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1 Introduction

Mathematical inequalities have been applied in the fields of both pure and applied math-
ematics [1-6]. Such inequalities have been continuously improved because they can be
widely applied in those areas. One of the interesting functions employed to study the in-
equalities is a convex function defined as follows: A function f : [a, b] — R is convex if the
inequality

f(tx+ 1- t)y) <tf(x)+ (1 -5)f()

holds for all x,y € [a,b] and £ € [0, 1].

A preinvex function is a generalization of the classical convex function that is defined as
follows: A function f on the invex set JC C R is preinvex with respectto § : R x R — R if
the inequality

fO+tE@y) <A-tf0) + )

holds for all x,y € K and t € [0, 1]. For & (x,y) = x — y, the preinvex functions reduce to the
convex functions.

Simpson type inequalities are the most well-known inequalities associated with convex
and preinvex functions. Simpson’s rules are techniques for the numerical integration and
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the numerical estimation of definite integrals, revealed by T. Simpson (1710-1761). Two
famous Simpson’s rules are as follows:
1) Simpson’s quadrature formula (Simpson’s 1/3 rule) is formulated as follows:

b
/ ) dx~ %[f(a) +4f(“ ; b) +f(b)],

see [7] for more details.
2) Simpson’s second formula (Simpson’s 3/8 rule) is formulated as follows:

/ o) dx~ : [f(a) . sf(z"g+ b) ; 3f<“ ;2b> +f<b)],

see [8] for more details.

The error estimation for Simpson’s quadrature formula known as Simpson’s inequality
is stated as follows.

Theorem 1.1 ([7]) Iff : [a,b] — R is a four times continuously differentiable function on
(a,b) and

lF s = sup [F@)] < oo,
)

x€(a,b

then

b
Hf(a) . 4f(¥) +f(b)} . / Fl)da

1
6 = M |I-f(4) ||oo(b_u)5'

The error estimation for Simpson’s second formula is stated as follows.

Theorem 1.2 ([8]) Iff : [a,b] — R is a four times continuously differentiable function on
(a,b) and

[l = sup [FP)] < oo,
)

x€(a,b

then

E[f(a) + Sf(?) +3f<“+32b> +f(b)} - ﬁ /ﬂbf(x)dx

1
(4) _ )

Quantum calculus (briefly called g-calculus) is the study of calculus without limits. At
the beginning of the g-calculus study, L. Euler (1707-1783) introduced Newton’s infinite
series. Then, F. H. Jackson [9, 10] relied on the concept of L. Euler to define the g-derivative
and g-integral (also called g-Jackson derivative and g-Jackson integral) of a continuous
function on the interval (0, 00) in 1910. The main objective of g-calculus is to obtain the
q-analogues of mathematical objects recaptured by taking ¢ — 1. The topic of g-calculus
has become an interesting topic for many researchers because it has applications in various
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areas of mathematics and physics, see [11-17] for more details and the references cited
therein.

In 2013, J. Tariboon and S. K. Ntouyas [18] defined the new g-derivative and g-integral
of a continuous function on a finite interval. Furthermore, they investigated the existence
and uniqueness results of initial value problems for first and second order impulsive g-
difference equations. In recent years, the g-calculus has been studied in various inequal-
ities such as Hermite—Hadamard, Hermite—Hadamard-like, Ostrowski, Fejér, Hanh, and
Simpson inequalities, see [19-27] and the references cited therein for more details. Espe-
cially, Simpson type inequalities have been also studied by using g-calculus for convex and
preinvex functions by many researchers, see [28—39] and the references cited therein for
more details.

Post quantum calculus (briefly called (p, g)-calculus) is the generalization of g-calculus.
The (p, q)-calculus was firstly introduced by R. Chakrabarti and R. A. Jagannathan [40]
in 1991. Then, Tung et al. [41, 42] presented new (p, g)-calculus of a continuous function
on a finite interval in 2016. The (p, g)-calculus includes two-parameter quantum calculus
(p and g-numbers) which is independent. It is generally known that g-calculus cannot
be got by taking g by g/p in g-calculus, but it can be obtained by taking p = 1 in (p,q)-
calculus. Moreover, the classical formula can be gained by taking ¢ — 1. In the past few
years, the topic of (p,g)-calculus has become an interesting topic for many researchers,
and the results of (p, g)-calculus can be found in [43—-49] and the references cited therein.

In 2020, S. Erden et al. [50] presented integral inequalities of Simpson’s second type
inequalities for convex functions via g-calculus. They obtained more general results on
Simpson’s second type quantum integral inequalities. By taking ¢ — 1, they obtained clas-
sical results on Simpson’s 3/8 formula.

In 2020, Y. M. Chu et al. [51] presented some integral inequalities for preinvex functions
via (p, g)-calculus. They obtained more general results on (p, g)-integral inequalities.

Motivated by the above mentioned reports, we establish some new integral inequalities
related to Simpson’s second type inequalities for preinvex functions via (p, g)-calculus.
Many results given in this paper provide generalizations and extensions of other results
given in previous papers. Moreover, we give some examples to show the investigated re-
sults.

The rest of the paper is organized as follows. In Sect. 2, we give some basic knowledge
and notation. In Sect. 3, we give Simpson’s second type inequalities via (p, g)-calculus for
preinvex function. In Sect. 4, we display some special cases and some examples of our

main results. In the final section, we summarize our results.

2 Preliminaries

In this section, we give basic knowledge used in our work. Throughout this paper, let
[a,b] € R be an interval with @ < b and 0 < g < p < 1 be constants. The definitions of
(p, q)-derivative and (p, q)-integral are given in [41, 42]. The (p, g)-number is given by

n_ n

P -q
nlpg=—"—" pr#q
P p-q

If p = 1, then [n], 4 is reduced to [#],, which is a quantum number.
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Definition 2.1 ([41,42]) Iff :[a,b] — Risa continuous function, then the (p, q)-derivative
of function f at x € [a, ] is defined by

@) f(px+(1 pla)—flgx+ (1 -q)a) xAa
P (p 61)(96 d) ’ ’ (21)

aDp,qf(ﬂ) = 912121 aDp,qf(x)-

The function f is said to be the (p, q)-differentiable function on [a, b] if D, .f (x) exists for
all x € [a, D).

In Definition 2.1, if p = 1, then D of (x) = ,D,f (x), and (2.1) reduces to

fx) —f(gx+ (1 -q)a)
T-ge-a = 7% (2.2)

oDaf (@) = lim ,Df (),

aqu(x) =

which is the g-derivative of function f defined on [a, b], see [52—54] for more details. In
addition, if @ = 0, then ¢D,f(x) = Dyf (x), and (2.2) reduces to

x) f(x) —f(gx)

D b 0’

SO T 03
D,f(a) = 1135 D,f(x)

which is the g,-derivative of function f defined on [0, b], see [55] for more details.

Example 2.1 Define function f : [a,b] — R by f(x) = x> + C, where C is a constant. Apply-
ing Definition 2.1 for x # a, we have

[(px + (1 = p)a)* + C] - [(qx + (1 - g)a)* + C]
P-q9x-a)

(g’ +2ax[1-(p+q)l+a’lp+q) -2]
- (x —a)

aDp,g (x2 + C) =

_ (p+q)x—a)+2ax—a)

(x—a)

=[2],4(x —a) + 2a. (2.4)

Ifp =1, then (2.4) is reduced to D f (x) = (1 + q)(x — a) + 2a. Furthermore, ifp = 1, a = x,
and q — 1, then (2.4) reduces to the classical derivative.

Definition 2.2 ([41, 42]) Iff: [a,b] — R is a continuous function, then the (p, q)-integral
of function f at x € [a, b] is defined by

/f dpgx=p-q)(b- “)Zp;qilf< 7 b+(1—pjlil)a>. (2.5)

1
pr
j=0

The function f is said to be the (p, q)-integrable function on [a, b] if f f(%)a dp g% exists for
all x € [a, b)].
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If a = 0, then (2.5) is the (p, g)-integral on [0, ], which can be expressed as follows:

b 4 J
[ f(x)dp,qx:(p—q)bgljﬂf(pﬁb). 26)

In addition, if p = 1, then (2.6) reduces to
/ F@dgr=(1-ab> gf(ab) 27)
j=0

which is the g-Jackson integral of function f defined on [0, 4], see [55] for more details.

Example 2.2 Define function f : [a,b] — R by f(x) = Ax*> + Bx + C, where A, B, and C are
constants. Applying Definition 2.2, we have

b b
/ f(®)ady gt = / (Ax* + Bx + C) gt
g 7\ \2
~Apm - “)Zzw+1(pf+1b+<1_pf“)”)

b+ 1- ql a
IﬂH p1+1 p/+1

p]+1

+B(p—-q)(b-a) Z

+Clp-q)b- a)Z

A -a)([2],4(b - a)? + 2a[3]pq4(b—a) + [2]p,q[3]p,qa2)
(2]5.4[3lpq
. B(b-a)b-a(l-p-q))
(2154

+C(b-a). (2.8)

Ifp =1, then, in (2.8), [2],4 and [3],, are reduced by (2], and [3],, respectively. Further-
more, if p =1 and q — 1, then (2.8) reduces to the classical integration.

Theorem 2.1 ([41]) Iff, g: [a,b] are continuous functions, c € [a,b] and e € R, then the
following identities hold:

) f (1(6) + 8O)adgt = L2 f @ adpgt + [ 8O0 dpyt;
(i) f ef(t)a pat = e/ f(t)a pabs
(iii) fc f@)adygt = fa f(@)adyqt - fa S@)adyt.

Lemma 2.1 ([41]) For o € R\{-1}, the following expression holds:

b o 1 a+l
/a (t — 6l) a dp,qt = m (b - ﬂ) . (2.9)

Theorem 2.2 ([42]) Iff,g: [a,b] — R are continuous functions andr > 0 with 1/s+1/r = 1,
then

b b 1/r b 1/s
[ y<t)g(t>|adp,,,t5( / [f(t)|rudp,qt> ( [ |g(t)|sadp,qt> . (2.10)
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Theorem 2.3 ([56]) Iff :[a,b] — R is a convex differentiable function on [a, b), then the
(p, q)-Hermite—Hadamard inequalities are as follows:

qa + pb 1 pb+(1-pa af @)+ pf )
f( [2]p4 ) = Pb-a) L Sf()adpqt < 2] . (2.11)

3 Main results

In 2020, Y. M. Chu et al. [51] presented a generalization of some (p, g)-integral inequalities
for preinvex function. Unfortunately, the results of the lemma and theorems are incorrect
in the proofs. Here, we will show the errors of Theorem 1 in [51].

Statement 3.1 (Theorem 1, [51]) Iff: [a,a + £(b,a)] is a (p, q)-differentiable function on
(a,a+&(b,a)) with & (b,a) > 0 such that | D, f | is a preinvex function and (p, q)-integrable

function on |a,a + & (b, a)], where % <q<p=<1,then

HE =) (=252 )

1 a+pé (b,a)
), O

< _a)[Ml(Prq)|aDp,qf(ﬂ)| +M2(p’q)iaDp,qf(b) ]7 (3.1)
where
1
Mi(p,q) = RS E [7684° + 13,4884* — 13,056pq" — 14,2564° + 27,744pq”
- 13,056p%¢° — 11,0164> — 14,256pq* + 39,264p*q* — 11,016p* + 11,0164
- 11,016pq — 14,256p>q + 14,256p°q + 11,016p — 13,824p°¢*|;
1
My(p,q) = ———————[768¢" + 768pq> + 11,0164 — 10,752p*¢* — 11,016
2(,9) 691272 [2]}7’{][3]”1[ q"+768pq° + q p°q q

+11,016pq — 11,016p + 11,016p°].

Example 3.1 Thef :[0,1] — R is defined by f(x) = 2x + 5. Then |,Dp of (x)| = |4Dp,q(2x +
5)| = 2 is a (p, q)-integrable function on [0, 1]. Applying Statement 3.1 withp =1, q = %,
and &(b,a) = b — a, the left-hand side of (3.1) becomes

|%[3f<3u+i(b,a)> . 3f<3a+23§(b,a)) +f(a+§(b,a))]

1 a+pé(b,a)
“ema ), SO

=‘%[3f(3'0+(1_0))+3f<3'0+§(1_0)>+f(0+(1—o))]

3

1 0+1-(1-0)
_mfo f(2x+5)0d1,1790x

1 115
=|=[17+19+7] - — | = 0.67763158,
8 19
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and the right-hand side of (3.1) becomes

(b- ﬂ)[Ml(P; q)|aDp,qf(d)| +M2(p’q)|aDp,qf(b)|]
9 9
=(1-0) |:M1 (1, E) |0D1%f(0)| + M, (1, E) |0D1’%f(1)|:|

161 39

=(1—o>[—(2)

+ = (2)| ~0.17105263.
3907 880

This implies that
0.67763158 j(_ 0.17105263.

Therefore, Statement 3.1 is not correct.
The established Statement 3.1 gives the result involving (p, g)-integral identity as follows.

Statement 3.2 (Lemma 1, [51]) Iff : [a,a + &£(b,a)] is a (p, q)-differentiable function on
(a,a + £(b,a)) with £(b,a) > 0 such that ,D,f is a (p,q)-integrable function on [a,a +
&(b,a)], where % <qg<p=<1,then

1[3}((361 +§(b,a)> +3f<34+2§(b,a)) +f(a +‘§(b»“))i|

8 3 3
1 a+pé(b,a)
- Do dyt
p&(b,a) /a S Wadpq
1
~£(0.0) [ 0(0uDaf (o + 160, dt (32)
0
where

qt—g, te [0’%);
pt)=1qt-1 tell2)
qt_%’ te [%11]

In the following, we provide a modified version involving (p, g)-integral identity for the

preinvex function of Statement 3.2.

Theorem 3.1 If f : [a,b] — R is a (p,q)-differentiable function on (a,a + &(b,a)) with
&(b,a) > 0 such that ,D, f is a (p,q)-integrable function on [a,a + £ (b, a)], where % <gc<
p=<1,then

3a+$(b,a)> .\ 3f(?wz+2§(b,a)

3 3 )+f(a+z§(b,a))]

sl (
1 a+pé (b,a)

1
- &(b,a) /0 O(8)aDyf (a + tE(b,@)) dyt, (3.3)



Luangboon et al. Journal of Inequalities and Applications (2022) 2022:157 Page 8 of 26

where

qt—3, tel0,3);
p®)=qt-3 tel33)
qt-%, tel31].

Proof 1t is not difficult to see that

1
/0 O(OuDpaf (@ + 5 (b,0)) dygt = Q1 + Qs + Qs (3.4)

where

Q1=/01/2<q )qu(a+t$bu)) pab

2/3 1
Q, = /1 (qt - §>aDp4f(a +t&(b,a)) dpqt

/3

and

L 7
Q3= / (qt — —)aDMf(a + t&(b, a)) dpgt
2/3 8
By Definition 2.1, we obtain

Sfpla+t&(b,a)) + (1 -pla)-f(gla+ts(b,a)) + (1-q)a)
B -4q) (ﬂ +t&(b,a)) - a)
f(a + ptE(b,a)) — f(a + qt& (b, a))
tp - qk(b,a)

aDpof (a+t&(b,a)) =

(3.5)

By Definition 2.2, Theorem 2.1, and (3.5), we have

1/3 1
Q= / (qt— 5)aDp,qf(a +1E(b,)) dpgt
0

1/3

1/3
:/0 qtaDyqf (a +t&(b,a)) d, qt—% \ aDpof (a+ t&(b,a)) dpt

_/1/3qf(a+pt$bzz)) —f(a+ qtE(b,a))
) -5 b,a)

_lfl/gf(”wts b,a)) - f(a + qt& (b,a)) Jt
8 ), t(p - q)&(b,a) i

— 1 = + qj s q/+1 qj+1
= %G [; ~+1f<a + 3—pj§(b, ﬂ)) - 2 pf+1f<“ + 3p}.ﬂg(b, a))]
1
" 8e(b,a) [Zf(a + 5 =&, a)) Zf(a + 3p,+15(b a))]

j=0

__ 1 |av1 a —q q
_3§(b,a)[p§p’f<a+3pf$(b’a)> XI:P’ <a+3pj$(b,a)>}

dypgt
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L |y 7 > 4
" 8(,a) LZOfG ' 37‘3(”’“0 - Zf<a + gé(ha))}

j=1
1 [q,(3a+6ba)\ p-qa<=d 7
0 a>[ s /Zl,;f<ﬂ+ B—ﬂs(h,a))}
1 3a+&(b,a)
" 8¢(b,a) [f< 3 )—f(a)]
_ q 3a+&(b,a j
) 3P§(b,ﬂ)f( 3 ) Bpé(h ) 4 Z f( E(b,a))

P-4 3a+&(b,a) 1 3a+£(b,a)
' 3P$(b,ﬂ)f< 3 ) " 8£(b,a) [f( 3 > —f(ﬂ)]

5 f(3a+$(b,a)>+1f(ﬂ) P-q ( bﬂ))

" 24£(b,a) 3 8&(b,a) 3pi(b,a)
~ 5 3a+&(b,a) 1 fla) 1 %
_24§(b,tz)f< 3 )+§$(b,a)_é(b,a)/o f(a+pt$(b,a))dp,qt. (3.6)

Similarly, we have

2/3
Q= ( ) (a+t&Eb,a))dy,t
2/3
( ) a +t&(b, a dp gt
13 1
_ /0 <qt - §>qu,qf(a +tE(b,a)) dp gt

1 3a +&(b,a) 1 3a +2&(b,a)
‘6s(b,a>f< 3 >+6s(b,a>f< 3 )

2/3
" &(b,a) /1/3 fla+pi(b,a) dpat (3.7)

and

1
Q3=/ (t—z> Dy of (a +t&(b,a)) dyqt
23

- /01 (qt - g)aDp,qf(a +t&(b,a)) dp gt

2/3 7
_ /0 (qt— g)app,qf(ang(b, @)) dypgt

_ 5 3a + 2&(b,a)
" 24&(b,a) ( 3

b
§(b,a)

1
) + 85(b,a)f<ﬂ+§(b’a))

1
/2/3f(a +pté(b,a)) dyqt. (3.8)
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Substituting (3.6), (3.7), and (3.8) in (3.4), we have

1
/Ogo(t)a qu(a+t§(b a)) ot

=Q1+Q+ Qs
[f( )+ 3f(—3“ re. “)) ; 3f<73“ 2 (b’“)) “fla+ swm)}
1 1
- £ba) / f(a +pt§(b,a))a Ap gt

sl () ey (PR ) s a0 |

1 a+pé(b,a
), SOt

Multiplying the above equality with & (b, a), we obtain the required (p, g)-integral identity.
Therefore, the proof is completed. g

Corollary 3.1 Iff : [a,b] — R is a (p, q)-differentiable function on (a, b) such that ,D, ,f
is a (p, q)-integrable function on [a, b], where % <g<p<=<1,then

1 2a+b 2b pb+(1-pla
e (5) o(552) ] [

1
—(b-a) / O(0)aDpf (1= Da + th) dy gt (3.9)
0
where
at—5 tel0,3)
pB)=1qt-3, tel33);
qt %’ S [%r 1]

Remark 3.1 Ifp =1, then (3.9) reduces to

1 2 2b 1
g[f(a)+3f( ar ) 3f<“+ ) +f(b )] ﬂ)/f(x)a X
1
~(b-a) / @(0)aDof (1 - t)a + th) dt, (3.10)
0
where
qt—3, t€[0,3);
p()=1qt-3, tel3,3)
qt-%, tel3,1],
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which appeared in [50). In addition, if g — 1, then (3.10) reduces to

%[f(““gf(za;b)+3f<a+32b>+f( ] b- >/f(x

1
=(b- a)/o p@O)f (1 - 0)a + tb) dt,

where

~
|
~
m
B
bl

Wi Wi
~

S
—~
o~
=
1]
o~ o~
| |
®IN NI—= ol
=~
m
—

A N

m

—

WIN W=
—_

)

which appeared in [57).

Theorem 3.2 If f : [a,b]
function and a (p, q)-integrable function on [a, b], where % <g<1,then

‘;[f( " 3f<3a+’§(ba )+3f<3u+2§(b’a)>+f(a+3§(b,a))]

3
1 a+pé(b,a)
wal S
) a

— R is a continuous function such that |,Dy.f| is a preinvex

< E(b,a)[M1(p,)|aDpf (@) + Ma(p,q)|uDpof (b)|], (3.11)
where
Mi(p,q) = . [7684° + 13,4884* - 13,056pq" — 14,2564° + 27,744pq”
691242[2] 43,4
—13,056p%¢> — 11,016¢% — 14,256pq” + 39,264pq* — 11,016p” + 11,0164
- 11,016pq — 14,256p>q + 14,256p°q + 11,016p — 13,824p°¢* |;
My(p,q) = ————————[768¢" + 768pqg® + 11,016¢> — 10,752p%¢> — 11,016
®.q 1222, BT, [7684 pq q p°q q

+11,016pg — 11,016p + 11,016p%].

Proof Using Theorem 3.1, Lemma 2.1, Definition 2.2, and the preinvexity of |,D, f|, we
have

‘%[f(a) 3f<M> +3f(w> +f(a+§(b,a))]

3
1 a+pé(b,a)
wal S

1
= ‘g(b, a)/o go(t)aDp,qf(a + t& (b, a)) dp gt

1/3 1
=E(b,ﬂ)/0 <qt > Dpyf (a +t&(b,a)) dp,t
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2/3 1
+ / (qt - §>aDMf(a +t£(b,a))a dpgt
1

/3

! 7
+ /2 <qt - g)aDp,qf(a +t&(b,a)b) o dp gt

/3

1/3
<&(b.a) [ /0
2/3
o,
1
* /;/3
1/3 1
<&(b,a) fo gt - g‘[(l — 8)[uDpaf @)] + £]uDpgf (B)|] dpgt

2/3
+&(b,a)
1/3

1
qt = 5 |aDpaf (a + 5 (b, @)) | dyqt

|aDpof (@ + t& (b, @) |a dy gt

1
773

7
=3

|oDpaf (a + £ (b,0)) dp,qt]

gt %‘[(1 = 0)aDpgf @] + t]aDygf () Ja gt

1
+&(b,a)
2/3

1/3
= 5(17:“)(‘411)19,4]((“)‘ [) (1 _t)‘qt_ %

1= 3]0 D0aDpaf @)+ el Ot

1
=3

i)

13
dpqt + |aDpf ()] /0 t

2/3
+s(b,a)(|aDp,qf(a)| /1 ) (1—t)‘qt—%

a dp:q t)

1
+-§(b,a)<|qu,qf(a)| / /3(1—t>‘qt—§

a dl’:q 4

1
=5

2/3
o Dy )| /1 e

a dp,q t>

1

7

gt + |qu,qf(b)|/ t’qt—g
2/3

= g(b,a)< [4804° + 192pq* + 564" + 192p°q> + 272pq°

691242[2] 43154
- 21647 - 288p°q* + 528p%q” — 216pq* — 274> + 216p°q — 216p*q — 27pq

+27q-27p% + 27p] |aDp,qf(zz)}

160q* + 160pg* — 96p°q* + 274* + 27pq — 27q + 27p*
+
69124°[2]4[3pq

~22).1,.56))

+&(b, a)( [6q5 — 48pq* + 484* — 48p% ¢ + 102pq® — 544°

10842(2],,4[3] .4

- 54p°q* + 138p>q* — 54pq® - 274 + 54p°q - 54p*q — 27pq + 279 - 27p*

+ 27p] |aDp,qf(a)|

6q* + 6pg® — 30p*q> + 27q% + 27pq — 27q + 27p* - 27p
+ 2 |“D17,4f (b)|
10842[2],,4[3]54
1
+E(b, a)(— -964° — 10,176pq* + 10,3604 — 10,176p*¢*
69124¢2(2],,4(3],.4 [

+20,944pq> — 10,5844° — 10,080p°¢* + 29,904pq* — 10,584pq” — 92614°

+10,584pq — 10,584p>q — 9261pq + 9261q — 9261p> + 9261p]|,D, .f ()|
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1

+——————[2244" + 224pq® — 8736p>q” + 92614° + 9261pq — 9261q
691242[2] 43154 [

+9261p* — 9261p]|uDp,of (b) |)

= g(b,a)(— 7684° + 13,4884" — 13,056pq* — 14,2564°
691242[2],4[31,,4 [

+27,744pg> — 13,056p°q° — 11,0164° — 14,256pq> + 39,264p*q* — 13,824p>¢*

+11,0169 — 11,016pq — 14,256p%q + 14,256p°q + 11,016p — 11,016p> ]| |sD,,of (a)|

1

+ ——————[7684" + 768p4> + 11,0164> — 10,752p°¢*> — 11,0169
691242[2] 4314 [

+11,016pq — 11,016p + 11,016p%] |aDp,qf(b)|)

b) ]r

=&(b, a)[Ml(p, q) ’,le,qf(a)‘ + M, (p, q)|aDp,qf(

which completes the proof. 0

Corollary 3.2 Iff : [a,b] — R is a continuous function such that |,D, f| is a convex func-

tion and a (p, q)-integrable function on |a, b], where % <gq<1,then

1 2a+b a+2b 1 pb+(1-p)a
oy (352) A (557) 0] [ e

< (b-A)[Mi(0,9)|uDpof (@] + Ma(p, @)|aDpof B)]], (3.12)

where M;(p,q), i = 1,2, are given in Theorem 3.2.

Remark 3.2 Ifp =1, then (3.12) reduces to

b b b
sy (250 ) (52 o= [

“(b-a) 7684° + 432g% + 432q + 168| Df@)|
- 6912[2],[3], oDof

768q> + 768q + 264
6912[2],[3,

laDof (b)|), (3.13)

which appeared in [50). In addition, if ¢ — 1, then (3.13) reduces to

‘ [f() 3f(2“”’) Bf(“+2b)+f(b)}—ﬁf;f(x)dx

25(h a) ]

PO D)o

which appeared in [57).

Theorem 3.3 If f : [a,b] — R is a continuous function such that |,Dyf|° is a preinvex

function and a (p, q)-integrable function on [a, b], where . §<q<1 and r,s > 1 with 1/r +
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1/s =1, then

’ [f(@ Sf(w)+3f(w> +f(a+§(b,a))]

3
1 a+pé(ba
), SO

<£(b a){<[3r+1 (84 - 3r+1])1/r<(3q+3p Dla qu(ﬂ)ls+|a Dyof(®) |s)1/s
- 24 1glr+ 1],

]Pq

+<[<s 29)"! + (49 -3)""] )”’(qw Dla qu |S+|uD,,,qf<b>|S)”s

6"1glr + 1,4 2

[(21 _ 16q)r+1 + (24q _ 21)r+1] 1/r
+
247 glr + 1,4

5 (<3q +39 = 5)laDpf @ + 5laDpf (D) ) 1/5}’ 610
9[2]17,11

Proof Using Theorem 3.1 and the Holder inequality, we have

‘ [f(u) 3f<73a +5b.a ) + 3f<—3a * 2§(b,a)> +f(a+ f(b,a))]
1 a+pé(b,a)
el SOt
1

= ‘g(b, a)/o 9()aDpof (a + t& (b, a)) dy gt
13
/ <qt )qu(a+t.§ba))
0

23
+/ (qt— 1) Dy of (a+t&(b,a))adyqt

1/3

= S(bra)

! 7
+/;/3<qt—§> Dyof (a+t&(b,a)b) dpqt

1/3
< £(ba) [ |
0
2/3
+ / qt
1/3
! 7
+ / 3 |aDp,qof (a + t& (b, )| dp,qt:|
2/3
1/3 1 r 1/r 1/3 1/s
< &(b, a){ (/0 t— 3 d,,,qt> (/0 \aDmf(a +t£(b,a)) ’sdp,qt)
2/3 1 Ur ; p2/3 1/s
+ (/1/3 =l 4 dmt) (/1 |ﬂDp,qf(a +t&(b, a)) |Sa dmt)

2
1
(I
2/3

qt — 3|l p,qf(a + té(b,a)) | dpqt

—||aDpaof (@ + £ (b, ))|a dpqt

qt -

q

qt -

7 r 1/s
qt__ Pqt> </ i quf ﬂ"'t‘f(b d))| dpqt) }¢ (3.15)

8
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From the case when a = 0 of Lemma 2.1, it follows that

/1/3 1 r 1/8q 1 r 1/3 1 r
qt—— d,t=/ (——qt>d7t+/ (qt——)d,t
A g| ra A 3 g sg 3 g
1 0 1 r 1/3 1 r
=(-1)" q’/ <t——> d,t+q’/ (t——) dp gt
1/8¢ 8q) 1 1/8¢ 8q) 1
3r+1 8 _3 r+l
_ B +(8g-3) ], (3.16)
24741g[r + 1,4
/2/3 t 1 rd t /1/2q<1 t)Vd t /2/3( t 1>Vd t
qt— | dpgt = 5 =at) dpgt+ qt-< | dy,
1/3 2 P s \2 P g 2)
L 1/3 1 r 2/3 1 r
g [ Y e [ LY
1 1/2¢ 2q) M1 1 1/2¢ 2q) "
3_-92 r+l 4g -3 r+1
_[B-29)™ +(4q-3) ]’ (3.17)
6" 1g[r+ 1,4
and
1 7 r 7/8q 7 r 1 7 r
qt—— d}t:/ (——qt)d,t+/ (qt——)d,t
./2/3 8| P Jys \8 P Lo g)
2/3 r 1 r
7 7
:(—1)”1q’/ <t——) d,t+q’/ <t——) dpqt
7/8¢ 8q) ! 7/8¢ g) 1
21 — 169)"™ + (24q — 21)"*1
_[(21-1697" + (249 -207"] .

247 1g[r + 11,4

From the case when a = 0 of Lemma 2.1 and the preinvexity of |,D, ,f|*, we find that

1/3
[ 1Dt (o t0.0)

1/3

1/3
< |quf(a)|S/0 (1-t)dygt+ |aDp,qf(b)|s/O td,,t

_ (3q + 319 - 1)|aDp,qf(a)|s + |aDp,qf(b)|S

3.19
9121, (3.19)
2/3
/1/3 |aDpof (a + t&(b, @) ["0 dpqt
2/3 2/3
< |aDpof @) / (1= )adpgt + |aDpof (B)| / tady,t
1/3 1/3
_ (g+p- 1)|aDp,qf(ﬂ)|s + |qu,qf(b)|s’ (3.20)

3(2lpq

and
! S
// |qu,qf(a + t&(b, a))| 0dpgt
2/3

1 1
< |aDpof @) f (1= t)adpgt + |aDpof B)| / tady gt
2/3 2/3

Page 15 of 26
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_ (34439 = 5)luDpof (@)I* + 51Dy (B)I*
O2lpq '

(3.21)

Substituting (3.16) to (3.21) in (3.15), we obtain the required result. Therefore, the proof
is completed. O

Corollary 3.3 Iff : [a,b] — R isa continuous function such that |,D, f |° is a convex func-
tion and a (p, q)-integrable function on [a, b], where % <g<landr,s>1withl/r+1/s=1,
then

1 2a+b a+2b 1 pb+(1-p)a
’g[f(a)*'gf( 3 )+3f< 3 ) +f(b):|_m‘/a f(x)adp,qx

< (b —d){ ( [3”1 + (861— 3)r+1])1/r<(3q + 3p - 1)|aDp,qf(a)|S + |aDpqu(b)|s>l/s
- 24*1g[r + 1,4 9[2],0

. ( [(3-2g)"! + (4g - 3)"*] >”’ < (@ +2 = DIaDpof @ + Dy of B)° ) s
6™1glr + 1,4 3[2]p4

[(21 - 16g)*! + (24 — 21)" 1]\ V"
+
24m1g(r + 1,4

y ((3q +3p = 5)|aDypof (@)* + 514Dy of (b)° ) ”S}. (3.22)
2lpq
Remark 3.3 Ifp = 1, then (3.22) reduces to
1 2a+b 2b 1 [t
sy (250 ) vy (2 )| - o [
r+ r+ 1/r s s\ 1/s
E(b—d){<[3 '+(8g-3) 1]) ((3q+2)Iaqu(a)| + o Dyf (D) )
24+1g[r + 1], 92,
. ([(3 —2g)"" + (4g - 3)"] )“’ <q|aqu(a>|s + |aqu(b)|S>”s
6 1q[r + 1], 3[2],
([(21 —169)"! + (24q — 21)"*1] )”’
+
247+1g[r + 1],
s s\ 1l/s
8 ((3q—2)|aqu;6[z;; +5],Dyf ()] ) } (3.23)
q

which appeared in [50). In addition, if g — 1, then (3.23) reduces to

’%[f(a) ¥ 3f<%3—+b> +3f(“+32b) +f(b)} - ﬁ /ubf(x)dx

[3r+1+5r+1] 1/r 5lf/(a)|s+lf/(b)|s 1/s
S(b_“){(zzv+1(r+1))) ( 18 )

2 \"(f@P+1fe)ry"
+
6"(r+1) 6
gr+l 4 grl 1/r If/(a)|s+5lf/(b)|s 1/s
+ »
247+1(r + 1) 18

which appeared in [57].
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Theorem 3.4 Iff : [a,b] — R is a continuous function such that |,D, ,f |° is a convex func-

tion and a (p, q)-mtegmblefunctzon on [a, b], where . s<q<landr,s>1withl/r+1/s=1,

then
1 2a+b a+2b 1 pb+(1-p)a
oy (552) A (557) 0] [ e

<(b- ){([3”1 (8q—3)’+1])1/r((q+p— 1)|aDp,qf(a)|s + |ﬂDp,qf(%)|s>1/s
a 4V+1q[r+ l]p,q 3[Z]IMI

[(3-2q)*" + (4g-3)"]\ "
6™1glr + 1,4

3(2]pq

+<
y ((q + P = 1)|aDpof (22L2))5 + MJ(%)P)”

(21 — 16g)*! + (24q — 21) 1]\ V"
247+ glr + 1,4

y (<q+p— 1)|uDpof (Z22)[° + |aDp,qf(b)|S>”S}

3121, (3.24)

Proof Using Corollary 3.1 and the Holder inequality, we have

1 2a+b a+2b 1 pb+(1-p)a
sy (P50 ) ey () o) s [ s

1
=(b-a) /0 <p(t)aDp,qf((1 —ta+ tb) dp gt

1

<b- a)[ /
2/3
-
1/3
1
+/ ‘quf —ta+tb)| dpqt]
2/3
1/3 11 1/r 1/3 1/s
§(b—a){(/ t-3 dp,qt> (/ |aDpof (1= )a + tb)[* dpqt)
0 0
2/3 1 r 1/r 2/3 1/s
+</ qt—E admt> (/ | quf((l—t)a+tb)| pqt>
1/3 1/3
1
(/.
2/3

qt — 5 lla p,qf((l — t)&l + tb) |0 dp,qt

1
gt = 5 la vaf (1 =)@ +tb) |ady gt

qt——

q

qt -

r 1/s
Z pqt> </ |aDpof (1= t)a +tb)[’, pqt) } (3.25)

From the case when a = 0 of Lemma 2.1, it follows that

1/3 r r+l r+l
1 [3"" + (8¢ -3)""]
/0 gt = 5| dpat = T 1] (3.26)
pq
2/3 r r+1 r+1
1 3-2 4q -3
/ L [( 61)1 +@g -3 (327)
1/3 2 6" 1glr+ 1] 4
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and

7
r——
8

g [(21 - 16g)*! + (24q — 21)*1]

dygt = 3.28
P4 2441g[r + 11,4 (3.28)

1
[ la
2/3

Using Definition 2.2, it is not difficult to show that

o]

1/3
/0 |aDpof (1= )a + tb)|* dy 4t
1 q q
0=0(5-0) bt ((1- 55 o+ 55r0)

7 7 7 4
aDp,qf(a - wa + 31 b+ P a- P a

s

S

= %(p—q)z
j=0

j 2a+b
2t (155 )a (55°)5)
q 2a+b\ ¢
(-2 (5)2)

N

dpt.

s

_1 7
—g(P—Q)j:ZOF

_1 7 ’
—g(p—q)(l—o)jzzopﬁ

1 [t 2a+b
:§/o aDp,qf<(1—t)a+< “; )t)

From the case when a = 0 of Lemma 2.1 and the convexity of |,D, ,f|°, we have

1/3
/0 |aDpof (1= t)a + th)|* dy gt

s 1
/ tdp,qt]
0

1 s 1 2a+b
gg[}upp,qf(an fo (1= ) dpyt + qu,qf< “3* )

(q +I9 - 1)|aDp,qf(a)|s + |aDp,qf(@)|s
3[2],4 '

(3.29)

Similarly, we obtain

2/3
// laDpof (1 = t)a + tb)|* dy gt
1/3

_ @+ = DlaDpaf 5P + aDpaf (51 (3.30)
3[2]17:‘1

and

1
// |aDpof (1= t)a + th)[* 4t
2/3

(@ + 2= DaDpof (B2) + |uDpof (b)I°
3[2] g ’

(3.31)

Substituting (3.26) to (3.31) in (3.25), we obtain the required result. Therefore, the proof
is completed. d
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Remark 3.4 Ifp =1, then (3.24) reduces to

| [f() rar(250) 3f<ﬂ+2b)+f(b)}—ﬁ /ﬂbﬂx)adqx

<6-af( g B)rﬂ])l/r(qlwqf(“)'s ' 'a’%ﬂ%)f)m
= 24-r+lq[}"+ 1]q 3[2]q

. ([(s —2g)"*" + (4q - 3] )”’ (qquf(%w + |aqu(%)|S)“s
6+1qlr + 1], 3[2],

) ([(21 169)™ + (24q - 21)’*1])”’<qlquf(%)ls + Iaqu(b)Is)”s}’ (3:32)
241¢[r + 1], 3[2],

which appeared in [50). In addition, if g — 1, then (3.32) reduces to

] [f() Sf(z‘”b) 3f<a+2b)+f(b)}—ﬁ/bf(x)dx

r+ r+ s 7(2a+bys\ 1/s
s(b-a>{<[3 45 ) (lf(a)l + 1 (e >|>

4 1(r +1)
2 If/ 2a3+ |s+ lf/(a+2b)| 1/s
+
6+1(r+ 1) 6
3r+1 5r+1 1/r 1(a+2by|s + [F(b)|* 1/s
N + [f'(552)F + [f(B)] ’ (3.33)
2471 (r + 1) 6
which appeared in [57).
Theorem 3.5 Iff : [a,b] — R is a continuous function such that |,D, .f |° is a convex func-

tion and a (p,q -mtegmblefunctlon on [a, b], where ’ §<q<lands>1,then

‘;[f( " 3f<3a+’§(ba )+3f<3u+2§(b’a)>+f(a+$(b,a))]

3
1 a+pé(ba
<eb,a){(¥11.0) " (V20,0 |Dpof @ + V31, 9Dy af D))
+ (WD) (U5 (0, )| Dpof @) + V61, @) aDpaf B)|')
+ (WD) (Vs (0, ) Dpof @) + Vo1, @) «Dpaf b))}, (3.34)

1/s

where ¥i(p,q),i=1,2,...,9, are defined by

204> —12pq + 99 +9p -9
288¢(2],,4 ’

Vi(p,q) =

1
,q) = —————[4804° + 192pg* + 564" + 192p%¢° + 272pq° — 2164°
Va(p,q) 69120]2[2]%{1[3]@(1[ q° +192pg” + 564" + 192p~q° + 272pq q

—288p3¢* + 528p g — 216pg” — 274* + 216p>q — 216p*q — 27pq + 27q

-27p* +27p);
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160q* + 160pq° — 96p*q” + 274> + 27pq — 27q + 27p*> - 27p

V3(p,q) = 691242 [2]p,q[3]p,q
2

q°-9q+9q+9p -9

l[f4( ,(I) = 5
18¢(2] v
1
Vs(p,q) = —————[64° — 48pq™ + 484" — 48p°¢® + 102pq® — 544° — 54p° 4°
i 108212, Bl

+138pq* — 54pq* — 274° + 54p°q — 54p*q — 27pq + 27q - 27p* + 27p];
6q* +6pq® — 30p°q> + 27q° + 27pq — 27q + 27p* - 27p

V(> q) =
0 108421214 (31,4
—4q% — 420pq + 441q + 441p — 441
V7 (p,q) = ;
288¢(2],,4
Ys(p,q) = ———————[-964° — 10,176pq* + 10,3604" — 10,176p*4*
§ 6912422141314 [
+20,944pg> — 10,5844° — 10,080p°¢* + 29,904p*q* — 10,584pq” — 92614°
+10,584pq — 10,584p>q — 9261pq + 9261 — 9261p> + 9261p];
o(o,) 2244 + 224pq® - 8736pq> + 92614> + 9261pg — 92614 + 9261p> — 9261p
PAVZ) q = .

69122(2],4(3] 54

Proof Using Theorem 3.1, the Holder inequality, and the preinvexity of |,D, ,f|°, we have

‘%[f(a) + 3f<%(b’a)> + 3f<w> +f(a +$(b,a))]

1 a+pé(b,a)
S
’ a

1
= ‘g(b, a)/(; @()aDpof (a + t£ (b, a)) dp gt

=&(b,a)

1/3 1
/0 <qt — g)“DP"lf(d + t&(b, a)) Apqt
2/3 1
+ / (qt - §>aDMf(a +t£(b,a))a dpgt
1

/3

! 7
+ /2 <qt - g)aDp,qf(zz +t&(b,a)b)q dp gt

/3

< s(b,a)[/om
N /1‘/23/3

1

* /;/3
<(b-a) < /0 "
o[

1
qt = 5 ||aDpaf (a + 5 (b, @)) | dyqt

1
qt _ E |aDp,qf((l + tg(by ﬂ)) |ﬂdpvqt

7
=3

|oDpaf (a + 12 (b,0)) dp,qt]

1 1-1/s 1/3
et) (]
R A
1

1-1/s , n23
ut) (]
2| 71 13

qt -

1/s
qt — 3 |aDMf(a +t&(b, a)) !s dp,qt>

qt-

1 s 1/s
qt — 2 |aDp,qf(a + tf(b,a))| dp,qt>
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1/s
~r Mf(oz + t&(b, a)) |S dmt)

1 7 1-1/s , p1
+(b—a)</ qt—§ dp,qt) (/ qt
2/3 2/3
1/3 1 1-1/s
<(b-a) </ 3 dp,qt)
0

1/3
x (|“DP’J(“)|S/O (l—t)‘Qt—%

2/3 1 1-1/s
+(b-a) (/ dp,qt)
1/3

-3
(| quf(a)|/ (l—t)'qt——

1 7 1-1/s
+(b_a)(./2/3 t—g dp,qt>
(‘ aDp,qf (@ ’ / —t)‘qt

Using Definition 2.2, Theorem 2.1, and Lemma 2.1, we have

qt =

1/3

1 1/s
i)

tlgt — —
-3

dpqt + |ﬂDp,qf(b)|S/
0

1/s
!0

2/3
dpqt+| Dyqf (b | /

tlat =3

q

1/s
dpqt) .

dpqt‘*‘ aDp,of (b | /

qt — <\ dpgt

1/3
V1(p,q) = /(; 3

20 -12pq+9q+9p -9

2884(21,, ’
1/3
Y (P: q) = /0

qt - 3 ‘(1 —t)dyqt

1

=——— [4804° + 192pq* + 564" + 192p° 4> + 272p4° — 2164°
691242(2],,4(3],.4 [
- 288p°q> + 528p°q* — 216pq” — 27q* + 216p°q — 216p*q — 27pgq + 27q

-27p* + 27p] ;

1/3
V3(p,q) = /0

_160g* + 160pq® — 96p°q> + 274> + 27pq — 27q + 27p* — 27p
69124%(2],4[31p,4

qt-¢ ‘tdp,qt

2/3

nia)- [
13
¢ -9pq+9q+9p -9

184(2,,4 ’
2/3
Ys(p,q) = /

1/3

qt — 5 dp,qt

qt - 5 ‘(1 —t)dy4t

=—— [6g°—48pqg* + 484" — 48p°4° + 102pq° — 544> — 54p° 4>
1quz[2]10'11[3]1”[ q° —48pq"* + 484" — 48p’q pq° —54q° - 54p°q

+138p°q” — 54pq” — 274" + 54p°q — 54p>q — 27pq + 27q - 27p* + 27p);
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Ve(p,q) = /2/3

1/3

1
qt -5 ‘tdp,qt

64" + 6pg® - 30p°q* +27q% + 27pq — 27q + 27p* - 27p
1084221 ,4(3],4 ’

1

V7 (p,q) = /2/3

B —4q% — 420pq + 441q + 441p — 441 )
2884214 ’

dpgt

7
=3

! 7
Ws(P,Q)= / qt_gl(l_t)dp,qt
2/3
1

=——— [-964° - 10,176pq* + 10,3604* — 10,176p¢°
691242(2],,4[3],.4 [

+20,944pq° — 10,5844° — 10,080p° 4> + 29,904p>¢* — 10,584pq> — 92614*

+10,584pq — 10,584p>q — 9261pq + 9261q — 9261p> + 9261p];

1
Yo(p,q) = /1./3

7
qt - g‘tdmt

_2244" + 224pq® — 8736p>q> + 92614 + 9261pq — 92614 + 9261p* — 9261p

691242[2],4[3],4

Hence, we gain (3.35). Therefore, the proof is completed. O

Corollary 3.4 Iff : [a,b] — R isa continuous function such that |,D, f|° is a convex func-
tion and a (p, q)-integrable function on [a, b], where £ <q<lands=>1,then

2a+b a+2b 1 pb+(1-p)a
‘ [f( )+ 3f< ) Bf( ) +f(b)} = fu F(0)adypyx

<b-a{(1,0) " Va0, D|uDpaf @[ + V30, @) |Dpof B)[')"”
+ (Va2 0) 7 (V50,9 Dpof @) + V61, @) «Dpaf b))
+ (W0, D) 7 (Vs (0, @) Dpof @) + Vo1, @) «Dpaf b))}, (3.35)

where ¥i(p,q),i=1,2,...,9, are given in Theorem 3.5.

Remark 3.5 Ifp =1, then (3.35) reduces to

‘ [f(a) 3f< ) 3f(‘”2b) +f(b)}—r1u/ﬂbf(x)adqx

20q -3 1-1/s
= (b_“){ <288[2]q>

4804> + 2484% + 248q — 3 DS
a
6912[2],[3], *

s 1604 +160q 69 s
e koSO )

1-1/s 3 5 Us
1 6q° +3 s 642+6q-3 s
() (wommeos m|al>«f<b>! )
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21 — 4, 1-1/s
N q
(288[2],,)
-964° + 1844> + 148q — 21
6912[2],(3],

|«Dof (@)]

22442 + 2244 + 52 R
g+ 2244+ 525 qf(b)|> } (336)

6912[2],[3],

which appeared in [50). In addition, if ¢ — 1, then (3.36) reduces to

’%[f(a) " 3f(2“3—+b) +3f<“+32b) +f(b)} - ﬁ /ﬂbf(x)dx

1-1/s , s , o\ 1s
s(b_m{(i) (973tf(a)| +251f'(b) )

576 41,472

L\ @P + PO\ (17 T 2510 @) + 973F (B)\
+<%) ( 2 > +<ﬁ) ( 41,472 ) }

which appeared in [57].

4 Examples

In this section, we give some examples of our main results.

Example 4.1 Define function f : [0,1] — R by f(x) = 2x + 5. Then |;Dpof (X)| = |4Dp,4(2x +
5)| = 2 is a convex function and a (p, q)-integrable function on [0, 1]. Applying Corollary 3.2

withp=1and q= 1%, the left-hand side of (3.12) becomes

1 2a+b a+2b 1 pb+(1-p)a
‘g[f(ansf( 3 >+3f( 3 )+f(b)}—m/a F()qdypyx
- ‘%[ﬂm e (255 ) (V5 ) )

1 114(1-1)-0
_m/ (2x +5)od; o x
(1= 0

10

1 115
=|=[5+17+19+7] - —| ~ 0.05263158,
8 19
and the right-hand side of (3.12) becomes
(h - ﬂ)[Ml(P: q)’qu,qf(d)| + MZ(pr q)‘aDp,qf(b)H
9 9
=(1-0) [Ml (1, 1—0> |aDy, 5 f(0)| +M2(1, E) |aDy, 5 f (1)|}

161 39
=(1-0)| ——(2) + —(2) | ~0.17105263.
3907 880

It is clear that
0.05263158 < 0.17105263,

which demonstrates the result described in Corollary 3.2.
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Example 4.2 Define function f : [0,1] — R by f(x) = 2x + 1. Then |,Dp of (%)|° = |aDp,q(1 -
x)|* = 2% is a convex function and a (p,q)-integrable function on [0,1]. Applying Corol-
lary33withp=1,q= 10, r=2,and s =2, the left-hand side of (3.22) by using Example 4.1
becomes

1 2a+b a+2b 1 pb+(1-p)a
‘g[f(ﬂ) + Sf(T) + 3f( 3 ) +f(b):| - m/a f(x)a dp,qx

1 115
=13 5+17+19+7] - To ~ 0.05263158,

and the right-hand side of (3.22) becomes

b—a) {([3”1 +(84 - 3)’*1](p—q)>”’
24r+1 (pr+1 _ qr+l)

X

(g +3p = D0aDpgf (@) + |a quf(b)P)
9M2lpq

[(B-29)* +(4q-3)""]p-9)\'
67+1 (pr+1 r+1)

(

A
y ( 442 = DlaDpof (@)1 + 1o be)r)
(

(

312lpq

[(21 - 169)"! + (249 - 21)"](p - q) \ "
24r+1 (pr+1 r+1)

(34 +3p = 5)aDpgf (@)I° + 5]aDp,qof ()| ) }

+

9[2],4
13\ M2 747\ 12 g \ 12 /4\ 12 216 \ 172 1/2
~(1-0) ) (=) () + -
4336 3 243 3 2533 3
~ 0.60993243.
It is clear that

0.05263158 < 0.60993243,

which demonstrates the result described in Theorem 3.3.

5 Conclusion

In this work, we used (p, g)-calculus to establish new integral inequalities related to Simp-
son’s second type inequalities for preinvex functions. The presented results in this study
generalize and extend some previous inequalities in the literature of Simpson’s second type

inequalities. Moreover, some examples were given to show the investigated results.
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