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1 Introduction

The concept of fuzzy sets was introduced by Zadeh [55] to pave a path for the better in-
terpretation of data in real life problems. The key concept given by him was to award a
membership grade from [0, 1] to the specific attribute. Since then various ideas and appli-
cations of fuzzy sets towards decision making, game theory, control systems, engineering,
robotics, image processing, optimization theory, etc. have been initiated. There are situ-
ations where just membership grade is not enough to deal with, and on this account a
grade against the membership of an attribute to a specific trait was introduced. Such sets
are defined as orthopair fuzzy sets represented by (14, v4), where w4 stands for grade of
membership while v4 for nonmembership. Generalizations of orthopair fuzzy sets have
been introduced as intuitionistic fuzzy sets (IFS) and Pythagorean fuzzy sets [11, 12]. The
difference between these two types is that for the first case, the sum of membership and
nonmembership grades is bounded by 1, while for the second case the sum of squares of
membership and nonmembership grades is bounded by 1.

Yager then, in 2017, gave a further generalization of orthopair fuzzy sets known as g-
rung orthopair fuzzy sets (¢-ROF sets) where (u4)? + (v4)? <1 [54]. The main advan-
tage of a ¢-ROF set is that it increases the bounding space of selection of belongingness
and non-belongingness grade of a trait for a given set. Several mathematicians have fur-
ther studied g-ROF sets and have applied the concept in decision making problems and
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artificial intelligence, especially in the filed of medicine and agriculture. Multi-attribute
decision making is an important aspect of decision sciences. It is a process that can give
the ranking results for the finite alternatives according to the attribute values of differ-
ent alternatives. The concept of g-ROF sets is combined with many existing aggregation
operators for the improved management of evaluating information and decision making
[40, 45, 53, 56].

Ever since, in the history of fixed point theory, mathematicians have introduced several
contractive conditions and mappings for more improved fixed point results. In this regard
several contractions have been developed like Banach contraction, Chatterjea contraction
[26], Kannan contraction [36], ¢~y type contractions [51], (9, L)-weak contraction [22],
etc. Suzuki [52] in 2008 introduced Suzuki-type contractive condition, which generalizes
Banach contraction and characterizes the metric completeness of the underlying space.
Since then the concept has been extended in various directions, and fixed point, common
fixed point results along with applications have been presented, for example, [1, 6,7, 21, 23,
34, 38, 39, 41, 42, 50]. In 2015 Saleem et al. [49] presented fixed point results for Suzuki-
type contractive conditions utilizing multivalued mappings in fuzzy metric spaces with
applications. Recently Gopal and Moreno [31] presented the concept of Suzuki-type fuzzy
Z-contractive mappings, which is a generalization of Fuzzy Z-contractive mappings, and
obtained fixed point results.

The notion of fuzzy mappings was initiated by Heilpern [33], and he proved a fixed
point result for fuzzy contractive mappings to generalize Nadler’s result [43]. Afterwards,
the idea of fuzzy mappings has been extended in various directions [3, 5, 16, 17, 19, 20, 32,
46-48].

Moreover, fixed points results for various metric spaces using contractive conditions for
single-valued and multivalued mappings have been studied. Czerwik introduced b-metric
spaces [28], and since then various fixed point results have been obtained using various
contractive conditions, e.g., [2, 4, 8, 9, 13, 14, 29, 37, 44] in b-metric spaces.

In the following article we introduce the notion of g-rung orthopair fuzzy mapping as a
generalization of fuzzy mapping and g-rung («, 8)-level sets and hence prove some com-

mon fixed point results for a pair of g-rung orthopair fuzzy mapping in b-metric space.

2 Preliminaries

Consider (X,d) to be a metric space and CB(X) denotes the family of all closed and
bounded subsets of X. Consider that / denotes the Hausdorff metric induced by d de-
fined as

H(A,B) = max{sup d(@B),sup d(b,A)},
acA eB

where A, B € CB(X) and d(x, B) = inf)cp d(x, 7).

Lemma 1 ([43]) If A,B € CB(X) and x € A, then for any real number | > 1 there exists
y € B such that d(x,y) < l.H(A,B). Also d(x,B) < H(A, B).

Czerik introduced the generalized notion of b-metric space by changing the triangular
inequality in a metric space.
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Definition 1 ([28]) Consider X # @ and s > 1. A function d : X x X — [0, 00) will be b-
metric on X if for all x,y,z € X the following hold:
(i) d(x,y)=0ifand only if x = y (indistancy);
(i) d(x,y) =d(y,x), (symmetry);
(iii) d(x,z) <sld(x,y) + d(y,z)] (b-triangular inequality).

Definition 2 ([35]) Consider {x,} to be a sequence in a b-metric space (X, d). Then,

(a) {x,} is called b-convergent if x € X so that d(x,,x) — 0 as n — oo.

(b) {x,} is a b-Cauchy sequence if d(x,,%,,) = 0 as n,m — oo.

A b-metric space is complete if and only if each b-Cauchy sequence in the space is b-
convergent.

Example 1 ([24]) Let X =0,1,2 and d : X x X — R, such that d(0,1) = d(1,0) + d(0,2) =
d(2,0)=1,d(1,2) =d(2,1) = T > 2, d(0,0) = d(1,1) = d(2,2) = 0. Then

dx,y) <

< %[d(x, z) +d(z,y) forallx,y,ze X. (2.1)

Then (X, d) is a b-metric space. If T > 2, the ordinary triangular inequality does not hold
and (X, d) is not a metric space.

Zadeh [55] introduced fuzzy sets by defining the membership grade of an instinct to
a trait which in real life does not have precisely defined criteria of membership for that
particular trait.

Definition 3 Let X be a nonempty set. Then p : X — [0,1] is a fuzzy set defining the
grades of membership of elements of X.

Definition 4 An a-level set of a fuzzy set u is defined as
o = {x eX:ux)> Ol}, where o € [0,1].
A fuzzy set u is convex if and only if the sets 1, are convex.

Atanassov [11] presented intuitionistic fuzzy sets as a generalized notion of fuzzy sets.
Intuitionistic fuzzy set depicts the grade of membership of an element for a set and its
grade of nonmembership. Atanassov [12] then in 1993 introduced another type of or-
thopair fuzzy sets known as Pythagorean fuzzy sets in which the sum of squares of grades
of membership and nonmembership of element is bounded by 1. Yager [54] in 2017 gen-
eralized the class of orthopair fuzzy sets called g-rung orthopair fuzzy sets or g-ROF sets.

Following concepts are defined by Yager in [54].

Definition 5 A g-rung orthopair fuzzy subset A of X, denoted as a g-ROF set, is an or-
thopair.

A= (/LAi nA)ap

where 4,14 : X — [0,1] indicate the grade of belongingness and non-belongingness of
elements in A respectively, which fulfills
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l.g=1
2. a(x) €[0,1] and na(x) € [0,1];
3. (ma@)? + (nax))? < 1.

Heilpern [33] in 1981 introduced fuzzy contractive mappings and extended Banach con-
traction theorem for fuzzy contractive mappings. Further this concept has been extended
in various directions; for example, see [15, 16, 20, 25, 27, 46, 48]. Following are the concepts
defined in [33].

Definition 6 A fuzzy subset A of X is called an approximate quantity if and only if its «-
level set is a compact convex subset of X for each @ € [0,1] and supA(x) =1 for all x € X.

W(X) denotes the collection of approximate quantities of X. When A € W(X) and
A(xp) = 1 for some x € X, then A is identified as an approximation of xg.

Let A, B € W(X). An approximate quantity A is more accurate than B, denoted by A C B,
if and only if A(x) < B(x) for all x € X.

Let A,B e W(X), o € [0,1], then the distance between A and B is defined as follows:

o A’B = inf d ) )
P ( ) xeAlar,lyeBa (x y)
Da (AyB) = H(Aa;Ba)'

Let X be a set and Y be a metric linear space. F is called fuzzy mapping if F is a mapping
from the set X into W(Y), i.e., F(x) is an approximate quantity.

Lemma 2 Let x € X, A € W(X) and {x} be a fuzzy set with membership function equal to
the characteristic function of set {x}. If {x} C A, then p,(x,A) = 0.

Lemma 3 Foranyx,y € X,

Pa(%,A) < d(x,9) + pa (3, A).

In 2008, Suzuki [52] presented a fixed point theorem generalizing the Banach contrac-
tion theorem and characterizing the metric completeness.

Theorem 1 Counsider (X,d) to be a complete metric space and T : X — X. A nonincreasing
function 6 :[0,1) — (%, 1] is given by

1 ifo<r<(5-1)2
0N =11-12 if(V5-1/2<r<273,
(1+7r)1 ifZ‘% <r<l.

Suppose that there is r € [0,1) so that
O(r)d(x, Tx) < d(x,y) implies d(Tx, Ty) <rd(x,y)

for all x,y € X. Then there exists a unique fixed point of T. Moreover, lim,, T"x = z for all
xeX.
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Suzuki contraction theorem is extended in various directions, e.g., [10, 23, 49]. Doric
and Lazovic [30] presented the following fixed point theorem for multivalued mappings

using Suzuki contraction.

Theorem 2 Consider a nonincreasing function defined as ¢ : [0,1) — (0, 1]:

Consider (X,d) to be a complete metric space and T : X — CB(X). Suppose that there is
r € [0,1) so that ¢(r)d(x, Tx) < d(x,y) implies

H(Tx, Ty) <r. max{d(x,y),d(x, Tx),d(y, Ty), w}

forallx,y € X. Then z € X so that z € Tz.

3 g-ROF mappings and level sets
On the basis of well-known fuzzy notions existing in the literature, we have dedicated
the following section to some new concepts defined for g-ROF sets such as g-rung «-level
sets, g-rung (o, B)-level sets, and g-rung orthopair fuzzy mappings. A common fixed point
result for a pair of g-rung orthopair fuzzy mappings in the settings of b-metric space is
also presented using Suzuki-type contractive condition. An example in the support of our
main result is also given.

Throughout this article the class of all g-ROF subsets of X will be denoted by F?(X) and
¢:[0,1) — (0,1] is a nonincreasing function defined as

1 ifo<r<i,

o(r) =
() ifi<r<l

Definition 7 Let A € F4(X) and x € X, then g-rung «-level set of A is
(A = {x e X: (1a(®)? = @ and (n4))? <1 -a}.

Definition 8 Consider «, 8 € [0,1] and o + B < 1, then g—rung («, B8)-level sets of A is
[A]], 4 = {x € X: (na®))? = @ and (na(x))" < B}

and
A?a,,s) ={xeX:(na)’ > and (na(x)? < B}.

Definition 9 Consider X to be an arbitrary set, Y a metric space. A mapping 7 : X —
Fi4(Y) is called g-rung orthopair fuzzy mapping.

Since we claim that g-rung orthopair fuzzy mapping is a generalization of intuitionistic
fuzzy mapping, so below is an example in support of the claim.
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Example 2 Consider X = [0,1] and let T': X — F4(X) be defined as

1 t=0) O t=0,
1 1
nr)={(3)1 0<t<s,  m={(L)7 0<t=<g,
514 1 8\ 1 1
(E)q t>%; (;1)‘7 t>@.

Clearly T is a g-rung orthopair fuzzy mapping for g = 6 and is not an intuitionistic fuzzy
mapping.

Definition 10 Let X be a metric space. A point x* € X is called fixed point of a g-rung
orthopair fuzzy mapping 7 : X — F1(X) if there exist «, 8 € [0, 1] such that x* € [Tx*](ga,ﬁ)
for some x* € X.

Definition 11 A g-ROF set A = (u4,74)4 in a b-metric linear space X will be an approxi-
mate quantity if and only if [A]?a, g) is compact and convex in X for each «, B € (0,1] along
with

sup(a(x))?=1 and inf(na(x))? = 0.
xeV xeV

K(X) = {A € F1(X) : A is an approximate quantity}.

Definition 12 Consider (X, d) to be a b-metric space with a constant s > 1. For A,B €
K(X) and «, B8 € [0, 1], define

q q q :
Do) A,B) =d([A], 5, Bl 4) = inf d(x,y),
(a,8) ( (a,8) ( ,ﬂ)) xe[A]Zy,ﬂ)’ye[B](qa,ﬂ)

P1(A,B) = sgp i%fp?a’ﬂ)(A,B),

a _ q q
D(O(,ﬁ)(A’B) - H([A](a’ﬂ)’ [B](a,ﬂ))’
D(A,€) = sgp i%fDZx'ﬂ)(A,B).

The following results are the generalizations of the results defined in [33] which will be

helpful in proving fixed point theorems for g-ROF mappings in b-metric spaces.

Lemma4 Letx € X, A € K(X), and {x} be a q-ROF set as its membership function is equal

to Xix (the characteristic function of {x}) and nonmembership function is equal to 1 — X
defined as

1 ifeefx} 0 ifeefx},
Hal®) = X = , na(x) = .
0 ifeé{x}, 1 ifed{x}

forsome e € {x}. Clearly, (u(x))?+ (n(x))? < 1.If{x} C A, then pfa,ﬂ)(x,A) =0foreacha,p €
[0,1].
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Proof If {x} C A, thenx e [A]?a,ﬂ) for each «, B € [0, 1].

¢ (x,A)= inf d(x,y)=0.
Pa,p) J’E[A](q,,,ﬂ) ) 0O

Lemma 5 Letx € X, A € K(X), then fors>1,

Plop@A) < 5(d(x,9) + p(, 5 (5,4)).

Proof

pfa,ﬁ)(x,A) = inf dx2) < inf s(d@xy)+d0,2)=s(d(xy) +p((1a'ﬂ)(y,A)).

q q O
@p) z€lAl )

Lemma 6 Let A € K(X) and {xo} C A. Then
d(xO) [x](qa,/s)) =< D(qa,lg)(A’ x)
foreach B e K(X) and ., B € [0,1].

Proof Since {x9} C A, therefore x € [A]?aﬁ) for all o, 8 € [0,1]. Hence

d(x(), [B]?a,ﬂ)) =< H([A](qa’ﬁ): [B]?a,ﬂ)) = D?a’ﬂ)(A; B). O

Lemma 7 Consider (X,d) to be a complete b-metric linear space, s > 1, and let T : X —
K(X) be a q-rung orthopair fuzzy mapping. Consider that for each x € X and each pair

(o, B) € [0, 112, [Tx]f, , , [Tall, 5

@Bz’ are nonempty. Then we have

Ta

d(x, [Tx]Z ) 55((d(x, [Ta]?a,ﬂ)ra) +H([Tx]?a’ﬁ)Tx,[Ta]? ))

(.B)1x o.B)1a

Proof

d(x, [Tx]?a'ﬁm) < s(d(x,y) + d( ) [Tx](q%ﬁ)Tx))

5 S((d(x’ [Ta](qa:ﬂ)Tu) + H([Tx](q"l:ﬁ)Tx’ [Tu](qa’ﬁ)Ta))' D

Theorem 3 Counsider (X,d) to a complete b-metric linear space, s > 1, and T : X — K(X)
be a q- rung orthopair fuzzy mapping. For each element x € X and each pair (o, 8) € [0,1] x
[0,1], [Tx]?q’ﬁm is nonempty. Assume that r € [0, 1) such that

(6 [T, 4 ) <d(xy) (3.1)

implies

HUT, g, (DT, ) < rivae] s ) o 51, ). 0 1 ),
(3.2)

A, [Ty) ) + 400 [Tx G, 5.,) }
2s

forall x,y € X. Then there exists z € X such that z € [TZ]?a,ﬁ)Tz‘
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Proof Consider x; € X. Then (&, )1, € [0,1]? so that [Txl]?mﬁm1 is nonempty. Let x, €
q
[Txl](%ﬁm1 , then

d(xz’ [sz](qa’ﬂ)TxZ) S H([Txl](qaxﬂ)Txl ’ [sz]?"‘vﬁ)sz)'
As ¢(r) < 1, this implies

o(r)d(x, [Tl ), ) < dlxn,x).
Then from (3.2) we have

q q q
A2, [ T0a(e ), ) < H (TG, 5 (T2 ), )

= rmax{d(xl,xZ)) d(xlr [Txl](qa,ﬁ)rxl )1 d(xZ’ [TxZ]E]ayﬁ)sz)y

dle, [Tl ), ) + e [Tl g, ) }
2s

= rmax{d(xbe)’ d(x2) [szl(qa,ﬂ)Tm),

d(x1, [TxZ]Z"’ﬁ)sz) +d(xa, [Txl]?a,,gmz)
2s

= rmax{d(xbe)’ d(xZ) [TxZ](qa,ﬁ)sz), %

< rmax{d(xl,xz), d(x2, [sz]{(la,ﬂ)nz)’

s[d(x1, %) + d(x,, [Txﬂzxﬁ)ng)]
2s }

< rmax{d(xl,xz), d(xz, [sz](qavﬁ)sz)’

d(x1,%2) + d(x2, [T2a]{,, 5y ) }

Txo
2

Since r < 1, so d(xz,[sz]?a Bz ) < rd(x1,x). Hence there exists x3 € X such that
’ 2

d(xy,x3) < rd(x1,x2). Thus we can construct a sequence {x,} in X such that x,,; €

[Txn]?a,ﬂ)n and d(x,,, x,.1) < rd(x,_1,%,), and hence

o0 o0
> A dnan) < Y"1, 25) < 0.
n=1 n=1

This implies {x,} is a Cauchy sequence. As X is complete, z € X so that lim,_, %, = z.

Next it is proved that

d(z, [Ty]?uyﬂ)Ty) < rmax{d(z,y),d(y, [Ty]?a'ﬂ)Ty)} vy € X\{z}. (3.3)
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Since x,, — z, ny € N so that d(z,x,) < ﬁd(z,y) Vn > ny. Then we have

(P( ) (xn: [Txn] (¢,8) Ty ) = d(xmerl)
< s(d(xn, 2) + d(z,%41))

2
fgd(yrz)
Thus
(N [Tl ) < —d(3,2)
o\r (xn: Xn D‘ﬂTx = 34 ()/,Z.

Since 2d(y,2) = 1(d(y,2) - 1d(y,2)) < 1(d(y,2) - sd(z,%,)) < d(xy,y). Hence ¢(r)d(x,,
[Txn]?a,ﬂm ) < d(x,,y). Then from (3.2)

H([TxA1(, ). [Ty]’(la,ﬁ)Ty) < rmax{d(x,,,y),d(x,,, [Tx,,]?a’ﬂm ),d(y, [Ty] Olﬂm)
(3.4)

A (D), ) + A0 [Telf, g, ) }
2s .

Since x,,,1 € [Tx,,]?a,ﬂ)m, then

d(xn+lr [Ty]?a,ﬁm) = H([Txn](qa’/g)nn’ [T)’]Za,ﬁ)Ty) and

d(xm [Tx"]?a,ﬂ)m) < d(x, %p11)-

Then from (3.4) we get

A (%1, [ D p),,) = rmaX{d(xn,y),d(xm [Txule 7, ) A0 (DN )

A [T ), ) + A0, [Trll, )
2s }

for all natural numbers with # > nq. Letting n — 00, we obtain (3.3).

Next it is shown that z € [Tz]? @B . First consider 0 < r < % Suppose that z ¢ [Tz]?a’ﬁm.

Let p € [TZ]] (@f)p S0 2s1d(g,2) < d(z, [TZ]ZYvﬂ)Tz)' Since p € [Tz]fa,ﬁ)n implies g is not
equal to z, hence from (3.3) we have

d(z, [Ta]?a,ﬂ)m) <rmax{d(z, ), d(p, [Tgo]’(fa'ﬂ)m) }. (3.5)

Also, since ¢(r)d(z, [Tz](a B ) <d(z, [Tz] TZ) <d(z, ), then from (3.2) we have

H([T2), g0 [T@](qa,,s)m) < rmax{d(z,p) d(z,[T2), 4,.), A0, [T, ) Tp)

d(B/‘)’ [TZ] (@,8) 12 ) + d(Z, [Tp](qa:ﬂ)Tp) }
2s

< rmax{d(z, KQ);d(p’ [Tp]?avﬂ)Tp)}
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Hence

A0 Tl pyr,) = H( T [TV 1)
< rmax{d(z,p)y (69’ [T@]sz,ﬂ)m)}’

Hence d(gp [Tp](aﬂ ) <rd(z, ) <d(z, ) and from (3.5), d(z, [Tg)]
Therefore, by Lemma 7, we obtain

@By ) < rd(z, wp).

d(z, [TZ]?%/S)TZ) = Sd(z’ [TK’)]?%/S)T@) + SH([TZ]?Ohﬂ)Tz’ [TK’)](qa,ﬂ)Tp)
< 5d(2,[T](, g, ) +rsmax{d(z ),d(0, [To(, 4, )}
< srd(z, ) + srd(z, &)

< 257’(11(2; ) < d(Z, [TZ] (,B) 12 )

A contradiction, hence z € [Tz]?a A1
Now, for the case 1 <r <1, we will first prove

2
H([Tx]?a,ﬁm, [Tz]?a,ﬂ)T ) < rmax{d(x, 2),d(x, [Tx] @h)ze ),d(z [TZ]?a,ﬂ)Tz)’

(3.6)
d(z, [Tx](a,S ) +d(x, [Tz

28

aﬂ)TZ)} VxeX

If x = z, then (3.6) holds. Let x # z, then for every n belonging to natural numbers, there is
a sequence y, € [Tx]'ga, ) SO that sd(z,y,) < d(z, [Tx] @B 1 )+ %d(x, z). Now from (3.3) we
have

d(x, [Tx]], 5. ) < d(x,9,) <s(d(x,2) + d(z,,))

<sd(x,z)+d (z, [Tx]

1
) )+ ;d(x,z)

1
< sd(x,z) + rmax{d(x, z),d(x, [Tx]((la,ﬁ)rx)} + ;d(x, 2).
Ifd(x,z) > d(x, [Tx]’(la,ﬂm), then

d(x, [Tx] ) ) < sd(x,2) + rd(x,2) + %d(x,z)

= (1 +5+ r)d(x,z).
n

Letting n — 00, we have d(x, [Tx]?a,ﬂ)n) < (s+rdx,z).

o(r)d(x, [Tx](, 4. ) = <¥>d(x, [Tx1(, 4, ) < (% [Tx]7, 4. )

1
< H—rd(x, [Tx] @B 7 ) d(x,z).

Using (3.2) we get (3.6).

Page 10 of 24
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Ifd(x,z) < d(x, [Tx]?a’ﬁm), then

d(x, [Tx] ) <sd(x,z) + rd(x, [Tx]'(]a,ﬁm) + %d(x,z),

q
(. B)1x

and therefore, we have

y 1
(1= n)d(x [Tx]], 4, ) < S(l + Sn)ti(x, 2),

1-r

_ 1
(T>d(x, [Tx]?a,ﬁ)rx) < (1 + ;)d(x,z).

Now letting n — 00, ¢(r)d(x, [Tx]?a,ﬁm) < d(x,z). Then we have (3.6). Finally, from (3.6)
we have

d(z’ [TZ]?a,ﬂ)Tz) = nli)rgod(x’”l’ [TZ]?a,ﬂ)Tz) = nlLIEOH([Tx”]Za,ﬁ)Txn’ [TZ]?HYﬂ)Tz)

< lim rmax{d(xn,z),d(x,,, T, Yod(al T2, ),

n—00

d(Z; [Tx”](qolyﬂ)Txn) + d(xm [TZ](qa:ﬁ)Tz) }
2s

< lim rmax{d(me),d(xn,xm),d(z,[TZ]q )

11— 00 (@.B)12

d(Z’erl) + d(xn’ [TZ](qu:ﬂ)Tz) }
2s

= rd(z, [T21{, ),.)-

Since % < r< 1, we obtain d(z, [Tz]?aﬁ)n) =0implying z € [TZ]Zw,ﬂ)Tz' Hence this completes
the proof. g

Example3 LetX =[0,1],d : X x X — Rsuch thatd(x,y) = |x—y|, wherex,y € X. (a1, B1) €
[0,1] x [0,1] and T : X — F4(X) is a g-ROF mapping defined as follows:
If x = 0, then we have

1 t=0,
wro(t) = (%)% 0<t<-=s,
1y2 i
(Z)q L> =5,
0 t=0,
vro(t) = (%)é O<t§%,
Ay s L
If x # 0, then we have
(@)1 0<t<,
nn®= (@7 L<t<d,
(‘;‘—;)5 % =<t=<L

Page 11 of 24
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1

0 O§t<%,
3

vi() = 1 (B1)7 55 <t<y
2

(BT s5<t=<1

g-rung («, B) of T will be:
forx =0,

[0,1] 0<a<025055<p<1,
[TOIZ, 4,0 = 110, 5] 025 < <09,0.05 < f <0.55,

{0} o >0.9,8<0.05,

forx #0,
[0’5_10 a1§a§1,0§ﬁ<:3§’
[Tx]7 - 0.5] en=ea<1p=p},
@~ po, L U <a<a, B <B<pl,
0,1 «<%,8>8
This implies that

1 1

q _ = q _ =
[Tx](m,ﬂ%‘) - [O’ 40] and [Ty](%‘,ﬂf) [0’ 20}’
q q _
H([Tx](avﬂ)Tx, [Ty](arﬁ>Ty) -

Then, for g =5, r =0.999, s = 4 all the conditions of Theorem 3 are satisfied.

Corollary 1 Consider (X, d) to be a complete b-metric linear space,s > 1, and let T : X —
K(X) be an intuitionistic fuzzy mapping. Consider T to satisfy the same contractive condi-
tions as in Theorem 3, then T has a fixed point.

Corollary 2 Consider (X, d) to be a complete b-metric linear space,s > 1,and let T : X —
K(X) be a fuzzy mapping. Consider T to satisfy the same contractive conditions as in The-
orem 3, then T has a fixed point.

Theorem 4 Cousider (X, d) to be a complete b-metric linear space,s > 1, S, T : X — K(X)
be any two q-rung orthopair fuzzy mappings. For each element x € X and each pair («, B) €
(0,177, [Tx]zx,ﬁ)n’ [Sx]?avﬁm are nonempty. Assume that r € [0,1) such that

o(r) min{d(x, [Sx]?a’ﬂ)sx),d(y, [Ty]?a’ﬂ)Ty)} <d(x,y) (3.7)
implies
H([Sx]?a'ﬂ)sx, [Ty]?ayﬁ)Ty) < rmax{d(x, [Sx]?avﬂ)sx), d(y, [Ty]?a,ﬂ)Ty) } (3.8)

q q
Then z € X so that z € [Tz] @p) ) [SZ](vz,ﬂ)sZ‘

Page 12 of 24
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Proof Starting with xy € X and since [Txo]q is nonempty, there exists x; € X such that

X1 € [Txo] @A . For the ease of notation, assume (@, B) 1y, = (!, ') and x; € [Txo]( 141):

Similarly, for x;, we have x, € X such that x; € [le] . Let (a, B)sy, = (@% B%), and so

(B)sx;
Xy € [le](az,ﬂz)' So in general

q
Xon+l € [TxZ}’l] o2+l g2n+1y) Xon+2 € [Sx2n+l](0[2n+2,,32n+2)’

By using Lemma 1 and condition (3.7) either for d(x2,,_1, [Sx2,_1]7

- (012”,/32”)) = d(x2n—1)x2n) or

(%20, [szn]?azm'ﬁzm)) < d(x2,-1,%2,), we have

o(r) min{d(xZn—l: [SxZn—l](qazn’ﬂzn)), d(xzm [Tx2n](qa2n+l'ﬂ2n+l)) } < d(Xop-1,%24)-
This implies

H([SxZn—l]ZxZn,ﬂZn), [Tx2n](qa2n+1,ﬁ2n+1)) < rmax{d(x-1, [sz"‘l]?az”,ﬂz”))’
d(xzy,, [szn] @2+l 52n+1))}

A% Xoni1) < kH ([Sx21]1 [ To2u]?

(a2n ﬂ2n a2”+1 ﬂ2”+1))

< krmax{d(x2u-1, [S%2n-11{ o0 gou))>

d(xz;q, [Tx2n] @2+l 132n+1))}
< vmax{d(x3_1,%2),

(%2, x2n+1)},

where v = kr < 1. Hence
d(xon, %2141) < vd(X2n-1,%20)-

Similarly, we have d(xy41, X2142) < Vd(%241, X2441)- This implies
A% xp11) < va(X5-1,%n),

and therefore {x,} is a Cauchy sequence such that x, - w € X.
Next it will be proved that

d(a),[Ty]’(Ia'ﬂ)Ty) <rd( ,[Ty]fa,ﬁ)Ty) and  d(w, [Sy]‘(]a,ﬁ)s) xd(  [Sy1, @p)s, ) (39

forally € X — {w}.
Since x,, = w, so 1y € N such that d(w, x,) < 3s%d(co,y) for w #y. Then

(r)d(xZn 15 [Sx2n1]? (@2 ﬁzn)) = d(ert—l: [Sx2n—l]?a2n'ﬁ2n)) < d(x21-1,%2n)

| /\

(d(x2n LW +d(w:x2n))
-2,
~ 3s

d(w,y) = —d(w,w - %d(w,y)
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S

©n | =

(d(w,y) - sd(@,%34-1)) < d(X2p-1,9).

Now either d(x2-1, [S%2n-1]( o o) < d(y,[Ty]?a,ﬁ)Ty) or dy, [T 5 ) < d(xau,

(azn,ﬁzn (OluB)Ty
[Sx2n71](qa2n,132n))7 we have

o(r) min{d(xZn—lr [SxZM—l](qQZn’ﬁZH))’d(y’ [Ty]?o,,ﬁm)} <dxu-1,9)-

And hence,

d(xzm [Ty]?a,ﬂ)Ty) = H([szn—l](qa2n,52n)’ [Ty]?a,ﬂ)Ty)
< rmax{d(xo-1, [S%20-11Gan gony ) A0 [T )}

< rmax{d(wa-1,%20), d (3, [T]{, ), )}

Letting n — oo, we have d(w, [TY] Zx, ﬁ)Ty) <rd(y, [Ty]zx, ﬂ)Ty)' Similarly, it can be shown that
d(w, [Sy]’(’a,ﬂ)sy) <rd(y, [Sy]?“’ﬂ)sg,) forally e )q( —{w}.

Now we show that w € [Tw](a,ﬁ)m N [Sw](a,ﬁ)&v.

Consider 0 <7<  and let w ¢ [Tw]?a,ﬁ)n,
ment p € X so that u € [Tw](qa,ﬁ)m and w # . From (3.9) we have d(w, [Tu]’(la,ﬁ)m) <

rd(u, [T;L]E’a,ﬁ)m). On the other hand,

and o ¢ [Sw]?a,ﬁ)su Then there is an ele-

<p(r)d(a), [Ta)]?a,ﬂ)m) < d(a), [Ta)]?ayﬂ)m) <d(w, ).

Also
ol min{d(w (Toll , )d( 1Skl )} < de, ),
implying that

a1, [S1fa py,) < HITOLG ), (S p),)

< rmax{d(a), [Tw]?a’ﬂ)m),d(u, [Su]?a’ﬂ)w)} < rd(w, [Tw]?a’ﬁ)w).

Also from (3.9) we have
d(a), [S'U’]Zx,ﬂ)sﬂ) < rd(pL, [S“]?a'ﬂ)su)' (3.10)
Now,

d(w: [Tw]?a,ﬁ)rw) = Sd<w’ [S'u]?ot,ﬂ)su) + SH([SI’L]?“vﬂ)Su’ [Tw](qa’ﬂ)u’)
S rsd(ﬂ, [Sﬂ]?a,ﬁ)sﬂ) + rSd(w’ [Tw](qavﬂ)Tw)

implies

(o [Toll ), ) < ——d(u, 1Sul], 5. )

1-rs
- rls oo (Tl
—= 1 —7rs (CU, [ w](%ﬁ)Tw)’
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that is, 1_’f”zsd(a), [Ta)]?a,ﬂ)m) < 0, and since l—lrs_—;;'zs > 0 therefore w € [Tw]?a’ﬁ)m. Simi-
larly, w € [Sw] @ ﬂ)s
Now consider 1 5 <r < L. Firstly it will be proved that whenever o # u,

H((Twl gy, [Silfo s, ) < rmax{d (o, [Toll, 5, ) A, (STl g, ) -

Consider that for # € N there exists z,, € [S,u] @By such that sd(w, z,,)) < d(w, [Su] )+

;d(lb ). Therefore,

(a /3)5/1

A ISy, ) < Ao z) < s(d(, ) + d(w,2,))
1
< sd(p, @) + d(w, (S, gy, ) + ~d(, )

1
< sd(p, @) +rd(1, [SWIG, ) ) + ;d(,u, w) by using (3.10).

.ﬁ)Su

This implies

(1= n)d(1: [S1 py,) < <S + %)d(u,w)

Letting n — oo,

(1 - r)d(u, IS, py5,) < i1, )

And hence, we have ¢(r)d(u, [S“]Zx,ﬂ)sﬂ) <d(u,w). This implies
H([Ta)]?a’ﬂ)m, [S“]?a,ﬂ)su) < rmax{d(a), [Ta)] @B) 7o ) d(u, [SM]?a‘ﬁ)su)}'
Let i = xy,_1, then we have

H([Tw]?a,ﬁ)ﬂu’ [SxZM—I]?azn,ﬂzn)) = rmax{d(w; [Tw] (@8)Tw ) d(xZ;«l—l: [Sx2n—l](qa2nyﬁ2n))}'

Taking n — oo,

lim d([Tlf, 5, %) < lim H((To, 5, [S%20-11,0 gon)
< nlir&rmax{ (o [Tl 4, ) d(xzn,l,[szy,,l]?am’ﬂz”))},
d([Toll, 5. o) <rd(o,[Toll,, ) = d(o[Toll, )=0.
Hence w € [Tw]?a _- Similarly, we can easily prove that w € [Sw] (@p)s,» and hence €
[Ta)]?a,ﬂ)m N [Sa)] @B)s” (I

Example 4 Let X = [1,2], d: X x X — R such that d(x,y) = |x — y|, where x,y € X.
(o1, 1), (a2, B2) € [0,1] x [0,1] and T : X — F7(X) is a g-ROF mapping defined as follows:

1
a1\ 7 27
(3)7 1<t<2o’
=12y Z<r<
K 3q 20< —20’
1
R Y
(Q)q %<t_2,
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0 1<t<%,
1
v =1(8)1  S<r<3l
1
(2/31)6 %<t§2)
1
o\ 33
(?)q 1§t<%’
_ )i\t 33 31
msx() =1 (2)1 L<r<3,
(@21 3 op<
3q 20 ’
36
0 1<t<3,
1
usi(t) = (B2)7 2 <p <3l
1
()i Sp<r<2

Then [Tx]?%l’o) =[1,2], [Sy]f‘%z,o) =18, x¢ [Tx]?%l,o) N [Sy]?‘g,o)’ and H([Tx](, 5.,
[Sy] ?a, ﬂ)Sy) = 0.07. Hence all conditions of Theorem 4 are satisfied for r = 0.9 and g = 6.

Corollary 3 Consider (X,d) to be a complete b-metric linear space,s > 1, S, T : X — K(X)
be intuitionistic fuzzy mappings. Then S and T have a common fixed point under the con-

tractive conditions as in Theorem 4.

Corollary 4 Counsider (X, d) to be a complete b-metric linear space,s > 1, S, T : X — K(X)
be fuzzy mappings. Then S and T have a common fixed point under the contractive condi-

tions as in Theorem 4.

Theorem 5 Consider (X, d) to be a complete b-metric linear space,s > 1, S, T : X — K(X)
be a pair of q-rung orthopair fuzzy mappings. For each element x € X and each pair (v, 8) €
(0,17, [Tx]?a,ﬂ)h, [Sx]?a,ﬂ)sx are nonempty. Assume that r € [0,1) so that

@(r) min{d(x, [Sx]?a'ﬂ)sx),d(y, [Ty]’(za'ﬁ)Ty)} <dx,y) (3.11)
implies
H([Sx]’(iayﬂ)sx, [Ty]?ayﬂ)Ty) < r{d(x, [Sx]?a’ﬂ)sx) + d(y, [Ty]?ot,ﬁm) } (3.12)

q q
Then z € X so that z € [1z] @p)p " [Sz] @B)ss"

q

@)1y 1 nonempty, there exists x; € X such that

Proof Starting with xp € X and since [ %]

x| € [Txo]?a B)p. - FOT the ease of notation, assume (@, B) 1y, = (!, ') and x; € [Txo]?o[1 41)"
B)Txg .
Similarly, for x1, we have x, € X such that x, € [le]?a s, - Let (@ B)sx, = (a2, B%) and so
g 1
Xy € [le]?aZ,ﬁZ)‘ So, in general,
Xon+l € [TxZYI]ZxZVHI,ﬁZml)’ Xon+2 € [Sx2n+1]:1a2n+2,ﬁ2n+2)‘

By using Lemma 1 and condition (3.11) either for d(x3,-1, [sz"—l]?a%, ﬂ2n)) < d(x2-1,%2,)

or A, [T62n){ ot gon)) < d(¥2u-1,%24), we have

</7('") min{d(xZn—l: [Sx2n—l](q02n’ﬂ2n)): d(x2n: [Tx2n](q¢12n+1’ﬁ2n+l))} = d(xZn—lern)'
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This implies

H([szn_l]?a”,ﬁzn)’ [TxZVl]EIaZnH'ﬂZnH)) = r{d(xZVl—l» [SxZVl—l]ZIaZn,ﬂZn))
+ d(x2}'l) [szn](qa2n+lvﬂ2n+l))}
d(x2nrx2n+1) = kH([SxZM—l]q 2n g2 ;[Tx2n]q 2n+l g2n+1 )
— (a Ylvﬂ ﬂ) (Ol n+ ,ﬂ n+ )
= kr{d(xbt—l; [SxZYI—l](qaZM,ﬁZW))
+ d(x2n: [Tx2n]?a2n+1’ﬂ2n+1))}
= V{d(x2n—11x2n)

+ d(x2n: x2n+1)}:

where v = kr < 1. Hence
d(xop, %ons1) < vA (X201, %2p)-

Similarly, we have d(x9,41,%2442) < vd (%2, %2,+1)- This implies
A%y Xn41) < (%1, %),

and therefore {x,} is a Cauchy sequence such that x, - w € X.
Next it will be proved that

d(a), [Ty]?a,ﬁ)Ty) < rd( , [Ty]?a,ﬁ)Ty) and d(w, [Sy]((la,ﬂ)sy) < xd(y, [Sy]?%ﬁ)sy) (3.13)

forall y € X — {w}.
Since x,, = w, so 1y € N such that d(w, x,) < 3s%d(a),y) for w #y. Then

<P(’”)d(x2n—1, [SxZn—l]szn'ﬂzn)) = d(x2n—1: [Sx2n—1]?a2nyﬂzn)) < d(%2n-1,%m)

< s(d(x2n-1,®) + d(@, %2,))

IA

2 1 1
B—d(w,y) = —d(w,y) - —d(w,y)
S s 3s

IA

%(d(w,y) — sd(@,x21)) < dxzn13).

Now either d(x2n—1)[SxZn—l](qazy,’ﬁzn)) < d(y,[Ty]((Ia,ﬂ)Ty) or d(y,[Ty]?a'mTy) < d(xa_1,
[S%21-11{2n you))> We have

@(rymin{d (a1, [S%20-11(on gon) ) A (1 (DN ), )} < A2m1,9)-
And hence,

d(me [Ty](qa'ﬂ)Ty) =< H([szn—l]?a2n,,32n)’ [Ty](qa,ﬁ)Ty)

S rmax{d(xzn—l: [szn—l](qQQH’ﬂZn))l d()’, [Ty]?ayﬂ)Ty)}
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< rmax{d(xan1,%), d(3, [T ), }-

Letting n — oo, we have d(w, [Ty] @By ) < rd(y, [Ty]1 @By ). Similarly, it can be shown that

d(w, [Sy] ) <rd(y, [Sy](a sy ) for ally eX - {w}.

Now we show that w € [Ta)](a,ﬂ)m N [Sa)]'(’a,ﬁ)s

Consider 0 < r < % and let w ¢ [T ]qa @B To and w ¢ [Sa)]q Pso . Then there is an ele-
ment i € X so that u € [Ta)]?a,ﬁ)T and @ # . From (3.13) we have d(w, [Tu]
rd(u, [Tu]?a,ﬂ)m). On the other hand,

(.B)T )<

<p(r)d(a), [Ta)]?a,ﬁ)m) < d(a), [Tw]?mﬁ)m) <d(w, ).

Also

(r)ymin{d(e, [Twl, 5., ), d( (Sl 5,1 < do, 1),
implying that

d('LL’ [SM](qa;/s)Su) = H([Ta)](qa:ﬁ)Tw’ [Su]?‘xvls)S}L)

{ ( aﬁ Tw)

( Sl’(’ aﬂ)gu)}
(1 - V)d(ll«» [Sﬂ]?a,ﬁ)su) = rd(w’ [Tw] (o ﬁ)Tﬂ))
r

—d(a), [Tw)?
r

d(/L, [Sll«] aﬁ)S}L) = 1- (a:ﬁ)Tw).

Also from (3.13)

d(w’ [S'U“]?ot,ﬁ)su) = rd('u" [SM]?“’/S)SM)'
Now,

d(a), [Tw]?

(wprr,) = 5d(@, (Sl 5 )+ H(ITOLG ), [S1]iy pys,)

< srd(u, [Su]?a,ﬂm) + %d(a), [Ta)] @) 70 )

1

Sr
(1 1 >d(“” (Toolpz,) = s Sul g5, ):

-r
sr sr?
(1 1o r)d(w, [Ta)]?a’ﬁ)m) < (E>d(a), [Tw]((la,ﬂ)m),
sr?
(0), [Ta)](a B) T(u) S (1 —r— sr>d(a)’ [Tw](qa:ﬂ)T{u)‘

Now consider % <r < 1. Firstly, it will be proved that whenever w # p,

H([Tw]?vt.ﬁ)m’ [Sﬂ]?a,ﬂ)su) = rmax{d(a), [Tw]?a,ﬂ)m)’d(u” [Sﬂ]?avﬂ)su)}'

Page 18 of 24
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q

Consider that for n € N, there exists z,, € [Su] (@85,

such that sd(w, z,) < d(w, [S““]Zx,ﬂ)su) +
%d(/j,, ). Therefore,

a1 IS pys, ) =< Ao zi) < s(d(, ) + d(w,2,))
< sd(1,) + (1Sl ) + - d(1,0)
< sd(w, ) +rd(u, [S'u]?a.ﬂ)sﬂ) + %d(,u, w) by using (3.10).
This implies

(L= n)d(1, [S1 py,) < <s + %)d(u,w).

Letting n — oo,

1-r
( - )d(u, [Sife ps,) < A1t ).
And hence, we have ¢(r)d(u, [S“]Zx,ﬁ)su) < d(u,w). This implies

H([Tolf, 4., [SM]{(Ia,ﬂ)su) < rmax{d(o,[Tolf, g, )41 [S“]((Ia,ﬂ)sﬂ) -

Let it = %5,_1, then we have

H([Tw](qa,ﬁ)Tw’ [SxZVl—l]:Iazn,ﬂZn)) = rmax{d(a}’ [Tw]?ﬂlyﬁ)Tw)’ d(xZVl—l: [SxZn—l]?az;«zyﬁh)) }
Taking n — oo,

H q H q q
nlirgo d([Ta)](a,ﬁ)Tw’xZH) = nllgolo H([Tw](a,ﬂ)Tw’ [Sx2n—1](a2n'52n))

< lim V{d(a), [Tw]?a,ﬂ)m)’ d(xZn—l + [Sx2n—1]?a2nvﬂ2n))}’

n—00

d([Tw](qa’ﬂ)Tw,w) < rd(a), [Ta)](qa,ﬂ)m) = d(a), [Tw](qa’ﬂ)m) =0.
Hence o € [To]], #)r,,- Similarly we can easily prove that w € [Sa)]?a, 4, and hence w €

Sw
q q
(Tl ), NSOl p,- U

Ta
4 Application
There are known applications of fuzzy sets for the solution of integral equations (for exam-
ple, see [18, 19]). In the present section, with the help of completeness property of function
space Cla, b] and by applying Theorem 6, we have presented an existence theorem for the
solution of the class of nonlinear integral equations.

We will use Theorem 6 to show the existence of common solutions of two nonlinear
integral inclusions defined as

x(0) € u(o) + A/G[Fl(a,t,x(r))]dr, o €[a,bl,
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x(o) € u(o) + A/G [Fg(a,f,x(r))]dt, o € la,b], (4.1)

where x € Cla, b] is unknown, u, € R, and F;, F, are multivalued operators having com-
pact, convex values in R defined as Fy, F, : [4, b] x [a,b] — R, ,. By a common solution

of system 1, we mean a continuous function x such that
x(0) = u(o) +A/ [ l(o,t,x(r))]dt, o € la,b],
x(0) = u(o) +A/ [f2(o,7,%(x))]dT, o €[a,b],

where fi, f> : [a,b] x [a,b] — R, f1 € Fi(o, 7,%(7)), f2 € F2(0, T,%(7)).

Theorem 6 Cousider the system of nonlinear integral inclusions in (2.1). Assume that the
following conditions hold.:

(i) The operators Fi(o,7,%(t)), F5(0,t,%(1)) are continuous on [a, b]?.

(ii) Suppose r € [0,1) such that, for every o € [a, b] and x,y € X, the inequality holds

o(rymin{d(x, [Ax]G, 5, ) d(y, By, ), )} < d(x9)

inf |x(0)-z(0)[.

= e -fle el = (= g57) 5,

Proof Let X = Cla, b] and define d : X x X — R by d(x,y) = |x(0) — y(o)|? for all x,y € X.
Then (X, d) is a complete b-metric space with s = 2°~! where p > 1. Assume that U/, V,E, Z :
X — (0,1] are four arbitrary mappings.

Now, define a pair of gth rung fuzzy mappings A, § : X — F4(X) as follows:

A: X — Fi{(X) :A(x(a)) = wx(o)
= {Q €X:o0(0) €u, +/” Fl(a,r,x(r))dz,a c [a,b]},
£: X — Fi(X) :é(x(a)) = Q.(0)

= {Q eX:o(t) eu, + /G FZ(G,‘L’,x(T)) dz,o € [a,b]}

such that
’(u(x))é if 0(0') € wy(0), Vo € [a,b],
Hax(o) =
otherwise,
0 if o(0) € wy(0),Vo € [a,b],
vAx(Q) = 1
(V(x))e otherwise
and
(E@)T  ifo(o) € Qulo), Ve € [a,b],
MBx(Q) =

otherwise,
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0 if o(0) € Q(0),Vo € [a,b],

VBx(Q) = 1 .
(H(x))7 otherwise.

If we take a4 (x) = U(x), Ba(x) = 0 and ap(x) = E(x), Bg(x) = 0, then we have

U[Ax](qa’ﬂ)A(x) = U{Q €X: MAx(Q) = (U(x))}? and vAx(Q) = 0}

xeX xeX

- U {w:0))

xeX

and

AL, 5,00 = U {e € X2 isale) = (E@) T and vii(e) = 0)
xeX xeX

= U{Qx(o)}

xeX

For multivalued operators Fi(o,t,x(t)) and F(¢, t,x(t)), applying Michael’s selection
theorem, there exist continuous operators f; (o, 7,x(t)) € Fi(t,t,x(t)) and fo(o,7,x(7) €
F>(t, t,x(t)), therefore

u(o) + kfa[ﬁ(o,r,x(r))]dr eA(x(o)),
u(o) + A/UD’Z(U,r,x(t))]dt € B(x(o)).

Thus A(x(0)) # ¥ and B(x(o)) # 0. As Fy(o,1,x(t)) and F,(t, T,x(t)) are continuous on
[a, b], their ranges are bounded. Now, for z(¢) € A(x(0)),

z(a):u(a)+k/ [fl(o,r,x(t))].

Also, for some w(o) € B(y(0)), we have

w(o) :u(a)+k/ [ (6 T9(0)].

q

Also, for z(o) € [Ax]’{a’ﬂ)A(x) and w(o’) € [By] @B)p0)

»
’Z(o)—w(o)|p =

u(o)+k/ [fl(o,t,x(r))]dr—u(a)—)»/ D’z(a,r,y(r))]
< |A|p/ Ifi(o, 7, %4(2)) - fo(o, T,9(x)) | dr

< APl (0,7, %(7)) = foo, T, (1)) [* /U dt
< MPlfi(o, 1.x(0) ~ o0, T, 3(0) [ (b - )

rIAP . ;
= <(b - a)|,\|p>(b - a)téﬂ,fb]|"(‘7) -z(0)]
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IA

rinf |x(o) - z(0)|’
ae[a,b]| (0) —z(0)|

IA

r{inf|x(0) —z(a)|p + inf|y(o) - w(o)|p}

= r{d(x, [Ax]?%ﬁ)Ax) +d(y, [By]?a,ﬂ)gy)}'

Hence, by Theorem 6, there exists a common fixed point of mappings A and B. O

Conclusion The concept of g-ROF mapping, as a generalization of fuzzy mappings, is
introduced. Also the concept of g-rung («, 8)-level sets is presented and some common
fixed point results utilizing this concept for g-ROF mappings are obtained in b-metric
space via Suzuki-type contractive conditions. We have also presented examples in support
of our results. An application of obtained results for the existence of solution of nonlinear
fractional integral inclusion is also presented.
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