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1 Introduction

Fractional calculus is generally referred to as the calculus of noninteger order. In the last
few decades, the concept of fractional calculus has been comprehensively studied by var-
ious mathematicians [1-6]. Studying different aspects of the subject has stimulated many
mathematicians to put their continued efforts into different time scales. Continuously,
researchers have given the generalizations of fractional integrals by using different tech-
niques. It is always interesting and motivating for us to provide the generalization of in-
equalities that cover all possible results, which are proven till now for different fractional
integrals.

Recently, various inequalities have been given in the sense of generalizations and im-
provements for different fractional integrals. We state some of them here; the variants
of Minkowski, Wirtinger, Hardy, Opial, Ostrowski, Hermite—Hadamard, Lyenger, Griiss,
Cebyseyv, and Pélya—Szeg6 [7—-15]. Such applications of fractional integral operators com-
pelled us to show the generalization of the reverse Minkowski inequality [7-9] involving
general kernels.

Let (A, ¥, ) be a measure space with a positive o -finite measure, p: A x A — R be a
nonnegative function, and

0l0) = /A p(@, ) dr(0), g€ A. (L1)

Throughout this paper, we suppose ®(p) > 0 a.e. on A.
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Let $U(p) denote the class of functions L : A — R with the representation

£(0) = /A Pl LG dr (),

where £: A — R is a measurable function.

Definition 1.1 ([15]) Let f € Li([a, b]) (the Lebesgue measure). The left-sided and right-
sided Riemann—Liouville fractional integrals /%, f and I} f of order « > 0 are defined by

o 1 @ a-1
1a+f(9)=m/f(x)(g—x) dx, (o>a)

and

b
(o) = —— / OG-0 dx, (0<b),

') J,

where I'(«) is the usual gamma function defined by
oo
INa) = / &x*1dx, Re(a)>0.
0

Definition 1.2 ([16]) Let f € L1([a, b]) (the Lebesgue measure). The left-sided and right-
sided Riemann-Liouville k-fractional integrals IZ’;kf and IZ_’kf of order « > k are defined

by
140 - o [ f0e-0F e @0
and
1 b o
40 /Q FOG -0 dx, (0<b)

where I'x(«) is the k-gamma function defined by
> —i o—1
i) = e Fx*“dx, Re(x)>0.
0

A more general form of Definition 1.2 is given in the next definition.

Definition 1.3 Let k > 0, (a, b)(—00 < a < b < 00) be a finite or infinite interval of the real
line R and & > 0. Also, let g be an increasing and positive monotone on (a, b]. The left- and
right-sided fractional integrals of a function f with respect to another function g of order
o,k > 01in [a, b] are given by

g(f()dx
Iifaf () = krka)/ la(o) g(x)]lk et

and

b /
ok _ 1 g (x)f(x)dx ’
o/ (@ krk(a)fe [9(x) - g(0)] "%
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Definition 1.4 ([4]) Let (a,b)(0 < a < b < o0) be a finite or infinite interval of the half-
axis R*. Also, let @ > 0,0 >0, and n € R. We consider the left- and right-sided integrals of
order a € R defined by

o _ 07 ey (x) dx

I 0= s / - 12)
and

N ~ O.Qan b ta(l—n—a)—lf(x)dx

Iy of(0) = T@ ), ey (1.3)

respectively. Integrals (1.2) and (1.3) are called Erdélyi-Kober-type fractional integrals.

Consider the space X?(a,b)(c € R,1 < p < o0) of those complex-valued Lebesgue mea-
surable functions f on [4, b] for which ||f|| XP(ah) < OO where the norm is defined by

"f”xpub / iXCf(X)ip_<oo

Definition 1.5 ([17]) Let [a,b] C R be a finite interval. Then, the left- and right-sided
Katugampola fractional integrals of order a > 0 of f € X?(a, b) are defined by

e P (x)dx

e (Q)‘r() (@ — )
and

P (@ xP M (x)dx

"1 f (@) r(a)fa (0 — o)<’

with a < 0 <b and p > 0, if the integrals exist.

Definition 1.6 ([1]) Let 8 € C and R(B8) > 0. We define the left-fractional conformable
integral operator and right-fractional conformable integral operator by

y (0—a) - (x - a)
uf(m-r(ﬂ) / ( - ) f(x)X -

and

o brb-0)-(b-x)"\" dx
0= [ (FTE) 0

respectively.

Definition 1.7 ([3]) Let ¢ be a conformable fractional integral on the interval [p,gq] C
(0,00). The right-sided and left-sided generalized conformable fractional integrals ;I(}’i
and ;](f, of order > 0,7 € R,a + 7 #0, are defined by

T/ oaHT a+7\ -1
B 1 T — d(w)
a1<p+¢(r) = T(B) /p < a+1 ) wl-t—a dw
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and

1 q [ Q+T _ gt B-1 d(w)
T B _
aKq_q&(r)— F(ﬁ)/r < ) dw,

a+T wl-t-«
respectively, with ;Kg+¢(r) =LK ¢(r) = ¢(r).

2 Preliminaries
This section is dedicated to some known results.

Theorem 2.1 ([18]) For p > 1, let there be two positive functions q, and q, on [0,0). If

O<v < Z;—g; < vy and x € [k1,k3], then

k2 P% 2 P% 1+vy(v; +2) 2 P%
([, dooar) ([ woan)” < G5 (] wervoa)”

Theorem 2.2 ([18]) For p > 1, let there be two positive functions q, and q, on [0,00). If

O<v < Z;—g; < vy and x € [k1,k2], then

(/zq’f<x)dx)”+(/2q€<x)dx)”
1 1 2 5 e 3
= (o) ([ o) ([ rooan)”

Dahmani [8] used the Riemann—-Liouville fractional integral to prove the new variant of
the previous theorems.

Theorem 2.3 For p > 1, let there be two positive functions q, and g, on [0,00). If0 < vy <

1) <) and x € (K1, k), then

72(¢)
1 1
(5 : P k2 c P
(/ ygzgqu;’(x)dx) +<f gKKfq’z’(x)dx)

K1 K1

1
1+vy(v; +2) /"2y c »
—_ K, P(x)d .
< (U1+1)(v2+2)( e @+ @) OO dx

Theorem 2.4 For p > 1, let there be two positive functions q, and g, on [0,00). If0 < v; <

1) <y, and x € (K1, k2], then

42(2)
2 2
K2 » k2 »
(/ zKéfq‘i(x)dx) +</ gKﬁqu’(x)dx)

K1 K1

1 1 K2 ll7 2 %
- (Lo ([ uioa ) ([ rvoar )

Recently, Rashid et al. [19] used the generalized fractional conformable integrals to prove
the new inequalities that generalize the previous results of [8] and [18]. It is motivating for
us to give the generalization of the results presented in [19] for general kernels with a
measure space.

Page 4 of 23
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3 Reverse Minkowski inequalities involving general kernels
Theorem 3.1 Let (A, X, ) be a measure space with positive o -finite measure. For p > 1,
let there be two positive functions q1 and q, on [0,00) such that q1,q2 € M(p). If 0 < vy <

Z; < v, for vy, vy, € R* and for all o € [k1, x1, (L4 (x)) < 00 and (£¢5(x)) < 0o, then

(S 00)7 + (£400)7 < (M)(sﬁu))é(w )P (3.)

%)

q1(8)

D5 <v2and k1 < < x, we obtain

Proof By using the assumption
(2 + DPqy(6) <5 (01(0) + 2(0))' (3:2)

Multiplying both sides of the inequality (3.2) by p(x,¢) and integrating with respect to ¢
over measure space A, we obtain

(vs + 1) f P00 O Q) dr(c) <8 /A D06 O(@ @) + ) dr (),

which can be written as

ST
S

(£47(x)) 2—+(£(611(X) +q2(0)")7. (3.3)
On the other hand, we have 0 < v; < q18, it follows that
(1+ —> 5(¢) < ( ) (@1(2) +42(0))" (34)
One can readily see that
1\? 1\? »
(1+5) [eodano=(5) [ weo@o: oy ae,
V1 A V1 A
or
1 1
(L ()P < < )( (100 + 200)7) 7. (3.5)
vV + 1
Adding (3.3) and (3.5) produces the desired inequality (3.1). d
Corollary 3.2 Applying Theorem 3.1 with A = (a,b),dn ({) = d¢ and
g'(¢) .
p(x,2) = | ke@ato-a)' ¢ foras¢=x; (3.6)
0 for x <¢ <b.

Substituting (S (0) = (25 2 (0)? and (SEG0)? = (2K.d ()7, we obtain the fol-
lowing inequality

"Q\»—A

(14, d200)? + (15, d00) 7 < (“‘ﬁ)&)(%m))?(zgfgq"u))

2

(3.7)
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Example 3.3 Taking g(x) = x in Corollary 3.2, the corresponding p(x, ¢) defined by (3.6)
takes the form

L fora<¢ <y
p(x,¢) = { Aa@x=5)" %

(3.8)
0 forx <¢<b

and (3.1) becomes

=

(12,45 (0)

RS

Fz o) = (R ) 0o s o)

Example 3.4 Taking g(x) = log(x) and k = 1 in Corollary 3.2, the corresponding p(x,¢)
defined by (3.6) takes the form

I

L — fora<i¢<y;
p(x,¢) = ¢k (a)(log x~log¢)

(3.9)
0 for x <v<b
and (3.1) becomes the well-known Hadamard fractional integrals, i.e.,
a 1 N 1 1+v(i+1)Y,, i 1

U2 400)” + U2 (0))? < (2‘)7;)(]“+q’f(x))” AU

Corollary 3.5 Applying Theorem 3.1 with A = (a,b),dn ({) = d¢ and
1 oyl i1
p(X:C)= T(a) (x°-¢)1 = " fOl"(l<§ =X (310)
for x <¢ <b.

Substituting (L4 (x)) (I;‘+qu( ))P and (£45(x 1’ =(I

u+;gmq}27(x))1%, we obtain the in-
equality for the Erdélyi—Kober-type fractional mtegml ie.,

(12 o GO)P + (12 i)

< (%:””)( I 00) (00

”a\»—A

(3.11)

Remark 3.6 Taking 8 > 0,g(A) = and k =11in Corollary 3.2, we obtain the inequality for
the Katugampola fractional 1ntegrals in the literature [17], i.e.,

e e e (X0

2

S

(12 4(x)

ST
'm»—

(12 ()7

Remark 3.7 Taking B > 0,g(A) = % and k = 1 in Corollary 3.2, we obtain the inequal-

ity for the conformable fractional integral operators defined by Jarad et al. [1] and the
inequality takes the form

Caraio)t + Cotatoo)? = (22200 ) Caretco) v
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Remark 3.8 Taking 8> 0,g()) = and k =1 in Corollary 3.2, we obtain the inequality
for the conformable fractional 1ntegral operators defined by Khan [3] and the inequality
takes the form

CKAAG0) + (K q00) < (M) (KL 00)? CKELA00)7

vV

Theorem 3.9 Let (A, X, 1) be a measure space with positive o -finite measure. For p > 1,

let there be two positive functions q1 and q, on [0,00) such that qi1,q, € M(p). If 0 < vy <

Z; < vy for vy, vy € R* and for all o € [k, x1, £4; (x), £¢5(x) < 00, then

(1 + 1)2)(\)1 + 1)
V2

(Ld5(x) )5’ (3.12)

=

(SL00)P + (2(0)" < ( —2>(2fﬁ(x))

Proof Taking the product of (3.3) and (3.5) yields that

((Ul + 1)(‘)2 + 1) _2> (SQP(X))
1

vV

ASIE
=

(£00)? = [(2ar + X' (0)

I (3.13)
Using Minkowski’s inequality on the right-hand side of (3.13), we obtain

(a1 + 22 (0)7 ] < [(C00)7 + (£500)? T

< (C(0)7 + (SE0)7 +22Z )7 (CA)F.  (3.14)

RS

Thus, from (3.13) and (3.14), we obtain (3.12) as desired. O

Corollary 3.10 Applying Theorem 3.9 with A = (a,b),dn(¢) = d¢ and p(x, ¢) defined by
1 1 1
(3.6). Substituting (Sq‘f()())P = (Igfgq‘p(x))l_’, and (£¢5(x))? = (ijgqp(x))ﬁ, we obtain the

following inequality
(12l 00)? + (12 0)?
< (W )(lzfgq”(x)ﬁ (1= £0)7. (3.15)

Example 3.11 Taking g(x) = x in Corollary 3.10, p(x,¢) defined by (3.8) and (3.12) be-
comes

1 +v)(v +1)

'm,_

(I )%meﬁ( —Qm%mwwﬂm

Example 3.12 Taking g(x) = log(x) and k = 1 in Corollary 3.10 and p(x,¢) defined by
(3.9), (3.12) becomes

S

02000 = 02 i) = (2B 2) 02 f0) 02 i)

Remark 3.13 Applying Theorem 3.9 with A = (a,b),dn(¢) = d¢ and p(x,¢) defined by
1 1
(3.10). Substituting ( qu(x))lf = (I3 nq‘”(x))ﬁ and (£¢5(x))? = (2 .,.,q5(x))? , we obtain
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the inequality for the Erdélyi—Kober-type fractional integral, i.e.,

AT

(Iga,;man(x))}a + (IZ;U;,,QJ;(X ))
= (w - 2) (Igﬁa;nqzl?(x))% (IZ+;J;,]‘Z€(X ))

V2

S

Remark 3.14 Taking >0, g(x) = % and k = 1 in Corollary 3.10, we obtain the inequality

for the Katugampola fractional integrals, i.e.,

S

(I, A00) + (I5.d500)
< (D o) 00) o)

V2

Remark 3.15 Taking B > 0,g(x) = % and k = 1 in Corollary 3.10, we obtain the in-

equality for the conformable fractional integral and the inequality takes the form

ST

Cadt00)? + Cad0)
< (M _2) (zsaq}l’(x))},(fsaqg(x))%

V2

KHtY

Remark 3.16 Taking > 0,9(x) = %
ity for the conformable fractional integral, i.e.,

and k = 1 in Corollary 3.10, we obtain the inequal-

CKLE00)? + (KL g00)?

< (el _2) CKL200)? (KD d00).

V2

4 Certain associated inequalities involving a general kernel
This section is dedicated to certain associated inequalities involving a general kernel with

application for fractional calculus operators.

Theorem 4.1 Let (A, X, ) be a measure space with positive o -finite measure. For p,q >

1 with }7 + é = 1. Suppose that there are two positive functions q, and q, on [0,00) and

1 1
q1,q> € W(p) such that x >y and £} (x), £45(x), €47 (X)g5 (x) < 00. If 0 < vy < L < vy
forvi, vy € R* and for all ¢ € [x1, x], then

V:

(£ (0)? (£4100)7 < (—2) (24" (Ol (0)- @.1)

1
Proof By using the assumption Z;—g; <wvyand k; <n <7, we have

43 () = v, " (©)af (). (4.2)
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1
Taking the products of both sides of (4.2) by g7 (¢), it follows that

1 1 _1
a1 (§)q; (£) = v, " (£)q1(%).
One obtains after some settings
1 1 -1
[ 000a! ©a ©dr@) = [ 000 @) dr )

which implies that

-1

21O (Lq(x))

RS I

1 1 1
< (847 (X)q5 (x))”. (4.3)
In contrast to the above v145(¢) < q1(¢), we have

1

f(é)qz © = ql 7). (4-4)

1
Taking the products of both sides of (4.4) by g (¢), it follows that after some necessary
settings

N
Rl

(qu(x)) < (g4 (x )£q2(x)) (4.5)

Multiplying (4.3) and (4.5), we obtain the desired inequality. O

Corollary 4.2 Applying Theorem 4.1 wzth A = (a,b), dn(;) = d§ and p(x,¢) defined by
1
(3.6). Substituting (L4 (x )P = (%K qp(x))!’ and (£q5( X))P = (¢ Mg 5(X))? , we obtain the

a+;g

following inequality

(0 ko)t = (2) st 00k ) @6)

Remark 4.3 Applying Corollary 4.2 with g(x) = x and the corresponding p(x,¢) defined
by (3.6), we obtain the inequality for Riemann—-Liouville fractional integrals, i.e.,

V2

(400 (15 00)) s(v—l)mkql( ! ().

Example 4.4 Taking g(x) =log(x) and k = 1 in Corollary 4.2 and p(x, ) defined by (3.9),
(4.1) reduces to

=

U2 200)P 0 a260)t < (2) 0% Goat ().
V1

Remark 4.5 Applying Theorem 4.1 with A = (a,b),dn(¢) = d;“ and p(x,¢) defined by
1
(3.10). Substituting (£47 (x 17 = . d(x) )1’ and (£45(x)) P = (I, 5.,45(X))? , we obtain

zz+oz1

the inequality for the Erdelyl Kober-type fractional integral, i.e.,

S

(mg,,qz(x))%f <v—2) (1% ot ()3 (X))-

1

(L @i CO)7 (I
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Example 4.6 Taking 8 >0,g(x) = % and k = 1 in Corollary 4.2, we obtain the inequality
for the Katugampola fractional integrals [17] and the inequality takes the form

1

(60 (o)t = (2) (gl (oa 00)

1

Remark 4.7 Taking 8 >0,g(x) = % and k = 1 in Corollary 4.2, we obtain the inequality
for the conformable fractional integral, i.e.,

(3 00)? (3 gi0)? < (—2) (3%a (0t ().

L+V
X/

Remark 4.8 Taking 8> 0,g(x) = Y
for the conformable fractional integral, i.e.,

and k =1 in Corollary 4.2, we obtain the inequality

(KA 00) (KL ql00)T < (:—f) " KBl 00gd ().

Theorem 4.9 Let (A, X, ) be a measure space with positive o -finite measure. For p,q >

1 with 1% + é = 1. Suppose that there are two positive functions q, and q, on [0,00) and
q1,q2 € Mp) such that x > k1,(L£q;(x)) < 00 and (£45(x)) < 00. If 0 < vy < Z;—Eg < v, for
V1, vy € R and for all ¢ € [k1, x], then

20y
p(v2 +1)P(x)
2171

Tl 4 1

(Lq10092(x)) < (00 +a5(0)))

(£(a100) + 44 (0))- (4.7)

Proof By using the assumption Z;—g; <,k <n<xand

(v2 + 1P45(2) < V5 (q1(0) + 02(0))’,

which implies that

(vs + 1) / PO O Q) dr(g) <P f 2060 (@) + 4a(0)) d ().

This can be written as

Va

=
—
=
o
=

(S200) < —2—((n(0) + 200)")7 -

vy +1
Now,
(1 +1)1g5(0) < (q1(0) + q2(0))".

Similarly,

vy + 1)1 /A P00 g1 (0) dr(¢) < v /A 2060 0@ (@) + 02(0)) dr (¢),
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which can be written as

(qu( ))

< ot 1)q( (2100 + 22(0)). (4.9)

Now, taking into account Young’s inequality

(4.10)

0 (©a:(0) < @ L 20,

q

Multiplying both sides of (4.10) with p(x, ¢) and integrating with respect to ¢ over measure
space A, we obtain that

LRG0 , Sa0.

Lq1(x)q2(x) < ———— 7 (4.11)
Putting (4.8) and (4.9) into (4.10), we obtain
Y £q7
a(0mtn < SN |, £60
p q
@00+ 200) | (E@i60+0:600) w2
pvy +1)F g(v1 +1)7
Using the inequality
(@p+y) <27 +¥°), 50,9 >0,
we obtain
L) +0)” =271 2(4] () + (), (4.13)
and
(100 + 22(0))" <27 L(q1 () + g5 (x)).- (4.14)
The required result can be obtained by collective use of (4.12), (4.13), and (4.14). O

Corollary 4.10 Applying Theorem 4.9 with A = (a, b),dn(;‘) =d¢ and p(x,¢) defined by
1 1
(3.6). Substituting (L4 (x )P = (Ig‘fgqp()())i and (Eq‘g(x))l’ = (Igfg 5(X))? , we obtain the

following inequality
o,k 2p—lvp
(ra0n(x) < W( ek (@) + B (0))
2k (g 1 4.15
+m(d+;g(%()()+qz()()))~ (4.15)

Example 4.11 Applying Corollary 4.10 with g(x) = x,k = 1 and the corresponding p(x, ¢)
defined by (3.6), we have

p— lvp

p(v2 +1)P(x)

(L (B +d500))

(I8 a1(x0)92(x)) <
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2471
IC( q q .
+ P(Vl T 1y ( a+ (Q1(X) + Q2(X)))
Example 4.12 Taking g(x) = log(x) and k = 1 in Corollary 4.10 and p(x,¢) defined by
(3.9), we have

371 (0)a2(0)

2r-1b q-1

("'2+1)p(X)( (QP(X)+q‘n(X))) W(ﬂ ( (x)+q2()()))

Remark 4.13 Applying Theorem 4.9 with A = (a,b), dn(;) d¢ and p(y, ;) defined by

(3.10). Substituting ( qu(x))l’ =07, nqp(x))ﬁ and (£45(x)) )= =7, 4, 7]q‘p()())!’ we obtain
the inequality for the Erdélyi—Kober-type fractional integral, i.e.,

(Ig+;a;nq1 (X )QZ(X ))

2771 2071

= m(ﬁ;;am(q}lj(}() + Q‘;(X))) + m(1ﬂ+0ﬂ(ql()() +4q, (X)))

Remark 4.14 Taking 8> 0,9(x) = % and k =1 in Corollary 4.10, we obtain the inequality
for the Katugampola fractional integrals, i.e.,

(12 :10092(x))

2017 207!

= S 00 l)p(X)(p I (a1 (x) + d5(x)) + m(’)l& (@100 +45(x0)))-

Remark 4.15 Taking B > 0,9(x) = % and k = 1 in Corollary 4.10, we obtain the in-

equality for the conformable fractional integral, i.e.,

(fs%mx)qz(x))

op- 1 q—l

( (qp(X)‘HIp(X))) W( ( (X)"’q (X)))

= plos + l)P(X)

Remark 4.16 Taking B >0,9(x) =
ity for the generalized conformable fractlonal, ie,

CKE.q100a2(x))

2 (00 + d00) + o (K a0+ ad0)
VNI TR X)+q5(x — K A1\X) + 4\ X
= plos + P00 poy +1)p e 2
Theorem 4.17 Let (A, ¥, ) be a measure space with positive o -finite measure. For p > 1,
suppose that there are two positive functions q; and q, on [0,00) and q1,q, € p) such
that x > k1, (£45 (1)) < 00 and (£45(x)) < 00. If 0 < v < 1) o vy for vy, vy € RY and for

- @) —
all o € [k, x], then

V2+1

=
=

~ (@100 -24:00) = (£(4100))” + (£(42(0))

Page 12 of 23
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v +1
N

ST

< (£(q1(x) = 2q2(x))) - (4.16)
V1 — A
Proof Under the assumption 0 < A < v} < Z;—Eg < vy, we have
vi<vy = (n+D)r-i)<(v+1(vr-21).
It follows that
vy +1 - v+ 1'
Vp—A Vv —A
Also, we have
q1(¢) = Aq2(2)
< BRI o,
o= q2(2) ="
implying
(q:(¢) = 2q2(¢))? (q1(¢) = 2q2(8))?
Ty POy
Furthermore, we have
i<q2(f)<i V1—1<Q1(C)—)~th(§)<v2—)~‘
v, qi(¢) T v vih T Aq1(¢) T A
It follows that
1\ i 1\ L
( ) (1(0) = 2q2(0))")? =5 () < ( ) (41(2) - Aq2())")”
Vo — A V] — A
One can readily see that
1 p p
( ) [ 0@ - 1)) )
Vo — A A
< [ 0o dn)
A
1 » p
< ( > f P60 (91(2) = Aqa2(2)) dr ().
V1 — A A
This can be written as
1 N 1
(v2 _/\)(2(611()() -2q2())")” < (L45(x))?
1 1
< ( )s(qlm Ca0)”. (17)
V1 — A

Using the same technique, we have

S

(%)(S(ql(z) —qu(;))”)f% < (£4/(©))

—A
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1 1
= (—) (£(q1(6) = 2q2(0))") 7. (4.18)
V1 — A
Adding (4.17) and (4.18), we have the desired inequality. 0

Corollary 4.18 Applying Theorem 4.9 wzth A = (a,b), dn(;) =d¢ and p(x ¢) defined by
(3.6). Substituting (L4’ (x )P = Igfgqp(x))!’ and (L£¢5( X))” = Igfg S (x ))P we obtain the

following inequality
vy + 1 wk 1% " }7
Vg — (I (0100 = 2a2(0)) = (55, (4700))7 + (L (45(0)))
1 1
< 2k a0 - aa00)) . @19)

Remark 4.19 Applying Corollary 4.18 with g(x) = x,k = 1 and corresponding p(x,¢) de-
fined by (3.6), then we have

1 1 1
T (0160 = 2200)) = (L 00)7 + (1 (£500)?
1 1

< o (@00 ~2000))

Example 4.20 Taking g(x) = log(x) and k = 1 in Corollary 4.18 and p(x,¢) defined by

(3.9), then
1 1 1
2 (@00 - ra0) = (3 (@ 00) + (A (00)?
vi+l g 1
< 05 (@ @00 - 2a:(0)7
Remark 4.21 Applying Theorem 4.17 with A (a,b), dn({) = dg“ and p(x, ;2 defined by
(3.10). Substituting (£4% (x 1’ = (Ium,nqp( ))17 and (£45(x)) P = 2‘+gnqp( ))?, we obtain

the inequality for the Erdely1—Kober—type fractional integral, i.e.,

1}2+1

=

(1 (@100 = 2200)) = (0 (0O + (1 (500))

v +1
A7

_U1 A

\)2—)\

(12 (@100 = 2g2(0)) 7.

Remark 4.22 Taking B >0,g(x) = % and k = 1 in Corollary 4.18, we obtain the inequality
for the Katugampola fractional integrals, i.e.,

vy +1
1)2—)\.

=
ST

I (%) - 22(0))) < (12 (47(x)))

v +1
[

+ ("I, (45(0)))

’ml»—A

("I (1 (%) = 22 (x))) 7.

- Ul—)»

Remark 4.23 Taking 8 > 0,9(x) = (X—” and k = 1 in Corollary 4.18, we obtain the in-
equality for conformable fractional 1ntegral, ie.,

U2+1
vy —A(

=
S

3 (@100 - 2200)) = C3(200))7 + C3(00))
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vi+l g
<
- \)1—)\.(0“J

ST

“(q1(x) = rq2(x)))” .

K4ty

Remark 4.24 Taking > 0,9(x) = 4

ity for the generalized conformable fractional, i.e.,

and k = 1 in Corollary 4.18, we obtain the inequal-

j g T 1 z 1

:z i ; KD (0100 = 2q2(0))) < CKDA ()P + CKD(dh(x))?
1, 1
< :: (K (0100 = 2200)) .

Theorem 4.25 For p > 1, let there be two positive functions q; and q, on [0,00). If0 < h <
q1(8) < H,0<m < qs(¢) <M and x € [«1, k2], then

H(h+ M) + M +m)
(m + $H)(H + M)

(E(@ 00+ L00))?.  (20)

(£(d00)7) + (£(@00)?) <

Proof Under the supposition, we observe that

1 1 1
_ < <
M~ q2(¢) ~m
and we have
h @) 9
M= 0@ m 20
From (4.21), we have
20 = (2 ) (@) + a0y @22)
2§_<b_'_—m>(%§+%§) .
and
9 Y p
7)) < <m> (4:1(0) + q1(2))". (4.23)
After some necessary settings, we have
[ p o = (2 )p [ te0@© + i) dnco) (@24
A TA\m+$H A
which can be written as
1 H p il
() = (=25 ) (@ ). (425)
Similarly, we have
1 9 P ol
(20) = (775 ) (o ). (420

Adding (4.25) and (4.26), we obtain the required inequality. O



Igbal et al. Journal of Inequalities and Applications (2023) 2023:6 Page 16 of 23

Corollary 4.26 Applying Theorem 4.25 wzth A = (a,b), dn({) d¢ and p(x, ¢) defined by
1 1 1
(3.6). Substituting (L4 (x))? = (1% 4% (x ))P and (£¢5(x))? = (I%* q5(x))?, we obtain the

a+;g u+g

following inequality

(5 (@ 00)) + (155 (00)P)
HH + M) + M($H +m)
(m +9)(h + M)

WS

(IF (@00 + 2200)7) 7. (4.27)

Remark 4.27 Applying Corollary 4.26 with g(x) = x,k = 1 and the corresponding p(x, ¢)
defined by (3.6), we have

(1%, (£00)7) + (12, (£60)7)
_ 9 +9) + M(H + m)
(m+9H)(H + M)

=

(1% (1) + 2(0))") 7.

Example 4.28 Taking g(x) = log(x) and k = 1 in Corollary 4.26 and p(x,¢) defined by
(3.9), we have

(3 (@00)) + Ca (00)?)
H+ M) + M(H +m)
(m + $)(h + M)

=

C3 (@00 +a(0))7.

Remark 4.29 Applying Theorem 4.25 with A (a,b), dn({) d¢ and p(x,¢) defined by

(3.10). Substituting (L4 ( x))P = (I, 00y (X) )1’ and (£45(x)) P =12, qu(x))}’, we obtain
the inequality for the Erdélyi—Kober-type fractional integral, i.e.,

ANTE

(12 (00)7) + (I (50))
ﬁ(h + 90 + M(H +m)
(m+9H)(h + )

)
(I (@100 + 00))P.

Remark 4.30 Taking 8 >0,g(x) = and k =1 in Corollary 4.26, we obtain the inequality

for the Katugampola fractional lntegrals, ie.,

CL(d00)7) + (L (@00)”)
- H(H + ) + M(H + m)
(m+H)(h + M)

=

I (q1(x) + 22(0))7)7 .

Remark 4.31 Taking B > 0,9(x) = X 9 and k = 1 in Corollary 4.26, we obtain the in-

equality for the conformable fractlonal integral, i.e.,

(3 00)7) + (3 (dh00) ")
Hh+ M) + M(H +m) 4
(m+9)(b +9)

'%M—‘

( (%(X) +6I2(X)) )
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Remark 4.32 Taking 8 >0,g(x) =
ity for the generalized conformable fractlonal, ie.,

" andk=1in Corollary 4.26, we obtain the inequal-

CKE(£00)7) + (KA (@ 00)?)
H(h+ M) + M($H +m)
(m+ ) + 0

ST

CKE (0 +2200)").

Theorem 4.33 Let (A, 3, ) be a measure space with positive o -finite measure. For p,q >
1 with }7 + é = 1. Suppose that there are two positive functions q, and q, on [0,00) and
41,92 € U(p) such that x > k1,(£q](x)) < 00 and (£45(x)) < 00. If 0 < h < q1(¢) < H,0 <
m < q,(¢) <Mand x € [k1,k2], then

(80 002:00)) = e (S0 + 2:00))

T+ +1)
1
< U—I(S(%(X)Ch(x)))- (4.28)
Proof Under the supposition, we observe that

q1(2)
n= q2(¢) =

it follows that

72(£)(v1 + 1) < q1(8) + q2(8) = g2(5)(v2 + 1). (4.29)
Additionally, we have

l<qz(C)§ 1

—, 4.30
v T qi(¢) T (4.30)
which yields that
vy + 1 v +1
01(8) =q2(8) +q1(¢) < q1(¢). (4.31)
From (4.29) and (4.31), we have
010)920) _ (@@ +a @) _ 010)46) (4.32)

Vg T (v + 1) (v +1) T V1

Multiplying both sides of the above inequality with p(x, ¢) and integrating with respect to
¢ over measure space A, we obtain

611(§ )qz (qz(§ ) +q1(2))?
A“” /”( O+ Dl + 1)

5/ o, ) 18228 (4.33)
A V1
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This can be written as

241(()612@) 2(612(5)+611(§)) 2611(5)612( )’ (4.34)
1%) (1)1 + 1)(\)2 + 1) V1
which is the required result. O

Corollary 4.34 Applying Theorem 4.33 with A = (a,b),dn (¢) = d¢ and p(x, ¢) defined by
1 1 1

(3.6). Substituting (L4} (x )P = (Igfgq'”()())? and (£¢5(x))? = (Igfg 5(X))? , we obtain the

following inequality

v_( a+g(41(X)6]2( ))) < :

B m( st (0100 + 42(0))°

o (Ii‘fg (@1)22(0)))- (4.35)

Remark 4.35 Applying Corollary 4.34 with g(x) = x and the corresponding corresponding
p(x,¢) defined by (3.6), we have

(2. (@000:00) = S @00+ :00))°

T+ D+

< Ull(l;ﬂ (41(x)22(x)))-

Example 4.36 Taking g(x) = log(x) and k = 1 in Corollary 4.34 and p(x,¢) defined by
(3.9), (3.12) becomes

1 1
72(53“(611&)612()())) = m( 3 (a1 (x) + 200))

<— ! "3 (01 60200))-
V1

Remark 4.37 Applying Theorem 4.33 with A =(a,b),dn(¢) = d¢ and p(x, ¢) defined by
1 1 1
(3.10). Substituting (£¢% (x))? = (I ... ¢/(x)) ’ and (£45(x))? = awnqﬁ(x)ﬁ,we obtain

a+on

the inequality for the Erdélyi—Kober fractional integral, i.e.,

1 1
U_z(IZ+;<7;r7 (@10092(0)) < m(13+;o;n(ql(><) + ()’

< vil(lgi;,,;,7 (@10022(0)))-

Remark 4.38 Taking B >0,9(x) = and k =1 in Corollary 4.34, we obtain the inequality
for the Katugampola fractional 1ntegral operators in the literature [17] and the inequality

takes the form

vlz(;Kf+ (1(022(0))) < ! )(;K,ﬁ (@100 +a200))

(i +1D)(np+1

< vil(;zgfi (2(0D0))-



Igbal et al. Journal of Inequalities and Applications (2023) 2023:6 Page 19 of 23

Remark 4.39 Taking B > 0,9(x) = % and k = 1 in Corollary 4.34, we obtain the in-
equality for the conformable fractional integral operators defined by Jarad et al. [1] and
the inequality takes the form

L3 @00000)) < ————— 3 (@000 + 00)))°

vy (v + (v + 1)

< vll(fﬁ“ (110022(x)))-

Remark 4.40 Taking B >0,g(x) = % and k = 1 in Corollary 4.34, we obtain the inequal-
ity for the conformable fractional integral operators defined by Khan et al. [3] and the

inequality takes the form

1, 1 T
v_z(a1(£+ (ql(X)QZ(X))) = m (al(far (QI(X) + QZ(X)))Z

< Uil(;Kﬁ (@1(x)a2(x)))-

Theorem 4.41 Let (A, X, ) be a measure space with positive o -finite measure. For p,q >
1 with }7 + é = 1. Suppose that there are two positive functions q, and q, on [0,00) and

q1,q2 € Mp) such that x > k1,(L£q}(x)) < 00 and (£¢5(x)) < 00. If0 < h < q1(¢) < $H,0<
m < q>(¢) <Mand y € [K1,k2], then

=
=
=

(E(Z00)7) + (£(d500)?) = 2(eUP (q1(x), 22(x))) 7, (4.36)

where

UP (q1(x) q2(x)) = max{u2[<1 + %j)ql(x) _ V2!12(X)], 1+ v2q2(x) = q1(x) }

V1

Proof By the supposition, we observe that

q1(¢)
0 _
<V <V +V; qz(é‘)
and
q1(¢)
2T q2(¢) —

From the above two inequalities, we obtain

3 (C) < (v2 +v1)q2(8) — q1(¢) < U(ql(X)rQZ(X)):

V1

where

U (q1(x) q2(x)) = max{v2[<1 + %)ql(X) _ quz()()], 1+ V2q2(x) = q1(x) }

V1
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Also, from the given supposition

i§q2(§)§i,
vo T q1(C) T n
we have

1_1.1 0@

4.37
v, T v v qi(g) ( )

and

1 1 CIZ(C)<l

. 4.38
v, v oqg) T nm ( )

From (4.37) and (4.38), we obtain

1.1 _
1 5 (55 + 3,)901(8) = q2(¢) 1 (439)

%) q:1(¢) V1

This implies that

7)< Uz( L )ql(z)— v22(¢)

— 4=
ViV

vy [(2 + 1>q1(§) - V2¢I2(§):|
V1

< U(q:(2),42(2))s

IA

hence, we have

4,@¢) < UP(q1(2),92(2)), (4.40)

and

Q) < UP(q1(2),42(2)). (4.41)

Multiplying both sides of the above inequality (4.40) with p(x,¢) and integrating with
respect to { over measure space A, we obtain

/ PO OEE) < / D06 OUP (31 (0), 02(0)), (4.42)
A A
which can be written as

L) < U (1), 42(2)). (4.43)

Using the same technique for inequality (4.41), we obtain

L45(0) < SUP (q1(2), 92(2)). (4.44)

By adding the inequalities (4.43) and (4.44), we obtain the desired inequality. O
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Corollary 4.42 Applying Theorem 4.33 with A = (a, b), dn({) d¢ and p(x, ¢) defined by
1 1

(3.6). Substituting (L4’ (x )1’ = (I;‘+kgqp(x))5 and (£q§()())1’ = (I;‘Jrkg 5(X))?, we obtain the

following inequality

'm»—

(125, (@00)7) + (125, (B00)7) = 2(25,U7 (0100, 0:00)) P (4.45)

Remark 4.43 Applying Corollary 4.42 with g(x) = x and the corresponding p(x, ¢) defined
by (3.6), we have

"s\»—‘

(12, (£00)7) + (14, (B00)7) = 202,17 (400, 4:200)) -

Example 4.44 If we take g(x) =log(x) and k = 1 in Corollary 4.42 and p(x, ¢) defined by
(3.9), then (3.12) becomes

”ch—

Ca(Z00)7) + C3(@B00)7) <2003 U (@ (x), 0:(x))) .

Remark 4.45 Applying Theorem 4.33 with A = (a,b),dn (¢ ) =d¢ and p(x,¢) defined by

1 1
(3.10). Substituting (qu(x))l’ (g ,]qp(x))l’ and (ng(x)) = (L7, nq‘”()())l’ , we obtain
the inequality for the Erdélyi—Kober fractional integral, i.e.,

=
S
’mh—

(T (@ 00)7) + (I (@500)7) < 2(05 o UP (1 (1), 42(X)) )7
Remark 4.46 Taking B >0,g(x) = % and k = 1 in Corollary 4.42, we obtain the inequality
for the Katugampola fractional integral operators in the literature [17] and the inequality

takes the form

ST
’wb—-

1
CRIA0))P) + (KL A(500)7) < 2( K5 UP (1(x) 42(x)) )P -
Remark 4.47 Taking B > 0,9(x) = % and k = 1 in Corollary 4.42, we obtain the in-
equality for the conformable fractional integral operators defined by Jarad et al. [1] and
the inequality takes the form

S
ST

Ca (£ 00)7) + (3 wmh( “UP(qu(x), 22(0))) P

Remark 4.48 Taking 8 >0,g(x) =
ity for the conformable fractional 1ntegral operators defined by Khan et al. [3] and the

inequality takes the form

=
-

(KL 00)7) + (KL (00)7) < 2(KEUP (100, 4200)) -
5 Concluding remarks

In recent years, many researchers have given the generalization of integral operators and
constructed fruitful inequalities. It is always interesting and motivating for us to provide
the generalization of all previous results. Motivated by the above, we presented certain
elegant inequalities successfully that generalize the previous results. For this, we construct
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a class of functions that represent the integral transform with a general kernel. We prove a
wide range of Pélya—Szego- and Cebysev-type inequalities involving a general kernel over
a o -finite measure. We extract the known results from our general results.
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