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1 Introduction

Completely positive maps play an essential role in quantum information theory since they
correspond to physical operations, see [7]. Recall that a quantum operation can be rep-
resented by a normal completely positive map, which is determined by an operator se-
quence, see [2, 3]. Hence, some problems about completely positive maps can be solved
by researching operator sequences.

For the convenience of description, let 7{ and K be separable Hilbert spaces and B(/C, H)
be the set of all bounded linear operators from K into H and abbreviate B(/C, H) to B(H) if
K =H. K(H) is the set of compact operators on . Denote by J a finite or infinite countable
index set. Let A = {Az}ref C B(H). A is called a row contraction if ), ., AxA} < I, where
the series ) .; AxAj is convergent in strong operator topology and Aj is the adjoint oper-
ator of Ay. We say that A is unital if ) |, .; AxA} = I and trace preserving if ) |, ; A{Ax = 1.

To each row contraction A = {Ax}xe; one can associate a normal completely positive

mapping ® 4 on B(H),

DAX) =D AXA;, VX € B(H).
keJ

Then, we say that ® 4 is a quantum operation on B(#) and each Ay is the operation el-
ement or the Kraus operator of ® 4. A and ® 4 are called self-adjoint if each Ay is self-

adjoint. If a row contraction A also satisfies ) ;.; AfAx < I, we can define a completely
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positive map (IJT4 on B(H) as follows:

L (X) =Y A{XAr, VX € B(H).
keJ

The map dDL is well defined and is called the dual operation of ® 4. An operator X € B(H)
is said to be a fixed point of ® 4 if ® 4(X) = X. In fact, a fixed point ® 4 means that it is
not disturbed by the action of ® 4. Denote by B(H)®A the set of fixed points of ® 4.

Fixed points of completely positive maps were considered from different aspects since
they are useful in the theory of quantum error correction, see [1, 4—6], and [8-11]. Li dis-
cussed fixed points of dual quantum operations on compact operators in [4] and given that
the two fixed points sets of quantum operation and its dual operation are coincident under
a certain condition. In [1], the authors noted that the positive fixed point B € B(H)®4 of
® 4 and Ax commute if B has only discrete point spectra and & 4 is a self-adjoint quan-
tum operation. However, the result does not necessary hold for a not self-adjoint quantum
operation. Li generalized the result to the unital and trace-preserving quantum operation
in [5], but B must be an operator when the spectra space is finite. In [4], the fixed points
sets of ® 4 and its dual map d>j4 were given by use of the properties of self-adjoint opera-
tors. It was given that the two sets were equivalent in compact operator space. Also, it was
noted that ® 4(X) > X implied ®_4(X) = X under certain conditions. Popescu studied the
inequality ® 4(X) < X and the equation ®_4(X) = X by use of the minimal isometric dila-
tion and Poisson transforms in [5] and the canonical decompositions and lifting theorems
were obtained to provide a description of all solutions of ® 4(X) < X.

Inspired by the above results, we mainly consider fixed points of completely positive
maps and their dual operations. For a given row contraction A, we study the inequality
P 4(X) < X and the equation ® 4(X) = X on the set of all diagonalizable operators. It is
given that ® 4(X) < X (or ® 4(X) > X) implies ® 4(X) = X and dDJ;l(X) =X when X € B(H)
is a compact operator. Simultaneously, an example is given to show that ® 4(X) = X does
not necessarily imply d>j4(X) = X when X is not compact. Some necessary conditions of
@ 4(X) =X and deA(X) = X are obtained.

2 Main result
In order to obtain the main results, we begin with some lemmas.

Lemma 1 ([8]) Let ® be a normal completely positive map on B(H) that is defined by

O(X) =Y AiXA;, VB(H).
keJ

A positive operator C € B(H) is a solution of the inequality ®(X) < X (or ®(X) = X) if
and only if there exists an operator sequence {Bi}xe; C B(H) such that ) ",_, BiB; <1 (or
Y k1 BiBi=1) and AkC% = C%kaor any k.

Similar to Lemma 1, we give an equivalent condition of ®(X) > X.

Lemma 2 Let ® be a normal completely positive map on B(H) that is defined by

O(X) =Y ArXA;, VB(H).
keJ
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Then, an invertible and positive operator C € B(H) is a solution of the inequality ®(X) > X
ifand only if there exists an operator sequence {By}key C B(H) such that ) ., BiB; > I and
C%Bk = AkC% for any k.

Proof Suppose that C is an invertible and positive operator and also a solution of the in-
equality ®(X) > X. Define the operator By by setting By = C‘%AkC% for any k. By direct
computing, we have

S BB =C1 Y A <C
keJ keJ

That is to say, the operator series ) ,_; BxB is convergent in strong operator topology.
From the definition of By, it is easy to obtain that C %Bk =AC 3 and

®(C)= Y ACA;=C? Y BBCE > C.
keJ keJ

Thus, C3 (Y, BiB; ~1)C? > 0and so Y ., BB} = I.
On the contrary, suppose that {By}re; C B(H) satisfies )", _, BiB; > I and CiBi = ACh
for any k, then

= AcAp=C3 Y BBICE = C.
keJ ke]

The proof is completed. d

Lemma 3 Let dimH < 00 and A = {Ai}kes C B(H) be a row contraction. If 3 ;. AkAf =1
and ) ; AfA <1, then ) ;A A = 1.

Proof Let t be a faithful tracial state on B(#). This shows that (), AxA}) =
T(Q ks AfAx)- Thatistosay T(Y o AkAf =D ey ARAx) = 0. Thisimplies that Y, ., AfAx =
Zke/AkA/t =1 O

Theorem 4 Let ® 4(I) =1 and d>j4(1) <I.IfX € B(H) is a compact and self-adjoint oper-
ator that satisfies ® 4(X) < X or ® 4(X) > X, then ® 4(X) = X, <I>:f4(X) =XandX e A'.

Proof (1) Suppose that X € B(#) is a compact and self-adjoint operator with ® 4(X) < X.
Then, ® 4(o + X) < o + X holds for any real number « since ® 4(I) = I. Without loss of
generality, we may assume that X is an invertible and positive operator. According to the
spectral theorem of compact normal operators, it is easy to show that the spectrum of X is
at most countable and these spectral points can be arrayed as follows, A; > Ay > -+ - > &, (m
is a positive integer or +00) and the dimension of the spectral projection space associated
with A; is finite. It follows that X = ZZIAiPi, where P; is the spectral projection associated
with ;. From Lemma 1, there exists an operator sequence {By}xey with D", 7 BiB; < Isuch
that Bsz = XzAk Denote Hi =R(Py) and Hy = H S H,. Then, X = A1, @ X;. It follows

that X2 = A2 1H1 &) X . A and By, can be represented by

PR AN
Ay A B, B
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with respect to the space decomposition H = H; & H,. Therefore,

1 1 1 1

2 pk k 2 2 gk 2 gk
)‘llBll BIZXII — )‘llAll )‘llA12

2 pk k v 2 2 gk 2 gk
)‘1 BZI B22X1 Xl A21 Xl A22

1
This implies that BY, = A%, and A%, = ﬁBlszf hold. According to };; AxA; = I and
> key BiB; < I, we have

1
k 4k * k gk * k 4k * k k *
ZAnAn +ZA12A12 :ZAnAn +ZA_1312XIBIZ =1y,

keJ keJ keJ keJ
and
k pk * k pk *
ZBuBu +ZBIZBI2 < Iy,.
keJ ke]

Onthe other hand, 0 < ﬁXl < Iy,.Hence, Zke] B’l‘z(IH2 - ﬁXl )B]fz* =0,and then B;; = 0.
Therefore, A¥, = 0 and Zke/AlflAlfl* = Iy,. From @, (1) < I, thatis, > kej AfAk < I then
Z,(ejAll‘l*A’{1 < Iy, . It follows from Lemma 3 that Zke]All(l*All(l =I5, since H; is a finite-
dimensional space. Thus, Y, ]Aél*Alz‘l = 0and then A%, = 0. This shows that Ay P; = P Ay,
D A(Py) = Py, @4(P) = Py and @ 4(X) = AP a(Py) @ PA4(X1) < 1Py @ Xi. Therefore,
®_4(X1) < X. By induction, X € A', ® 4(X) = X and &7, (X) = X.

(2) If ® 4(X) = X, the process is as above, the result holds by Lemma 2. The proof is
completed. d

Similar to the proof of Theorem 4, we have the following result.

Theorem 5 ([4]) Let ® A(I) <1 and dDL(I) <LIfX € K(H) satisfies ® o(X) > X > 0, then
PUX)=Xand X € A’ hold.

Corollary 6 ([1]) Let dimH < co and A C B(H) be a unital and trace-preserving row
contraction. Then, B(H)®4 = A’

Proof As A is unital, it is natural that A’ C B(#)®A holds. We need only to prove that
B(H)®A C A'. For any X € B(H)®A, then X* € B(H)®4. Hence, we can assume that X is
self-adjoint. Denote H; = PX(0, || X||] and Hy = [~ X||,0]. Then, H = H; & H, and X has
the representation X = X* @ (—X~), where X* is invertible in B(#;). With respect to the
space decomposition as above, the operator Ay can be expressed as Ay = (Ag)zxz and then
A = (A}’.(l.*)zxz. It follows that

* _ * * _ *
ALXA? = AEIX"AEI*—A’}}X A%* A’ilX*A%*—A%X A%* .
ApXTAL —ARXTAY,  ApXTA -ARXTA,

From ® 4(X) = X, we obtain

* - *

Zke]All(lx+A]1(1 _Zke]All(ZX A]1(2 =X,
k k * k y— sk * _

Zke]A21X+A21 _Zke]AZZX Azz =-X7,
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whereas, Y ., AR XA > 0,50 > ke Ak X+ AKX " > X*. Combining this with Theorem 5,
we have X* € {A%}re/ and Zke/Alle+Al1(1* = X*. Furthermore, Zke/All‘lAll‘l* = Iy,
holds. Moreover, ) ., AxAr™ = Iy implies ZkejAlszlfz* = 0 and hence A%, = 0. From
Lemma 3 and )", AjA = I3;, we have A%, = 0 for any k. Hence, ZkE]Alz(zAé‘z* =Iy,.
Combining ) ., Ak X=AK)" > X~ with Theorem 4, it is easy to obtain X~ € {A%,}s/, and
then X € A'. The proof is completed. O

In Theorem 4, the result does not necessarily hold if X is not a compact operator.
Example7 Let {e1,ey,...} be a basis of an infinite Hilbert space / and S be the unilateral

operator on H. Then, Se; = e;,1, Vi > 1. Suppose that K = H & H & H. Define an operator
A as follows,

S* 0 0
_ 1 _ % * 1 _ %
A= ﬁ(l SS*) S§ ﬁ(l S§5%)
0 0 S§*
Then,
S %([—SS*) 0
A*=1]0 SS* 0
1 *
0 E([_SS ) S

By direct computing, it is easy to obtain that AA*™ = [ic and A*A < [x. Assume that X €
B(KC) has the following matrix form,

Ly 0 Iy
X=(0 31, o0
0 0 Iy

According to the matrix forms of A,A*, X, AXA* = X holds, whereas,

s 0 0
_ 1 7 % 3 * _ %
AX=| U-Ss) §S§* V2-S57) ],
0 0 s
s* 0 s
XA = %(1—55*) 288* %(I—SS*)
0 0 s

These show that AX # XA and A*XA # X.

Proposition 8 Let ® 4(I) < I and CI>TA(1) < I. Suppose that X is a positive operator with
only at most a countable set of distinct eigenvalues {\;} such that X = Y, 1;P;, where
P;P; = P;P; = 0 and A; is strictly decreasing. If ® A(X) > X and <I>j4(X) > X, then X € A
and ® 4(X) = T (X) = X.
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Proof Suppose that X is a positive operator with X =), A;P; and A, is strictly decreasing.
Denote H; = PX{1}H and Hy = H © H;. Then, X = iy, @ Xi. Ax and A} have the

following matrix forms,

Ak Ak Ak * Ak *
Ak_< 11 12) and AZ:( 11 2 |

= * *
A5 A5, Af, AL
Therefore,
k gk * 4k k * k gk * | 4k k*
ALXAF = MALAL +ADRXIAL,  MAL Ay + ARXiAy
TR\ Ak Ak Ak X AR Ak AT AR X AR )
141471 T AxpA1A 1491491 T ApA1ay)

From ZkE]AkXA,’: > X, we have

by <Y AR AN AGLXAY < n (ZA@A@* + ZA@A@*) < M.
keJ keJ keJ keJ

If X; =0, then Y, A% A% " = Iy, . It follows that Y, A, A%," = 0, hence A%, = 0.1f X #
0, then X; < A1I3,, which means A1y, — X is a positive and invertible operator. Therefore,
Zke]AIszI{Z* =0 and so A%, = 0. On the other hand, from d>j4(X) > X, we can obtain
Alz(1 = 0. That is, AxP; = P1Ag, ® 4(P;) = P; and CIDEA(Pl) = P;. Meanwhile, ® 4(0 @ X;) >
06 Xy, <I>j4(0 @ X7) > 0 @ X;. Continuing the above process, the result holds. The proof
is completed. O

Theorem 9 Let O 4(I) <1 and @TA(I) < 1. Suppose that X is a self-adjoint operator with
only at most a countable set of distinct eigenvalues {)\;} and |A;| can be arranged in de-
creasing order, where |\;| means the absolute value of A;. If ® 4(X) = X and CDL‘(X) =X,
thenX € A'.

Proof Let H; = PX[—|X||,0),H, = PX{0} and H3 = PX(0, || X||], where PX(-) is the spectral
measure of X. Then, H = H1 ® H, & Hs. X has the matrix form X = X; & 0P (-X3), where
X7 and Xj are injective and have dense ranges. Denote Ay = (Ag.)gxg, then A" = (A}]fi*)gxg.
By direct computing, we have

* * * * *

AT XA, X —A]1<3X3A11(3* A]1<1X1A12(1* - Alf3X3A12(3* AlflxlAI?:l* - A]1<3X3A]§3*

ARXAL = | A5 X0AY - ARXGAY,™ AG XA - A sy A5 XiAG " — AR XGAS,
ADXAL - ARXALT  ARXGAT - ARXGATT AGXALT - A XGAS,

From ® 4(X) = X, it is easy to see that

ZAII1X1A]1(1* - ZAlfsstlfg* =X, (1)
keJ ke]
ZA{a(leAI:-;l* - ZAI?stSAIs(s* =-X3, 2)
ke] ke]

whereas,

All(l :XlAll(l _A13<1IX3A13(1 A11<1:X1A11(2 - Alsfl :X3AI§2 All(l :XlAll(s - Agl*XiAéa
ApXAx = AII(Z XlAll(l _A]3<2 X3A/3<1 A]1<2 X1A11<2 _Als(z X3A13(2 AII(Z XlAll(s ‘X3A/§2 A/3<3
AL XAY - AR XGAL Al AL - A5 TXGAT, AL XGAT - AL XA,
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From d>j4(X) = X, we can obtain

ZAIﬁ*XlAIﬁ - ZAI§1*X3AI§1 =X, (3)
ke] keJ
> oAl Al =Y AL XAl = X, (4)
ke] keJ

As Zke]A'fBXgAI{; >0 and Zke]AnglA’?fl* > 0, combining Eq. (1) with Eq. (2), we have

> oAlxAlL = x, (5)
keJ
> AL XA > X, (6)
ke]

Similarly, combining Y, A% X14% > 0, Y, A%, "X34%, > 0 with Eqgs. (3) and (4), the

following equations hold,

oAl XAl = x, @)
keJ
DAL XA > X, (8)
keJ

It follows from Proposition 8, Egs. (5), (7), (6), and (8) that
Xi e {A%LANTY and  Xp e {A5;,457), 9)
and

doALXAYL =X, ) ALXALT =X,
ke] keJ

Hence, } ., AK X3A%," = 0. As X is positive, injective, and also has dense range, hence
A%, = 0. Similarly, A%, = 0. The operator X; is also a positive and injective operator
with dense range, ZkE]AlflAlfl* = I3, from Eq. (5). According to ) ;. AxAr™ < I3, then
Zke/Alszlfz* = 0, and so A%, = 0 for any k. Similarly, A%, = 0. This shows that A; =
All‘1 EBA’Z(2 EBA/3‘3. Combining Eq. (9) and the matrix forms of X and Ay, we have A X = XAy
for any k. The proof is completed. O

If X has only two spectral points, we have the following result.

Theorem 10 Let A be a unital operator sequence and X be a self-adjoint operator with
only two spectral points. If ® A(X) =X, then X € A'.

Proof Let A1, 1y be the two spectral points of X. Without loss of generality, suppose that
A1 > Ao > 0since ® 4(I) = 1. Denote H; = PX{A1}H and Hy = PX{Ay)H, then H1 D Hy = H.
Hence, X = A1y, @ Aalpy,. Assume that Ay has the matrix form Ay = (Af;)gxz with respect
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to the space decomposition H = H; & Hy. From ® 4(X) = X, we have

> AXA;
keJ

k pk * k pk * k pk * k gk *
A Zke]AllAll + Ao Zke]Alelz M Zke}AnAm +Ag Zke/A12A22
k pk * k pk * k pk * k gk *
A Zke}AZIAll + Ao Zke]A22A12 M Zke]A21A2l + Ay Zke/ AAs,

Ao 0
0 X

This shows that A; Zke]A’l‘lAll‘l* + A ZkE]A’{2A1{2* = A1y, . Thatis,

A

k gk * A2 k gk *

§ ALATL +A_§ :A12A12 =1Iy,.
ke L kes

As A is unital, it is easy to obtain that

k gk * k qk *
§ AL AT +§ iA12A12 =1Iy,.
keJ ke]

Hence, Zke]AIszlfz* = 0 and then A%, = 0. Similarly, according to

2 : k gk * § : k 4k *
)\,1 A21A21 + )\2 A22A22 = )\2]7.[2
keJ keJ

and

k gk * k gk *
§ Ay Ay +§ iA22A22 = Iy,
keJ ke]

we have A%, = 0. Hence X € A’. The proof is completed. O
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