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1 Introduction

Let B denote the class of functions of the form

f(z) :Z+Zakzk (1.1)
k=2

that are analytic in the open unit disc £ := {z € C: |z| < 1}. A function f € B is said to be in
the class M(p) if it satisfies

m{ zf'(2)

Iie) } <B, (B>1z€€). (1.2)

A function f € B is said to be in the class A/(8) if it satisfies

1"
m{uzf (Z)}</3, (B>1,z€8). (1.3)
f@)
The classes M(8) and N (B8) were introduced and studied by Nishiwaki and Owa [23] and
Owa and Nishiwaki [24] (see also [25] and [27]). It follows from (1.2) and (1.3) that, for a
function f € B, we have the equivalence

fReNPB) <« zf(z) e M(B). (1.4)
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For the functions fj(z) (j = 1,2) defined by

fi(z) = Z ak,,-zk,
k=2
let f; * f> denote the Hadamard product (or convolution) of f; and f;, which is defined by

(fi o)) = fi(2) % fo2) = ) axaans?".

k=2

It is well known that

Z2(fxg) =f xzg =gxzf. (1.5)

A variable x is said to be Pascal distribution if it takes the values 0,1,2,3,... with proba-
bilities

| g, 20-a)” gnn+ D(1-q)" ¢'nin+n+2)1-9)"

( 1! 2! 3!

vey

respectively, where # and ¢ are called the parameters, and thus

+n-1
P(x:r):(rnﬁ1 )q’(l—q)”, r=0,1,2,....

Recently, a power series whose coefficients are probabilities of Pascal distribution was
introduced by El-Deeb et al. [6] as follows:

O;(2)=(1-q)'z+ ) (k :1 " 2)61’“(1 -q)"? (z€8),
k=2

where n € Z*, 0 < g < 1. Note that, by using the ratio test, we deduce that the radius of
convergence of the power series shown above is infinity. For n € Z*,0 < g < 1, we consider

the Pascal operator
Q;:B— B,
which is defined as follows:

Quf (2) = fgu(2) x f(2),

o]

k+n-2
=z+2< b1 )qk’lakzk (z€ &),
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Now, we define the operator 7} : B — 5 analogous to the Pascal operator Q as follows:
n _ £
Tf (@) =fgn () xf(2) (z€€) (1.6)
and
Dy = =
fun@) #£50@) = = 17)

By using the two operators 7 and 77, we define and study the properties of the following
new classes of analytic functions:

Manqg(B) ={f € B: Qf (z) e M(B), B >1,z€ &}, (1.8)
Nong(B)={f € B:Qif (2) e N(B), B>1,z€E, (1.9)
Mzug(B) ={f € B:T}f(2) e M(B), B>1,z€ &}, (1.10)
NzngB) ={f € B:T/f(2) e N(B), B> 1L,z E}. (1.11)

Many fields have used the Pascal distribution, including communications, health, cli-
matology, demographics, and engineering (see [13]). Geometric function theory has re-
cently focused on the geometric properties of analytic functions associated with the Pas-
cal distributions. According to the work of El-Deeb et al. [6], several studies have estab-
lished a connection between the Pascal distribution series and some classes of normal-
ized analytic functions. Following this, Bulboaca and Murugusundaramoorthy [4], Mu-
rugusundaramoorthy and Yalcin [22] and Murugusundaramoorthy [21] established some
sufficient conditions for the Pascal distribution series to be in certain subclasses of ana-
lytic functions. Subsequently, Amourah et al. [1] constructed a new subclass of analytic
bi-univalent functions defined by means of the Pascal distribution series and provided
estimates for the first two coefficients of Taylor—Maclaurin series for functions in this
class. Numerous recent investigations have investigated the properties of various sub-
classes of analytic functions defined by the Pascal distribution series (see, for example,
[3-5,7-12, 14, 15, 26, 28]). The purpose of this article is to obtain some inclusion relations
for functions in the classes Mg ,;4(8), Nang(B), Mz,4(B), and Nz,,,(B). In addition, it
discusses the integral operator associated with these classes of functions.

2 Main results

To prove our main results, we shall need the following lemma.

Lemma 1 ([19,20]) Letu = u; +iuy, v = vy +iv, and let ¢p(u,v) be a complex valued function
satisfying:
(i) @(u,v) is continuous in a domain D C C x C;
(ii) (1,0) € D and R{p(1,0)} > 0;
(iii) M{p(iren, 1)} <0 when vy < _(1;”%).
Let T(z) = 1 + b1z + byz® + - - - be an analytic function in & such that (T(z),zT'(z)) € D
and WP(T(z),zT'(z))} > 0 for all z € E. Then R{T(z)} > 0.

Proposition 2 z(Q)f(2)) = nQ"f(2) - (n - 1)Qf (2).
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Proof Since

n+1 . k+n-1 k-1 k
Q@) =z+) q  az,

k=2 n
then
S (k+n-1)(k+n=2)
Q@) =z+) ¢ ar s,

P n(n—1)1(k-1)!

1 k+n-2 =1 (k+n-2
=z+—- ) k -1, K 1.2,
z+n§ ( v 1 )qk aiz” + p Z( v 1 )qk aiz

= %z(QZf(z))’ + ”T_lsz;f(z),

which is equivalent to

nQ ' f(2) = 2(Qf (2)) + (n - QS (2).
This ends the proof. O
Proposition 3 z(Z/"'f(2)) = n(Z!f (2)) - (n - 1)(Z*f (2).
Proof From Proposition 2, replacing f(2) by Z/f (2), we get

2L @) =2 (T3 @) - (1= DRY(T @),
using (1.5), we have

2T (2) = n(Tif 2) - (n - V(T f (2)). O

In Theorem 4, we obtain the containment relation Mg ,1,4,(8) C Mg,.4(B).

Theorem 4 Let f be an analytic function defined by (1.1). If f € Mg 14(B), then for all
B>Lnel,andz e E, we havef € Mg, ,(B).

Proof Let f(z) € Mg ni1,4(B). We have to show that

m{ 2(Qf (2))

Qf () }<ﬁ’ p>1

or, equivalently,
2(Qf (2))
- Qf(2)

51 (2.1)

Page 4 of 13
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Let
z(Q2f (2))'
7J =B-(B-1T(2), (2.2)
f ()
where T(z) = 1 + bz + byz> + - - - . Using Proposition 2 and (2.2), we have

nf(E) - (1 - DR @)

ng(z) :3 - (ﬂ - l)T(Z),

or, equivalently,

Qrlf(z) 1
2@ :;{ﬂ—1+n—(ﬁ—l)T(z)}, (2.3)

differentiating logarithmically both sides, we get

iy T
ﬂi—qlzT(z)Jrﬂ—lﬂq—(,B—l)T(z)' 24)
Now, we form the function ¢ (i, v) by taking u = T'(z) and v = zT"(z), therefore
o(u,v) =u+ Y . (2.5)
B-1+n—(B-1u

We note that the function ¢(u,v) fulfills conditions (i) and (ii) of Lemma 1, where D =

(C - {£2=1}) x C. To prove condition (iii), we have

B
, Vi
Eﬁ > — ER ’

{9z} {ﬁ ¥n—1-(B—1)iuy }
_ v(B+n-1)
HB-1+n)?+(B-1)2u3)

~1+ud)(B+n-1)
T 2{(B-1+n)?+(B-1)%u3}
S O;
where v; < ~(s) and (iuy, v1) € D. Therefore, the function ¢ (u, v) fulfills all conditions of

Lemma 1, which shows that if W{¢(T(z),zT'(z))} > 0, then R{T(z)} > 0. Hence (2.1) holds,
which means f(z) € Mg, 4(8). This ends the proof. O

In the following theorem, an inclusion relation between the classes M7z, ,(8) and
M,u11,4(B) is obtained.

Theorem 5 Let f be an analytic function defined by (1.1). If f € Mz,,,4(B), then for all
B>lneZ*,andz € E, we have f € Mz ,.14(B).
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Proof Let f(z) € Mz,,4(B). We have to show that

| { 2T (@)Y

R <B, B>1,
1 f(2) }

or, equivalently,

ATy f )

ﬂ - n+l
f(2)
ny —2 = 0. 2.6
{ -1 } ” (20
Let
AT ()Y
— o =B-(B-1T(2), (2.7)
I;‘“f(z)
where T(z) = 1+ byz + byz? + - - - . Using Proposition 3 and (2.7), we have

n(Z;f(2)) - (n - 1)(Z;*'f (2))

I:;*lf(z) =g-(B-1T(2),
or, equivalently,
Lif@ 1
7 = — -1 = —_
7@ n{ﬁ +n-1-(B-1)T(2)}, (2.8)

using logarithmic differentiation, we have

_ AZgf @) '@
@ ZT'(z
51 9 T 0T (29)

Now, we form the function ¢ (u, v) by taking u = T'(z) and v = zT"(z), therefore

v

n-1+p-(B-1Du

o(u,v) =u+

We note that the function ¢ (i, v) fulfills conditions (i) and (if) of Lemma 1, where D =

(C- {";31_;‘9 }) x C. To prove condition (ii), we have

' . —w) V1
f)i{(p(mz,vl)} = ?h{lug + 11 h -6 Din }

{n—1+pB}v
(n=1+B)2+(B-1)%u}
~-1+ud)(n-1+p)
T 2{(n-1+B)2+(B-1)ud

<0,

where v; < _(%u%) and (iuy, v1) € D. Therefore, the function ¢(u, v) fulfills all conditions of
Lemma 1, which shows that if W{¢(T'(z),zT"(2))} > 0, then R{T'(z)} > 0, which means that
f € Mz,u.14(B). This ends the proof. O

Page 6 of 13
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Theorem 6 gives an inclusion property between the classes N ,114(8) and N ,4(8).

Theorem 6 Let f be an analytic function given by (1.1). If f € Ng n14(B), where > 1,n €
Z*,and z € &, then we have f € Ng .

Proof Let f(z) € Ng,ui1,4(B). From (1.9), we get
Q' (2) e N(B).
By using (1.4), we get
2(Q27f(2) € M(B).
From (1.5), we have
QU (2f'(2) € M(B),
which is equivalent to
7' (2) € Mouiiq(B).
By using Theorem 4, we have
of'(2) € Mauq(B),
which is equivalent to
Q) (2f'(2)) € M(B).
From (1.5) and (1.4), we get
2(Qf(2) e M(B) &  Qif(2) e N(B),
which means f(z) € Ng,u4(B). This ends the proof. O

In Theorem 7, the containment relation Nz, 4(8) C N7 u.1,4(B) is obtained.

Theorem 7 Let f be an analytic function given by (1.1). If f € Nz,,4(B), where B >1,n €
Z*, and z € &, then we have f € N7 .1 4(B).

Proof Let f(z) € N7,,4(B). From (1.11), we get
Z,f(2) e N(B).
By using (1.4), we have

2(I0f(2) € M(B).
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From (1.5), we have
(o' (2)) € M(B),

which is equivalent to
2f'(z) € Mz,q(B)-

By using Theorem 5, we get

Zf/(Z) S MI,nJrl,q(,B)’

which means that
T (of (2)) € M(B).

From (1.4) and (1.5), we have
AT @) e MB) & Tf() e N(B),

which means that £(z) € z,,1,4(8). This ends the proof. O

3 Integral operator
For the function f € B, Bernardi [2] in 1969 introduced the following operator:

L,(f@) = ”7” /0 @ dt, y > -1, (3.1)

The operator L;(y = 1) was studied earlier by Libera [16, 17] and Liviningston [18]. From
(3.1), it is not difficult to demonstrate the following relations:

z(QZLy (f(z)))/ =(y+ l)QZf(z) - ySZZLy (f(z)) (3.2)

and

20, (f2)) = (v + DIf(2) - yIIL, (£ (2). (3.3)

The following theorem proves that the integral operator L, preserves class Mg ,4(8)

properties.

Theorem 8 Let f be an analytic function given by (1.1). If f € Mg,4(B) for B > 1,y >
-L,neZ*,and z € &, then we have L, (f(z)) € Mg .4(B).

Proof Let f(z) € Mg 4(B). We have to show that

s)t{ 2Ly (f(2))

L, (@) }”3 S
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or, equivalently,

p _ ALY
m{;"%l‘ﬂz”}m, B>l (3.4)
Let
2Ly (f(2))
— 17 " B8 _(B-1)T(2), 3.5
oL, () B-(B-1T(z) (3.5)

where T(z) = 1 + byz + byz? + - -- . Using (3.2) and (3.5), we get

Q1
L, (@) v+

Sy +B-(B-DT@)}, (3.6)

differentiating logarithmically both sides, we have

_ AL @) )
Qi zT'(z
o1 O -t 7

Now, we form the function ¢(u,v) by taking u = T(z),v = zT"(z), where u = uy + iuy,v =
V1 + ivo, and uq, U, v1, v € R. Therefore

o, v)=u+ (3.8)

v
y+B-(B-Du’
We note that the function ¢(u, v) satisfies conditions (i) and (ii) of Lemma 1, where D =

(C- {’;}%f}) x C. To prove condition (iii), we have

) (y + B
(r + B + (B - 1u3’
_(V + ‘3)(1 + L{%)
=2y + B+ (B-1)u3)

=<0,

_ 2
where v; < (1;42) and (iuy,v1) € D. Therefore, the function ¢(u, v) satisfies all conditions

of Lemma 1, which shows that if W{¢(T(z),zT'(z))} > 0, then R{T(z)} > 0. Hence (3.4)
holds, which means L, (f(2)) € Mg,,4(B). This finishes the proof. O

Theorem 9 proves that integral operator L, preserves class Mz, ,(8) properties.
Theorem 9 For > 1andy > -1, iff(z) € Mz,,(B), then L,(f(2)) € Mz,.4(B).
Proof Let f(z) € Mz,,4(B). We have to show that

. { 2(ZiLy (f(2))

:qu«@>}<& pP>1

Page9of 13
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or, equivalently,

AZyLy (f(2))

m{ %} 50, B>l (3.9)
Let
Z2(Z7L,(f(2)))
—— =8-(B-1T(2), 3.10
7L, (@) B-(B-1DT(2) (3.10)

where T(z) = 1 + biz + byz> + - - . Using (3.3) and (3.10), we have

1/ (@) 1
TL, (@) y+1{(y+ﬂ)—(ﬁ—1)T(2)}, (3.11)

taking logarithmic differentiation, we have

_ ATgf @) -
77 zT'(z
o T() + (2)

-1 y+B-(B-1T(2)’ (312

Now, we form the function ¢ (i, v) by taking u = T(z) and v = zT"(z), therefore

v

y+B-(B-Du

o(u,v) =u+

We note that the function ¢(u,v) fulfills conditions (i) and (ii) of Lemma 1, where D =

(C- {’;%’f}) x C. To prove condition (i), we have

_ (y + I
(v +B)? + (B -1)%u3

~(y + )1 + u3)
T2y + B + (B~ 1)2u3}

=<0,

2
where v; < _(%uz) and (iu,, v1) € D. Therefore, the function ¢ (u, v) fulfills all conditions of
Lemma 1, which shows that if W{¢(T'(z),zT"(z))} > 0, then R{T'(z)} > 0, which means that
L, (f(2)) € Naugq(B). This ends the proof. O

The preserving property of the class Ng,,,(8) under the integral operator L, is proved
in the following theorem.

Theorem 10 For B> 1and y > -1, if f(2) € Noug(B), then L, (f(2)) € Nouq(B).

Proof Let f(z) € Ng,uq(B). From (1.9), we get

Qf(z) e N(B).
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By using (1.4), we have
2(QUf(2)) € M(B),
applying (1.5), we have
Q! (zf (2) € M(B),
which means that
7f'(2) € Mauq(B).
By using Theorem 8, we have
Ly (2f'(2)) € Maug(B),
by using (1.5), we have
2(Ly (/)" € Manq(B)-
Applying again (1.4), we get
Ly (f(2) € Namg(B),
which ends the proof. d
Theorem 11 proves that integral operator L, preserves class Nz, ,(f8) properties.
Theorem 11 For > 1and y > -1, iff(2) € N7,.4(B), then L, (f(z)) € Nz,1,4(B).
Proof Let f(z) € N7,,4(B). From (1.11), we get
T7f(2) e N(B).
By using (1.4), we have
2(T1(f(2)) € M(B),
(1.5) gives
T(ef () € M(B),
which means that

Zf/(Z) € MI,n,q(,B)'
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By using Theorem 9, we get

Ly (zf'(2)) € Mznq(B),

(1.5) gives

2(L, (f(2)) € Mzuy(B).

Using again (1.4), we have

Ly (f(Z)) € NI,n,q(ﬂ)»
which ends the proof. d

4 Conclusion

There are several known results on connections between various subclasses of analytic
and univalent functions using the Pascal distribution series (see, for example, [4, 6, 22]).
In the present work, we have constructed some new subclasses of analytic functions in
the open unit disc using the Pascal distribution series. In addition, inclusion relations and
integral preserving properties of these subclasses are studied. However, one can extend
this work to new subclasses of analytic functions.
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