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1 Introduction

Throughout this paper, let R” denote an n-dimensional real Euclidean space with norm
| - Il. R™*" refers to the set of all m x n-dimensional real matrices. Amax(A), Amin(4), AT,
and A~! stand for the maximum, the minimum eigenvalue, the transpose, and the inverse
of matrix A, respectively. I is the identity matrix with proper dimension. We use A > 0 to
mean that A is a positive-definite matrix. Let f(x(a”)) = lim,_, ,- f(x(t)).

There are many methods to make a nonlinear system stable, for instance, sliding mode
control [1], fuzzy control [2], feedback control [3], adaptive control [4], alternate control
[5, 6], impulsive control [7, 8], etc. Taking into account the engineering applications, the
cost of continuous control is high. Through intermittent control, the control cost and the
amount of transmitted information can be greatly reduced. As is known, impulsive control
is a discontinuous control method.

A class of nonlinear systems can be described as

x(2) = Ax(2) + f (x(2)) + w(t),

x(to) = %o,

(1.1)

where x(£) € R” is the state vector, A € R"*" is a constant matrix, f : R" — R” is a continu-
ous nonlinear function satisfying f(0) = 0 and ||f(x)|| < |||, [ > 0 is a constant. w(t) is the
control input. Without loss of generality, let ) = 0, xo € R” is a given vector.
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In order to stabilize system (1.1) at the origin by means of an alternate control system
with double impulses, we set four kinds of control in one period, ie., ¢t € (kT,kT + %),
we set w(t) = B1x(t), where B; € R"*" is a known matrix, ¢ € (kT + %,(k + 1)T), we set
w(t) = Box(t), where B, € R"*" is a constant matrix, at the same time, at time ¢ = kT + %,
an impulse /; is given, and an impulse J, is given to the system at time ¢ = (k + 1) 7. Hence,
system (1.1) is rewritten as

x(t) = Ax(t) + f(x(2)) + Bix(t), kT <t<kT + %,

x(0) =x(t") + (), t=kT+1,

(1) = Ax(t) + f(x(t)) + Bax(t), KT+ L <t<(k+1)T, (1.2)
x(t) =x(t7) + Jox(t™), t=(k+1)T,

x(to) =x0, to=0,
where T > 0 is a control cycle and & is a nonnegative integer.

Remark 1.1 When B, = 0, the system (1.2) becomes the alternate continuous-control sys-
tem with double impulses [9].

For more information on stability and applications of nonlinear systems that have been

investigated in the literature, for instance, see [10—14].

2 Main result
We begin this section with two lemmas that will turn out to be useful in the proof of our

main result.
Lemma 2.1 ([15]) Suppose that any x,y € R", then
[<"y] <l Iyl
Lemma 2.2 ([15]) Let A € R"*" be a symmetric matrix, then for all x € R",
Jemin (AT x < xTAx < Apax (A)x x.
Theorem 2.1 Let 0 < P € R™*" such that the following conditions are satisfied:
(1) u1 <0,
(2) (B52)T +InB +1ny <0,
where ﬁ = )‘max(Pil(I"']l)TP(] +]1)): Y = Amax(P71(1+]2)TP(1 +]2))r ﬂl = )"max(Pil(PA +

ATP + PBI + B{P))» ,32 = )\max(P)» ﬂ?) = )\-min(P), ,34 = )LmaX(P_l(PA +ATP + +PBZ +BzTP))x
up =B +21 %, Uy = By + 21 % Then, system (1.2) is exponentially stable at the origin.

Proof Define
V(x(t)) =xT (£)Px(¢t).
For t € (kT,kT + %), using Lemmas 2.1 and 2.2, we obtain

D' (V(x(2))) = 2x" (£)P(Ax(t) + f(x(2)) + B1x(2))
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= 22T (t)PAx(¢) + 2xT(t)Pf (x(t)) +2x7 (£)PByx(2)

= «x7(£)(PA + ATP + PBy + BT P)x(t) + 2x7 (£)P? P2 ((t))

< BixT (£)Px(¢) + 2\/xT(t)Px(t)fT(x(t))Pf(x(t))

< BixT (OPx(t) + 2,/xT (OPx(0) pof T (x(0)f (x(1))

< BixT ()Px(t) + 2/xT () Px(t) B2 22T (H)x(t)

< BixT (t)Px(¢) + 21 \/ xT(t)Px(t)%xT(t)Px(t)
=u V(x(1)),
which implies that
V(x(2)) < V(x(kT))e 1D (2.1)

For ¢t = kT + %, we obtain

V(w() = (x(£7) + J1x(e7)) " P((E) + hx(£))
()T + 1) "PU + 1)x(¢)
)

(
(t PP (1 + 1) TP + )P~ 2P2x( )

X

< V(1))
Forte (kT + 5 I, (k + 1)T), using Lemmas 2.1 and 2.2, we obtain
D* (V(x(t))) = ZxT(t)P(Ax(t) +f(x(t)) + ng(t))

= 2" ()PAx(t) + 2x7 (£)Pf (x(t)) + 247 (¢)PByx(t)

=xT(¢) (PA +ATP+PB, + BQTP)x(t) + 2xT(t)P%P%f(x(t))

< Bax” (O)Px(t) + 2,/ xT () Px()f T (x(2)) Pf (%(2))

< BuxT (£)Px(t) + 2,/ xT () Px(2) Bof T (x(2) ) (%(2))

< BaxT (£)Px(t) + 2¢/xT () Px(t) B2 22T () (t)

< BuxT (t)Px(¢) + 2[\/xT(t)Px( )f; xT(t)Px(t),

3

which implies that

V(x(t) < V(x(kT + §>>euz<f-kT-%>. (2.3)
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By (2.2) and (2.3), we deduce that

V(x(t) < ﬂV(x((kT + g)_>)eu2(t—kT_g)’

where ¢t € [kT+ ,(k+1)T).
Fort = (k + l)T, we obtain

V((t) = (w(7) + hx(t)) " P(x(7) + Tox(t))
T ()T + 1) PU + R)x(7)
)

&7 (£)PEP3 (1 + o) P + J)P™3 PA(t7)

yV(x())-

IA

When k =0, for £ € (0, %), from (2.1), we can obtain
V(x(t)) < V(x(0))e"".

Consequently,

(3] e

Forte [%, T), applying (2.4) and (2.6), we obtain

V(o) < ﬂv(x((g)»euz(t—%

< BV (x(0))e™r 12D,

Consequently,

For ¢t = T, applying (2.5) and (2.7), we obtain

V(D) <y V(x(T))
< By V(x(0))e

uy T+ug T
2

When k=1,forte(T,T + %), applying (2.1) and (2.8), we obtain

V(x(0) = V(@(T7))er D

< V(x(T)) e =T)

uyT

< By V(x(0))e - D

(2.4)

(2.6)

(2.7)

(2.8)

Page 4 of 9
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Consequently,

V(’“((“ g))) < By V() T (2.9)

Forte [T + %, 2T), applying (2.4) and (2.9), we obtain

V(x(t) < ﬁv<x<<T+ %")_))euz(t_gzr)

< IBZVV(x(O))eulTHQ(t—T)'
Consequently,
V(x(2T)7)) < B2y V(x(0))e 1+, (2.10)
For ¢t = 2T, applying (2.5) and (2.10), we obtain

V(xQ2T V(x(QT)
(®(27)) <y V(x((2T))) (2.11)
< ﬂzyz\/(x(O))e(”””Z)T.

When k=2, fort € 2T,2T + %), applying (2.1) and (2.11), we obtain

V(x(8) < V(x(zT)+)eu1(t—2T)
< V(x(ZT))eul(t—ZT)

< ﬂZVZ V(x(O))eul (t=T)+uo T.

Consequently,

V(x((ZT + g)_)> < ﬁ2y2V(x(0))e3M21T+'42T' (2.12)

Fort e [2T + %, 3T), applying (2.4) and (2.12), we obtain

V(x(t) < ,3V<x(<2T + ;)_>>e”2(t%z)

1T _ﬂ)

3u
< By?V (x(0))e 2 03

Consequently,

Buy T+3uy T
2

V(x(3T)7)) < B2y*V(x(0))e (2.13)

For ¢ = 3T, applying (2.5) and (2.13), we obtain

V(x(?)T)) <y V(x((ST)_))

3uj T+3uy T
2 .

< B’V (x(0))e
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By induction, when k =m, m =0,1,..., for t € (mT,mT + %), we obtain

uomT
2

V(x(0) < By (x(0)e T

Fort € [mT + %, (m +1)T), we obtain

(m+12)u1 T +u2(t— (m+21)T)

V(x(t)) < prmrlym V(x(O))e

For t = (m + 1)T, we obtain

(m+)ug T (m+DunT
e e

V(x(0) < "y V(x(0)e 2
By (2.14), for t € (mT,mT + 5 ) let t = mT

mT) mT
2

V(x(8)) < By V (%(0))e"
< B"y"V (x(0))e'

_ e(ln B+lny)m V(x(o))e(%)mT

12742 ymT

_ V(x(O)) (4 "2)T+lnﬁ+lny)m

By (2.15), for t € [mT + = (m +1)T), we have
Case 1. When u, > 0, let t=m+1)T

17
+ug (t—

nyT
mg) )‘

V(x() < g™y ”’V(x(O))
< ﬁ’””y’”v(x(o))e(wx’”””
= V(x(0))e'
= V(x(0))e 5%

uj+uy
2

)(m+1)T+(m+1)In B+mIny

)T +1In B+Iny )m+( “ ;LQ )T+In B

Case 2. When uy <0, let t = mT + %

(m+1)uy T
2

su(e- 50Ty

V(x(t)) < pmrlym V(x(O))e

< ﬂm+1 ’”V(x(O))

m+1u1T muzT

—(m+12)u1 T, _muZZT +(m+1)InB+mliny

= V(%(0))e

V(x(()))e((lqzuz )T+In B+Iny)m+ <5~ +1nf3

By (2.16), for ¢t = (m + 1) T, we have

Jup T | (m+l)upT
e

V(x(t)) S13;4'1+1ym+1‘/( (0)) T”” +

7("“12)”1 L LHZ)MZT +(m+1)In B+(m+1)Iny

= V(x(O))e
_ V(x(O)) (( 1*”2)T+1n,3+1ny)(m+1)
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(2.14)

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)

(2.20)
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From (2.17)—(2.20), we conclude that the system (1.2) is exponentially stable at the ori-
gin.

This completes the proof. d

3 A numerical example
In this section, we study the control of Chua’s oscillator by applying Theorem 2.1.

Example 3.1 Consider Chua’s system [16]:

X1 = a(xy —x1 — h(x1)),
Kg = X1 — X9 + X3, (3.1)

x3 = =By,
where o and B are two parameters,
1
h(x1) = bxy + i(ﬂ = b)(Jxr + 1] — |1 — 1),

where a and b are two given constants satisfying a < b < 0.

In order to apply Theorem 2.1, we may rewrite system (3.1) as

x(t) = Ax + f(x),

where
-a—-ab a O
A= 1 -1 1],
0 -8 0
~La(a—b)(lx +1] - |21 - 1))
fx) = 0

0
By easy computation, we obtain
)| = %az(a — b + 1)
+ (01 = 1)% = 2| (%1 + 1)1 = 1)]]
= %az(a —b)*(af + 1~ |21 - 1])

oa-b?  xi>1

o?(a-b)*x?, a2 <1

<a?*(a-b)*x:

<a*(a-b)? (x% x5+ x%)

Hence, we choose [? = a*(a — b)2.
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Figure 2 Time response curves of (3.1) via an alternate control system with double impulses

In the initial condition x(0) = (22,-2,-15)7, Chua’s system exhibits chaotic phe-
nomenon when

o =9.2156, B =15.9946, a = —1.24905, b =-0.75735,

as shown in Fig. 1.

Meanwhile, for simplicity of calculation, we choose P = I, J; = J, = diag(0.3,0.3,0.3),
By = diag(-49,-42,-32), B, = diag(-1,-1,-1). A small calculation shows that 8 = y =
1.69, B1 = —55.0889, By = B3 = 1, B4 = 154359, [ = 4.5313, u; = —46.0263, u, = 24.4985.
By the condition of Theorem 2.1, we have T > 0.0975. Thus, in the initial condition
x(0) = (22,-2,-15)7, system (3.1) is exponentially stable by Theorem 2.1, The simulation
results with 7' = 0.1000 are shown in Fig. 2.

4 Conclusions

The paper presents a new model of a control system, namely an alternate control system
with double impulses. Theorem 2.1 gives the exponential stability criteria of the consid-
ered system. The stability conditions avoid solving linear matrix inequalities. Moreover,
the chaotic Chua’s circuit can be controlled by Theorem 2.1.
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