ )|1 – 2τ |

∣∣∣∣ζ ′
(

τ
(ϕ – ε)μ + εω

ϕ

+ (1 – τ )
(ϕ – ε – 1)μ + (ε + 1)ω

ϕ

)∣∣∣∣
q

dτ

) 1
q

+
(∫ 1

0
τ |1 – 2τ |dτ

)1– 1
q

×
(∫ 1

0
τ |1 – 2τ |

∣∣∣∣ζ ′
(

τ
(ϕ – ε)μ + εω

ϕ
+ (1 – τ )

(ϕ – ε – 1)μ + (ε + 1)ω
ϕ

)∣∣∣∣
q

dτ

) 1
q
}

=
ϕ–1∑
ε=0

ω – μ

2ϕ2

(
1
4

)1– 1
q

×
{(∫ 1

0
(1 – τ )|1 – 2τ |

∣∣∣∣ζ ′
(

τ
(ϕ – ε)μ + εω

ϕ
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+ (1 – τ )
(ϕ – ε – 1)μ + (ε + 1)ω

ϕ

)∣∣∣∣
q

dτ

) 1
q

+
(∫ 1

0
τ |1 – 2τ |

∣∣∣∣ζ ′
(

τ
(ϕ – ε)μ + εω

ϕ

+ (1 – τ )
(ϕ – ε – 1)μ + (ε + 1)ω

ϕ

)∣∣∣∣
q

dτ

) 1
q
}

.

By using the s-convexity of |ζ ′|q, we have

∣∣Iϕ(ζ ,μ,ω)
∣∣

≤
ϕ–1∑
ε=0

ω – μ

23– 2
q ϕ2

{(∫ 1

0
(1 – τ )|1 – 2τ |

(
τ s

∣∣∣∣ζ ′
(

(ϕ – ε)μ + εω

ϕ

)∣∣∣∣
q

+ (1 – τ )s
∣∣∣∣ζ ′

(
(ϕ – ε – 1)μ + (ε + 1)ω

ϕ

)∣∣∣∣
q)

dτ

) 1
q

+
(∫ 1

0
τ |1 – 2τ |

[
τ s

∣∣∣∣ζ ′
(

(ϕ – ε)μ + εω

ϕ

)∣∣∣∣
q

+ (1 – τ )s
∣∣∣∣ζ ′

(
(ϕ – ε – 1)μ + (ε + 1)ω

ϕ

)∣∣∣∣
q]

dτ

) 1
q
}

=
ϕ–1∑
ε=0

ω – μ

23– 2
q ϕ2

{[( ( 1
2 )s – 1
s + 1

+
3 – 3( 1

2 )s+1

s + 2
+

( 1
2 )s+1 – 2

s + 3

)∣∣∣∣ζ ′
(

(ϕ – ε)μ + εω

ϕ

)∣∣∣∣
q

+
( ( 1

2 )s+1 – 1
s + 2

+
2 – ( 1

2 )s+1

s + 3

)∣∣∣∣ζ ′
(

(ϕ – ε – 1)μ + (ε + 1)ω
ϕ

)∣∣∣∣
q] 1

q

+
[( ( 1

2 )s+1 – 1
s + 2

+
2 – ( 1

2 )s+1

s + 3

)∣∣∣∣ζ ′
(

(ϕ – ε)μ + εω

ϕ

)∣∣∣∣
q

+
( ( 1

2 )s – 1
s + 1

+
3 – 3( 1

2 )s+1

s + 2
+

( 1
2 )s+1 – 2

s + 3

)∣∣∣∣ζ ′
(

(ϕ – ε – 1)μ + (ε + 1)ω
ϕ

)∣∣∣∣
q] 1

q
}

.

That completes the proof. �

Corollary 14 If we choose s = 1 in Theorem 9, then we obtain

∣∣Iϕ(ζ ,μ,ω)
∣∣

≤
ϕ–1∑
ε=0

ω – μ

23+ 2
q ϕ2

{[∣∣∣∣ζ ′
(

(ϕ – ε)μ + εω

ϕ

)∣∣∣∣
q

+ 3
∣∣∣∣ζ ′

(
(ϕ – ε – 1)μ + (ε + 1)ω

ϕ

)∣∣∣∣
q] 1

q

+
[

3
∣∣∣∣ζ ′

(
(ϕ – ε)μ + εω

ϕ

)∣∣∣∣
q

+
∣∣∣∣ζ ′

(
(ϕ – ε – 1)μ + (ε + 1)ω

ϕ

)∣∣∣∣
q] 1

q
}

.

Corollary 15 If we use the s-convexity of |ζ ′|q once again in Theorem 9, we have

∣∣Iϕ(ζ ,μ,ω)
∣∣

≤
ϕ–1∑
ε=0

ω – μ

23– 2
q ϕ

2+ s
q
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×
{[[( ( 1

2 )s+1s + 5( 1
2 )s+1 + s – 1

s3 + 6s2 + 11s + 6

)
(ϕ – ε)s +

( ( 1
2 )s+1 + s + 1
s2 + 5s + 6

)
(ϕ – ε – 1)s

]∣∣ζ ′(μ)
∣∣q

+
[( ( 1

2 )s+1s + 5( 1
2 )s+1 + s – 1

s3 + 6s2 + 11s + 6

)
εs +

( ( 1
2 )s+1 + s + 1
s2 + 5s + 6

)
(ε + 1)s

]∣∣ζ ′(ω)
∣∣q

] 1
q

+
[[( ( 1

2 )s+1s + 5( 1
2 )s+1 + s – 1

s3 + 6s2 + 11s + 6

)
(ϕ – ε – 1)s +

( ( 1
2 )s+1 + s + 1
s2 + 5s + 6

)
(ϕ – ε)s

]∣∣ζ ′(μ)
∣∣q

+
[( ( 1

2 )s+1s + 5( 1
2 )s+1 + s – 1

s3 + 6s2 + 11s + 6

)
(ε + 1)s +

( ( 1
2 )s+1 + s + 1
s2 + 5s + 6

)
εs

]∣∣ζ ′(ω)
∣∣q

] 1
q
}

.

Corollary 16 If we choose s = 1 in Corollary 15, then we obtain

∣∣Iϕ(ζ ,μ,ω)
∣∣ ≤

ϕ–1∑
ε=0

ω – μ

23+ 2
q ϕ

2+ 1
q

{[
(4ϕ – 4ε – 3)

∣∣ζ ′(μ)
∣∣q + (4ε + 3)

∣∣ζ ′(ω)
∣∣q] 1

q

+
[
(4ϕ – 4ε – 1)

∣∣ζ ′(μ)
∣∣q + (4ε + 1)

∣∣ζ ′(ω)
∣∣q] 1

q
}

.

Corollary 17 If we choose ϕ = 1 in Corollary 15, then we obtain

∣∣∣∣ζ (μ) + ζ (ω)
2

–
1

ω – μ

∫ ω

μ

ζ (χ ) dχ

∣∣∣∣

≤ ω – μ

23– 2
q

{[( ( 1
2 )s+1s + 5( 1

2 )s+1 + s – 1
s3 + 6s2 + 11s + 6

)∣∣ζ ′(μ)
∣∣q +

( ( 1
2 )s+1 + s + 1
s2 + 5s + 6

)∣∣ζ ′(ω)
∣∣q

] 1
q

+
[( ( 1

2 )s+1 + s + 1
s2 + 5s + 6

)∣∣ζ ′(μ)
∣∣q +

( ( 1
2 )s+1s + 5( 1

2 )s+1 + s – 1
s3 + 6s2 + 11s + 6

)∣∣ζ ′(ω)
∣∣q

] 1
q
}

.

Corollary 18 In Corollary 17, if we choose s = 1, we have

∣∣∣∣ζ (μ) + ζ (ω)
2

–
1

ω – μ

∫ ω

μ

ζ (χ ) dχ

∣∣∣∣

≤ ω – μ

8

{[ |ζ ′(μ)|q + 3|ζ ′(ω)|q
4

] 1
q

+
[

3|ζ ′(μ)|q + |ζ ′(ω)|q
4

] 1
q
}

.

Corollary 19 If we choose ϕ = 2 and q = 1 in Corollary 15, then we obtain

∣∣∣∣1
2

[
ζ (μ) + ζ (ω)

2
+ ζ

(
μ + ω

2

)]
–

1
ω – μ

∫ ω

μ

ζ (χ ) dχ

∣∣∣∣

≤ ω – μ

23+s

{(
2s + 2

)( ( 1
2 )ss + 3( 1

2 )s + s2 + 3s
s3 + 6s2 + 11s + 6

)(∣∣ζ ′(μ)
∣∣ +

∣∣ζ ′(ω)
∣∣)}.

Remark 4 Inequality (2.7) in Theorem 9 is better than inequality (2.3) in Theorem 7. The
proof can be obtained applying similarly to Remark 3.

3 Applications to special means
Hudzik and Maligranda gave the following example in [21]:
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Let ζ : [0,∞) →R be a function as

ζ (τ ) =

⎧⎨
⎩

μ, τ = 0,

ωτ s + �, τ > 0.

Also, let s ∈ (0, 1) and μ,ω,� ∈R. If ω ≥ 0 and 0 ≤ � ≤ μ, then ζ ∈ K2
s . Hence, for μ = � = 0,

ω = 1, we have ζ : [0, 1] → [0, 1], ζ (τ ) = τ s, ζ ∈ K2
s .

Now, using the results of Sect. 2, we consider some special means for which we will have
new integral inequalities. Let μ,ω ∈ R,

(1) the arithmetic mean:

A = A(μ,ω) =
μ + ω

2
, μ,ω ≥ 0;

(2) the logarithmic mean:

L = L(μ,ω) =

⎧⎨
⎩

μ, if μ = ω,
ω–μ

lnω–lnμ
, if μ 
= ω,

μ,ω > 0;

(3) the p-logarithmic mean:

Lp = Lp(μ,ω) =

⎧⎨
⎩

μ, if μ = ω,

[ ωp+1–μp+1

(p+1)(ω–μ) ]
1
p , if μ 
= ω,

p ∈ R \ {–1, 0},μ,ω > 0.

Proposition 1 Let μ,ω ∈R, 0 < μ < ω, and m ∈N, m ≥ 2. Then, for all q > 1, the following
inequality holds:

∣∣∣∣∣
ϕ–1∑
ε=0

1
ϕ

A
((

(ϕ – ε)μ + εω

ϕ

)m

,
(

(ϕ – ε – 1)μ + (ε + 1)ω
ϕ

)m)
– Lm

m(μ,ω)

∣∣∣∣∣

≤
ϕ–1∑
ε=0

(ω – μ)m
2ϕ2

(
1

p + 1

) 1
p
(

1
s + 1

) 1
q

×
[((

ϕ – ε

ϕ

)s

+
(

ϕ – ε – 1
ϕ

)s)
μ(m–1)q +

((
ε

ϕ

)s

+
(

ε + 1
ϕ

)s)
ω(m–1)q

] 1
q

.

Proof The proof is obtained immediately from (2.2) in Corollary 2 with ζ (χ ) = χm, χ ∈
[μ,ω], m ∈N, m ≥ 2. �

Proposition 2 Let μ,ω ∈R, 0 < μ < ω and m ∈N, m ≥ 2. Then, for all q ≥ 1, the following
inequality holds:

∣∣∣∣∣
ϕ–1∑
ε=0

1
ϕ

A
((

(ϕ – ε)μ + εω

ϕ

)m

,
(

(ϕ – ε – 1)μ + (ε + 1)ω
ϕ

)m)
– Lm

m(μ,ω)

∣∣∣∣∣

≤
ϕ–1∑
ε=0

(ω – μ)m

ϕ222– 1
q

(
1

s + 1

[(
1
2

)s

– 1
]

–
2

s + 2

[(
1
2

)s+1

– 1
]) 1

q
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×
[((

ϕ – ε

ϕ

)s

+
(

ϕ – ε – 1
ϕ

)s)
μ(m–1)q +

((
ε

ϕ

)s

+
(

ε + 1
ϕ

)s)
ω(m–1)q

] 1
q

.

Proof The proof is obtained immediately from (2.4) in Corollary 5 with ζ (χ ) = χm, χ ∈
[μ,ω], m ∈N, m ≥ 2. �

Proposition 3 Let μ,ω ∈ R, 0 < μ < ω and m ∈N, m ≥ 2. Then, for all q > 1, the following
inequality holds:

∣∣∣∣∣
ϕ–1∑
ε=0

1
ϕ

A
((

(ϕ – ε)μ + εω

ϕ

)m

,
(

(ϕ – ε – 1)μ + (ε + 1)ω
ϕ

)m)
– Lm

m(μ,ω)

∣∣∣∣∣

≤
ϕ–1∑
ε=0

(ω – μ)m

21+ 1
p ϕ

2+ s
q

(
1

p + 1

) 1
p
(

1
s + 2

) 1
q

×
{[(

(ϕ – ε)s

s + 1
+ (ϕ – ε – 1)s

)
μ(m–1)q +

(
εs

s + 1
+ (ε + 1)s

)
ω(m–1)q

] 1
q

+
[(

(ϕ – ε)s +
(ϕ – ε – 1)s

s + 1

)
μ(m–1)q +

(
εs +

(ε + 1)s

s + 1

)
ω(m–1)q

] 1
q
}

.

Proof The proof is obtained immediately in Corollary 8 with ζ (χ ) = χm, χ ∈ [μ,ω], m ∈N,
m ≥ 2. �

4 Conclusion
In this study, using the generalized identity (Lemma 1), different types of integral inequal-
ities were obtained (different results were found for various values of n, n ∈ N) and com-
parisons were made between these inequalities. In these comparisons, Theorem 8 yields
a better result compared to Theorem 6. Similarly, Theorem 9 yields a better result com-
pared to Theorem 7. In addition to this work, researchers can obtain the new lemma for
second sense differentiable functions and can find new results for other convex mappings.
We hope that this article will inspire new interesting sequels for researchers working in
this field.
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8. Akdemir, A.O., Karaoğlan, A., Ragusa, M.A., Set, E.: Fractional integral inequalities via Atangana–Baleanu operators for

convex and concave functions. J. Funct. Spaces 2021, Article ID 1055434 (2021)
9. Yildiz, Ç., Özdemir, M.E.: New inequalities for n-time differentiable functions. Tbil. Math. J. 12(2), 1–15 (2019)
10. Hudzik, H., Maligranda, L.: Some remarks on s-convex functions. Aequ. Math. 48, 100–111 (1994)
11. Dragomir, S.S., Fitzpatrick, S.: The Hadamard’s inequality for s-convex functions in the second sense. Demonstr. Math.

32(4), 687–696 (1999)
12. Kirmaci, U.S.: Refinements of Hermite–Hadamard type inequalities for s-convex functions with applications to special

means. Univers. J. Math. Appl. 4(3), 114–124 (2021)
13. Barsam, H., Ramezani, S.M., Sayyari, Y.: On the new Hermite–Hadamard type inequalities for s-convex functions. Afr.

Math. 32, 1355–1367 (2021)
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